BIQUOTIENTS WITH SINGLY GENERATED RATIONAL COHOMOLOGY

VITALI KAPOVITCH AND WOLFGANG ZILLER

ABSTRACT. We classify all biquotients whose rational cohomology rings are generated by one
element. As a consequence we show that the Gromoll-Meyer 7-sphere is the only exotic sphere
which can be written as a biquotient.

Let G be a compact Lie group and H C G x G be a compact subgroup. Then H acts on G
on the left by the formula (hq, hs)g = hlghgl. If this action happens to be free the orbit space
is a manifold which is called a biquotient of G by H and denoted by G//H. In the special case
when H has the form K7 X Ko where K1 C G x 1 and Ko C 1 x G we will often write K1\G/K>
instead of G//(K; x K3).

Biquotients are natural generalizations of homogeneous spaces, and like homogeneous spaces,
have metrics with nonnegative sectional curvature induced by biinvariant metrics on G. The
concept of a biqoutient was first introduced by Gromoll-Meyer in [GM], where they showed that
one of these biquotients, Sp(2)//Sp(1), is an exotic 7-sphere, which produced the first example
of an exotic sphere with nonnegative curvature. Biquotients were later on examined more
systematically in [Es],[Bo] in the context of a search for new manifolds with positive sectional
curvature. In fact, all known examples of manifolds admitting metrics of positive sectional
curvature are given by biquotients.

Some attempts were made to find other exotic spheres which could be written as biquotients
but they proved unsuccessful. We will show in this paper that any such attempt must indeed fail.
More generally we classify the biquotients which are rationally spheres and projective spaces,
extending a well known classification in the homogeneous case [Be, p.195-196]:

THEOREM A. Let M = G//H be a compact, simply connected biquotient whose rational
cohomology Ting is generated by one element. Then M is either diffeomorphic to a compact
rank one symmetric space, or it is diffeomorphic to one of the eight homogeneous spaces or four
biquotients in Table B.

Some comments may be helpful, in order to understand the examples in this Table. The
subscript for the 3 dimensional subgroups denotes the index of the subgroup, where a simple
subgroup H in a simple Lie group G has index k if the induced map n3(H) ~ Z — 73(G) ~ Z
is multiplication by 4k, which in particular means that m3(G/H) ~ Zj. Notice that Sp(1)ig is
the unique maximal 3 dimensional subgroup in Sp(2), such that Sp(2)/Sp(1)10 is the normal
homogeneous Berger space with positive curvature (in fact the only entry in Table B which is
known to admit a metric with positive sectional curvature).

The 3 dimensional subgroups in G5 can be described as follows: In G2 one has the equal
rank subgroups SO(4) and SU(3). The subgroup SO(4) contains two normal SU(2)’s. One of
them has index one in G5 and is also contained in SU(3) C G3. The quotient Go/SU(2); is
diffeomorphic to SO(7)/SO(5). The other SU(2) C SO(4) has index 3 in G2. One also has
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G//H range of n | rational type
SO(2n +1)/(SO(2n —1) x SO(2)) | n>2 cp?n-1
SO(2n+1)/SO(2n — 1) n>2 Sin-1
SU(3)/50(3)2 S°
Sp(2)/Sp(1)10 S
Go/SU(2)3 st
G2/S0(3)4 st
G2/S0(3)2s St
Go2/S0(4) HP?
ASO(2)\SO(2n +1)/SO(2n — 1) n>2 cp2n-t
ASU((2)\SO(4n +1)/SO(4n — 1) n>2 HPp*—1
Sp(2)//Sp(1) s7
G //SU(2) st

TABLE B. Rational Spheres and Projective Spaces

a subgroup SO(3) C SO(4) which has index 4 in G, and is also contained in SU(3). Finally
there exists a maximal SO(3) in G2 which has index 28.

The biquotient Go//SU(2) is obtained by letting SU(2) act via the index three SU(2) on
the left, and the index four SO(3) on the right. The Gromoll-Meyer sphere Sp(2)//Sp(1) is
obtained by letting Sp(1) act via diag(q,q) on the left, and diag(q, 1) on the right. In the two
even dimensional biquotients, the subgroup on the left is embedded as diag(1, A,---, A) where
A lies either in SO(2) or in SU(2). Of these four biquotients, all but the Gromoll-Meyer sphere
were first discovered by Eschenburg in [Es|, except that he did not discuss their topological
properties.

