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ALGEBRAS OF FIBREWISE BOUNDED HOLOMORPHIC FUNCTIONS
ON COVERINGS OF COMPLEX MANIFOLDS.
CARTAN THEOREMS A AND B

A. BRUDNYI AND D. KINZEBULATOV

ABSTRACT. We develop the elements of complex function theory within certain algebras of
holomorphic functions on coverings of complex manifolds (including holomorphic extension
from complex submanifolds, properties of divisors, corona type theorem, holomorphic ana-
logue of Peter-Weyl approximation theorem, Hartogs type theorem, characterization of the
uniqueness sets, etc). Our model examples are: (1) algebra of Bohr’s holomorphic almost
periodic functions on tube domains (i.e. the uniform limits of exponential polynomials) (2)
algebra of all fibrewise bounded holomorphic functions (arising in corona problem for H°°)
(3) algebra of holomorphic functions having fibrewise limits.

Our proofs are based on the analogues of Cartan theorems A and B for coherent type
sheaves on the maximal ideal spaces of these subalgebras.
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1. INTRODUCTION

In the 1930-50s K. Oka and H. Cartan laid the foundations of function theory of several
complex variables by introducing the notion of a coherent sheaf, and proving that:

(A) Every germ of a coherent sheaf 4 on a Stein manifold X is generated by its global
sections (“Cartan theorem A”).
(B) The sheaf cohomology groups H'(X, A) (i > 1) are trivial (“Cartan theorem B”).

Let us recall that a sheaf of modules over the sheaf of germs of holomorphic functions on X
is called coherent if locally both this sheaf and its sheaf of relations are finitely generated. The
class of coherent sheaves is closed under natural operations. Most sheaves that arise in complex
analysis are coherent.

A Stein manifold is a complex manifold that admits holomorphic embedding into some C™.

The Cartan theorems A and B together with their numerous corollaries constitute the so-
called Oka-Cartan theory of Stein manifolds. As a consequence of these theorems, one obtains
existence of solutions (in algebra O(X) of all holomorphic functions on X) to all classical
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problems of function theory of several complex variables (including Cousin problems, Poincaré
problem, Levi problem, the problem of extension from analytic subsets, corona problem and
many others, see, e.g., [GrR]).

The further development of complex function theory was motivated, in part, by the prob-
lems that required study of behaviour of holomorphic functions satisfying some restrictions
(e.g. certain growth conditions ‘at infinity’). As a consequence, the questions of whether the
problems of classical complex function theory can be solved within a proper subclass of O(X)
(e.g., consisting of holomorphic LP-functions, 1 < p < oo) started to play an important role.
However, trying to incorporate restrictions on holomorphic functions such as LP-summability,
the immediate applications of the classical Oka-Cartan theory encounter considerable difficul-
ties. In particular, one has to complement the sheaf-theoretic approach of Oka-Cartan, e.g. by
integral representation formulas on complex manifolds, estimates on solutions of J-equation,
ete (cf. [HL]).

Nevertheless, the methods of Oka-Cartan theory can be extended to work within some special
classes of holomorphic functions. In the present paper we obtain analogues of Cartan theorems
A and B for coherent-type sheaves of the maximal ideal spaces of subalgebras Oq,(X) C O(X)
of holomorphic (a-) functions defined on a regular covering p : X — Xy of a connected complex
manifold Xy with deck transformation group G that are

(1) bounded on subsets p~*(Up), Uy € Xy, and

(2) for each x € X the function G 5 g — f(g - =) belongs to a closed unital subalgebra
a := a(G) of bounded complex functions on G (with pointwise multiplication and sup-norm)
invariant with respect to the action of G on a by right translations: Ry(f)(h) := f(hg), f € a,
g,h € G.

Some examples of subalgebras a and Oq(X) are given in Examples [[1] and [I.3] below.

As a consequence of our Cartan type theorems A and B, we obtain within subalgebra O, (X)
the analogues of some classical results on Stein manifolds, including extension from complex
submanifolds, properties of divisors, corona-type theorem, holomorphic Peter-Weyl-type ap-
proximation theorem, Hartogs-type theorem, describe uniqueness sets, etc.

In our proofs we use some results and methods of the theory of coherent-type sheaves tak-
ing values in Banach or Fréchet spaces, pioneered by Bishop and Bungart [Bull [Bu2], and
developed further by Leiterer (over finite-dimensional Stein spaces [Ltl]), Douady, Lempert
(over pseudoconvex subsets of Banach spaces with unconditional bases, cf. [Leml|), and others.
Similarly to [Lt) [Lem], we don’t have Oka coherence lemma.

Example 1.1 (Holomorphic almost periodic functions). The theory of almost periodic func-
tions was created in the 1920s by H. Bohr, and shortly found numerous applications to vari-
ous areas of mathematics, including number theory, harmonic analysis, differential equations
(e.g. KdV equation), etc. Recall that a function f € O(T) on a tube domain 7' = R"+iQ2 C C™,
Q0 C R"™ is open and convex, is called holomorphic almost periodic if the family of its translates
{z = f(z+8), z € T}ern is relatively compact in the topology of uniform convergence on
tube subdomains 77 = R™ 4 i€, ' € Q. The cornerstone of Bohr’s theory (see [Bd]) is his
approximation theorem, which states that every holomorphic almost periodic function is the
uniform limit (on tube subdomains T” of T') of exponential polynomials

(1.1) z—)chei<z’)‘k>, zeT, ¢, €C, Mp€eR”?
k=1

where (-, Ag) is the Hermitian inner product on C".
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The classical approach to study of holomorphic almost periodic functions exploits the fact
that T is the trivial bundle with base © and fibre R™ (e.g. as in the characterization of almost
periodic functions in terms of their Jessen functions defined on €, see, e.g. [Shi [Levi [T} [Ronl,
FR] [To]). By considering T' as a regular covering p : T — Ty (:= p(T) C C") with the deck
transformation group Z",

p(z) == (eizl, e, z=(21,...,20) ET
(a complex strip covering an annulus if n = 1), we obtain
Theorem 1.2. A function f € O(T) is almost periodic if and only if f € Oap(T).

Here AP = AP(Z") is the subalgebra of von Neumann’s almost periodic functions on group
Z" (see definition in Example BI[(2) below). This result enables us to regard holomorphic
almost periodic functions on T as:

(a) holomorphic sections of a certain holomorphic Banach vector bundle on Tp;
(b) holomorphic-type functions on the fibrewise Bohr compactification of the covering p :
T — Tp, a topological space having some properties of a complex manifold.

As a result, we can apply the methods of multidimensional complex function theory (in partic-
ular, analytic sheaf theory and Banach-valued complex analysis) to study holomorphic almost
periodic functions. In particular, even in this classical setting, we obtain new results on holo-
morphic almost periodic extension, Hartogs-type theorems, recovery of almost periodicity of a
holomorphic function from that for its trace to a real periodic hypersurface, etc.

It is interesting to note that already in his monograph [Bo] H. Bohr uses equally often the
aforementioned “trivial fibre bundle” and “regular covering” points of view on a complex strip.
We note also that the Bohr compactification of a tube domain R™ + i€2 in the form bR"™ + i)
was used earlier in [Favll [Fav2l [Gri].

Example 1.3. (1) Let a := ¢5(G) be the subalgebra of all bounded functions on the deck
transformation group G' = p~1(x), x € Xj, of covering p : X — Xj.

By definition, every subalgebra Oq(X) C O, (X).

The subalgebra Oy__(X) arises, e.g., in study of holomorphic L2-functions on coverings of
pseudoconvex manifolds [GHS| Br2 Brbl [La], Caratheodory hyperbolicity (Liouville property)
of X [LS| [Lin], corona-type problems for bounded holomorphic functions on X [Brl]. Earlier,
some methods similar to the ones developed in the article were elaborated for algebra O,__ (X)
in [Brl]-[Br4] in connection with corona-type problems for some subalgebras of bounded holo-
morphic functions on coverings of bordered Riemann surfaces, Hartogs-type theorems, integral
representation of holomorphic functions of slow growth on coverings of Stein manifolds; this
work was motivated by the fact that if X, is compact, then Oy _(X) = H*(X), the Hardy
subalgebra of all bounded holomorphic functions on X (the case of special importance is when
X =unit ball in C").

(2) Let a := ¢o(G) (with card G = o0) be the subalgebra of functions that admit extension
to the one-point compactification of G. Then O, (X) consists of holomorphic functions that
have fibrewise limits at ‘infinity’.

For other examples of subalgebras a and O4(X) see Sections [3.1] and

Notation and definitions. We endow O4(X) with the Fréchet topology of uniform conver-
gence on subsets p~1(Up), Uy € Xo.
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By AL#(X) we denote the space of smooth (¢, s)-forms with compact supports in X, endowed
with the standard topology (see, e.g. [Deml); continuous linear functionals on A%*(X) are called
(n —t,n — s)-currents.

In what follows, we assume that X, is equipped with a path metric dy determined by a
(smooth) hermitian metric. Let d be a semi-metric on X defined by

d(z1,22) := do(p(xl),p(:zrg)), x1,T9 € X.

A function f € C(X) is called a continuous a-function if it is bounded and uniformly con-
tinuous with respect to semi-metric d on subsets p~1(Up), Uy € Xo, and is such that for each
xz € X the function G 3 g — f(g - x) belongs to a. We denote by C,(X) the subalgebra of
continuous a-functions on X. Clearly, this subalgebra does not depend on the choice of the
hermitian metric, and we have Cq(X) N O(X) = Oq4(X).

If Dy C X, is a subdomain, we set D := p~1(Dg) C X, and define Cy(D) to be subalgebra of
complex functions defined on D (the closure of D) that are bounded and uniformly continuous
with respect to semi-metric d, and such that for each x € Dy the function G > g — f(g - z)
belongs to a.

Over each simply connected open subset Uy C X there exists a biholomorphic trivialization
¥ p~1(Uy) = Up x G of covering p : X — Xo, which is a morphism of fibre bundles with fibres
G. We fix some system of biholomorphic trivializations, and denote for a given subset S C G

(1.2) (U, S) := ¢~ (U x S)
(see Section for details).

2. MAIN RESULTS

2.1.  Our approach is based on analogues of Cartan theorems A and B for coherent-type sheaves
on the fibrewise compactification ¢4 X of the covering p : X — Xy, a fibre bunde homeomorphic
to the maximal ideal space of subalgebra Oq(X) (provided that subalgebra a is self-adjoint,
i.e., closed with respect to complex conjugation, and X is a Stein manifold, cf. Theorem [L.1T]),
and containing the principal fibre bundle p : X — X as a subbundle. We describe briefly the
construction of ¢4 X, postponing the detailed exposition till Section 4l

Let M, denote the maximal ideal space of algebra a, i.e., the space of non-zero continuous
homomorphisms a — C endowed with weak* topology (of a*). The space M, is compact and
Hausdorff, and every element f of a determines a function f € C(M,) by the formula

f(n) = n(f)v n € M,.

Since algebra a is uniform (i.e., |f?|| = ||f||*) and hence is semi-simple, the homomorphism
a — C(M,) (called Gelfand transform) is an isometric embedding (see, e.g., [Gam]). We have a
continuous map j = jq : G — M, defined by associating to each point in G its point evaluation
homomorphism in M,. This map is an injection if and only if algebra a separates points of G.

Let G denote the closure of j(G) in M, (also a compact Hausdorff space). If algebra a is
self-adjoint, then a = C(M,) and hence Ga = M,. The action of group GG on itself by right
multiplication extends to the right action of G on M,, so that G, is invariant with respect to
this action.

DEFINITION 2.1. The fibrewise compactification p : ¢, X — Xy is defined to be the associated
fibre bundle to the regular covering p : X — X (regarded as a principal bundle) with fibre G,.
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(cf. Section 4.2l) Now, there exists a continuous map
(2.3) L=1g: X = ceX

induced by the equivariant map j. Clearly, ¢(X) is dense in ¢, X. If a separates points of G,
then ¢ is an injection.

DEFINITION 2.2. A function f € C(cqaX) is called holomorphic if its pullback ¢* f is holomorphic
on X. The algebra of functions holomorphic on ¢, X is denoted by O(cqX).

For a subalgebra a that is not self-adjoint we have Oq(X) < O(caX) (see Proposition
below). This embedding is an isomorphism if a is self-adjoint; in this case, we can work with
algebra O(cqX) instead of subalgebra Oq(X).

We define holomorphic functions on open subsets of ¢, X analogously, and therefore obtain
the structure sheaf O := O, x of germs of holomorphic functions on ¢, X. Now, a coherent
sheaf A on ¢, X is a sheaf of modules over O such that every point in ¢4 X has a neighbourhood
U over which, for any N > 1, there is a free resolution of A of length N, i.e., an exact sequence

of sheaves of modules of the form

(p —
(2.4) om |y 25 B ome )y P om )y 2L Ay —o0,

where @;, 0 < i < N — 1 denote homomorphisms of sheaves of modules. If X = X and p = Id,

then this definition gives the classical definition of a coherent sheaf on a complex manifold.

Let Xy be a Stein manifold, A a coherent sheaf on ¢, X.

Theorem 2.3 (Cartan A). Each stalk , A (x € caX ) is generated by sections I'(ca X, A) as an
=O-module.

Theorem 2.4 (Cartan B). The sheaf cohomology groups H'(ce X, A) =0, i > 1.

The collection of open subsets of X of the form V = :=1(U), where U C ¢, X is open, forms
a Hausdorff topology on X, denoted by 7.
Suppose that subalgebra a is self-adjoint. We define holomorphic a-functions on V' € 7, by

O (V) := 1 O(U),
where U C ¢, X is open and such that V = =1(U).

In the rest of this section we assume that subalgebra a is self-adjoint unless otherwise stated.
2.2. Using Theorem 2.4 we obtain the following result on extension within subalgebra Oy (X).

DEFINITION 2.5. An open cover V of X is called T4-fine if it is the pullback by ¢ of an open
cover of ¢, X, and for every V € V the projection p(V) € Xo (e.g. V = p~ (W), where V is an
open cover of Xy by relatively compact subsets).

DEFINITION 2.6. A closed subset Z C X is called a complex a-submanifold of codimension
k < n := dim¢ Xy if there exists a T,-fine open cover V of X such that for each V € V there
are functions hy, ..., hy € Oq(V) that satisfy:

(1) ZNnV={zeV : h(x)=-=hg(z) =0}

(2) maximum of moduli of determinants of all k x k submatrices of the Jacobian matrix
of the map & — (h1(x), ..., hx(x)) (with respect to local coordinates on V pulled back
from a coordinate chart on Xy containing the closure of p(V')) is uniformly bounded
away from zeroon ZNV.
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Some examples of complex a-submanifolds are given in Section below.

Theorem 2.7 (Characterization of complex a-submanifolds). Suppose that Xy is a Stein man-
ifold. Then a closed subset Z C X is a complex a-submanifold of codimension k < n if and
only if there exists at most countable collection of functions f; € Oq(X), i € I, such that

(i) Z={xeX: fi(x)=0 for all i € I},

(i) for each xg € Z there exists a neighbourhood V € T4 and functions fi,,... fi. such that
ZNV ={zeV:fi, == fi, =0} and the mazimum of moduli of determinants of all k x k
submatrices of the Jacobian matriz of the map v — (fi, (), ..., fi, (%)) (with respect to local
coordinates on V pulled back from Xg) is non-zero at xg.

DEFINITION 2.8. A function f € O(Z) on a complex a-submanifold Z C X is called a holomor-
phic a-function if it admits extension to a function in Cq(X).

The subalgebra of holomorphic a-functions on Z is denoted by O4(Z). Alternatively, subal-
gebra O, (Z) can be defined in terms of currents, cf. Section [3.21

Theorem 2.9. Suppose that Xy is a Stein manifold, Z C X is a complex a—submanifold, and
f € 04(Z). Then thereis F € Oq(X) such that F|z = f.

Example 2.10. Suppose that Z;, Zo C T := R® 4+ i C C" (where  C R" is convex)
are non-intersecting smooth complex hypersurfaces that are periodic with respect to the usual
action of R™ on T by translations, possibly with different periods, and f1 € O(Z;), f2 € O(Z2)
are holomorphic periodic with respect to these periods functions. By Theorem there is a
holomorphic almost periodic function F' € Oap(T) such that F|z, = f;, i = 1,2.

It is not difficult to construct an example of a subset Z satisfying (1) but not (2) in Definition
2.6l such that O4(X)|z € Co(X)NO(Z).

In some cases the requirement that subalgebra a is self-adjoint is not necessary for existence
of an extension. The following example gives an alternative approach to study of O4(X).
Namely, we have an equivalent presentation of functions in O4(X) as holomorphic sections of
a holomorphic Banach vector bundle p : Cy Xy — X| associated to the principal fibre bundle
p : X — Xy and having fibre a, defined as follows. The regular covering p : X — Xy is a
principal fibre bundle with structure group G, so there exists an open cover {Up 4} of Xy and
a locally constant cocycle {csy : Uy, N Uy s — G}, so that the covering p : X — X can be
obtained from the disjoint union U, Uy, X G by the identification

(2.5) Uos x G (x,9) ~ (z,9 csy(x)) € Upy x G for all z € U, N Ty,

where projection p is induced by the projections Up 4 x G — Uy  (see, e.g., [Hz]). Then Cq Xy is
a fibre bundle associated to p : X — X and having fibre a. The fibre bundle Cy X is obtained
from the disjoint union U,Up , x a by the identification

(2.6) Usxa3 (x,f) ~ (2, Res (o)(f)) €Uy xa  forallzelU,nUs.

The projection p is induced by projections U, x a — U,. This is a holomorphic Banach vector
bundle. Let O(CyXy) be the set of (global) holomorphic sections of CqXy. This is a Fréchet
algebra with respect to the usual pointwise operations and the topology of uniform convergence
on compact subsets of X.

Proposition 2.11. O4(X) =2 O(CyXp).
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As a consequence of Proposition 2.11] we obtain the following result of extension within the
class of holomorphic a-functions.

Proposition 2.12. Let My be a closed complexr submanifold of a Stein manifold Xo, M :
p 1 (My), Dy C Xg is Levi strictly pseudoconvex (see, e.g., [GR]), D := p~1(Do), and f
Ou(M N D) is bounded. Then there exists a bounded function F € Oq(D) such that F|ynp
flmap-

m I

Indeed, the subalgebra O4(M) is isomorphic to the algebra O(CyX)|p, of holomorphic
sections of bundle CX over My. Since X is Stein, there exist holomorphic Banach vector
bundles p; : E1 — X and p2 : Fy — Xy with fibres B; and Bs, respectively, such that
E; = E1 & Cy Xy (the Whitney sum) and Es is holomorphically trivial, i.e., Es = X X Bo
(see, e.g. [ZK]). Thus, any holomorphic section of Es can be naturally identified with a Ba-
valued holomorphic function on Xg. By ¢ : Fs — Cy Xy and ¢ : Cy X9 — E3 we denote
the corresponding quotient and embedding homomorphisms of the bundles so that g o ¢ = Id.
(Similar identifications hold for bundle CD.) For a given function f € O(CqXo)|nm, consider
its image f := 1(f), a Ba-valued holomorphic function on My, and apply to it the integral
representation formula from [HL] asserting the existence of a bounded function F € O(Dy, By)
such that F|arnp, = flamonp,. Finally, we define F := g(F).

