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Summary
The wave equation

utt = c2∆u

is the prototype of a hyperbolic equation. It is used to describe the propagation of vibrations in
an elastic medium such as a string or a membrane, as well as the propagation of electromagnetic
waves in vacuum. In many cases, it is an approximation to a nonlinear wave equation that is valid
for small amplitudes. The parameter c is called the wave speed. The wave equation is invariant
under time reversal: If u(x, t) solves the wave equation, then so does then u(x,−t).

In one dimension, the general solution of the wave equation has the form u(x, t) = f(x − ct) +
g(x + ct). It can be expressed in terms of its initial ampliture φ(x) = u(x, 0) and initial velocity
ψ(x) = ut(x, 0) by d’Alembert’s formula

u(x, t) =
1

2

(
φ(x+ ct) + φ(x− ct)

)
+

1

2c

∫ x+ct

x−ct

ψ(y) dy .

The lines x − ct = const. and x + ct = const. are called the characteristics of the equation.
The region between the characteristics that emanate from a point (x0, t0) with t < t0 is called
the domain of dependence, and the corresponding region with t > t0 is called the domain of
influence; together, they form the (solid) light cone. D’Alembert’s formula implies that waves
have finite speed of propagation, i.e., no signal can travel faster than at speed c. This is closely
related with the idea of causality.

An important feature of the wave is equation is that energy is conserved:

d

dt

∫
1

2
|ut(x, t)|2 +

c2

2
|ux|2 dx = 0

(assuming that the integral is finite). Here, the first term in the integrand represents kinetic energy,
and the second term represents the potential energy of the wave. Conservation of energy is useful
for proving that the initial-value problem is well-posed in a sutiable space of square integrable
functions.

Solutions of the wave equation can be oscillatory (u(x, t) = cos(ct) cos x) or traveling waves
u(x, t) = f(x ± ct)); in higher dimensions, we will see examples of focusing (wave packets that
are initially far apart collide in a small area) and dispersion (a wave packet separates into pieces
that run off in different directions).

The diffusion equation
ut = kuxx

is the prototype of a parabolic equation. is used to describe the diffusion of a chemical substance
by Brownian motion, or the flow of heat in a body. A variant of this equation appears in ther
Black-Scholes equation for the price of a stock option. The parameter k > 0 is called the diffusion
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constant or the volatility. The diffusion equation is not time reversible; we will see that the initial-
value problem is well-posed forward in time, but the backwards heat equation is ill-posed in most
commonly used function spaces.

The most striking property of the heat equation is the maximum principle: If we consider
a solution on a region a ≤ x ≤ b, t0 ≤ t ≤ T , then its maximal value is assumed either at at
the initial time (t = t0(, or at the boundary (x = a or x = b). The strong maximum principle
says that the maximum cannot be asssumed at some point (x1, tx) with x1 in the interior of the
interval and t1 > t0 unless u is constant up to time t1. (We have not proved the strong maximum
principle here.) One consequence is that the solution of the heat equation with nonnegative data
remains nonnegative. In fact, unless the data are zero, the solution will immediately become
positive everywhere — the diffusion equation has infinite speed of propagation !

Typical solutions of the diffusion equation on the real line spread out and decay over time. An
example of this is the function u(x, t) = (4πkt)−

1
2 e−

x2

4kt . One manifestation of this is that energy
decreases:

d

dt

∫
1

2
u2(x, t) dx ≤ 0

(assuming that the integral is finite). This is useful for understanding well-posedness and anayzing
the long-time behavior.

Assignments:
Read Chapter 2 of Strauss, and work on the problems.
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