By computing the cohomology rings and the Pontrjagin classes, we will show that none of these
spaces are homeomorphic to each other, except that Sp(2)//Sp(1) is homeomorphic to S7 [GM],
and the rational 11 sphere G5//SU(2) is homeomorphic to SO(7)/SO(5) ~ T1S% ~ G5/SU(2).
At the moment we are unable to decide if the last two spaces are diffeomorphic or not, but
we at least show they can only differ from each other by a connected sum with one of the 992
homotopy 11-spheres.

In particular we obtain the following

COROLLARY C. The only biquotient which can be an exotic sphere is diffeomorphic to the
Gromoll-Meyer sphere Sp(2)//Sp(1).

Some of the other spaces given by Theorem A also have interesting relationships. We will show
that the Grassmannian SO(2n+1)/(SO(2n—1) x SO(2)) and the biquotient ASO(2)\SO(2n+
1)/SO(2n — 1) have the same cohomology rings, and they also have the same integral coho-
mology groups as CP?"~! but they can be distinguished by their Pontrjagin classes. Similarly,
ASU(2)\SO(4n + 1)/SO(4n — 1) has the same integral cohomology groups as HP?"~ ! but a
different ring structure.
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After a first version of this paper was finished, the preprint [T] by B.Totaro came to our
attention, where the author independently classifies all biquotients which are rational homology
spheres. At the same time B.Wilking pointed out to us that the reduction to the simple case,
which in our first version was more complicated, can be easily achieved by Lemma 1.4, which
we then noticed is also Lemma 4.5 in [T]. We will use this simplified version of the proof. We
would finally like to thank B. Wilking for several further useful comments.

1. REDUCTION TO THE CASE OF A SIMPLE GG

Throughout this section all cohomology have rational coefficients and all homotopy groups
are tensored with Q. Also for the purposes of the proof we will use the following equivalent but
formally stronger definition of a biquotient, see [Es]:

Let H% G x G bea homomorphism and let AZg be the diagonal embedding of the center
of G into G x G. Let Z = p~1(AZg). It is clear that Z lies in the kernel of the usually defined
biquotient action of H on G. Suppose the biquotient action of H/Z on G is free. Then the
quotient space is a manifold diffeomorphic to (G/p(Z))//(H/Z) which we will still denote by
G//H.

In this section we will also not distinguish between a simple group and its various covers,
using e.g. the same notation for SO(n) and Spin(n).

We first need to recall some well known facts about rational cohomology of Lie groups.

A Lie group of rank n is rationally homotopy equivalent to a product of a finitely many odd
dimensional spheres 512k1+1 X ... x S2kn+1 " The dimensions of the spheres corresponding to
various simple groups are listed in Table 1.1

G dim S;

SO(2n — 1) 3.7, .. dn—5
SO(2n) | 3,7,...4n—52n—1
SU(n) 3,5,...2n — 1
Sp(n) 3,7, .,4n—1

G 3,11

F 3,11,15,23

L 3,9,11,15,17,23

E; 3,11,15,19,23,27,35
Ex 3.15,23,27, 35, 39, 47, 59

TABLE 1.1. Dimensions of Spheres

PROPOSITION 1.2. Suppose M = G//H is a biquotient such that M is simply connected and

the cohomology algebra H*(M,Q) is generated by one element. Then there exists a biquotient
G'//H' such that G' is simple and M is diffeomorphic to G'//H'.

Proof. The key in the proof of Proposition 1.2 is the following elementary Lemma the proof of
which is left to the reader.
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LEMMA 1.3. Let G be a compact Lie group acting differentiably on manifolds X and Y.
Suppose that the action of G on X is transitive and the diagonal action of G on X XY is
free. Then for any x € X the action of isotropy group Gy on'Y is free and the quotient spaces
(X xY)/G and Y/G, are canonically diffeomorphic. Moreover, if the action of G on X XY s
a biquotient action then the action of Gy on'Y is again a biquotient action.

First notice that by passing to a finite cover we can assume that both G and H are products
of compact simple or abelian groups. Indeed, let 7 : G’ — G be a finite cover of G that splits as a
product of simple or abelian groups G = Gy X ... X Gy. Let H = 7~ '(H). Then G'//H ~ G//H
and since M is simply connected, H is connected. Let H' — H be a finite cover such that H’
splits as H' = Hy x .. X Hy,. Then G'//H' ~ G'//H ~ G//H. From now on we can assume that
G and H already have the product forms G = G; X ... x G,,, H = Hy x .. x H,,. Furthermore,
since M is simply connected, by Lemma 1.3 we can assume that G' has no abelian factors.