In fact, this method allows to obtain similar extension results for holomorphic functions on
X whose restriction to each fibre belongs to some Banach space, and is possibly unbounded,
see [Brd]. Tt is not yet clear to what extent Theorem depends on the assumption that
subalgebra a is self-adjoint.

2.3. Recall that an effective (Cartier) divisor E on X is given by an open cover {U,} of X
and functions f, € O(U,), fa not identically zero on any open subset of U, such that

(2.7) fa =dagfs on U, NUg for a nowhere zero function dog € O(Uy NUp),

for all v, 8. The collection of effective divisors on X is denoted by Div(X).
Let T be the integration current of a divisor E € Div(X), i.e.,

(Te, ) ::/E% pe AITHX)

Here we use the fact that locally (in the usual topology on X) divisor E admits presentation
as a collection of analytic hypersurfaces with prescribed multiplicities.

The divisors E = {(Uq, fo}, E' = {(Vs,98)} in Div(X) are said to be equivalent if there
exists a refinement {W., } of both covers {U, } and {V}3} and nowhere zero holomorphic functions
¢y on W, such that fo|w, = cygslw, for W, C Uy N V3. It is easy to see that E, E’ € Div(X)
are equivalent if and only if Ty = Tg/.

In the next definitions we assume that algebra a is self-adjoint.

DEFINITION 2.13. A divisor F € Div(X) is called an (effective) a-divisor if in the above defini-
tion (27) of a divisor on X we have

(1) {Uy} is a Ty-fine open cover,

(2) fa € Oq(Uy), for all a,

(3) fa = dapfs on Uy NUs # @ for some dog € Oq(Uy N Us) whose modulus is uniformly
bounded away from zero on every open subset V C U, NUg with the property that the closure
of (V) is contained in an open subset W C ¢, X such that U, NUs = ¢~ (W), for all «, .
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We note that for some algebras a, e.g. holomorphic almost periodic functions (cf. Example
[[1] and Section B3)) the a-divisors can be defined equivalently in terms of their currents of
integration, cf. Proposition 311

The collection of a-divisors is denoted by Div,(X).

The basic example of an a-divisor is the divisor E of a function f € O4(X), called an
a-principal divisor. There are, however, a-divisors that are not a-principal, cf. Section [3.5(4).
In fact, the Cech cohomology group H %(cqT,Z), measuring the deviation of an a-divisor from
being a-principal (cf. proof of Theorem 2.T5]), is in general non-trivial (e.g. in the setting of
Example [[.1] the fibrewise compactification c4pT is an inverse limit of smooth principal fibre
bundles with compact Abelian groups (S1)™ x @L_,Z/niZ as their fibres, cf. Example
below).

This naturally leads to the following problem, first considered (in a special case) in [FRR]:

Does there exist a class of functions €, C O(X) such that for each function from €, its
divisor is equivalent to a divisor in Div,(X), and conversely, any divisor in Div,(X) is
equivalent to a principal divisor determined by a function in €47

IfX={2eC:a<Im(z)<b}and a= AP(Z) (cf. Example [LT)), then by [FRR]
Cap = {f S O(X) : |f| S CAP(X)}.

The proof in [FRR] uses certain properties of almost periodic currents (see [Fav2] for an exten-
sion of this result to several variables). Using a sheaf-theoretic approach, we obtain

Theorem 2.14. (1) Suppose that X¢ is a non-compact Riemann surface, and X is the universal
covering of Xo. Then for every divisor E € Divy(X) there exists a function f € O(X) with
|f| € Ca(X) such that E is equivalent to the principal divisor Ey € Div(X).

(2) Conversely, for any complex manifold Xy, let f € O(X), |f| € Cu(X), and suppose that
there exists an open subsetY € X such that for any net {go} C G the translates {:17 — f(gax)}
do not converge uniformly on'Y to zero; then E; is equivalent to a divisor E € Divq(X).

The assertion of Theorem [2.14] can be refined for holomorphic almost periodic functions on
coverings of complex manifolds, cf. Section

If subalgebra a is such that the covering dimension of G is zero (e.g. a = fo, or APo(Z™),
cf. Examples[B1i(3) and[A1I(3), (4)), then the assertion of Theorem 214 follows trivially (cf. Sec-

tion B.4]).
The second Cousin problem asks whether a given divisor E € Div4(X) is a-principal.

Theorem 2.15 (2nd Cousin). Let Xo be a Stein manifold, E € Divqy(X).

If Xy is homotopically equivalent to an open subset Yo C X¢ such that the restriction of E to
Y :=p Y(Y)) is equivalent to an a-principal divisor, then E itself is equivalent to an a-principal
divisor.

In particular, if supp(E) NY = &, then E is equivalent to an a-principal divisor.

Here supp(FE) is the set of zeros of functions determining divisor E.

For the subalgebra of Bohr’s holomorphic almost periodic functions (cf. Example [T} in the
case X and Y are tube domains and a = AP(Z")) this theorem is due to [FRR] (n = 1) and
[Favi] (n > 1). The proof in [FRR] uses Arakelyan’s theorem and gives an explicit construction
of the holomorphic almost periodic function that determines the principal divisor. Our proof,
similarly to the proof in [FavI], is sheaf-theoretic.
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2.4. A classical result by H. Bohr states that if a holomorphic function f on a complex strip
T:={ze€C:Im (z) € (a,b)}, bounded on closed substrips, is continuous almost periodic on a
horizontal line R + ic, ¢ € (a,b), then f is holomorphic almost periodic on T

We extend this result to a general algebra O4(X) as follows.

Let Xy be a Stein manifold, Uy C Xy be an open simply connected set, Zy C Uy a unique-
ness set for holomorphic functions in O(Uy), and K C G be such that U;Kg; = G for some
g1, ---,9m € G. Suppose that Z C X is a set of the form

Z={zxe€ X :py(xr)=0,a€ A},

where {pq}aca C Cq(X). We assume that Z has the property that p=(Zp) N (Up, K) C Z
(cf. (C2)). By Cq(Z) we denote the restrictions to Z of functions in Cyq(X).

Theorem 2.16. If f € Oy (c)(X) and f|z € Co(Z), then f € Ou(X).

It follows that in Bohr’s result the line R + ic can be replaced, e.g., with a periodic curve.

As an example of set Z; we can take any real hypersurface in X or, more generally, a
set of the form Zy := {z € Xo : p1(x) = -+ = pa(z) = 0}, where p1,...,pq are real-valued
differentiable functions on Xy, d < n, and 9p1(z9) A -+ A Opa(zo) # 0 for some zg € Zy (see,
e.g., [Bog]).

Using the result in [Br3|, we obtain the following Hartogs-type theorem.

Theorem 2.17. Let n > 2, Dy € X be a subdomain with a connected piecewise smooth
boundary ODqy contained in a Stein open submanifold of Xq, and D := p~1(Dy). Suppose that
f € Cu(OD) satisfies tangential CR equations on dD | i.e., for any w € A" ~2(X)

f 0w =0.
oY

Then there exists a function F € Oq(D) N Cy(D) such that Flap = f.

In particular, Theorem 2.17 implies that if n > 2, then each continuous almost periodic
function on the boundary 0T = R"™ + 02 of a tube domain T :=R" +iQ C C", Q € R" is a
domain with piecewise-smooth boundary 0f2, satisfying tangential CR equations on 97T, admits
a continuous extension to a holomorphic almost periodic function in Oap(T) N C(T).

2.5. We extend Bohr’s approximation theorem for holomorphic almost periodic functions
(cf. Introduction) to an arbitrary subalgebra O,(X) as follows. We do not assume that subal-
gebra a is self-adjoint.

Let a, (v € I) be a collection of closed subspaces of a such that

(1) a, are invariant with respect to the action of G on a by right translates (i.e., if f € a,,
then Ry(f) € a,, g € G, cf. Introduction),

(2) the family {a, : ¢ € I'} forms a direct system ordered by inclusion, and

(3) the linear space ag := [J,; a, is dense in a.

The model examples of subspaces a, are given in Section [3.6] below.

Let O,(X) be the space of holomorphic functions f € Oq(X) such that for every =g € Xy
function
g— flg-x), ge€G, x€Fy
belongs to a,. Let Op(X) be the C-linear hull of spaces O,(X) with ¢ varying over I.

Theorem 2.18. If Xy is a Stein manifold, then Oy(X) is dense in Oq(X).
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If a = AP(G) (cf. Sections[3.1[2) andB3)), then this theorem may be viewed as a holomorphic
analogue of Peter-Weyl approximation theorem (von Neumann approximation theorem).

We note that, together with the example of Section B7(1), this theorem gives another proof
of Theorem [I.2

3. EXAMPLES

3.1. Examples of subalgebras a. In addition to o (G), ¢o(G), AP(Z"), we mention the
following examples of self-adjoint subalgebras of functions on G.

(1) If group G is residually finite (respectively, residually nilpotent), i.e., for any element
t € G, t # e, there exists a normal subgroup G; Z ¢ such that G/G; is finite (respectively,
nilpotent), we consider the closed algebra fo,(G) C loo(G) generated by pullbacks to G of
algebras (o (G/Gy), for all G; as above.

(2) Recall that a (continuous) bounded function f on a (topological) group G is called almost
periodic if the families of its left and right translates

{t = f(st)hsea, {t— flts)}seq

are relatively compact in ¢o(G) (J. von Neumann [Ne]). (It was proved in [Ma] that the
relative compactness of either the left of the right family of translates already gives the almost
periodicity on G.) The algebra of almost periodic functions on G is denoted by AP(G).

The basic example of almost periodic functions on G is given by the matrix elements of the
finite-dimensional irreducible unitary representations of G.

Recall that group G is called mazimally almost periodic if its finite-dimensional irreducible
unitary representations separate points. Equivalently, G is maximally almost periodic iff it
admits a monomorphism into a compact topological group.

Any residually finite group belongs to this class. In particular, Z™, finite groups, free groups,
finitely generated nilpotent groups, pure braid groups, fundamental groups of three dimensional
manifolds are maximally almost periodic.

We denote by APy(G) C AP(G) the space of functions

m
t— chafj(t), teG, ¢, €C, o= (Ufj),
k=1
where o* (1 < k < m) are finite-dimensional irreducible unitary representations of G. The
von Neumann’s approximation theorem states that APy(G) is dense in AP(G) [Ne].

In particular, the algebra AP(Z™) of almost periodic functions on Z™ contains as a dense
subset the exponential polynomials ¢t — Y ;" cretPnt) e 70 A, € R™. Here (), ) denotes
the linear functional defined by A.

(3) The algebra APg(Z") of almost periodic functions on Z™ with rational spectra. This is
the subalgebra of AP(Z™) generated over C by functions t — e** with A € Q.

3.2. Definition of holomorphic a-functions on complex a-submanifolds in terms of
currents. There is an equivalent definition of holomorphic a-functions on a complex a-submanifold
Z (cf. Definition 2.8) in terms of currents. Namely, let a be self-adjoint, then a function

f € O(Z) on a complex a-submanifold Z C X is a holomorphic a-function if and only if it is
bounded on subsets Z N p~1(Uy), Uy € Xo, and the corresponding current

(3.8) (fyp) = /ngo, ¢ € AM*(X), k= codimcZ,
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is an a—current; the latter means that for any ¢ the function G 3 g — ( 1 <pg) belongs to algebra
a. Here pq4(z) :== (g - z) (z € X).

In the setting of Example [[.T] (holomorphic almost periodic functions on tube domains) the
almost periodic currents were studied, e.g., in [FRR2] (see further references therein).

3.3. Holomorphic almost periodic functions on coverings of complex manifolds. The
elements of algebra O p(X), where X — Xy is a regular covering as in the Introduction, are
called holomorphic almost periodic functions (cf. Section BI)2) for the definition of algebra
AP(@)). Equivalently, a function f € O(X) is called holomorphic almost periodic if each G-
orbit in X has a neighbourhood U that is invariant with respect to the (left) action of G, such
that the family of translates {z — f(g- 2), 2 € U}qec is relatively compact in the topology of
uniform convergence on U (see [BrKI] for the proof of equivalence).

This is a variant of definition in [We], where G is taken to be the group of all biholomorphic
automorphisms of the complex manifold X (an interesting result in [Ves] states that on Siegel
domains of the second kind there are no non-constant holomorphic almost periodic functions
in the sense of [We], although on Siegel domains of the first kind (i.e., on tube domains in C™)
the holomorphic almost periodic functions even separate points).

For instance, let Xy be a non-compact Riemann surface, p : X — X, be a regular covering
with a maximally almost periodic deck transformation group G (for instance, X is hyperbolic,
then X = D is its universal covering, and G = 71 (Xj) is a free (not necessarily finitely generated)
group); the functions in O4p(X) arise, e.g., as linear combinations over C of matrix entries
of fundamental solutions of certain linear differential equations on X (see Section B.7(2) for
details).

The algebra O4p(X) has a number of interesting properties. In particular, we can refine
assertion (2) of Theorem [Z14] as follows: if f € O(X), |f| € Cap(X), then E; is equivalent to
a divisor in Divap(X).

We also have

Proposition 3.1. Let E € Divap(X). Then the integration current Ty of divisor E is almost
periodic (AP-) (cf. Section[33). Conversely, if the integration current Ty of a divisor E €
Div(X) is almost periodic, then E is equivalent to an AP-divisor.

Recall that a complex manifold X is called ultraliouville if there are no non-constant bounded
continuous plurisubharmonic functions on X, e.g. connected compact complex manifolds and
their Zariski open subsets. We say that the covering p : X — X has the O,-Liouville property
if Oq(X) does not contain non-constant bounded functions. According to [Linl, if X, is ultra-
liouville and G is virtually nilpotent (i.e., contains a nilpotent subgroup of finite index), then
X has O,_-Liouville property. For the holomorphic almost periodic functions on covering X,
Lin’s theorem can be refined as follows:

Theorem 3.2 ([BrK1l). Suppose that X is ultraliouville.

(1) Then X has O 4p-Liouwville property.

(2) Let n > 2, Dy € Xg be a subdomain with a connected piecewise smooth boundary 0Dy
contained in a Stein open submanifold of Xo, and D := p~*(Dy). Then X\ D has O zp-Liouville
property.

For instance, consider the universal covering p : D — C\ {0, 1} of doubly punctured complex
plane (here the deck transformation group is free group with two generators). Although there
are plenty of non-constant bounded holomorphic functions on D, all bounded holomorphic
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almost periodic functions on I corresponding to this covering are constant because C \ {0,1}
is ultraliouville.

3.4. Cylindrical a-divisors. The a-principal divisors are contained in a larger class of cylin-
drical a-divisors, i.e., the a-divisors such that in Definition we have U, = p~1(Upq) for
some open Uy o C X, and fo € Oq(Uy).

For some self-adjoint subalgebras a cylindrical a-divisors exhaust Div4(X) up to the equiva-
lence: if the covering dimension of the maximal ideal space M, of a is zero, then every a-divisor
is equivalent to a cylindrical a-divisor (see Section [5.8.1)). In particular, all £o-, /oo (G)- (for a
residually finite group G), APg-divisors (cf. (1) and (3) in Section[3.1]) are equivalent to cylindri-
cal divisors (cf. Examples [£.1](3), (4) below). There are, however, non-cylindrical AP-divisors,
cf. Section B.5(4).

For an arbitrary self-adjoint algebra a, Theorem 2.15] implies that if E is an a-divisor, then:

(a) If £ is not equivalent to a cylindrical a-divisor, then the projection of supp(E) to Xj is
everywhere dense (the converse is not true, see Section B5(4)).

(b) If there exists a function f € O(U), where U = p~1(Uy), Uy C X is open, such that E|y
is determined by f, then F is equivalent to a cylindrical divisor.

3.5. Examples of complex a-submanifolds. We assume that subalgebra a is self-adjoint.

(1) If Zy C Xj is a complex submanifold of codimension k, then Z := p~1(Zy) C X is a
complex a-submanifold of codimension k.

(2) The disjoint union of a finite collection of complex a-submanifolds Z; of X separated by
the functions in Cq(X) (i.e., for each i there is f € Cq(X) such that f =1 on Z;, and f =0 on
Zj for j # 1) is a complex a-submanifold.

(3) Let Zp ={x € Xo: fi(zx) =+ = fr(xz) = 0} for some f; € O(Xp) (1 < < k) such that
the rank of the Jacobian matrix of the map z — (f1(x), ..., fi(2)) with respect to some local
coordinates on X is maximal on Zy. Set Z := p~1(Zp). Further, for an open subset X/, € X,
and functions hi, ..., hy € Oq(X) we define X’ := p~1(X{), 0 := sup,c x maxi<i<x |hi(z)], and

Zp=A{z € X' :p" fiz) + hu(x) = - = p" fu(z) + hi(z) = 0}.

It is not difficult to see that Z, is a complex a-submanifold of X’ provided that § > 0 is
sufficiently small.

(4) A complex a-submanifold of X is called cylindrical if each open set V' in Definitions
has form V = p~1(Vp) for some open Vy C Xo.

In [BrKI] we have constructed a non-cylindrical a-hypersurface in X in the case a = AP(Z)
(cf. Section B3) and p : X — Xy is a regular covering of a Riemann surface Xy having
deck transformation group Z. We assume that X, has finite type and is a relatively compact
subdomain of a larger (non-compact) Riemann surface X, whose fundamental group satisfies
m1(Xo) = 71 (Xo) (e.g., the covering of Example [T with n = 1, i.e., a complex strip covering
an annulus, is a regular covering of this form).

Let us briefly describe this construction.

