


Problem (1.1: 16)

Verify that the function y(xr) = 5Stanbx is an explicit solution of the
differential equation 3’ = 25+ y*. Give domain of the function y(z). Give
at least one interval I of definition. (domain of the solution y(x))

Solution

LHS: y = (5tanbz) = -2

cos2 5

RHS: 25+ 42 = 25 + (5 tan 5z)2 = 25(1 + S2550) — 25
LHS = RHS (solution is verified)

Domain of the function y = 5tan5x is the real line except points where
cosdor =0, x, = {5 = n.

Interval I of the solution y = 5tanbz can be chosen as (—%, %).



Problem (1.1: 23)
Verify that the family of functions y = c;e?* + c;2€** is a solution of the

differential equation
of definition.

d2y

dr?

— 4% + 4y = 0. Assume an appropriate interval [

Solution:

g — (61625(? + czxe%)’ — (261 + 02)6250 + 2623362x

g = ((2c1 + 2)e*® + 2coxe®®) = (4dey + 4eg)e + degwe®”
d?

dx

(s

2
Y AW 4y = (dep+H4co)e
olution is verified)

2T 4 deome® —4((201+c) e+ 2come®™ ) +4(c1e* - coze®™) = 0

Interval I of the solution y = c1e** + care*” can be chosen as (—oo, +00).



Problem (1.1: 28)
Find values of m such that the function y =

™ is a solution of the

2y —Txy'+15y = 0. Explain your reasoning.

equation: (a) zy"+2y =0 (b) z°y

Solution:

y=a" y =ma""! m(m — 1)z™

(a) zy" + 2y = zm(m — 1):1: 24 2mam = 2" (m2 +m) =0
m*+m=m(m+1)=0, m; =0, o =—1

two solutions are obtained: y =1 and y=ax L.

(b) 2%y —Txy +15y = z*m(m—1)2" % = Temx™ 1 +152™ = 2™ (m* —8m+15) = 0
m?>—8m+15=0, m; =3, mog=>H
two solutions are obtained: y = 2° and y = 2°.



Problem (1.1: 30)
Determine whether the differential equation y' = y? + 2y — 3 possesses
constant solutions. (Hint: for the constant solution y = ¢ the derivative

y'=0.)

Solution:

O=9y"+2y—3, y=1 =3
the differential equation ¢’ = y° + 2y — 3 possesses two constant solutions.




Problem (1.1: 39)

Given that y = sin(z) is an explicit solution of the first order differential
equation g—g = /1 —9?. Find an interval I of definition. (Hint: [ is not
the interval —oo < x < 00)

Solution:

LHS: g—z = (sin(x))" = cos(x)

RHS: /1 —y? = Vcos?x = | cos(z)|
LHS = RHS only if cos(z) > 0.

The interval I of the solution can be chosen as |[—7/2, 7/2].




Problem (1.2: 8)
The second-order DE z” + x = 0 possesses a two-parameter family of
solutions © = c;cost +cosint. Find a solution of the second-order IVP for

the initial conditions: z(7/2) =0, 2'(7/2) = 1.

Solution:

Find constants c¢; and ¢ from the initial conditions:
x(m/2) = crcosm/2+ cosinT/2 = co =0

T = cpcost

x' = (cpcost) = —cysint

v/ (m/2) = —cisinw/2=1, ¢ =—1

solution of the second-order IVP is x = — cost.




Problem (1.2: 12)
The second-order DE vy’ — y = 0 possesses a two-parameter family of

solutions y = cie” + e *. Find a solution of the second-order IVP for

the initial conditions: y(1) =0, y'(1) =e.

Solution:

y = cre’ + cpe” 7, "= c1e® — e ®

y(1) =cre+cme =0, y(l)=ce—ce'l=c¢
c1=3, C=—3€

2 2

solution of the second-order IVP is y = (" — > 7).




Problem (1.2: 18)
Determine the region of the zy-plane for which the differential equation

= wou ave a unique solution whose rap passes rou a
Y = [Ty Id h q luti hose graph through

pomt (x0,y0) in the region.

Solution:

Domain of the function ,/ry consists of two parts: z > 0, y > 0 and
<0, y<0.

Derivative d%(\ /TY) =

2\;”@ = % %) y = 0 is the discontinuity point.
The region for which the differential equation d—y = ,/ry would have a
unique solution can be taken as x>0, y >0 or as z < O, y < 0.




Problem (1.2: 22)

Determine the region of the zy-plane for which the differential equation
(1+1°%)y = 2? would have a unique solution whose graph passes through
a point (xg,yo) in the region.

Solution:
r__dy __ 72
Yy == 1+y3

Domain of the function

72

is [z, y] € [(—o0, +00), (—00, +0)]

14y3
vative 4(_zty — =8y’
Derivative dy(1+y3) o (142

The region for which the differential equation (1 + %)y’ = 2> would have
a unique solution is [z,y] € [(—o0, +00), (—00, +00)]




Problem (1.2: 26)
Determine whether Theorem 1.1 guarantees that the differential equa-
tion 3’ = \/y> — 9 possesses a unique solution through the point (5,3).

Solution:

L] L) d L[] L] L] L] L]
Derivative d—y(\/y2 —9) = \/;27_9 has discontinuity at the point y = 3 and it
violates the condition for the Theorem 1.1. The answer is negative.




Problem (1.2: 42)
Determine a plausible value of x; for which the graph of the solution

of the IVP ¢ 4+ 2y = 3x — 6, y(xg) = 0 is tangent to the z-axis at (z,0).
Explain your reasoning.

Solution:

Yy +2y=3x—-6, y=3x—-6-2y, ¥y (20,0)=320-6=0, mp=2




Problems (1.2: 33-34)

(33a) Verify that 32° — y* = ¢ is a one-parameter family of solutions of
the differential equation y%« = 3.

(33b) Sketch the graph of the implicit solution 3z° — y* = 3. Find all
explicit solutions and give intervals [ of definition for them.

(33c) The point (—2,3) is on the graph of 3z° — y* = 3. Which explicit
solution from (33b) satisfies y(—2) = 3.

(34a) Solve IVP yg—z = 3z, y(2) = —4 and sketch the graph of the solution.

(34b) Are there any explicit solutions of y% = 3x that pass through the
origin 7

Solution:

(33a)
(See the graph in the solution manual). Differentiating 32° — y* = ¢ with
respect to x we obtain : 6x —Qy% = (. It follows from here that: yg—i = 3.

(33b)



Solving 3z° — y? = 3 for y we get:

=/3@*-1), 1<z < oo, y2 —/3(z2—1), 1<z <00, ys(x) =
Va2 —1), —oo<x< -1, yyx \/3:1:2—1 —00 < x < —1,
(33c)
The answer is y3(x \/3 —o0 < x < —1.
(34a)

Find c in 32° — y* = ¢ using y(2) = —4.

34— (-4 =¢, c=—4

The solution of IVP is 32° — y* = —4. To sketch the graph see (33a) in
the solution manual.

(34b)

ydy = 3z, % = 3?”7, y = 0 is the point of the discontinuity of the derivative.

The answer is negative.




) !

See you next week




	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	