Next let us describe the rational homotopy type of M. We are given that H*(M,Q) is
generated by one element a, which easily implies that M is formal. Indeed, the naturally defined
map (H*(M,R),0) — (2°(M),d) is clearly a DGA quasi-isomorphism. Thus M is formal over
R and hence, by the field extension theorem [FHT, page 156], it is formal over Q.

If dega is odd, it is obvious that dim M = dega and M is rationally equivalent to S9&¢. If
dega = 2k is even, H*(M) = Ql[a]/a™*! where m = dim M/ dega. By formality, the minimal
model of M is then the same as the minimal model of (Q[a]/a™*!,0) and is equal to (Q[z, y], d)
where degx = dega,degy = (m+1)dega — 1,dr = 0,dy = ™", In particular, M has exactly
two nontrivial rational homotopy groups mgegq (M ) = Tdeg y(M ) = Q. In either case M has
exactly one nontrivial odd homotopy group.

Let i = (i1,...,in) : H — G? = G2 x ...G? be the fiber inclusion.

By looking at the long exact homotopy sequence of the fibration H - G — M we see that
the induced map i, : m.(H) — m(G) satisfies dim coker(i,) = 1 and dimker(i,) = 1(= 0) if
dim M is even (odd). Since rank(G) = dimm,(G) and rank(H) = dim 7, (H) this implies that
rank(G) = rank(H) if dim M is even and rank(G) = rank(H) + 1 if dim M is odd.

By the above, all but one of the coordinate projections i : H — Gj, are onto on .

LEMMA 1.4. Let f: H — G be a continuous map between compact connected Lie groups.
Suppose the induced map fy : m.(H) — 7(G) is onto. Then f is onto.

Proof. We are going to show that the induced map f* : H*(G) — H*(H) is injective. First
observe that since both H and G are rationally products of odd-dimensional spheres their
cohomology algebras are free exterior algebras on a finite number of odd-dimensional gen-
erators. Thus for both H and G the vector spaces spanned by those generators (denoted
by Vg and Vg respectively) can be naturally identified with quotients of H* by decompos-
able elements H*t/(H** .- H*T). The assumptions of the Lemma implies that the induced
map f* : H*'(G)/(H*"(G) - H**(G)) — H*"(H)/(H**(H) - H*"(H)) is injective. Since
H*(H) ~ AVy this implies that the map f* : H*(G) — H*(H) is injective. In particular, the
image of the fundamental cohomology class [G] is nonzero and hence f is onto. O

By Lemma 1.4 for all but one factor G; the action of H on G; is transitive. Therefore by
Lemma 1.3 we can reduce the number of simple factors of G to one. This concludes the proof
of Proposition 1.2.

O
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2. CASE OF A SIMPLE G AND PROOF OF THEOREM A

We are now ready to proceed with the proof of Theorem A in the Introduction. We can
assume that H*(M) = Q[a]/a™*!, and that M = G//H with G simple.

Let the embedding H C G x G be given by (57,41) where j~ and j* are two homomorphisms.
If one of these is trivial, we are in the situation of a homogeneous space where we can use
the classification in [Be, p.195-196] or [On] to obtain the first half of Table B. By the proof
of Proposition 1.2 we have that rank G = rank H if dim M is even and rank G = rank H + 1 if
dim M is odd. Also recall that for any simple Lie group rank w3 = 1. Therefore H is simple if
dega > 4, H has two simple factors if dega = 4, H = Hy x S* with H; simple if dega = 2 and
H is trivial if dega = 3.

We will now distinguish between the case dim M odd and dim M even.

If dim M is odd and hence H*(M) = H*(S?>**!), the proof of Proposition 1.2 shows the
following: If dim M = 3, by above H must be trivial and hence G//H is homogeneous. If
dim M > 3, then G and H are both simple, rank G = rank H + 1, and H*(G) = H*(H x S*"*1)
as rings. Hence j~ and j* are either homomorphisms with finite kernels, or trivial. Now one
can easily produce a list of all simple pairs H C G such that H*(G) & H*(H x S?"*1), using
Table 1.1 and elementary representation theory. The result is summarized in Table 2.1. Notice
that this happens to agree with the list of homogeneous spaces G/H which are odd dimensional
rational homology spheres (see [Be, p.195-196] and [On]), although this is not a priori clear.