The covering X of Xy admits an injective holomorphic map into a holomorphic fibre bundle
over Xy having fibre (C*)2, C* := C \ {0}, defined as follows. First, note that the regular
covering p : X — X, admits presentation as a principal fibre bundle with fibre Z, see (2.5]).
We choose two characters x1, x2 : Z — S' 22 R/(27Z) such that the homomorphism (x1, x2) :
Z — T2 = S! x S! is an embedding with dense image. Consider the fibre bundle by2X over
X, with fibre T? associated with the principal fibre bundle p : X — X via the homomorphism
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(x1,x2). The bundle by>X is embedded into a holomorphic fibre bundle bc-)>X with fibre
(C*)? associated with the composite of the embedding homomorphism T? < (C*)? and (x1, Xx2)-
Now, the covering X of X admits an injective C'* map into br=X with dense image and the
composite of this map with the embedding of by2 X into bc«)2 X is an injective holomorphic map
X — b2 X. Further, the bundle bc-)2X admits a holomorphic trivialization 1 : b2 X —
Xo x (C*)2. We choose x1(1) and x2(1) so close to 1 € St that the image n(bp=X) C Xg x (C*)?
is sufficiently close to Xo x T2. Thus identifying X (by means of holomorphic injection X —
biceX > Xo x (C*)?) with a subset of Xo x (C*)2, we obtain that X is sufficiently close
to Xo x T2. Next, we construct a smooth complex hypersurface in Xy x (C*)? such that in
each cylindrical coordinate chart Uy x (C*)? on Xg x (C*)? for Uy € Xo simply connected it
cannot be determined as the set of zeros of a holomorphic function on Uy x (C*)2. Intersecting
this hypersurface with X we obtain a non-cylindrical almost periodic hypersurface in X. (To
construct such a hypersurface in Xy x (C*)?, we determine a smooth divisor in (C*)? that has a
non-zero Chern class (i.e., it cannot be given by a holomorphic function on (C*)?), and whose
support intersects the real torus T? C (C*)? transversely. Then we take the pullback of this
divisor with respect to the projection Xy x (C*)? — (C*)? to get the desired hypersurface.)

3.6. Examples of spaces a,. (1) Let a = ¢ (G), I be the collection of all subsets of G ordered
by inclusion. Given ¢ € I, we define a, to be the closed linear subspace spanned by translates
{R4(x.) : g € G} of the characteristic function x, of subset ¢.

(2) Let a = AP(Z"™) (cf. Section B.1[2)). We can take I to be the collection of all finite
subsets of R"/27Z" ordered by inclusion, and a,(Z") := spanc{e** X\ € 1,0 € I,t € Z"}
(finite-dimensional spaces). (See also Section 323 below.)

We can also consider a = APgy(Z"), the algebra of almost periodic functions on Z™ having
rational spectra (cf. Section BI(3)). Here we take I to be the collection of all finite subsets of
Q" ordered by inclusion, and similar spaces a,(Z").

(3) Let a = AP(G) (cf. Section BIY3)), I consists of finite collections of finite-dimensional
irreducible unitary representations of group G. We define a,(G), where ¢ = {o1,...,0m} € I, to
be the linear C-hull of matrix elements o}/ € AP(G) of representations oy = (U]; ), 1<k<m
(finite-dimensional spaces).

3.7. Approximation of holomorphic almost periodic functions. (1) Let Og(T') be de-
termined by the choice of spaces a, = a,(Z") (v € I) as in Section B.6(2). Let us show that
exponential polynomials (IT]) are dense in Oy (T).

We denote ey(t) := e’ (X € R*/27Z", t € Z"). Clearly, ex € O\ (T). Now, let
t={A1,..., Am}. Since functions ey, (1 < k < m) are linearly independent in a,, there exist
linear projections p, x, : a, — agy,}. Since projections p, »,, 1 < k < m, are invariant with
respect to the action of G on itself by right translates, they induce projections P, , : O,(T) —
O3 (T). (The latter can be easily seen, e.g., from the presentation of functions in O4p(T') as
sections of holomorphic Banach vector bundle C4p Xy, cf. (20), where projections P, », become
bundle homomorphisms Cq, Xo — Ca“k}Xo.) Therefore, there exist functions fi, € Oz, (T),
e =P (f), 1 <k < m,such that f(z) = > 1=, fr,(2), 2 € T. It is now easy to see that
for each f, there exists a function hy, € O(Tp) such that fy,/ex, = p*ha,, hence

(3.9) = (P ha)(2)e!) e T
k=1
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Since the base Ty of the covering is a relatively complete Reinhardt domain, functions hy,
admit expansions into Laurent series (see, e.g., [S])

hi(z)= Y baz®, z€Ty, beC,

lor|=—o00

where o = (o, ..., ap) is a multiindex, |a| = a1 + -+ + an. Since p(z) = (e*1,...,e"n),
z=(z1,...,2n) €T (cf. Example [[T)), each p*h,, admits approximations by finite sums

M
(3.10) > bact™® zeT,
la|=—M

converging uniformly on subsets p~1(Wy) C T, Wy € Tp. Together with ([3.9) this implies that
exponential polynomials (IT]) are dense in Oy (T).

A similar argument shows that the algebra of holomorphic almost periodic functions with
rational spectra (i.e. that admit approximation by exponential polynomials ([T with Ay € Q™)
coincides with algebra O4p,(T') (cf. Section B.113)).

(2) Let Xy be a non-compact Riemann surface, p : X — X be a regular covering with a
maximally almost periodic deck transformation group G (for instance, Xy is hyperbolic, then
X = D is its universal covering, and G = m1(Xj) is a free (not necessarily finitely generated)
group). The functions in O4p(X) (cf. Section B3)) arise, e.g., as linear combinations over C of
matrix entries of fundamental solutions of certain linear differential equations on X.

Indeed, let Ug be the set of finite dimensional irreducible unitary representations o : G — Uy,
(m > 1), let I be the collection of finite subsets of U directed by inclusion, and for each ¢ € 1
let AP,(G) be the (finite-dimensional) subspace generated by matrix elements of the unitary
representations o € . Then by Theorem 2T the C-linear hull Oy (X)) of spaces O,(X) is dense
in Oq(X) (note that for each o € Ug the space O,)(X) is the C-linear hull of coordinates
of vector-valued functions f in O(X,C™) having the property that f(g-z) = o(g)f(x) for all
g € G, z € X). Now, a unitary representation o : G — U,,, m > 1, can be obtained as the
monodromy of the system dF' = wF on Xy, where w is a holomorphic 1-form on Xy with values
in the space of m X m complex matrices M,,(C) (see, e.g., [Fo]). In particular, the system
dF = (p*w)F on X admits a global solution F' € O(X,GLy,(C)) such that F o g~! = Fo(g)
(9 € G). By definition, a linear combination of matrix entries of F' is an element of O4p(X).

3.8. Approximation property. Recall that a (complex) Banach space B is said to have the
approximation property if for every compact set K C B and every € > 0 there is a bounded
operator T’ = T i € L(B, B) of finite rank so that

1Tz — x|l <e forevery z € K.

For example, space AP(G) of almost periodic functions on a group G (cf. Section B.I(2)) has
the approximation property with (approximation) operators T' in L(AP(G), APy (G)) (see, e.g.,
argument in [Sh]).

Suppose that

(1) spaces a,, ¢ € I, are finite-dimensional, and

(2) space a has the approximation property with approximation operators S € L(a,ap)
invariant with respect to the action G on a by right translates, i.e., S(f) = S’(Rg (f)) for all
f€a geq,
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One can show that if X, is a Stein manfiold, Dy C Xy is a strictly pseudoconvex domain,
then the Banach space of bounded holomorphic a-functions Aq(D) := O (D) N Cy(D) on D :=
p~1(Dg) (cf. Introduction for notation) has the approximation property with approximation
operators in £(Aq(D), Ao(D)) (here Ay(D) is defined similarly to Og(D)).

4. FIBREWISE COMPACTIFICATION OF A COVERING

The proofs of results of Section 2l use construction of the fibrewise compactification ¢, X of
covering p : X — Xy, introduced in Section 2.I], which we now describe in greater details.

4.1. Compactification of deck transformation group G. The (right) action of group G
on itself by right multiplication extends to the right action of G on M, by the formula

Rym)(f) :==n(Ry(f)), ne€Ms fea, geQqG.

Then
(4.11) Ry(j(1) = j(tg)., t.geC.

We denote by Q the basis of topology of Ga consisting of sets of the form
(4.12) {e Gas mux st~ nstwl <}

where 79 € Ga, hi,..., hm € C(Gq), and € > 0.

Example 4.1. (1) Let a := ¢o(G) (cf. Example [[:3(2)). Then G, is the one-point compactifi-
cation of G.

(2) Let a = AP(G) (cf. Section BI(2)). Then G4p is homeomorphic to a compact group
bG, called Bohr compactification of G, is uniquely determined by the universal property: there
exists a (continuous) homomorphism p : G — bG such that any homomorphism v : G — C' to
a compact group C' factors through p: there is homomorphism vy : bG — C' with the property
vV = V.

Applying the universal property to unitary groups H := U,, n > 1, we obtain that group G
is maximally almost periodic (cf. Section B)(2)) if and only if p is an embedding.

The universal property implies that there exists a bijection between sets of finite-dimensional
irreducible unitary representations of G and bG. It turn, the Peter-Weyl theorem for C'(bG) and
von Neumann’s approximation theorem for AP(G) (cf. Section B.I(2)) imply that AP(G) =
C(bG). Therefore, bG is homeomorphic to the maximal ideal space of algebra AP(G), and
1(G) is dense in bG. Under this homeomorphism, the set j(G) is identified with the subgroup
w(G) C bG (we also denote u(G) by G C bG), so that the action of G on G 4p coincides with
the action of G on bG by right translations.

By Peter-Weil theorem group bG can be presented as the inverse limit of an inverse system of
finite-dimensional compact Lie groups. In particular, the Bohr compactification bZ of integers
7 is the inverse limit of a family of compact Abelian Lie groups T* x &2/ (Z), k,m,n; €N,
where T* := (S')* is the real k-torus. It follows that bZ is disconnected and has infinite covering
dimension. The projections (homomorphisms) bZ — T* x & ,7/(nZ) are defined by finite
families of characters Z — S!. For instance, let A1, A2 € R\ Q be linearly independent over Q
and x», : Z — S, x»,(n) := ?™" § = 1,2, be the corresponding characters. Then the map
(Xars X)) © Z — T? is extended by continuity to a continuous surjective homomorphism bZ —
T2. If A1, A2 are linearly dependent over Q, then the corresponding extended homomorphism
has image in T? isomorphic to S* x Z/(mZ) for some m € N.
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(3) Let a = APy(Z") (cf. Section BI(3)). Then GAPQ is homeomorphic to the profinite
completion of group Z", it admits presentation as the inverse limit of groups & ,Z/(nZ),
m,n; € N. It follows that the covering dimension of Ga Py s zero.

(4) Let a = £oo(@) (cf. Example [:3(1)). Then Gy = BG, the StoneCech compactification

of group G. The covering dimension of Gy__ is zero (see, e.g., [Hzl).

4.2. Structure of fibrewise compactification. Recall that ¢, X was defined as the fibre
bundle associated to the regular covering p : X — X, (viewed as a principal bundle) having
fibre G (cf. Definition 2]). Using the construction of p : X — Xy as a principal fibre bundle,
cf. (23], we obtain that p : ¢ X — X is obtained from the disjoint union L. U, X Gu by
identification

U, x Gy 3 (z,w) ~ (2, R ()W) € Us x G4, for all x € U, NUs,

Y Cs

where p is induced by projections U, x Ga — U,.

The fibrewise compactification ¢, X (cf. Definition [2.1)) is a paracompact Hausdorff space, as
a fibre bundle with paracompact base and compact fibre. It follows that ¢, X is normal.

Further, as a set, ¢, X admits presentation as the disjoint union of connected complex man-
ifolds, each being a covering of Xy. Indeed, let T := éu /G (the set of orbits elements of éu
by the action of G); since any orbit H € T is closed with respect to the action of G, we may
consider the associated fibre bundle py : Xy — Xy. We assume that H is endowed with
discrete topology. Then py : Xy — Xy is a covering of X (in general non-regular). Since X
is connected, X is a covering of Xy, the complex manifold X g is connected as well. It follows
that as a set ¢, X = |_|HGT Xp. For each H € T we have an injective map tp : Xy <> coX
determined by inclusion H — G,. We denote Xy := 1t (Xpg). In view of (@II), we have
J(G) € Y. Hence, if j is injective, then X = Xy and ¢ = 1) (cf. (23)).

Example 4.2. GCO is the one-point compactification of GG, and the action of G on GCO fixes the
‘point at infinity’, so here T = {G, ‘c0’}. It follows that as a set the fibrewise compactification
Ceo X is the disjoint union of X and Xj.

Example 4.3. Let a = AP(G). In what follows, we assume that Gap is endowed with the
group structure of Bohr compactification bG, cf. Example [1](2).

Recall that G is a subgroup of bG and acts on bG by right translations. Therefore, every
orbit H € T (cf. Section €2) is a right coset of G in bG, Xy = X for all H € T, and each set
XH is dense in cap X.

The fibre bundle c4p X can be presented as the inverse limit of smooth fibre bundles. Indeed,
by Peter-Weil theorem bG can be presented as an inverse limit of an inverse system of finite-
dimensional compact Lie groups {C; : s € S} (cf. Example 4.1[2)), where 75 : bG — C; denote
the corresponding projection homomorphisms. These Lie groups can be taken as the fibres of
the required smooth fibre bundles:

Us xCs 3 (z,h) ~ (z,h -ms(csy(x)) € Uy x Cs  forall z € U, NUs
(cf. 23)). (Note that bundle by2 X constructed in Section B:5(4) (there G = Z) is of this form.)

Example 4.4. Let a = APg(Z"). Since the covering dimension of G4 p, is zero (cf. Example
[4.1Y(3)), the covering dimension of c4p, X is equal to dimg Xo.
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Example 4.5. Let a = {o(G). Then Gem >~ BG, the Stone-Cech compactification of group
G. Since the covering dimension of Gy_ is zero, the covering dimension of ¢, X coincides with
the real dimension of Xj.

It is easy to see that ¢, X is the maximal fibrewise compactification of covering X, in the
sense that if a is some other algebra, then there is a surjective bundle morphisms ¢, X — ¢ X.
Indeed, there is a surjective map « : Ggm — Gy adjoint to inclusion a < L5 (@G); since this
map is equivariant with respect to the action of G, the existence of surjective bundle morphism
follows. In the proofs we will need the fact that using the axiom of choice we can find a right
inverse A : G'a — Ggm to K, i.e., ko A =Id.

4.3. Holomorphic functions on ¢, X. A function f € C(U) on an open set U C ¢, X is called
holomorphic if +* f is holomorphic on :~!(U) C X in the usual sense.

Let O(U) denote the algebra of holomorphic functions on U, endowed with the topology of
uniform convergence on compact subsets of U. It is immediate that a function f € C(cX) is
in O(cqX) if and only if each point in ¢qX has a neighbourhood U such that f|y € O(U).

The next proposition gives another characterization of functions in O4(X).

Proposition 4.6. The following is true:

(1) A function f in Co(X) determines a unique function f in C(caX) such that .*f = f;
we have f € Oq(X) if and only sz € O(cqX). Thus, there are continuous embeddings
Co(X) = C(caX), Oq(X) = O(ceX).

(2) If a is self-adjoint, then Cq(X) = C(cqX) and Oq(X) = O(caX).

4.4. Holomorphic maps. We now introduce the notion of a holomorphic map between com-
plex manifolds and/or open subsets of ¢, X.

Let Uy C Xy, K C G4 be open. We say that a function f € C(Uy x K) is holomorphic on
Uop x K if f(-,j(g)) € O(Up) for all g € j=H(K) C G.

We denote the algebra of holomorphic functions on Uy x K by O(Up x K).

Let M; (i = 1,2) be either a complex manifold, or open subset of ¢, X, or a set Uy x K as
above. Let Oy, be the sheaf of germs of holomorphic functions on M;.

DEFINITION 4.7. A map F € C(My, Ms) is called holomorphic if F*Ops, C Oy, -

We denote the collection of holomorphic maps My — Ms by O(My, Ms). If a holomorphic
map in O(M7, M) has inverse in O(Ma, M7), we call it a biholomorphism.

Remark 4.8. Let a be self-adjoint. One can show that the holomorphic structure of ¢4 X is
concentrated only in ’horizontal layers’” Xy C ¢, X (H € 1), i.e. for any connected complex
manifold M and any map G € O(M, ¢, X) there is H € T such that G(M) C Xg.

4.5. Coordinate charts. Over each simply connected open subset Uy C X there exists a
biholomorphic trivialization ¢ = 1y, : p~1(Us) — Uy X G of covering p : X — X, which is a
morphism of fibre bundles with fibres G. In what follows, we fix some system of biholomorphic
trivializations of p : X — X.

There exists a biholomorphic trivialization v = ¥y, : p~*(Uy) — Uy x Gq of bundle ¢, X,
which is a morphism of fibre bundles with fibre G such that ¢ : 5~ 1(Up) — Up x j(G). Thus,
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[

UOXG&U()XGQ

we have a commutative diagram

Notation. For a given subset S C G we denote
(4.13) (U, S) := ¢~ (U x S)

and identify II(Up, S) with Uy x S where appropriate. Note that II(Uy, G) = p~1(Up).
For a subset K C G, we denote

(4.14) Uy, K) (= a(Uo, K)) := % *(Up x K).

A subset of the form fI(UO, K) will be called a coordinate chart for ¢, X. Similarly, we idenitfy
I(Uy, K) with Uy x K. Clearly, if K C G is open, then O(II(Uy, K)) = O(Up x K).

4.6. Basis of topology. It is easy to see that
(4.15) B := {T1(Vp, L) C ¢aX : Vp is open simply connected in Xo and L € Q}.
is a basis of topology of ¢ X (cf. (Z12)).

4.7. More on coherent sheaves. In Section 2.1] we introduced the notions of analytic and
coherent sheaves on ¢, X.

An analytic sheaf A on c4 X is called a Fréchet sheaf if for each open set U € B (cf. ([A13]))
the module of sections I'(U, A) of A over U is endowed with a topology of Fréchet space.

Proposition 4.9. Every coherent sheaf can be turned in a unique way into a Fréchet sheaf so
that the following conditions are satisfied:

(1) If A is a coherent subsheaf of O then for any open subset U € B the module of sections
T'(U,.A) has the topology of uniform convergence on compact subsets of U, for all k.

(2) If A, B are coherent sheaves on cq X, then for any U € B the spaces T'(U, A), T'(U, B) are
Fréchet spaces spaces, and any analytic homomorphism ¢ : A — B in continuous in the sense
that the homomorphisms of sections of A and B over sets U € B induced by ¢ are continuous..

The topology on T'(U, A) can be defined by a family of semi-norms

1£llve = mf{sup Ih(z)| : h € T(Vi, O™), f = (%)*(h)},

zeVy

where (o)« is the homomorphism of sections induced by g in (2-4), and open sets Vi, € B are
such that Vi € Viy1 € U for all k, and U = U Vi, (see Lemma[5.10.7)(2) below).

We denote by B the stalk of an analytic sheaf B at x € ¢, X.
Our main result concerning coherent sheaves on ¢, X is the following

Theorem 4.10. Let Xy be a Stein manifold, A a coherent analytic sheaf on cqX. Then the
following is true:

(A) For every x € coX the stalk A is generated by the global sections in I'(ca X, A) as an
=O-module.

(B) For all i > 1 the Cech cohomology groups H'(cq X, A) = 0.
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(C) (Runge-type) Suppose that Yo € Xo, Y C coX are open and such that either (1) Yy is
holomorphically convez in Xo and Y = p~ (Yy), or (2) Yo is holomorphically convex in X,
and is contained in a simply connected open subset of Xo, and Y = fI(Yo, K) for some K € 9
(cf ETD)

Then the restriction map T(caX, A) = (Y, A) has dense image.
Statements (A) and (B) of Theorem [0 coincide with Theorems 23] and 2:4] respectively.

4.8. Maximal ideal space. We now relate the fibrewise compactification ¢4 X of covering X
with the maximal ideal space Mx of algebra O4(X), i.e., the space of non-zero continuous
homomorphisms Oq(X) — C endowed with weak* topology (of Oq(X)*).

Theorem 4.11. Suppose that algebra a is self-adjoint, and Xo is a Stein manifold. Then Mx
is homeomorphic to c X .

Since ¢(X) is dense in ¢, X, and the natural mapping of X into Mx, sending each point of X
to its point evaluation homomorphism, coincides with ¢ under the homeomorphism of Theorem
(411l we obtain the following corona-type theorem.

Corollary 4.12. If a is self-adjoint, and Xq is Stein, then X is dense in Mx.

5. PROOFS
5.1. PRELIMINARIES

5.1.1. Cech cohomology. For a topological space A and a sheaf of Abelian groups S on A,
let us denote by T'(A4,S) the Abelian group of continuous sections of S over A.

Let U be an open cover of A. We denote by C'(U,S) the space of Cech i-cochains with
values in S, by & : C*(U,S) — C**1 (U, R) the Cech coboundary operator (for detailed definition
see, e.g., [GR]), by Z2'U,S) := {0 € C'(U,S) : do = 0} the space of i-cocycles, and by
B U,S) :={o € Z2/U,S) : ¢ = §(n),n € CHU,S)} the space of i-coboundaries. The Cech
cohomology groups H(U, S), i > 0, are defined by

HU,S) = 20, 8)/BU,S), i>1,
and HO(U,S) :=TU,S).
5.1.2. O-equation. Let B be a complex Banach space, Dy C Xy be a strictly pseudoconvex
domain. In what follows, we assume that we have fixed a system of local coordinates on Dy.

Let {Wy;}i>1 be the cover of Dy by coordinate patches. By AZ()O’Q) (Do, B), ¢ > 0, we denote
the space of bounded continuous B-valued (0, ¢)-forms on Dy endowed with norm

0,
(1.16) lolip = ol 5 = sup  [lwai(@)] s,
xz€U;,0,i>1,a

where wq,; (o is a multiindex) are the coefficients of form wlw,, € AéO’Q)(WO,i,B) in local
coordinates on Wy ;.

The next lemma follows easily from the results in [HL] (proved for B = C), as all integral
presentations and estimates are preserved when passing to the case of Banach-valued forms.

Lemma 5.1.1. There exists a bounded linear operator
Rpyz € £ (A" (Do, BLAY (Do, B)) a1,

such that if w € AZ()O’Q) (Dy, B) is C™ and satisfies 0w = 0 on Dy, then ORp, pw = w on Dy.
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5.2. PROOF OF THEOREM [I.2]
Let 7% = R" +iQ* C C", where Q° C R" is compact. We will need the following definition.

DEFINITION 5.2.1. A function f € C(T?) is called continuous almost periodic if the family of
its translates {T° 3 z +— f(z +¢)}, t € R™, is relatively compact in Cy,(T®) (space of bounded
continuous functions on 7% endowed with sup-norm).

We set
p(z) = (eizl, . ,eiZ"), z2=(21,...,2n) €T?
and T3 := p(T?). Thus, we have subalgebra Cp(T*%), where AP = AP(Z"), Z" = p~'(x0)
(xg € Xo) (cf. Introduction for corresponding notation and definitions).

For the proof of Theorem [[.2] we only have to show that APC(T?) = Cap(T?).

First, let f € APC(T?®), i.e., for any sequence {tx} C R™ there exists a subsequence of
{T* > z — f(z+tx)} that converges uniformly on 7°. Then f is uniformly continuous on 7'
and for every zp € T* and {di} C Z"™ the family of translates {Z" > g — f(z0 + g + di)} is
relatively compact, hence f € Cap(T?).

Now, let f € Cap(T®). Let us show that f € APC(T®). We fix some sequence {t;} C R™.
We have a continuous group homomorphism p : R® — R™/Z"™. Since R"/Z™ is compact,
{u(sx)} has a convergent subsequence; without loss of generality we may assume that {p(sg)}
converges to 0. Hence, there exists a sequence {dy} C Z™ such that [tx — di| — 0 as k — .
Since f is uniformly continuous on 7%,

|[f(z+tk) — f(z+dk)] = 0 uniformly on 7% as k — oo.

Thus, it suffices to show that {T® > z — f(z + di)} has a convergent subsequence. Let
C:={z=(z1,...,2n) €T°: 0<Re (z;) < 1,1 <i<n}. Since f € Cap(T?), for every zg € C
the family of translates {Z" > g — f(z0 + g + di)} is relatively compact in the topology of
uniform convergence on Z", i.e., there exists a subsequence {dj, } (depending on zg) such that
for every € > 0 there exists N such that for all ,m > N

[f(zo+g+d) — flzo+g+dk,)| < % for all g € Z™.
Now, since f is uniformly continuous on 7%, there exists § > 0 such that
1f(z+h) — flz0 + h)| < % for all z € C, |z — 2| < & and all h € Z".
It follows that for all [,m > N
[fz4+g+di)— f(z+g+di, )| <e forallzeC,|z—2z| <4, geZ".

Since C'is compact, we need to consider only finitely many J-neighbourhoods of points in C' that
cover C, i.e., passing to a subsequence of {dj,} finitely many times (without loss of generality
this is {dg, } itself) we obtain that for all {,m > N

lf(z+g+dy)— f(z4+g+dk,)| <e forallzeC, geZm,
ie,since {z+g:2€C,geZ"} =T foralll,m >N
|f(z+dk,) — f(z+dk, )| <e forall zeT°

The constructed subsequence {dy, } depends on ¢ > 0. Now, let &, — 0+ as r — oo, £ := ;.
We leave 2N > 1 first terms of {dj,} unchanged, and for {dy, };>an+1 set € := €3, and apply
the previous procedure, passing to a subsequence of {d, };>2n+1, etc. We obtain a subsequence
of {dy, } (without loss of generality, this is {dy, } itself) such that for every e, > 0 there exists
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N, such that for all [,m > N, |f(z+d,) — f(z +dk,,)| <&, for all z € T?, i.e., the sequence
{T? > z— f(z +d,)} converges uniformly on T, as needed.

5.3. PROOFS OF PROPOSITIONS [2.11] AND

The proofs of our results are based on the equivalences established in Propositions 2.11] and
[4.6] so we prove these propositions first.

Proof of Proposition[2.11l. We prove the assertion for holomorphic functions, the proof for con-
tinuous functions is analogous.

Let us establish the first isomorphism. It is easy to see that any function f € O4(X) is
locally Lipschitz with respect to the semi-metric d (see Introduction), i.e.,

(3.17) |f(x1,9) = f(z2,9)| < Cd((x1,9), (x2,9)) := Cdo(x1,x2)

for all (z1,9), (z2,9) € Wo x G = p~1(Wp), where Wy € X is a simply connected coordinate
chart. (Here C' depends on dy and Wy only.) We denote fo, := fl,-1(z0) € @, 2o € X0, and
define

fN(IO) = f:l?ov IO E XO'

Then f is a section of bundle CyXy. From (3I7) for any linear functional ¢ € a* we have
o(f(x)(9) = o(f(x,9)) € O(Wp), g € G, x € Wy € Xp, a simply connected coordinate chart,
cf. [Lin| for similar arguments. Thus f is a holomorphic section of CqXy. Reversing these
arguments we obtain that any holomorphic section of Cy Xy determines an almost periodic
holomorphic function on X. The proof of the second isomorphism is similar. O

Proof of Proposition [{.6 Given f € O4(X), denote f, := f|,~1(z,) and then define fuo €
C(Gy) to be the extension of f, from p~(zo) = G to p~(z¢) = G4 so that j* fr, = fu,. The
famlly of the extended functions over points of X determines a function f on ¢ X such that
f(@) = fao(z) for 2o := p(z). Using a normal family argument one shows that f € O(caX),
see, e.g., [Lin] or [BrK3, Lemma 2.3] for similar results. Clearly, f is such that *f = f.
Since the algebra homomorphism a — C (Gu) is an injection, the constructed homomorphism
i:0q(X) = O(cqX) is an injection too. This completes the proof of the first assertion.

For the proof of the second assertion, suppose that a be self-adjoint. Then a =2 C(éu), and
we can define the inverse homomorphism i1 : O(c, X) — O(X) by the formula

Since i (f)p-1(mo) = 5* (flp-120)) € a5 20 € Xo, we have i~ (f) € Oq(X), ie., i~! maps
O(cgX) into Oy (X). O

5.4. PROOFS OF THEOREMS [2.16] AND 217

We will use notation and results of Section and Example We also introduce the
following notation. For a given subset K C G, we denote by K, C G4 and Ky C G,
the closures of sets jq(K) and jo_(K) in G4 and Gy__, respectively. We have a commutative

)
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diagram

(4.18)

TdXje o ~ ~
I(Uo, K) ——— 1L (Uo, K¢, )

All maps, except possibly for A, are continuous.

5.4.1. Proof of Theorem We will need the following results.

Lemma 5.4.1. There exists a unique function f € (’)(f[a(Uo,Ka)) such that

(4.19) [ e, x) = (Id x ja)* f.

Proof of Lemma. Since f € Oy (X), there exists a function fe O(ﬁ[ (UO,IA(G)) such that
flwe, k) = (Id x Ge ) f. Weset f:= (Id x \)*f : 14 (Up, K4) — C. Clearly, [@I9) is satisfied.
Identifying I14(Up, Kq) with Uy x K, (cf. @I4)), we obtain that f(-,w) € O(Up) for all w €
K,. It remains to show that f is continuous. By our assumption, there exists a function
F e C(I14(Zo, K,)) such that fln(zo, 1) = (Id X jio)*F. Since (Id x ja)(II(Zo, K)) is dense in
. (Zo, K,), and diagram (@I8) is commutative, we have

(4.20) Flazo.icny) = F-

We identify ﬂa(Uo,f{a) with Uy x K, and fIa(Zo,f(a) with Zy x K. Suppose that f is
discontinuous, i.e., there exists a net {wa} C Kq, wa — w € Kg, such that f(-,wa) 7 f(-,w)
in O(Uy). Using Montel theorem, we obtain that there exists a partial limit of {f(-,wa)} in
O(Up) that does not coincide with f(-,w). However, since f|Z0Xka is continuous, cf. (@20,
and Zj is a uniqueness set for holomorphic functions in O(Up), this partial limit must coincide
with f( w) in O(UO), which is a contradiction. Therefore, f € C(II4(Zo, K4)), and hence
f € O, (Zy, Ko)). .

Lemma 5.4.2. We have U Ky - gi = Ga.

Proof of Lemma. Assuming the opposite, we obtain that there exists wy € éa\ug’;l Ku-gi. Since
ja(G) is dense in G (cf. Section E.T)), there exists a sequence {hi} C G such that j,(h;) = wp as
I — oco. Then there exists 1 < ig < m such that {j(h;)} N K - g;, has infinitely many elements.
Since K - gi, is closed and G is compact, K - gi, 18 compact as well. Therefore, wy € K - Gios
which contradicts to the assumption that U2 1K(1 gi; C Ga. O

=

Lemma 5.4.3. There exists a sequence of open sets II(Up;, K;) C X, 1 <1 <'s, such that
(1) (Uo,1, K1) = H(Uo, K), T(Up,s, Ks) = T(Vo, K - gi),
(2) each Uy C Xo is connected, Uy N U141 # &, and
(3) I(Uo,; N Vo141, K7) = (U0, N Vo141, K1), 1 <1< s—1.

Proof of Lemma. Since covering p : X — X is regular, for each 1 < ¢ < m there exists
h; € m(Xo) such that h; - II(Uy, K) = (U, K - g;) (i-e., if g € Uy is the base point for m (X),
and we have fixed yo € p~*(z0), then there is a continuous path p*h; joining yo and yo - g;). O
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Let Kal denote the closure of K; in Gq. Clearly, the sequence of sets II (UO, al), 1 <1 <s,
has the properties analogous to (1) and (3).

We now complete the proof of Theorem using an analytic continuation-type argument.
Starting with set II(Up, K) as in the formulation of the theorem, by Lemma [5. 4Tl we can extend
[, k) to a (unique) function fie (9( a(Uo, Ka)) Now, let us fix some 1 < iy < m. Let sets
{Uo,} be as in Lemma [5.4.3] Since UyNUp2 # @ is a uniqueness set for holomorphic functions
in O(Uyp,2), we can extend f|r(y, , k) to a function fz € (9( «(Uo,2, a2)) such that fl = fg
on f[a(Uo N Uo,e2, Ka72). Repeating this argument for the remaining sets {Up,}, 3 <1 <'s, we
obtain a (unique) extension f, € O(A (Upa, K, glo)) of f|H(U0 K gig)- The functions f and
fs coincide on the intersection of their domams a(Uo, Kq) N1 (Uy, Kq - g, ), since they are
continuous and coincide on a dense subset L(H(UO, K)nTI(Uy, K - gm)). Moreover, f, does not
depend on the choice of sequence {Uy,}, as any two paths p*h;, p*h} joining yo and yo - ¢;,
cf. Lemma [5.4.3] are homotopic, hence, if {Uo,}, {Uj,;} denote the corresponding sequences
of open subsets of X, we may assume that Up; N Ué)l # @ forall 1 <[ < s. In turn, each
set Uy, N Uj,; is a uniqueness sets for functions in O(Uo ), O(U;); from here the uniqueness
of continuation follows. Using Lemma [5.4.2] we obtain in this way a (unique) extension of

flp=1(uy) to a function in O(p~!(Uy)). Arguing similarly, we extend function f to a function in
O(cqX). Now, Proposition .6(2) implies that f € Oq(X), as required.

5.4.2. Proof of Theorem [2.17. By the result in [Br3| there exists a (unique) function F €
Oy (D) N Oy (D) such that Flsp = f. Let us show that F' € O4(D). An argument similar to
the one in the proof of Proposition[4.6(2) implies that there exists an extension Fe O(cg=D)N
C(cy= D) of function F from D to the fibrewise compactification cgD C ¢y X of covering
plp : D — Dy. Let Uy C Dy be an open simply connected subset such that Uy N 9Dy # @
is open in 9Dg. Below we identify I1(Up,G) with Uy x G, I, (Uy, Go) with Uy x Gq, and
Iy (Up, Gy=) with Uy x G (cf. Section [LF). Define Fy, i, = Id X N*(Fly . ). We
have Fly,xc = (Id X jq)* Fonéﬂ (as a similar relation holds for F). Hence, if we can show that
Fonén € O(Uy x Ga), then Fly,xa € Oa(Up X G). Since Uy C Dy was chosen arbitrarily, this
would imply that F' € Oq(D), as needed.

Indeed, by definition FU wa,(hw) € O(Uy) N C(Ty) for all w € Gy, hence we only need
to show that FU «é, is continuous (cf. Section [44]). Suppose the oppos1te i.e., that there
exists a net {wa} C G, wa — w € Gy, such that FU wa, (hwa) 7 Fyoa (G ) in O(Uy).
By Montel theorem there is a partial limit of { Uox &, (wa)} in O(Up) that does not coincide

with Fonén(-,w). Since the restriction FQMG“ |U008D0X@n is continuous, and Uy N 0Dy is a
uniqueness set for functions in O(Uy) NC(Uy) (see, e.g., [Bog]), this partial limit must coincide
with FU «&, in O(Uyp), a contradiction.

5.5. PROOF OF THEOREMS 2,18

5.5.1. Proof of Theorem [2.18. We deduce Theorem 2.I8 from the following result.

Let Dy be a relatively compact subdomain of Xo, D := p~1(Dy). We set Aq(D) := Oq(D)N
Cqo(D) on D := p~(Dy) (cf. Introduction for notation). Analogously, we denote by A, (D) the
space of holomorphic functions f € A4(D) such that for every zo € Dy the function g + f(g-x)
(9 € G,z € Fy,) isin a,, and by A(D) the C-linear hull of spaces A,(D), ¢ € I.
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Theorem 5.5.1. If Xy is a Stein manfiold, and Dy C Xy is a strictly pseudoconvex domain,
then Ao(D) is dense Aq(D).

We fix the following

Notation. We denote by Cq, Xo (¢ € I) the holomorphic Banach vector bundle associated to
the principal fibre bundle p : X — Xy and having fibre a, (cf. (2.6)). For a given open subset
Dy C X we denote by O(Dy, Cy, Xo) the space of holomorphic sections of bundle Cy, X over
Dy, endowed with the topology of uniform convergence on compact subsets of Dy, which makes
it a Fréchet space. We have an isomorphism of Fréchet spaces

(5.21) Oa, (D) = O(Dy, Ca, Xo),
where D := p~1(Dy) (the proof repeats literally the proof of Proposition 2.1T]).

Proposition 5.5.2. Let Yy € Xq be open and such that Yy is a holomorphically convex compact
subset of X, let Dy C Xo be an open neighbourhood of Yy. We set Y := p~1(Yy) and D :=
p~1(Dy). Also, let Xo be a Stein manifold, and f € Og, (D).

Then for any € > 0 there ezists a function h € Oq,(X) such that sup,cy | f(2) — h(2)] < Ce
for some C > 0 independent of f and ¢ > 0.

Proof. We will need the following approximation result due to [Bu2, Theorem C]. Let B be a
complex Banach space, let O(Xy, B) be the space of B-valued holomorphic functions on Xj.

Lemma 5.5.3. Suppose that f € O(Dy, B). Then for any € > 0 there exists a function
h € O(Xo,B) such that sup,ey, ||f(2) — h(z)|B < € for some C > 0 independent of f and
e > 0.