G H range of n | number of reps
SO(2n) |SO(2n—1)|n>3,n#4 1
SU(n) SU(n—1) n>4 1
Sp(n) Sp(n —1) n>3 1

SO(2n+1) | SO(2n —1) n>3 1
Spin(7) Go 1
Spin(8) Spin(7) 3
SU(3) SU(2) 2

sp(2) | sp(1) 3
Go SU(2) 4

TABLE 2.1. Rational odd dimensional homology spheres

In the first 5 cases, the embedding of H in G is unique up to conjugacy and hence these
cases only give rise to homogeneous biquotients. In the remaining cases there exist at least two
embeddings of H and hence the possibility of a biquotient.

The three representations of Spin(7) in Spin(8) intersect in G5 and hence this case cannot
give rise to a biquotient. The group SU(3) has the index 1 subgroup SU(2) and the index 2
subgroup SO(3) which intersect in a circle and hence cannot give rise to a biquotient. The group
Sp(2) has the index one subgroup Sp(1) x 1 C Sp(1) x Sp(1) C Sp(2), the index 2 subgroup
ASp(l) C Sp(1) x Sp(1) C Sp(2), and the maximal index 28 subgroup Sp(1) C Sp(2). It is not
hard to see that only the first two can be combined to give rise to a biquotient, the Gromoll Meyer
sphere Sp(2)//Sp(1). The exceptional group Gy has 4 three dimensional subgroups described
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in the Introduction. The question which biquotients this gives rise to is more complicated.
However, the general situation of rank G = 2 and rank H = 1 has been completely examined in
[Es, p.166-170] where it was shown that it gives rise to only two biquotients. The first one is the
Gromoll Meyer sphere and the second one is G3//SU(2), where one uses the index 3 and index
4 subgroups for j~ and j+.

If dim M is even, as explained above we have rank G = rank H where G is simple and H has
at most two simple factors. If G//H is not homogeneous, the maximal torus in H must give rise
to a (two-sided) biquotient action of a torus on a simple Lie group G, whose dimension is equal
to the rank of G. These were all classified in [Es]. Such biquotient tori actions are fairly rare,
and in particular none exist for the exceptional Lie groups. Furthermore for each such maximal
torus action Eschenburg determines the maximal extension to a group K of the same rank as
the torus, which hence automatically also acts freely on G. These maximal extensions are listed
in [Es, Table 101], although, as was pointed out in [EKS], one entry was left out. For reader’s
convenience, we reproduce this corrected list in Table 2.2.

It turns out that they are all of the form G//(K; x K») with rank K1 = 1 and Ky semisimple
such that K5 is embedded only on one side. For our purpose, H does not have to be maximal,
however we have that H C K; x K3 is a subgroup of equal rank and thus it must be of the form
H, x Hy with H; C K; and rank H; = rank K.

By the above both H; and Hs must be simple and therefore, we only need to consider those
cases where H; = K; or H; = S' C K; and Hy C K, with both Hy and Ks simple of equal
rank. The only possibilities for Hy # Ka we need to consider are SO(2n) C SO(2n + 1)
and SU(3) C Gy since the list of all possible pairs of simple groups with simple subgroups of
equal rank is well known and quite short [Wo, p.281], and since in Eschenburg’s Table the only
exceptional group that occur for Ky is Go.

Therefore there are very few examples that we have to add to Table 2.2 to be considered
for our even dimensional biquotients. It is then easy to see that the only ones whose rational
cohomology is generated by one element and which might not be diffeomorphic to a homogeneous
space are the two entries ASO(2)\SO(2n+1)/SO(2n—1) and ASU(2)\SO(4n+1)/SO(4n—1)
in Table B. Here ASO(2) and ASU(2) stand for ”Hopf actions” diag(1, A4,---, A) where A lies
either in SO(2) or in SU(2). Notice though that in Table 2.2 there are quite a few biquotients
which are diffeomorphic to CP™ or HP"™ without being homogeneous. This finishes the proof of
Theorem A.