Since X is a Stein manifold, there exist holomorphic Banach vector bundles p; : E1 — X
and py : Fy — X with fibres B; and Bs, respectively, such that Ey = E; @ Cqy, X (the
Whitney sum) and Fs is holomorphically trivial, i.e., Fy & Xy x B (see, e.g. [ZK]). Thus, any
holomorphic section of Fy can be naturally identified with a Bs-valued holomorphic function
on Xog. By qg: Ey — Cq,Xo and ¢ : Cq, X9 — FE3 we denote the corresponding quotient
and embedding homomorphisms of these bundles, so that g o = Id. Now, given a function
f € 04, (D), by f € O(Dy,C4, Xo) we denote its image under isomorphism (5.21). Set f :=
i(f) € O(Dy, By). By Lemma [5.5.3 for every & > 0 there exists a function h € O(Xg, By)
such that sup_ vy, 17(z) = 3(2)||lB, < e. We define h := q(h) € O(Xy,C4, Xo), and denote by
h € Oq,(X) the image of h under the inverse isomorphism (5.21). The continuity of ¢ and ¢, and
the compactness of Yy now imply that sup,cy |f(2) — h(z)| < Ce for some C' > 0 independent
of f and e > 0. g

Using this proposition, we now complete the proof of Theorem 2I8 Let f € Oq(X). We
have to show that for some open subsets Yy € Yy 41 € Xo, £ > 1, for any ¢ > 0 there
exist functions hy € Og,(X) such that sup,ey, [f(2) — hy(2z)] < 5, where Yy, := p~!(Yo).
Since X is a Stein manifold, we may assume without loss of generality that each Yy, & > 1, is
holomorphically convex in Xy. There is a strictly pseudoconvex open neighbourhood Dy . € Xo
of Yo, k > 1 (see, e.g., [HL]). Since the restriction f|p € Aa(Dx), where Dy := p~*(Dy ), by
Theorem[5.5.Tlthere exist functions hj, € Aq, (D), k > 1, such that sup,cp, |f(z)=h(z)] < 57
By the definition of space Aq, (Dy), there exists ¢, € I such that hj, € A, (Dg), k > 1. Now, by
Proposition [5.5.2] there exists a function hy € O, (X) such that sup,cy, |y, (2) = h(2)] < 5.
Therefore, sup,cy, |f(x) — hi(z)] < 5. Since O, (X) C Og,(X), this implies the required,
modulo Theorem [5.5.11
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5.5.1.1. Proof of Theorem[5.5.1l Notation. We denote by A(Dy, CyX) and A(Dy, Cy, Xo) the
spaces of sections of bundles Cy X and Cy, Xy, respectively, continuous over Dy and holomorphic
on Dy. Space A(Dg,CyXo) is endowed with norm || f|| := sup,cp, ||f(2)|la, which makes it a
Banach space. Then A(Dy, Cy, Xo) is a closed subspace of A(Dg, CyXo). We also define linear
space Ag(Do, CaXo) := U,c; A(Do, Cq, Xo). We have the following isomorphisms of Banach
spaces:

(5.22) Aa, (D) S A(Dy, Co, Xo),  Ao(D) = Ag(Do, CoaXo)

(the proof is similar to the proof of Proposition 211]). In view of (5:22)), Theorem [5.5.1] can be
restated as follows:

(x) Suppose that Xg is a Stein manifold, and the subdomain Dy € Xy is strictly pseudo-
convex. Then Ag(Do, CqXo) is dense A(Dg, CqXo).

For the proof of this claim, we will need the following notation and results. Let E be a
holomorphic Banach vector bundle on Dy. Similarly, we denote by Algo’q)(Do, E), ¢ > 0, the
Banach space of bounded continuous (0, ¢)-forms on Dy with values in the bundle E, endowed
with sup-norm defined analogously to (I16). Using Lemma 510 and the result in [ZK] (cf. a
remark after Theorem [Z0)), we obtain the following

Corollary 5.5.4. There exists a bounded linear operator

RDO,E el (Al()&q)(DOaE)vAl()O)q_l)(D()vE)) ) q Z 15

such that if w € AZ()O’Q) (Do, E) is C> and satisfies Ow = 0 on Dy, then ORp, pw = w on Dy.

We define A(Dy, B) := O(Do, B)NC(Dy, B), and endow space A(Dy, B) with norm || f|| 5, :=
sup,ep, | f(2)||B. The next result follows easily from the results in [HL] (proved for the scalar
case B = C), since all integral presentations and estimates are preserved when passing to
Banach-valued forms.

Lemma 5.5.5. Let K C A(Dy, B) be compact. Then for every e > 0 there exists an open
neighbourhood Dj C Xo of Do and an operator Ag.c = Ap, k.- € L(A(Do, B), A(Dj, B)) such
that for each f € K we have || f — Af|p,llp, <€

We prove claim (x) in three steps (7)-(%).

(i) Let f € A(Dg,CyqXo). Combining the result in [ZK] (cf. a remark after Theorem [2.9]) and
Lemmal[5.5.5] we may assume that f € O(D}, CqXo), where D C Xy is an open neighbourhood
of Do.

We have to show that for every € > 0 there exists a section F' € Ag(Dy, CqXp) such that
Sup,ey 1) — F(a)]la < c.

(ii) Let U = {Ux}},, where each Uy, € D} is open and biholomorphic to an open polydisk
in C", and Dy € U]]€\4:1Uk.

Lemma 5.5.6. For every ¢ > 0 there exist a subspace a,, C a (1. € I) and sections F;y €
A(Uk, C,. Xo) such that

(5.23) lf(x) = Fep(z)||la <e forallzeU,, 1<k<M.
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Proof. Since each Uy, 1 < k < M, is simply connected, bundles Cy Xy, Cy, Xo (¢ € I) admit
holomorphic trivializations over Ug. Throughout the proof, we identify sections of these bundles
over Uy, with corresponding a-valued (respectively, a,-valued) functions on U.

By our assumption, for every 1 < k < M there exists a biholomorphism v, between Uy, and
open polydisk A C C™ centered at 0. Without loss of generality, we may assume that f|y, is
defined over an open neighbourhood of A. We denote f|y, by fi, so that fi can be identified
by means of the corresponding holomorphic trivialization of bundle Cy Xy with a holomorphic
a-valued function defined on an open neighbourhood of A.

For a given function h € (’)(A, a) we denote by T¢¥h its Taylor polynomial at = 0 of order
N. Without loss of generality we may assume that N is chosen in such a way that

1f1@) = T fu()a < 5, forallze A, 1<k <M,

where T fi () = Zla\<N ak,ax”, ko € a, and a is a multi-index. Since ag is dense in a, for
every § > 0 and all 1 <k < M, |a| < N, there exist aj, , € ag such that [|ax,a — af ,/la < 9.
We choose § > 0 to be sufficiently small, so that

a

where F x(2) 1= 3|, <y f,o@" Therefore,
lfe(z) = Ferp(z)|la <e, forallzeA, 1<

k
By definition, there exists tc € I such that a,_ contains all aj , (1 <k < M, |a] < N); hence
Fsyk(x) S A(A, ClLE). O

< M.

(#1). We will also need the following result.
Lemma 5.5.7. In the notation of Lemma [5.5.0, for every € > O there exists a section F €
.A(DQ, CGLE Xo) C .AO(DQ, CaXo) such that

|F(z) — Fer(z)||, < Ce, forallz € UyNDy, 1<k<M

for a certain C > 0 independent of the section f € Ay(D{, CaXo) and e > 0.
Proof. There exists an open neighbourhood D @ D}, of Dy such that Dj € UM  Uy. We may
assume without loss of generality that Dj is strictly pseudoconvex.

Let {pr} € C>(Xy) be a collection of functions such that supp(px) € Uy, 1 < k < M, and
Sr pr=1on D{. Let ¢ := max, ¢ py Z,iw:l |0pr(z)| < oo (in some local coordinates on D}).

We define holomorphic 1-cocycle: if U, NU; # @ then

9kt = Feklu.nvinpy — Feilu.noinpy € A{Ux N U N DY, Cy, Xo),

and gi; :=0if U, NU; N D = &. According to Lemma [5.5.6]

sup lgk.illa < 2e.
zeUy ﬁULﬁD()/
Here we assume without loss of generality that {Uy N D} | are the coordinate charts in the
definition of norm in Ay (DY, Caq,. Xo), cf. (LIG).
We resolve cocycle {gc 1} by the formula g, := 212/121 prgr1 € C°(U; N DY), so that Grt =
g — g on Uy NUIN Dj. Tt follows that the (0,1)-form w defined by the formula w := 9g; on
U N Dy is a 0-closed form on Dy taking values in bundle Cy,_ Xo.
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We have |lw|[py < 2ce. By Corollary [5.5.4] there exists a function n € AS’O(D{)’, E) such that
dn =w and ||y py < Ci|lw||py < 2Cice for some constant Cy > 0 independent of w.
Since Dy € Dy, the restriction 7|5, is continuous on Dy. We define

F = Feklu,np, = Iklvenp, T 1lvinp,, 1<k <M.
It follows that I € A(Dy, Cq, Xo) and
sup ||F — Feglla < 2Me + 2Cce,
mEDo
so we may set C := 2M + 2C1c. O

The proof of claim (*) now follows from Lemmas [(.5.6] and [£.5.7

5.6. PROOF OF THEOREM [2.9]
We will need the following

DEFINITION 5.6.1. A closed subset Y C ¢4 X is called a complex submanifold of codimension
k if for every x € ¢4 X there exist a neighbourhood U = fI(UO, K) of x, where Uy C X is open
and simply connected, K C Gy is open (cf. (@I4)), and functions hy, ..., hy € O(U) such that
MYNU={zeU:hi(z)="- = hi(x) =0};
(2) The rank of map z — (h1(z,w),. .., hi(z,w)) is k at each point (z,w) € Y NU.

Any complex submanifold Y of ¢, X has the following properties:
(i) .71 (Y) C X is a complex submanifold of X of codimension k.
(i) Y Nu(X) is dense in Y (cf. Lemma [5.6.5] below).

Suppose that a is self-adjoint. It is immediate that if Z C X is a complex a-submanifold
(cf. Definition [2.6]), then the closure of ¢(Z) in ¢4 X is a complex submanifold of ¢4 X; conversely,
if Y is a complex submanifold of ¢, X, then :=1(Y) C X is a complex a-submanifold.

DEFINITION 5.6.2. A function f € C(Y) is called holomorphic if * f € O(.71(Y)).
The algebra of holomorphic functions on Y is denoted by O(Y).

Proposition 5.6.3. Suppose that a is self-adjoint, Y is a complex submanifold of ¢, X, denote
Z = 17YY). Then Oq(Z) =2 *O(Y) (so every function in f € O4(Z), cf. Definition [2.8,
admits a unique extension to a function f € O(Y) such that f =*f).

Theorem 5.6.4. Let X is a Stein manifold, Y C ¢u X be a complex submanifold, f € O(Y).
Then there exists a function F' € O(cqX) such that Fly = f.

In view of Propositions 4.6, 5.6.3 and the remark before Definition [5.6.2] Theorem 2.9]is a
special case of Theorem [5.6.4

5.6.1. Proof of Proposition[5.6.3l First, let f be a holomorphic a-function on Z in the sense
of Definition 2.8 i.e., there is a function F' € Cy(X) such that F'|z = f. By Proposition [4.6](1)
there exists a function F' € C(caX), such that .*F = F. We set f := Fl|y. Since o*f = f, we
obtain f € O(Y) (cf. Definition [5.6.2), as required.

Now, let f € O(Y). Since ¢, X is a normal space, by Tietze-Urysohn extension theorem there
exists a function F' € C(caX) such that F|y = f. By Proposition E6(2) F := *F' belongs to
Co(X). Since F|z = f, function f (= /*f) is a holomorphic a-function on Z in the sense of
Definition
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5.6.2. Proof of Theorem [5.6.4. Let Y be a complex submanifold of ¢, X, yo € Yy. The
following lemma is a straightforward consequence of the inverse function theorem.

Lemma 5.6.5. There exist an open neighbourhood V- C ¢4 X of yo, open subsets Vo C Xg
and L C Gq, a closed complex submanifold Zy of Vi (of the same codimension as 'Y ), and a
biholomorphic map ® € O(Vy x L, V) such that &= (VNY) = Zy x L.

The next lemma follows easily from Lemma [5.6.5]

Lemma 5.6.6. Let f € O(Y). For everyy € Y there exist a neighbourhood U C ¢ X of y and
a function Fy € O(U) such that Fuluny = fluny-

Lemma 5.6.7. The sheaf of ideals Iy is coherent.

Proof. By Lemma[5.6.5], it suffices to prove the coherence of sheaf I C Oy, where Z := Zy x L,
V:i=Vy x L, Zy CVy (we use notation of Lemma [F.6.5), Oy =: O is the structure sheaf on
V. We denote by O the structure sheaf on Vj, and by Iz, C O the sheaf of ideals of Z,. By
Cartan theorem (see, e.g., [Gund]) Iz, is a O-coherent sheaf, i.e. for every point in Vj there is
an open neighbourhood (without loss of generality, we may assume that it coincides with V)
over which there exists a free resolution

(6.24) 0—=0mv 22 Pom L, o,

where sheaf homomorphisms @;, are given by functions in O(Vo, My xmi i ((C)), 0<kE<N-1
(here mg := 1); ([6.24]) can be rewritten as a collection of short exact sequences

(6.25) 0 Ry —= O™ Ry —>0, 1<k<N-—1,

where Ry, :=Im &y, (1<k<N-1), Ro = fZO, and ¢ stands for inclusion.
Let yo = (zo,wo) € V := Vo x L, fy, € O(U) be a section of sheaf O™* over an open
neighbourhood U := Uy x K C V of yo. Let map (¢k)«(fy,) (0 <k < N — 1) be defined by

U> (Iaw) = (@k)*(fyo(vw))v
where (@)« is the homomorphism of sections over Uy induced by @g. This is a section over U
of sheaf O™+ -1 if k > 1, or sheaf Iy if k = 0. The homomorphisms of sections (¢f). induce
sheaf homomorphisms ¢, 0 < k < N — 1. Thus, we get a chain complex
YN-1 (21 ¥o
(6.26) 0— O™ — ... — 0™ ... —Iz—0,

or, equivalently, a collection of chain complexes
(6.27) 0> Ry O™ LRy =0, 1<k<N-—1,

where Ry :=Im ¢ (1 <k < N —1), Ry := Iz, and ¢ stands for inclusion. We have to show
that sequence (6.26)) is exact: this would imply that Iz is coherent. The latter is equivalent to
exactness of sequences (G.27]).

Since ¢ is an inclusion, it is injective and its image coincides with the kernel of ¢j_1. There-
fore, we only need to show that homomorphisms @1, 1 <k < N — 1, in ([G.27) are surjective.

We fix 1 <k <N -—1. let gy, € I'(U, Ri—1) be a section of sheaf Ry_1 over U. By shrinking
K we may assume that gy, is defined also over Uy x K, and that K C L (K is compact as
Gq is compact). To show that ¢i_1 is surjective, it suffices to prove that there exists a section
fyo € T(U,0™*) such that (¢r—1)x(fye) = Gyo» Where (@x_1)« is the homomorphism of sections
induced by ¢r—1. We may assume, without loss of generality, that Uy C V| are polydisks in
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C™. Let I'(Uy, 7~€k,1) and T'(Uy, @mk) denote the Fréchet spaces of sections over Uy of sheaves
Ri—1 and O™k respectively, endowed with the topology of uniform convergence on compact
subsets of Uy. Since (6.25) is exact, the sequence of sections

0—T(Uy, Ri) —T'(Uy, O™*) —=T'(Uy, Rj—1) —= 0,

is also exact (see, e.g., [Gund]), therefore by open mapping theorem homomorphism @1
induces an isomorphism of Fréchet spaces

(6.28) L(Up, O™ /T (Up, Ri) = T'(Uy, Rie—1).

The section gy, determines a continuous map § € C(K,F(Uo,ﬁk,l)) defined by g(w) :=
Gyo(w) (w € K). By Michael selection theorem, in view of (6.28)), there exists a continuous
selection f for ¢ in (U, @mk), ie,amap f € C(I_{,I‘(Uo, (5”’“)) such that (gpk_l)*of =g. We
set fyo (-, w) 1= f(w), w € K. Clearly, fyo € T(U,O0™*). Thus, @i_1 is surjective, as needed O

Proof of Theorem [5.6-4) is standard. Namely, by Lemma there exist an open cover U =
{Uj} of ¢o X and functions f; € O(Uj) such that f;lynu, = flyru, if YNU; # @i Y NU; = @,
we define f; := 0. Then {g;; := f; — fj on U; NU; # @} is a 1-cocylce with values in Iy. By
Lemmal[5.6.7 sheaf Iy is coherent, so by Theorem & I0(B) H'(c, X, Iy) = 0. Therefore, possibly
after passing to a refinement of U, we can find holomorphic functions h; € I'(Uj, Iy) such that
gij = hi —hj on U;NU; # &. Now, we define F as F' := f; — h; on Uy, for all j. 0

5.7. PROOF OF THEOREM [2.7]

Our proof is based on Theorem [I0(A), and the equivalence of notions of a complex a-
submanifold of X and a complex submanifold of ¢, X established in Section

It suffices to prove that, given a complex submanifold ¥ C ¢, X of codimension k, there
exists a countable collection of functions f; € O(cqX), i € I, such that

(1) Y ={y €caX: fi(y)=0forall i € I}, and

(i) for each yo € Y there exists a neighbourhood U = I(Uy, K) (cf. (@I4) for notation) and
functions f;,,..., fi, such that Y NU ={y € U : f;,(y) = -+ = fi, = 0}, and the rank of map
z— (fl(z,w), ceey fk(z,w)), (z,w) € U, is maximal at each point of Y N U.

The sheaf of ideals Iy of Y is coherent (cf. the proof of Corollary [£.6.71), hence by Theorem
[LI0(A) there exists a countable collection of sections f; € I'(cq X, Iy) (C Oc,x), @ € I, that
generate Iy at every point. By definition, condition (i) is satisfied, and for every point yo € YV’
there is a neighbourhood U = TI(Uy, K), sections fi,, ..., fi. , and functions uj; € O(caX) such
that

where f; := fi,, 1 <1< m, and h; are the generators of Iy |y (such that in appropriate local
coordinates h;(z,w) = zj, the j-th component of z € Uy C C", w € K, cf. Lemma [5.6.0]).

It is immediate that Y N U = {y € U : fi(y) = --- = frn = 0}. It remains to show that
functions f; can be chosen in such a way that m = k, and condition (i) is satisfied.

Indeed, let Vh;, V f, denote the vector-valued functions V.hi(z,w), szl(z,w), (z,w) € U.
Then

Vhi =upVfi+ 4wV, onYNU 1<j<k.

Since (th)?zl has rank k on U, we obtain that k < m, and (uji1)1<j<k,i<i<m, (Vfl)}’;l have
rank k. Assuming that vectors (ujll)g?:l, ce (Ujlk)§:1 and Vfy,,..., fi, are linearly indepen-
dent, we can apply the holomorphic Inverse function theorem to the matrix identity (7.29])
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(possibly, after shrinking U and, as a result, extending collection {f;};cs) to represent func-
tions f;, l # l;, 1 < i < kvia f,,..., fi,, so that we can choose as f;,,..., fi;, the functions
firs- -, fi.. This completes the proof.

5.8. PROOFS OF THEOREMS [2.14] AND 2.T5]
5.8.1. Divisors on ¢, X. For the proofs of Theorems 2.14] and we will need the following

DEFINITION 5.8.1. An (effective) divisor D on ¢, X is given by an open cover {U,} of ¢, X
and functions f, € O(U,) not identically equal to zero on any open subset of U,, such that
fa =dagfs on Uy NUg # @ for a nowhere zero function dog € O(U, N Uy), for all o, B.

The divisors on ¢, X form a multiplicative semigroup Div(c,X) with identity.

We say that divisors D = {(Ua, fo}, D' = {(Uj, f3) € Div(cqaX) are equivalent if there exists
a refinement {V,} of both covers {U,} and {Uj} and nowhere zero holomorphic functions ¢,
on V, such that fu|v, = cnyféh/w for V, cU, N U//ﬁ'

Similarly, we define principal divisors as those divisors Div(c,X) that are determined by
functions in O(cq X).

Suppose that a is self-adjoint. The pullback E = ¢*D of a divisor D € Div(c,X) is an a-
divisor in the sense of Definition 213 Since ¢(X) is dense in ¢4 X, by Hurwitz theorem divisor
D is determined by E uniquely. Conversely, a divisor E on X is an a-divisor only if £ = /*D
for some Div(c,X).

It is immediate that if divisors D1, Do € Div(caX) are equivalent, then Fy = (*Dq, Ey =
1*Dy € Divg(X) are equivalent (in Div(X)). Also, a divisor D € Div(cqX) is principal if and
only if £ =*D € Divy(X) is principal.

Lemma 5.8.2. FEvery open cover of cqX has an at most countable refinement by open sets

I(Uo,0, Ka) (cf (414)), where Uy C Xo is open and simply connected, and K, € Q
(cf- {-12)).

Thus, we may assume that in Definition [5.8.1] the open cover {U,} is at most countable, and
Uy = I(Up 0, Ka), for all a.

We prove Theorem first.

5.8.2. Proof of Theorem By the results of Section (.81 it suffices to prove the fol-
lowing: let Xo be a Stein manifold, D € Div(caX); if Xo is homotopically equivalent to an
open subset Yo C Xo such that the restriction of divisor D to'Y = p—1(Yy) is equivalent to a
principal divisor in Div(caX), then D itself is equivalent to a principal divisor.

Let O.(U), where U C ¢4 X is open, denote the multiplicative group of nowhere zero holo-
morphic functions on U. We denote by O, the multiplicative sheaf of germs of nowhere zero
holomorphic functions on ¢, X. In what follows, we use notation of Definition [£.81]

The functions {dng € O.(Uy NUp)} are determined uniquely, and define a 1-cocycle with
values in sheaf O,. It is easy to see that divisor D is equivalent to a principal divisor if and
only if there exist functions do € O, (Uy) such that

(8.30) dop = dgd,t  on U, NUs # @,

for all such «, 8. Let us show that (830) holds (possibly after passing to a refinement of {U,}).
We follow the standard argument. We have an exact sequence of sheaves
27mi-

0—7Z—0—0,—0,
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that induces an exact sequences of cohomology groups
(8.31) = HY(0o X, Z) —= H'(ca X, 0) —= H' (o X, O.) —> H2(ca X, Z) —> ...

Clearly, if c € H'(ca X, O,) is trivial, then o(c) = 0. We can repeat these arguments over a sub-
set Y := p~1(Yp), where Yy C X is open and is homotopically equivalent to Xg. In particular,
over such Y we get an exact sequence of the form (831)). Let oy : H' (Y, O,)—=H?(Y, Z) denote
the corresponding group homomorphism. Since X is a Stein manifold, by Theorem ELT0(B)
we have H'(caX,0) = 0. Hence, if ¢ € H'(caX,O,) is such that o(c) = 0, then c is trivial.
We denote by c¢p the image in H*(cq X, O.) of the 1-cocycle Cp 1= {dap € O.(Us NUps)}, and
by cpy € H! (Y, 0.) the image of the restriction Cp y := {dagly € O+ (UaNUgNY}. If D]y
is equivalent to a principal divisor, then by the above argument oy (¢py) = 0. By the homo-
topy axiom for locally constant sheaves (see, e.g., [Bre, Ch. I1.11]) we have oy (¢p,y) = o(cp),
hence cp is trivial. Therefore, there exists a refinement {V} of cover {U,} such that for the
restrictions of functions d.g to the corresponding V,, there exists a presentation (8.30).

5.8.3. Proof of Theorem [2.14. Assertion (1). For an open U C ¢, X, we denote by O, (U)
the multiplicative semigroup of functions i : U — C such that for every subset V := fI(VO, K)e
U, where Vy C Xy is open and simply connected, K C Gq is open, we have

(4) h(-,w) is in O(Vp) for every w € K, and

(ii) |h| € C(V).

The next lemma is immediate.
Lemma 5.8.3. If h € O,(U), then t*h € O(=1(U)), [t*h| € Ca(t=1(U)).

Let (O,)«(V) denote the holomorphic functions in O, (V') that are nowhere zero; this is a
multiplicative Abelian group.

DEFINITION 5.8.4. A o-divisor H is determined by an open cover {U,} of ¢, X and functions
fa € Ox(Uy) such that f, # 0 on any open subset of Uy, and fo = dagfs on Uy, NUg # & for
some dag € (Oy)«(Ua NUg), for all a, 5.

The multiplicative semigroup of o-divisor divisors is denoted by Div,(caX).

The divisors D = {(Ua, fa)}, D" = {(Ug, f5)} € Divy(cqaX) are said to be equivalent if there
exists a refinement {V,} of both covers {U, } and {Uj} and functions ¢, € (Og).(V;) such that
falv, = Cvfé|Vw for V, c U, N UE, # @, for all o, B.

The divisor Dy, = {(caX,h)} € Divy(cqX), where h € Oy (cqX), is called principal.

We have a monomorphism of semigroups

(8.32) Div(cqX) < Divy(cqaX).
Assertion (1) would follow once we prove

Theorem 5.8.5. Under the assumption of Theorem [2.13|(1), every divisor D € Div,(caX) is
equivalent to a divisor D" = {(Ua, fo)} € Divy(caX) such that fi/fsl.x)nv.nv, = 1 for all
o, B.

Indeed, given a divisor E € Divq(X), by the results of Section [5.81] there exists a divisor
D € Div(cqX) such that E = ¢*D. In view of monomorphism (832]), by Theorem D is
equivalent to a divisor D’ in Div,(ceX) whose pullback E' = 1*D’ is determined by a function
in Oy(X) (cf. Lemma [5.83)), and is equivalent in Div(X) to E, so assertion (1) follows.
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5.8.4. Proof of Theorem [5.8.5l We will need the following definitions and results.

DEFINITION 5.8.6. A divisor D = {(Uq, fa)} € Divy(ceX) is called cylindrical if for every o
we have U, = p~}(Uyp.q) for some open Uy o C Xo.

Proposition 5.8.7. Every divisor D = {(Uy, fa)} € Divy(cqX) is equivalent to a cylindrical
divisor in Divy(ca X).

Let Zg be the additive sheaf associated to the presheaf of functions defined similarly to
0,(U), U C ¢aX is open, but with condition (#i) omitted, and (i) replaced with the assumption
that f(-,w) is identically equal to an integer, for every w € K. Let Ry := R ®z Zg.

Proposition 5.8.8. Let Uy C X be open, U := p~—*(Up). Let D = {(Uq, fo)} € Divy(U) be a
cylindrical divisor such that
(i) the sets Uy o C Uy are open and simply connected, and
(i) U = {Uo,o} is an open cover of of Uy such that the connected components of the
intersection of any two sets in U are simply connected, and the intersection of any
three sets in U is empty.
Then divisor D is equivalent to a cylindrical divisor D' = {(Uq, f1)} € Divy(ceX) such that
fol 5luxynvanu, =1 for all o, B.
We will also need the following version of Proposition [5.8.8]

Proposition 5.8.9. Let Uy C Xg be open and simply connected, U = p~*(Uy). Let D =
{(Uq, fa)} € Div,(U) be a cylindrical divisor such that

(i) the sets Uy o C Uy are open and simply connected, and

(i) U = {Uo,o} is an open cover of of Uy such that the connected components of the
intersection of any two sets in U are simply connected, and the intersection of any
three sets in U s empty.

Then there exists a function h € O, (U) such that D is equivalent to Dy, € Div,(U).

Corollary 5.8.10. Let Uy C X be open and simply connected, U = p~*(Up), let D =
{(Uq, fa)} € Divy(U) be a cylindrical divisor. Then D is equivalent to a cylindrical divisor

D" ={(Ua, fo)} € Dive(caX) such that £,/ f5l.x)nv.rv, =1 for all a, B.

We prove Propositions £.8.7, [5.8.8 and Corollary in the next section.

We now complete the proof of Theorem Since X is a Riemann surface, it admits a
strong deformation retract S; : Xo — Xo (¢t € [0,1]) to a 1-dimensional CW-complex I' C X.
By definition, Sy = Id, S1(Xo) =I'. Since T is locally contractible, there exists an open cover
V = {V,} of T by contractible open sets, such that the intersection of any two sets in V is
contractible, and the intersection of any three sets in V is empty. We define U  := S’O_l (Vo,a)-
Then U := {Up} forms an open cover of X, that satisfies conditions of Proposition
The proof now follows by consequtive application of Propostion [5.8.7] Corollary 5.8.10 (to each
Up,) and Proposition [5.8.8

5.8.5. Proofs of Propositions and Corollary Let (O,)« denote the
multiplicative sheaf associated to the presheaf of functions (Oy).(U), U C c¢qX open. We
denote by Og, the additive sheaf on ¢, X associated to the presheaf of functions that are
defined similarly to the functions in O,(U), U C ¢z X open, but now instead of condition (%)
we require that Re f € C(V).
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(a) We have an exact sequence
i 27
(8.33) 0—Z4— Or. — (04), —=0,
where 7 is the composition of the multiplication by +/—1 and inclusion.

(b) Using Lemma [(.82] below we may assume that {U,} is at most countable, and each
Uo = U(Up,a, Ko) (cf. (£14)), where Uy, C Xo is open and simply connected, K, € Q
(cf. @ID)). Clearly, {Upq} is an open cover of X, and {K,} is an open cover of G.

(¢) We will need

Lemma 5.8.11. Let U := ﬁ(Uo, K), where Uy C Xy is open and simply connected, and K € Q
(cf. #12)). Then H*(U,Ry) =0, k > 1.

Proof of Lemma 58711 We may identify U with Uy x K (cf. Section ). Tt is not difficult to
see that space Uy x K is paracompact. Therefore, it suffices to show that, given an at most
countable open cover {W;} of Uy x K, every k-cocycle 0 = {o; e T(W;,, N---NW;,,Ry) : [ =
(Ii, .- 1k)} € ZF({W,},Ry) (cf. Section [5.1.1) can be presented in the form o = &7 for some
k—1-cochainn € C*~1({W,},R,). Indeed, let i,, : Uy — Ugx K, iy, () := (z,w) (x € Up,w € K)
be the natural inclusion. For each w € K we denote Wy, := i ;' (W) for all  (some of these sets
will be empty). This is an open cover of Uy. Next, define o1, := @50y for all I (by definition,
if Wy, onN---NW, o =@, then o7, := 0). Then o, := {07,} € Z*({W,..},R). Now, since
Uy is contractible, we have H*(Up,R) = 0, k > 1. We may assume without loss of generality
that the connected components of any intersection Wy , N---N Wy, _, , are simply connected.
Hence, using Leray theorem (see, e.g., [Gun3]) we obtain that for every w € K there exists a
k —1-cochain n, = {njw € TWiw - NWi,_ w0, R) : J = (ly,..., lx_1} € C*1({W.},R)
such that o, = dn,, where operator § = d(, ) has the same formal definition as dgw, y
since there is a bijective correspondence between the elements of covers {W;} and {W; . }. We
define ny(z,w) == nyu(z) for all J = (I1,..., k1), w e K and z € Wi, (o N---NWj,_, . Itis
immediate from the definition of sheaf R4 that 7 := {1} is a k — 1-cochain in C*~1({W;},Ry).
Further, since equality o, = d7,, holds for all w € K, we obtain that o = dn, as required. [

Proof of Proposition [5.8.7. We have to show that D is equivalent to a divisor H = {(Vg, hg)} €
Div,(caX), where Vs = p~*(Vp, g) for some open simply connected sets Vg 5 C Xo.

Let zg € Xy. Since ]5_1(960) = G'a is compact, there exist finitely many sets U,, =
(Up.a;, Ka,) (cf. (b)), 1 <i < m, such that 5~ '(z¢) C U, U,,. Hence, there exists an open
simply connected neighbourhood Vo C N, Up o, of g such that V := p~1(Vp) C Un,U,,.

Weset V; :=U,, NV, K; .= K,,, and f; := fo,lv, € O, (Vi) (1 <i<m).

Since xy € X was chosen arbitrarily, it suffices to prove that for the restriction D|y =
{(V4, fi)} there exists a function h € O, (V) such that D]y is equivalent in Div, (V) to the
principal divisor D;, € Div,(V). (The definition of Div, (V) is completely analogous to the
definition of Div, (¢ X).) We will need

Lemma 5.8.12. Let W := fI(WO,K), where Wy C X is open and simply connected, and
K €9 (cf [#13)). Then H*(W,Zq) =0, k > 1.

The proof is similar to the proof of Lemma 5811l
It follows from Lemma B8T2 (with W := V;, 1 < ¢ < m) that the exact sequence of
cohomology groups induced by the short exact sequence ([8.33) has form

(8.34) 0—T(Vi, Za) —T(V;, Or.) —T(Vi, (O5)) —0— ...
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(1 <i<m). An argument similar to the one in the proof of Lemma [5.8.11] shows that we may
replace set V; in the formulation of the lemma and in (834]) with an intersection of sets V;
1 < i < m. Hence, we have an exact sequence of cochain complexes

(8.35) 0—=C*({Vi}, Za) — C*({Vi}, On.) — C* ({Vi}, (O5).) =0, k >0.

The exact sequence (8.35) induces an exact sequence of Cech cohomology groups corresponding
to cover {V;}

(8.36) ... —H'({V;},Zq) — H*({V;}, Oxr.) iHl({Vi}, (00)s) —H*({V;},Zq) — ...

An argument similar to the one in the proof of Lemma BE.811] yields H?({V;},Z4) = 0. By
definition, functions f; satisfy f; = di;f; on V; NV} # @ for some d;; € (Oy)«(Vi N'Vj),
and dp = {d;;} is a 1-cocycle. We have to show that there exist d; € (Oy).(V;) such that
di; = d;d; 1. then we will replace f; with f;d;, thus obtaining a globally defined function
h = fid; in V, as needed. Since (8.36) is exact and H?({V;},Za) = 0, there exists a 1-cocycle
{9ij € Oro(V; NV;)} such that d;; = €2™9, for all 1 <4,j < m. Let us show that there exists
a 0-cochain {g; € Og.(V;)} such that g;; = g; —¢g; on V; NV, # @, for all 1 <4,j < m. Once
we find such g;, we will set d; = €?™9 € (O,)«(V;i), 1 <i < m, thus completing the proof.

We construct functions g;, 1 < i < m, as follows. Let {p;}7*, C C(G4) be a partition of
unity subordinate to open cover {K;}7,. Now, we define g; := E?szl p;igij on Vi (1 <i<m).
Clearly, the 0-cochain {g;} gives a resolution of the 1-cocycle {g;;}. Under the identification of
V =pY(Vp) and Vg x Gy (cf. Section @A), for every 1 < i < m and every w € G, the function
pi(-,w) is constant and hence is holomorphic on Vj; also, functions p; viewed as functions on
V', are continuous, hence p; € O(V) (1 < i < m). It follows that for every w € K; we have
gi(-,w) € O(V), and the real part of g; is continuous on V, as functions p; are real-valued and
the real parts of functions g¢;; are continuous on V. Therefore, g; € Or.(V;), for all 1 <i < m,
as needed. ]

Proof of Proposition[5.8.8. We will use notation introduced in the proof of Proposition £.8.7
By Lemma [5.8.T12] (there we take W := U,) the short exact sequence ([833]) induces an exact
sequence of the form

0—T(Uq,Zq) —T(Uy, Or.) —>1"(Ua, (OU)*) —0— ..., forallc.
Thus, we obtain an exact sequence of chain complexes
B37)  0—=C'({Ua}.Za) = C'({Ua}. On) — C ({Ua}. (Or).) —0, 120,

In turn, sequence (837) induces an exact sequence of Cech cohomology groups

(8.38) ...—>H1({UQ},Zd)—>H1({UQ},ORC)iHl({UQ},(Og)*)—>H2({UQ},Zd)—>...

We may assume without loss of generality that the connected components of any intersection of
sets Uy, are simply connected. Hence, by Leray theorem (see, e.g., [Gun3]) and Lemma [5.8.12
H?({Uy},Za) = 0. Now, it follows from (8.38) that

(8.39) H'({U,}, Or.) i H'({Ua}, (05))  is surjective.

Let d = {dag} € Z'({Ua}, (Os)«) be the 1-cocycle determined by divisor D. Using (8.39), we
obtain that (possibly after replacing divisor D with an equivalent one) there exists a 1-cocycle
c={cap} € Z'({Us}, Or.) such that d,s = €2>7“¢ for all a, 3. Let us show that there exists a
l-cocycle ¢/ = {c,,5} € Z'({Ua}, Ox.) that is equivalent to ¢, i.e., cap — €5 = €5 — Cq for some
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0-cochain {cq} € CO({Ua}, Og.), and is such that ¢, = 0 on «(X)NU, NUp for all a, 8. Once
we find such a cocycle, we can replace functions f, determining divisor D by f/ := f,e?™ so
that f;, = d,zfj for all a, B, where d, 5 := ¢?™¢as . Since dyg = fo/fp=1on(Y)NUsNUg,

the divisor D’ := {(U,, f.)} is the one required in Assertion (1).
Now, to find {c[ 5}, we will use the following result.

Lemma 5.8.13. There exist ¢ € Z'({Us},0), r € Z*({Ua},Ry) such that ¢ = ¢+ ir.

Proof of Lemmal5.8.13 Let Ciﬂ denote the connected components of Uy N Uy g. By our

construction, these are simply connected open subsets of Uy. We identify U, and Ug with

Uo,a X Gq and Uo,a X Ga, respectively, and U, NUg with (Up,o N Up,g) X Ga (cf. Section [.5]).
Let us fix some points 3:2,8 € C’iﬁ, for all 1 < j <t. We define

Tap = 1Im cap(zj,-) on Ciﬂ x Gy, for all j.