3. DIFFEOMORPHISM CLASSIFICATION

THEOREM 3.1. None of the spaces listed in Theorem A are mutually diffeomorphic except
possibly the rational 11-spheres Ga//SU(2) and SO(7)/SO(5) (which can also be written as
G2/SU(2)1). These two spaces are PL-homeomorphic but may possibly differ by a connected
sum with an exotic 11-sphere.

Proof. The homogeneous spaces can easily be differentiated from the rank one symmetric spaces
and from each other by the torsion in their cohomology, see e.g. [MZ].

Here we will only need the integral cohomology groups of SO(2n 4 1)/S0O(2n — 1) = T*S?",
which follows easily from the Gysin sequence of the bundle §?*~! — 71§27 — §2n .

Zif x =0,4n — 1
H*(T*S*) ={ Zy if x = 2n
0 otherwise
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G restrictions K Ky M
SU(n) n>3,1<k<g S;k SU(n —1) cprt
SO(2n) n=2m+1>3 ASO(2) SO(2n —1) cpri
SU(n) n=2m>4 ASU(2) SU(n —1) HPpmt
SO(2n) n=2m>4 ASU(2) SO(2n —1) HpP™1
Sp(n) n>2 ASp(1) Sp(n —1) HpPr-t
Spin(9) ASp(1) Spin(7) HP3
Spin(8) ASp(1) Spin(7)’ g4
Spin(7) ASp(1) Ga S
SU(n) n>52<k<g Sz SU(k)SU(n — k)
SU(n) n=2m>4 St SU(m)SU(m)
SO(2n +1) n=2m-—-12>3 ASO(2) SO(2n —1)
SO(2n) n>33<p<n, n,podd St SO(2n — p)SO(p)
SO(2n) n>5 SU(2) SU(n)
SO(2n +1) n=2m>4 ASU(2) SO(2n —1)
SO(2n+1) n=2m-—1>3 ASO(2) SO(2n —1)
SO(2n) |n>83<p<mn, neven,podd| SU(2) | SO(2n—p)SO(p)
Sp(n) n >3 Sp(1) SU(n)
Sp(4) SU(2) | SU(2)SU(2)SU(2)

TABLE 2.2. Maximal biquotients of equal rank

Let us next consider the rational CP*"~ Vs M = ASO(2)\SO(2n +1)/SO(2n — 1) and N =
SO(2n+1/5S0(2n —1) x SO(2),n > 1.

Let us first compute the integral cohomology rings of M and N. From the Gysin sequence of
the bundle S — T15%" — M we compute

H*(M) =

- {Zif*:%, for k=0,..,2n — 1

0 otherwise

Moreover from the same sequence we see that the Euler class of this bundle ay; € H?(M) is a
generator of H2(M) and the following sequences are exact

0 — H?**2(M) Moy H*®(M)—0fork=1,...,n—1,n+1,.,2n—1

0 — H2"2(M) " H2"(M) — Z3 — 0

Hence the ring structure is determined by the fact that a’}, is twice a generator in H n(M)
and thus M is not homotopy equivalent to CP?*~ 1,
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The same argument works for NV and thus M and N have isomorphic cohomology rings. To
compare M and N to each other we will show that they have different rational Pontrjagin classes
and thus are not homeomorphic.

Observe that both M and N are quotients of T1(S%") by different free S* actions. Let us
describe these actions explicitly. We will identify 7 (S%") with the set
{(z,y) € Rt x R?"H||z| = |y| = 1,(x,y) = 0}. By construction, the S' action producing
M is the diagonal action z(z,y) = (2(z), 2(y)) for the embedding S* — SO(2n) — SO(2n + 1)
with the first embedding given by the Hopf action. Observe that this action leaves the product
527 % §2" invariant. It is easy to see that the normal bundle v of T*(5?") inside R?"+1 x R?" 1 is
trivial. Consider the natural orthonormal trivialization e : T1(5?") x R?® — v given by e (z,y) =
6((1’, Y), (L 0,0)) = (.%', 0), 62<$7 y) = 6((1‘, y), (0,1, 0)) = (Oa y)v 63(1‘, y) = 6((.%', 3/)7 (0,0, 1)) =
%(y, x). It is easy to see that with respect to e the action of S on R? is trivial and therefore
v descends to a trivial bundle over M.