It follows from (ii) that 7 = {r,g} is a l-cocylce in Z'({U,},Ry). Further, we set éop5 =
CaB — iTk—1,k- Let us show that ¢, € O(U, NUg), that is, the restriction of é;_1 x to each Ciﬁ
belongs to (’)(Ciﬁ x (). Indeed, for each fixed w € Gy the restriction of éus(-,w) to Ciﬁ is in

o, 5), hence we only need to prove, for every j, the continuity of map
(8.40) G, 9&)'—)50‘5(-,&}”0&5 S C(O(JIB),

where space C' (C’iﬁ) of continuous functions on Ci 5 18 endowed with the topology of uniform
convergence on compact subsets. By definition, map

(8.41) w > Re Gap(-,w) € C(CY,)

is continuous. Since Im éu(-,w) € C’(Ciﬂ) is a conjugate harmonic function of Re ¢qa(-,w),
for all w, the continuity of (841]) follows from the integral formula presentation for conjugate
harmonic functions, and the condition that Im énp(z;,w) =0 for all w € Gq. This implies the
continuity of (840), as needed. O

We now complete the proof of Proposition 5.8.81 We have H*({U,}, O) = 0 (see, e.g. [ZK]).
Therefore, there exists a 0-cochain {¢,} € C°({U,},O) such that é,s = ¢g — é,. Since
H'(X,R) = 0, we obtain (using Leray theorem) that there exist a 0-cochain {r,} € C°({U,},Ry)
such that 7o, = 0 on Uy \ ¢(X), and 3 —rq = 1ap on «(X) NUs NUg. We define ¢cq := €4 + irq,
for all a,, and set ¢, 5 := cap — g + ca. This completes the proof. O

Proof of Proposition[5.8.9. The proof follows closely the proof of Proposition [5.8.8] except for
the last step, where, instead of replacing the 1-cocycle c,g with an equivalent 1-cocycle we
resolve it (applying Lemma 5811 to {r.s}). O

Proof of Corollary [5.810. (1) First, let us assume the following:

(i) Cover {Uy} of Uy is finite, i.e. {Uy} = {Uq,}1™,. We denote Uy ; := Up,a;, U; := U, (=
Z_)il(UO,Oti))v fl = fﬂtia 1<i<m.

(ii) We have ordered sets U; in such a way that the sets VJF := UF_Up,;, 1 < k < m,
are simply connected, and the connected components of the intersection of Uy and VE-1 are
simply connected, for all 2 < k < m.

We denote V¥ := p~1(Vp ). Clearly, V™ = Uy. Next, we proceed by induction over k,
and find functions hy € O,(V¥), 1 < k < m, such that D|yx = {(Ui, f5) : 1 < i < k} is
equivalent to Dy, . Once such functions are found, we can set h := h,, to complete the proof.
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For £ = 1 we take hy := fi. Suppose that we have constructed hr_1, let us find hg. Since
D|yk-1 is equivalent to D, ,, we obtain that Dy := {(V*=1 hy_1), (Uk, f&)} is a o-divisor
on V¥ equivalent to D|y«. Since the open cover {V¥=1 U} of V¥ satisfies the conditions of
Proposition 5.8.9] there exists a function hy € (’)U(Vk) such that bk is equivalent to Dy, . This
completes the proof of Case (1).

(2) Consider a general cover {U, }. Let us fix some xg € Uy. Let Vi C Uy be a neighbourhood
of zo such that V; is contained in some coordinate chart Vp of Up, and let ¢ : Vo — C be the
corresponding biholomorphic coordinate map such that p(zg) = 0. We may assume without loss
of generality that ¢(Vp) = B, = {# € C : |z| < r}. Furthermore, since Uy is simply connected,
we can choose Vj in such a way that there exists a strong deformation retract S; : Uy — Uy of
Uo to Vp. By definition, Sy = Id, S1(Up) = Vo. Now, let {A;}7%o be an open cover of B, \{0} by
open cones A; with vertices at 0. We set Qg := (90 So) "' (A;), 0<j <m. Then {Q;}7,
is an open cover of Uy \ {z¢}.

We define W := UL, Qg ; (i.e. we exclude Q). This is an open simply connected subset of
Up. Next, we can choose a simply connected open neighbourhood W of Q¢ o so that W/ NW}/ is
simply connected. Then {W{, W'} forms an open cover of Uy that satisfies conditions of Propo-
sition (note that since Uy is simply connected, we have H!(p~(Up), Ry4) = 0 by Lemma
[E8TT). Thus, if we can show that D is equivalent to a cylindrical o-divisor {(W’, h'), (W",h'")},
where W’ := p=Y(W{), W = p*(W{), and b/ € O,(W’), b € Oy(W"), then applying
Proposition[5.8.9 we can obtain the required function k. Indeed, note that the intersection g ;
(0 < j < m) with any relatively compact subset of Uy is relatively compact in Uy. Hence, for
every fixed 0 < jo < m there exists an open cover {Q%J o} that satisfies conditions of Proposition
[£.89 and is such that each set Qg j, is relatively compact in Uy. Hence, using the result of
Case (1) (clearly, every relatively compact subset of Uy can be covered by open sets satisfying
(4),(4)), we may assume without loss of generality that sets Uy, in the definition of divisor D
are sufficiently large, so that {Qf ;} is a refinement of the open cover {Up a}.

Now, for each fixed 1 < jo < m we apply Proposition to the open cover {{) ; } of
Qo,j,, thus obtaining a function fj, € Oy (), where Qj, = p~"(Q0,5,), such that Dlg, is
equivalent to Dy, € Div,(£2,).

The same argument applied to the open cover of W/, obtained from the open cover{Q ,} of
Qo by enlarging sets Qf , slightly, implies that there exists a function h” € O (W") such that
D|w is equivalent to Dy, € Div,(W").

To obtain function A’, note that the open cover {Q;}7, of W itself satisfies condi-
tions of Proposition .89 Therefore, there exists a function hy € O, (W’) such that divisor
{(Q4, f)}jL, is equivalent to Dy € Divy(W’). The proof is complete. O

Assertion (2). We will use notation introduced in the proof of Assertion (1), as well as
notation and results of Section .1l and Example It suffices to show that, for a given open
simply connected subset Uy C X, the divisor in Div(p_l(Uo)) determined by the restriction
flp-1(Us) is equivalent to a divisor in Diva(p~!(Up)). In what follows, we identify p~!(Up) with
U := Uy x G, and p~1(Uy) with Uy := Uy x Gy (cf. Section &H). Denote Uy := Uy x Gy._.

We conduct our proof is two steps.

(1) First, let us show that there exists a function F : U, — C such that |F| € C(U,),
0# F(-,w) € O(Up) for all w € Gy, and f|y = jiF. Since |f|y| € Co(U), there is a function
M; € C(U,) such that |f|y| = jiMy. Further, we have f|y € Op_(U), hence there exists a
function Sy € O(Uy..) such that f|y = JiSy. Note that Sy(-,n) # 0 for all n € Gy.., for
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otherwise, since Sy is continuous, there would exist a net {go} C G, jo_(9) = m0 € Gi_,
such that the sequence {Sy(-, je.. (9a))} would converge to zero uniformly on compact subsets
of Uy, which is not possible by our assumption. We define function F : U, — C by F (z,w) :=
St (2, Aw)), (x,w) € Us. We have |F| = M. Indeed, let My := (Id x x)* My € C(Uy x Gy ).
St (#,Jen (9))] = My(2,er(9)) = My(2,4a(g)), (w,9) € U. Since ji(G) is
dense in Gy__ (cf. Section &) and both functions |S;| and M are continuous, we obtain that
|S¢| = My. By definition, we have M(:C,A(w)) = My(z,w), (z,w) € Uy, hence |F| = My. Tt
follows that |F| € C(U,), as required.

(2) Now, let Dg € Div,(U,) be the o-divisor determined by function F, and E; € Div(U)
be the divisor determined by f|. By our construction, (Id X j4)* Dy = Ef. It remains to show
that Dy is equivalent in Div,(Ug) to a divisor D € Div(Uy); then Ef would be equivalent in
Div(X) to E := (Id X jq)*D € Div,4(U), as needed. For a given 2 € Uy we denote I, := {w €
Ga : F(z,w) # 0}. Since |F| is continuous, each set I, is open. We have G = Ugep, L. Indeed,
for otherwise there exists wy € Gq such that F(-,wp) =0, which is a contradiction. Since Gq is
compact, there exist points x;, 1 < ¢ < m, such that Ga = U I, We fix some 1 < i5 < m,
and define

(8.42) Fi(z,w) == F(z,w)e 28 @) g ey, we L, -

Since F'(z,,w) # 0 for allw € I, , this function is well defined. By definition, F, (-,w) € O(Uo)
for every w € I, .

By definition,

Lemma 5.8.14. F;, € C(Up x I, ).

Proof of Lemma. We fix some wgy € Iy, . Let {wa} C I;,, be anet such that wq, — wo. Using
Montel theorem, it suffices to prove that all partial limits {cg} C O(Uy) of {Fi,(-,wa)} C
O(Up) coincide with Fy, (-, wo). Indeed, since |Fj,| = |F'| is continuous on Uy x I, , we obtain
that a partial limit cg differs from Fj,(-,wo) by a constant multiple of modulus 1. By (842)
Fy(xi,,w) € R for all w, hence this multiple must be equal to 1, i.e., cg = Fj, (-, wo) for all 3,
as needed. O

It follows that D := {(Uy x I.,, F;)}, 1 < i < m, is a divisor in Div(U,). By our construction,
D is equivalent to Dy in Div,(U,), which completes the proof.

5.9. PrRoOF OF THEOREM [£.17]

Lemma 5.9.1. Let Uy C Xo, K C Gy be open, f € O(Up x K) be such that V. f(z,n) £ 0 for
all (z,m) € Zy .= {(z,m) € Uy x K : f(z,m) =0}.
If g € O(Uy x K) vanishes on Zg, then h:=g/f € O(Uy x K).

(The proof of lemma is a straightforward application of the Cauchy integral formula and
Montel theorem.)

Proof of Theorem. By Proposition [4.6(2) Mx is homeomorphic to the maximal ideal space of
O(ceX). Tt follows, e.g., from Theorem 20 that algebra O(c,X) separates points of ¢, X,
therefore we have a continuous injection ¢, X < Mx via point evaluation homomorphisms. Let
us show that it is surjective.

Let ¢ € Mx. We identify O(Xo) with p*O(Xo) C O(cqX). The restriction ¢|o(x,) belongs
to the maximal ideal space of O(Xy). Since Xy is a Stein manifold, there exists a point
ro € Xo such that ¢lox,) = ¥z, Where 1z, (u) = u(xo), u € O(Xp), is the evaluation
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homomorphism at point zq (see, e.g., [GR]). There exists a function h € O(Xy) such that
X' = {z € Xo : h(x) = 0} is a non-singular complex hypersurface, and 2o € X" [For].
We set X™~1:=p~ 1 (X7 ') and ¢, X" ! := 5~ (X ). Now, if f € O(Xy) is identically zero
on c¢g X" 1 then o(f) = 0. Indeed, by Lemma [5.9.1] function f= f/p*h € O(cqX), hence

o(f) = o) h) = @(f)¢w, (h) = 0.

Thus, ¢ is well defined on the quotient algebra O(CaX)/Icn(anl), where I (xn-1) is the ideal
consisting of holomorphic functions vanishing on ¢, X" ~'. We have an isomorphism
O(caX)/I, xn1 =2 O(caX™ 1),
hence ¢ can be identified with an element of the maximal ideal space of algebra O(ca X" 1).
We proceed in this way, and define sets Xé“, Xk e Xk (0 < k < n—1), obtaining that
¢ may be viewed as an element of the maximal ideal space of algebra O(c,X?), where X{ =
{z0,71,...} is a discrete set. By definition, O(ce X°) = U;>0C(p*(24)), so ¢ coincides with
the evaluation homomorphism at a point of p~*(zg) C ¢, X, as needed.
Finally, it is easy to see that the topology in ¢, X is the weakest topology in which all point
evaluation homomorphisms of O(c¢,X) are continuous, i.e., the continuous bijection between
ceX and Myx is a homeomorphism. ]

5.10. PrRoOFs OF THEOREMS [2.3] [2.4] AND PROPOSITION [£.9]
Theorems 23] and 2:4] are the assertions (A) and (B) of Theorem

5.10.1. Proof of Theorem In what follows, all polydisks are assumed to have finite
polyradii.
First, we prove part (B). We will need the following results.
Proposition 5.10.1. Let U := II(Uy, K), where Uy C Xq is open and biholomorphic to an
open polydisk in C", and K € Q (cf. ({-13)).
The following is true:
(1) Let R be an analytic sheaf over U having a free resolution of length 4N

(10.43) oy |70 B ok |y D ok |y DX Ry — 0.

If N > n = dimc¢ Uy, then the induced sequence of sections truncated to N -th term

PN-_1 [

L(U,O0") — ... —=T(U,0k) ﬁ;r(U, Okl)ﬁ;r(U, R)—=0
15 exact.
(2) Suppose that free resolution (10.43) exists for every N. Then H'(U,R) =0, i > 1.
Let A be a coherent sheaf on cyX.

Proposition 5.10.2. Every point xo € Xo has a neighbourhood Uy such that for each N > 1
there exists a free resolution of sheaf A over p~*(Uy) having length N (cf. Definition [2.7).

(In other words, we may assume that the open sets W in Definition 2.4 have form U =
p1(Up), Uy C X is open.)

We prove Propositions 5.10.1] and in Sections and [5.10.1.3] respectively.

Now, let A := p,A be the direct image of sheaf A under projection p : cq X — Xo. By
definition, A is a sheaf of modules over the sheaf of rings O¢(G2) of germs of holomorphic
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functions on X, taking values in Banach space C(Gg). By Propositions [5.10.2 and FI01)(2)
every zo € Xo has a basis of neighbourhoods Uy such that H (U, A) =0, i > 1, U := p—1(Up).
Therefore,

(10.44) Hi(cq X, A) = H (X,,A), i>0
(see, e.g., [Gun3, Ch. F, Cor. 6]). We have

T'(U, A) = T(Up, A), T(U,0)=T(Uy, 0% ),
It follows from Proposition 5.10.2] and Proposition B.I0(1) that for every 9 € Xy and each
N > 1 there exist a neighbourhood Uy of zy and an exact sequence of sections

T (U, (OCCG0)EN) 5o o T(Up, (0°G2))kr) 5 T(Uy, A) — 0.
Then it follows that we have an exact sequence of sheaves
(10.45) (OGO |y (OGN s Ay, — 0.

For every open set Uy C Xg the spaces of sections I'(Up, A), T'(U, Oc(é”)) can be endowed
with Fréchet topology, so that the homomorphisms of sections induced by sheaf homomorphisms
in ([045) are continuous; indeed, since I'(Up, A) = T(U, A), T(Uy, OC(G2)) =~ T(U, 0), this
follows from Proposition with U = 5~ (Up). Hence, in the terminology of [Ltl] A is
a Banach coherent analytic Fréchet sheaf. Therefore, according to Theorem 2.3(iii) in [LtI]
H (X, fl) =0, ¢ > 1. Isomorphism (I0.44]) now implies the required statement.

(C) Case (1). Due to the argument in the proof of (B), we have isomorphisms of Fréchet
spaces D(eg X, A) = T'(Xo, A), T(Y,A) = I'(Yp, A). Now the result follows from Theorem
2.3(iv) in [Lt1] applied to A.

Case (2). Tt suffices to show that the restriction map T'(5~*(¥p), A) — I'(Y,.A) has dense
image, and then apply the result of case (1).

We have ¥ = fI(YO,K ) for some Yy € X, open simply connected, and K € Q. Since
Y € 9B, we may use the last assertion of Proposition[4.9} it suffices to show that given a section
f e (Y, A) for every e > 0 and every k there exists a section fr € T'(p~(Yp),.A) such that
If = fellvi <e. ) )

Without loss of generality we may identify Y with Yy x K, and p—*(Yp) with Yy x Gg (see
Section [.0)). Then sets Vj, have form Vi, = Vi 1 X Ny, where each set Vj j is open and simply
connected, and sets N € £ are such that Ny € Ngy1 € K for all k, and K = U, Ny (see
Lemma [5.10.4(1) below). Since space Gy is compact and, therefore, is normal, for each k there
exists a function pg € C(Gm) such that 0 < pr < 1 on Gy, pr = 1 on Ni, and pr = 0 on
Ga \ Niy1. By definition, T'(Yy x K, A) is a module over T'(Yy x K, ), hence we can define
fr = pif € (Y x égl,A). Then f — fr =0 on Yy x Ny, so IIf - kaVk = 0. Thus, f; is the
required approximation.

(A) Let N > n. Since sheaf A is coherent, there exists a neighbourhood U of = over which
there is a free resolution
(10.46) oman |, 2 omayy Pl omy P A1y —-0
of length 4N. Tt follows from the exactness of sequence (I0.46]) that there exist sections
hiy...,hm, € T'(U, A) that generate ;A as an ,O-module. Now, it suffices to show that
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there exist a neighbourhood V' C U of z, global sections f1,..., fm, € I'(caX,.A) and functions
ri; € O(V), 1 <4,j < my, such that

my
(1047) h1|V = Z’I‘ijfjh/, 1 S 7 S maq.

j=1
Without loss of generality, we may assume that U = II(Up, K) € B, where Uy C Xq is bi-
holomorphic to an open polydisk in C™ and is holomorphically convex in Xy, and K € Q. By
Proposition the topology on T'(W, A) is determined by semi-norms

(10.48) [[2]]v;, := inf { sup ()] : g € T(Vi, O™), h = wé(g)} ;
xe Vi

where ¢ is the homomorphism of sections induced by ¢ in (I0.40), and open sets Vj, € 9B are
such that Vi € V41 € W for all k, and W = UiV}, cf. Lemma [5.10.4(2) below; by definition,
Vi = Vo, i X Ni, where Vg, € Up, N, € K are open. Without loss of generality, we may assume
that each set Vj  is biholomorphic to an open polydisk in C™ and is holomorphically convex in
Xo.

Let V := Vj,, where kq is chosen so that z € Vj,. It follows from (C) (case (2), for Y := U)
that for every € > 0 there exist sections fi,..., fm, € I'(caX, A) such that ||h; — fillv < e.
Now, by Proposition EI0.T](1) the sequence of sections corresponding to (T0.46])

(10.49) = T(V,0™) 22TV, A) —0

is exact. Note that T'(V, O™1) consists of mi-tuples of holomorphic functions on V. Let h; =
(0,...,1,...,0) (1 is in the é-th position), 1 < ¢ < my. Without loss of generality we may
assume that h;|y = ¢§(h;). Since ¢§ is surjective, there exist functions f; € I'(V,O™) such
that @§(fi) = filv. It follows from the definition of semi-norm || - ||y, cf. (I0.48), that functions
fi can be chosen in such a way that
(10.50) sup |hi(z) — fi(z)] < 2e.
eV

Since ¢ is a O(V)-module homomorphism, the required identity (I0.47) would follow once we
find functions r;; € I'(V,0), 1 <i,j < my, such that

my

Ei:ZTijfj; 1§z§m1

j=1
The latter system of linear equations (with respect to r;;) can be rewritten as a matrix equation
H = FR with respect to R = (r);"\_; € O(V, M, (C)), where M,(C) denotes the set of
n x n complex matrices, H = (h;)"y € O(V,GL,(C)) (h; are the columns of H) is the
identity matrix, where GL,(C) C M, (C) is the group of invertible matrices, and F = (f;)™, €
O(V, Mn(C)) (fi are the columns of F). Since ¢ > 0 can be chosen arbitrarily small, in view
of (IL.E0) we may assume that F € O(V,GLyn(C)). Hence, we can define R := F~'H. This

completes the proof of (A).