Let p : T'(S?") — M be the canonical projection. Then TT'(S?") ~ p#(TM) ® Tr where
Tr is the tangent bundle to the fiber. It is obvious that Tk ~ €' is a trivial bundle over T (S%")
and therefore

TTYHS™) ~ p" (TM) & €*

Next note that the action of S! on R?"*! x R?"t1 is equivalent to the sum of 2n copies of the

standard representation and a 2-dimensional trivial representation €.

Combining the previous formulas we obtain the following identity
(3.2) TM @ e* ~ 2nyy & €2

where 7,y is the rank-two bundle over M associated to the principal S! bundle T*(5%") — M
and the canonical S! ~ SO(2) action on R?. By construction, e(yy/) = ays, the generator of
H?(M) ~ 7.

Therefore,

(3.3) m(TM)=p1(TM & 64) = p1(2nyar) = 2np1(ymr) = 2ne(’yM)2 = 2na?\4

Let us now compute the first Pontrjagin class of N. By definition, the S* action on T (S%")
which produces N is given by the following formula:

e (x,y) = (costx + sinty, — sintx + costy)

In other words this is just the geodesic flow action for the round metric on S2".

As before we see that it is equivalent to the sum of 2n+1 copies of the standard representation
and therefore it descends to the bundle (2n + 1)y over N.

On the other hand, by the same argument as before we see that

(3.4) 2n+1)y~TN Q@€

where 7 is the S quotient of the normal bundle v to T (S?") inside R2"+1 x R*"*1. Let us
study v further. As was discussed earlier, v is a trivial bundle. It is easy to see that with respect
to the trivialization e = (e1, ea, e3) the action p of S' on R? corresponding to v is given by the
following matrix

cos? t sin?t V2sintcost
(3.5) et — sin?t cos?t —+/2sintcost

—V2sintcost +/2sintcost cos?t—sin?t
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From formula 3.5 we see that p is equivalent to the sum of a rank-one trivial representation
and a representation of weight 2. Therefore it descends to the representation 1 @® €' where ny is
a rank-two bundle over N with Euler class 2a;. We can now rewrite formula 3.4 as follows

(3.6) (2n+ 1)y~ TN @y @ €

Therefore (2n+1)a%, = (2n+1)p1(yv) = p1(TN) +pi1(nn) = pr(TN) +e(nn)? = pir(TN) +4a3;
and hence
(3.7) pi(TN) = (2n — 3)ay

Finally, observe that the groups H*(M)/{pi(M)) and H*(N)/(p1(N)) are cyclic. By com-
paring (3.3) and (3.7) we see that these groups have different orders and therefore M and N are
not homeomorphic by topological invariance of rational Pontrjagin classes.

Next let us consider the rational HP?"~1 given by M = ASU(2)\SO(4n +1)/SO(4n — 1).
A similar computation to the one in case of rational CP™’s shows that it has the following
cohomology

H (M) = Zif x =4k, for k=0,....,2n—1
] 0 otherwise

Also, as before, if ap; € H*(M) is a generator of H*(M) then the following sequences are exact

0— H¥4(M) 2 H*(M) - 0fork=1,...,n—1,n+1,...2n—1
0 — B 4(M) " H™(M) — Z; — 0

Therefore a'j; is twice a generator in H 4n(M) and hence M is not homotopy equivalent and
hence not diffeomorphic to HP?" 1.
The biquotient Sp(2)//Sp(1) is homeomorphic but not diffeomorphic to S” according to [GM].
Let us finally discuss the rational 11-sphere M = G9//SU(2). Recall that

Zif x =0,3,11,14
H*(Gy) =< Zyif x =6,9
0 otherwise

Since the fiber in the fibration SU(2) — G2//SU(2) is given by the composition of two maps
(57,77) : SU(2)—G2 x G2 and x : G x Gy — Ga, where X(g1,92) = ¢1 -ggl, it induces the
map j, — j. in m3. Since j~ is given by the index 3 subgroup and j* by the index 4 subgroup,
it follows that the fiber inclusion SU(2) — G2 is an isomorphism on 73. ;From the long exact
homotopy sequence of the fibration S? = SU(2) — Go — M we conclude that M is 4-connected.
Therefore the Euler class e € H4(M) of this bundle is zero. From the Gysin sequence

— HY(M) =% H*(M) — H>(G2) —
we see that H°(M) = 0. Similarly, from
— H*(M) =5 H%(M) — H%(Gs) — H*(M) —
we see that HS(M) ~ H®(Gs) ~ Zy. Thus
Zif x = 0,11
H* (M) ={ Zy if % = 6

0 otherwise
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and by Poincare duality

Zif x=0,11
(3.8) H.(M)=(Zyif x=5
0 otherwise

We will say that two closed manifolds are almost diffeomorphic if they differ by a connected
sum with a homotopy sphere.

LEMMA 3.9. Suppose X! is a simply-connected smooth manifold with homology given by (3.8).
Then X is almost diffeomorphic to T'SS.

Proof. The almost diffeomorphism classification of k-connected 2k 4+ 1 manifolds with k # 3,7

was carried out by Wall [Wa]. By assumptions, our manifold is as above with k£ = 5.
According to Wall, the oriented almost diffeomorphism class of a 4-connected 11-manifold is

completely determined by the following set of invariants:

G = H5(X);

A nonsingular bilinear form (called the linking form) b : G* x G* — G*where G* is the torsion

subgroup of Gj

A quadratic form ¢ : G* — Q/2Z associated with the bilinear form 2b;

A homomorphism « : G — m4(SO).

In our case G ~ G* =~ Zsy. Since there exists only one non-degenerate bilinear form on Zs,
the form b is uniquely determined.

By Bott periodicity, m4(SO) = 0, and thus o = 0. The only remaining Wall invariant which
has to be determined is the quadratic form ¢. To compute it we need to recall its definition.

Look at the generator a in Hs(X) = Z, given by a map a : S> — X. By Whitney’s theorem
we can assume that a is an embedding. The normal bundle to a is trivial since m4(SO(6)) = 0.

Choose a section a; of the normal bundle to a such that the normal bundle to ay in the unit
tangent bundle of a is trivial. This is not automatic since m4(SO(5)) = Z2 . The easiest way
to achieve this is to take the obvious section corresponding to any trivialization of the normal
bundle. Let as : S — M be the normal sphere in the unit tangent bundle. The orientation
on ao is uniquely determined by the orientations on M and a. More explicitly, we orient the
normal D% to have intersection with a equal to +1 and consider the induced orientation on the
normal S° = 9DC. Let Y = X\a(S®) and let y; = [a1],y2 = [az] be the homology classes in X
given by «;. Then it can be shown that y, generates the kernel of the map H5(Y) — H5(X)
which is infinite cyclic. It is clear that 2y; lies in that kernel and therefore 2y; = Ays. It can be

shown [Wa] that the quotient A\/2 is well-defined mod 2Z and we set ¢(a) 2N /2 mod 2. It is
obvious that A can not be even so ¢(a) can only take values £1/2 mod 2.

If we change the orientation of X then, by construction, 3 changes to —y2 and hence ¢ changes
to —q. Therefore, X and —X ( which stands for the same manifold with opposite orientation)
have different oriented almost diffeomorphism types and any other oriented manifold satisfying
the assumptions of the Lemma (e.g. T'S) is orientably almost diffeomorphic to either X or
-X. O

Remark 3.10. Observe that two 11-manifolds satisfying Lemma 3.9 are almost diffeomorphic
iff they are PL-equivalent. Indeed, a manifold X satisfying Lemma 3.9 is homeomorphic to
T1SS. In particular it admits a CTW decomposition ¢® U e® U €8 U e!l. Look at the universal
bundle PL/O — Bp — Bpr. We wish to classify different smooth structures inside a fixed PL
structure on X, i.e we have to classify the homotopy types of all possible lifts of the classifying
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map f : X — Bpr. By the general obstruction theory, the obstruction o; to extend a homotopy
between two lifts from the i — 1th to the i'th skeleton of X lives in H*(X,m;(O/PL)). Since
O/PL is 6-connected we have o; = 0 for i = 1,...,6. The CW structure of X then implies that
0; =0fort=7,...,10. Thus the only possible nontrivial obstruction is 011 and the PL class of X
contains at most |[H (X, 711(0/PL))| = |m11(O/PL)| = 992 distinct diffeomorphism types. On
the other hand, connected sums of X with different homotopy spheres have different Eells-Kuiper
invariants [EK] and thus are non-diffeomorphic. Since there are exactly |m11(O/PL)| = 992
homotopy 11-spheres, the conclusion follows.

Thus the oriented diffeomorphism type of M is determined by its oriented P L-homeomorphism
type together with the Eells-Kuiper invariant of M which at the moment we are unable to com-
pute.

0
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