5.10.1.1. Awxiliary topological results. For the proofs of Propositions [5.10.1] and we will
need the following results.

Let £ = {L;} be an open cover of Gy. We define a refinement of £ to be an open cover
L' ={L} of G such that each L’ € L; for some i = i(j).

Note that since Gy is compact, each open cover of Gy has a finite subcover.
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Lemma 5.10.3. Let L be a finite open cover of Ga. There exist finite refinements LF = {Léc :
Lé—“ € 9} of L having the same cardinality and such that L?‘H S L? for all j, k.

Proof of Lemma[5.10.3. Since Gy is compact, there exists a finite refinement £/ = {L:} of

L = {L;} such that every L) € L; for some i = i(j), and functions {p;} C C(Gy) such that

pj=1lonL) p;=0on Ga \ Li. We set LY :={ne Ga : pi(n) >1— 7=}, k > 1. By definition,
k : k._ (rk :

éj € Q for all j, k (cf. (@I2)). It follows that L := {L]} are the required refinements Ef

Lemma 5.10.4. Let K € Q, Uy C Xg be open, set U := Uy x K. The following is true:

(1) There exist open subsets N, € Q, 1 < k < o0, such that Ny, € N1 € K for all k, and
K = U Ng.

(2) There are open subsets Vi, = Vo o X Ni, 1 < k < 0o such that Vi, € Viy1 € U for all k,
and U = U V. Here Vy i, € Uy is open, and Ny, € Q, for all k.

(3) Let L € Q be such that L € K. Then there exists a collection of sets L™ € Q, m > 1,
such that L€ ---e L™t e L™ e--- € L' € K for all m.

(4) Let N € K, and {L;} be a finite collection of open subsets of K such that N € U;L,.
Then there exists a finite number of open subsets L', C K, L’ € Q, such that N € U; L,
and for each j we have L) € L; for some i = i(j).

Proof. (1) Recall that the basis Q of topology of Gy consists of sublevel sets of functions in
C(Ga), cf. @I2), so K = {n € Gy : maxicicm |hi(n)) — hi(no)| < €} for some 1y € Gy,
Bi,...,hm € C(Gy) and € > 0. Let 2’ be the subalgebra of C(Gy) generated by functions
hi,... hm,hi,..., hm. Since algebra 2 is finitely generated, the maximal ideal space My of
2’ is a compact subset of some CP, and we have A’ = C(Mgy). The map 7 : Gy — My
adjoint to inclusion ' C C (ém) is proper and surjective. By definition, there exists an open
subset K’ C My such that K = 7~ 1(K’). Since Mg is a compact metric space (as a compact
subset of CP), there exist open subsets N, C Mgy such that N;,_; € N/ € K’ for all k, and
K’ = UNJ. We define Ny, := 7~ }(Nj) € Q. Clearly, each sets N; can be chosen to be a set of
the form Nj = {y € Mo : maxi<i<p, |fir(y) — fir(yo)| < €} for some yo € Mo, fir € C(May)
and € > 0. Since 7*C(My/) C C(Gx), we have Ni, € Q (cf. (@I2)).

A similar argument yields (3).

(2) It is clear that there exists a sequence of open sets Vp  such that Vp € Vp k41 € Up for
all k, and Uy = UkVO.,k- We set Vi, .= VO.,k X Ng.

(4) We apply Lemma [5.10.3 to the finite open cover of Ga consisting of the sets L; and set
Ga \ N, to obtain a finite refinement {L;} C Q of this cover. We exclude subsets L} such that
L;- € Gy \ N. Then N C UjL;- and by definition of the refinement for each j we have L;- € L;
for some i, as required. 0

5.10.1.2. Proof of Proposition 5101l Let Uy € C™ be an open polydisk, K € 9 (cf. (£12)).
The sets Uy x K and II(Up, K) C ¢ X are biholomorphic (cf. Section @.5). The definitions of
analytic homomorphism and free resolution (of an analytic sheaf over an open subset of cy X,
cf. Section A7) are transferred naturally to analytic sheaves over Uy x K. Thus, it suffices to
prove Proposition [B.I0.1] in the assumption that analytic sheaf R and free resolution (I0.43)
are given over Uy x K.
We set U :=Uy x K.
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A function f € C(U) is said to be C*°-smooth if all its derivatives with respect to variable
x € Uy (in some local coordinates on Up) are in C(U). The algebra of C*°-smooth function on
U will be denoted by C*(U).

Let AP9(Up) be the collection of all C*°-smooth (p, ¢)-forms on Uy. We define the space
AP4(U) of C*-smooth (p, q)-forms on U by the formula AP2(U) := C>®(U) ® AP4(Uy). We
have operator 9 : AP4(U) — AP9T1(U), defined as follows: suppose that w € AP9(U) is given
(in local coordinates on Up) by the formula

w= > 3" frydz Ndzy,  frs € CF(U),

[I=p |J]=q
where I = (il,...,ip), J = (jl,...,jq), dzr = dz;, /\"'/\dZip, dzy =dz;, N "'/\dqu; then
(1051) 5f = Z Z 5f[J/\dZ[/\d2J,
[I1=p |J]|=q

where

gfIJ(z,n):=ZMd2j, z2=(z1,-..,2n), (2,)€eU=Uyx K.
J

A form w € AP4(U) is called O-closed if dw = 0.
Let A2 be the sheaf of germs of C*°-smooth (p,¢)-forms on U, and ZP7 C AP'? be the
subsheaf of germs of d-closed (p, q)-forms. Note that Z%° = O.

Notation. We fix an open polydisk V € Uy.

Let WO C VO be open in V, and such that Wy = Vo N Wo for some product domain WO =
Wa x - x Wg € Uy, where each W € C (1 <i < n) is simply connected and has smooth
boundary (clearly, given any open neighbourhood of Wy in Uy, we can find such a set Wo
contained in this neighbourhood).

Fix a subset W}, € W, open in Vj and satisfying the same intersection condition as Wj.

Let S C K be a closed subset, and let L' € L C S be open in S.

Lemma 5.10.5. For every w € T'(Wy x L, Z%9) there exists n € T(W{ x L', A%9~1) such that
on = w.

Proof. By definition, a section of sheaf Z%4 over Wy x L is the restriction of a section of Z%4
over some open neighbourhood of Wy x L. Therefore, we may assume that L is open in K, and
w € I‘(WO x L, Z%%) for some product domain Wo as above.

Clearly, there exists a product domain Wo S Wo open in Uy, where Wo = Wol X - X W(}“
and each domain WOZ € Wé has smooth boundary, such that W/ & Wo. Further, since Go is a
normal space, there exists an open set L” € L such that L' € L”.

Let C(L") be the Banach space of continuous functions on L” endowed with sup-norm,
A%4(Wo, C(L")) be the space of C°°-smooth C'(L")-valued (0, ¢)-forms on Wy, and

291y, C(L")) € A5 (W, C(L")
be the subspace of 50( gm-closed forms on Wo. Here
5C(Z/") : Ao’q(VAV()’ C(E”)) — ZO;qul (W07 C(E//))

is the usual operator of differentiation of C(L")-valued forms.
It is easy to see that every form in T'(Wy x L, A%9) defines a unique form in A%(W,, C(L"))
and, since Wy x L" is a neighbourhood of W{) x L', every form in A%(Wy, C(L")) determines a
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unique form in T'(W§x L', A%9); these maps commute with the actions of operators d and 50@,,).
In particular, form w determines a form & € Z%4(Wy, C(L")). Note that since Wy € C" is a
product domain, it is pseudoconvex. Hence Wj admits an exhaustion by strictly pseudoconvex
subdomains (see, e.g., [Kra]). Therefore, there exists a strictly pseudoconvex domain Dy € Wy
such that Wy € Dy. We restrict form & to Dy (clearly, @|p, is bounded), and apply Lemma
B.L1, where we take B := C(L"”). We obtain that there exists a form 7 € A%~ (W, C(L"))
such that dg(zmf) = & over Wo. It follows that form n € T(W§ x L', A%4~1) determined by 7
is the required one. O

DEFINITION 5.10.6. We say that a finite open cover U = {U,} of Vy x S is of class (P) if the
following conditions are satisfied:

(1) Uy =Ugy x Lj, o= (1,5), where {Up,} and {L;} are finite open covers of, respectively,
Vp and S, for all o

(2) Lj = SN L; for some L; € Q such that L; C K, for allj,

(3) Up,; = o ﬁUO ; for some product domain UO = Uolﬁl X e X U0 1 € Up, where each domain

onl € C (1 <i < n) is simply connected and has smooth boundary, for all {.

Lemma 5.10.7. (1) Each open cover of Vo x S has a refinement of class (P).
(2) Each open cover of Vo x S of class (P) has a refinement of class (P) having the same
cardinality.

Proof. (1) There exists a refinement of a given open cover of V; x S by open sets of the form
Uoux Mj, o = (1, 5), where {Up,;} and {M;} are finite open covers of, respectively, V, and S. By
the deﬁnltlon of induced topology on S, there exist open sets M; C K such that M; = SN M,;.
Now, we apply Lemma [5.10.4(4) to {M } (there we take N := S) to obtain open sets {L,} such
that L; € L; for some i = i(j) and L; € 9, for all . Fmally, we set L; := SN L;. The sets
Uo, % L form the required reﬁnement of class (P).

(2) Follows from assertions (3) and (4) of Lemma 5.10.41 O

Let U = {U, := Uy, x L;} be a finite open cover of Vy x S of class (P), and U’ = {U! =
Uy, x L} be a refinement of U of class (P) having the same cardinality (cf. Lemma 5.10.7(2)).
By definition, {Ug,}, {L}} are refinements of open covers {Up;} and {L;}, respectively.

We have a refinement map sy : 24U, R) — Z4U’',R) (see Section [F.I.1] for notation). If
no confustion arises, for a given o € Z*(U, R) we denote the image 141 (c) again by o.

Lemma 5.10.8. The following is true:

(1) Let o € Z2'U,0), i > 1. Then o € B{(U',0).

(2) H' (Vo x S,0)=0,i>1.
Proof. (1) We will prove a more general result: if o € Z(U,Z%%), i > 1, ¢ > 0, then o €
Bi{(U', Z°1). In particular, taking ¢ = 0 we obtain assertion (1).

Let i = 1, oy € 24U, Z%7). Since Vy x S is a paracompact space, there exist partitions

of unity {\} and {p;} subordinate to covers {Uj,} and {L} (C*°-smooth and continuous,
respectively). We define a 0-cocycle o§° € C°(U’, A%9) by the formula

(10.52) (0)al(@.8) = > pi(ON(@)(01)palz.€), (2.6) €V, foralla.
B=(1.4)

Since (01)a.5 = (008%)a.s = (08)a — (05°) 5, and O(01)a,p = 0, it follows that w := 0(05°) s on
U!, for all o, determines a section in I'(Vy x S, Z%9*1) such that Ow = 0. By Lemma [5.10.5
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(there we take W} = Wy = Vo, and L’ = L = S) there exists € I'(Vp x S, A%9) such that
On = w. We define a 0-cochain oo € C°(U’, Z%9) by the formula (00) = (05°)a — 1. It follows
that o1 = 609, therefore oy € BY(U', Z9).

Using Lemma[5.10.7(2) we may assume that there exists a refinement 4" = {Uy := Uy, x L}
of cover U of class (P), having the same cardinality as U, and such that U’ is a refinement of
u”.

Now, let ¢ > 1, assume that we have shown for all 1 < [ < i, ¢ > 0, that each o €
ZW U, Z2%9) belongs to BY(U", Z%7). For a given o; € Z(U,Z%9) we define an i — 1-cocycle
o0, € CHU", A%?) by the formula

(Uz@il)al ----- Oti(xaf) = Z pj(g)/\l(fE)(Ui)ﬁ,al ----- ai(I’€)7 (:E,{) € U(lx/l,...,ai
B=(,5)

for all ay,...,a; where UY, . = Ni_ U/} # @. We have 6(c5°,) = 0, so 96(05°;) =
§(00%°,) = 0. Define p; 1 = do°, € C~YU",Z%9Y). Since 6(ui—1) = Opi_1 = 0,
by the induction assumption there exists an i — 2-cochain u;_o € C*~2(U",Z%%) such that
§(pi—2) = pi—1 and Ou;_» = 0. Now, by Lemma [5.10.5(1) there exists an i — 2-cochain
Ni—e € C72U',A%9) such that On;i_o2 = pi_o. We define 0; 1 = 0, — §(n;_2). Then
§(oi_1) = 04, 80 0y € BH(U', Z%:9).

(2) By Lemma [5.I0.7(1) any open cover of V, x S has a finite refinement of class (P), hence
the required result follows from (1). O

Let {V4}72, be the exhaustion of U by open sets obtained in Lemma[5.10.4(2). By definition,
each set Vj, has form Vi = V) X Ni, where V ;, € Uy, N € K are open, and Ny € 9, for all

k. Since Uy is an open polydisk in C", we may choose V; ;, also to be an open polydisk, for all
k.

DEFINITION 5.10.9 (cf. [GrR]). We say that an analytic sheaf R on U satisfies the Runge
condition if the following holds for every k > 1:

(a) The space of sections I'(Vi, R) is endowed with a semi-norm |- | such that I'(U, R)|¢, is
dense in I'(Vy, R).

(b) There exist constants My > 0 such that for every f € T'(Viy1,R) we have |f|y, | <
M| flit1- ) )

(c) If { f;} is a Cauchy sequence in I'(Vy11,R), then {fj|y, } has a limit in T'(V, R).

(d) If f € T(Viy1, R) and |f[r41 = 0, then f|y, = 0.

Lemma 5.10.10 ([GrR]). Let R be an analytic sheaf on U. The following is true:
(1) Suppose that H'(Vy, R) =0 for all i > 1, k > 1. Then H*(U,R) =0 for all i > 2.
(2) If R satisfies the Runge condition and H'(Vj,, R) =0 for all k > 1, then H*(U,R) = 0.

Lemma 5.10.11. The sheaf O|y satisfies the Runge condition.

Proof. For a given section f € I'(Vj, O) let us denote by f(w) € C the value of germ f(w) at
point w € V4.

We endow each space I'(Vi, O) with semi-norm |f|), := sup, ey, |f(w)]. Conditions (b)-(d)
are trivially satisfied. For the proof of (a), let us fix a section f € I'(Vj, O). By the definition,
a section of sheaf @ over V}, := Vo,k x Ny, is the restriction of a section of @ over an open
neighbourhood of Vi. In particular, there exists an open neighbourhood L C K of N}, such

that section f|y, admits a bounded extension to Vg x L. Since Ga (D K) is a normal space,
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there exists a function pr € C(K) such that pp = 1 on Ng, and p, = 0 on K \ L. We set
f == fpr € T(Vox, x K,0). Then function f determines a holomorphic function f defined in
a neighbourhood of ‘70,19 and with values in the Banach space Cp(K) of bounded continuous
functions on K endowed with sup-norm || - ||. We now apply the Runge-type approximation
theorem for Banach-valued holomorphic functions, see [Bu2], to obtain that for every ¢ > 0
there is a function £ € O(Uy, Cy(K)) such that SUPL e, | f(z)—F(z)|| < e. Then F determines
a function F € O(U) such that sup,cy, |f(w) — F(w)| < &, which implies (a). O

Corollary 5.10.12. HY(U,0) =0, i > 1.
Proof. Follows from Lemmas [5.10.8(2), 510.10 and 510171 O

Lemma 5.10.13. Let B, R be analytic sheaves on U, let Vo € Uy be an open polydisk, S C K
a closed subset. Suppose that sequence

(10.53) B —>0

is exact. Then the sequence

g«
(10'54) Q*(B|V0XS)QQ*(R|VO><S)%0
is also exact. Here q : Vo x S — Vj is the projection on the first component, and q, is the direct
image functor.

Proof. We denote B := ¢+(Bly, x5 R = ¢«(Rlyyxs) ¢ := qu1b. We have to show that ¢ is
surjective. Given open subsets Wy C Vo, L C S, we denote by Wy, « L the homomorphism of
modules of sections I'(Wy x L ,B) = I'(Wox L, R) induced by 1, and by Wy, the homomorphism
of modules of sections I'(Wp, B) — T'(Wp, R) induced by t. By the definition of direct image
sheaf (see, e.g., [Gun3, Ch. F])

(10.55) D(Wo x S,B) =T (Wo,B), T(WyxS,R)=T(Wy,R).

To prove exactness of (I0.54)) it suffices to show that for every point zg € Vo, a neighbourhood
Wo C Vo of 20, and a section f,, € F(Wo,ﬁ) there exists a section §,, € I'(Wo, B) over a
neighbourhood Wy C Wo of o such that Wy, (day) = faolyiy, -

Let f, € I'(Wy x S,R) be the section corresponding to fmo under the second isomorphism
in (I055). By definition, a section of sheaf R over Wy x S is the restriction of a section of R
over an open neighbourhood of Wy x S. Therefore, shrinking W, if necessary, we obtain that
fxzo can be extended to a section of R over Wy x M;, where M; C K is an open neighbourhood
of S. Since ¢ is a surjective sheaf homomorphism, for each point y € {xo} x M; there exist
open sets Wy, C Wy, Ly, C My and a section s, € I'(Wyy x Ly, B) such that y € Wy, x L,
and Wy,  xr,(8y) = feolw,xr,. Since space Gy (D M) is compact Hausdorff and, hence,
is normal, there exists an open subset My C M; such that S C Ms, and My C M;. Since
My is compact, there exist finitely many points {y; 7Ly C S such that M, C UjLy,. We set
f/yj = My N Ly, for all j. There exists a partition of unity {p;} C C(Ma) subordinate to
{iyj}. We define Wy := N;Wo,y,;, and set

90 (2,1) Zp] )5y, (2,1m), (z,m) € Wo x 8.
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Then g,, € T(Wy x My, B). We have

\I]W[)XS gwo ij W0><L SUJ ijfw()'WoxL fwol[fVOXS'

Let ¢z, denote the section in I‘(WQ,B) corresponding to ¢, under the first isomorphism in
(I0.55). Then Wy, (Gzo) = fuolyi,» as needed. O

DEFINITION 5.10.14. We say that an analytic sheaf R (on U) admits a free resolution of length
N > 1 over U if there exists an exact sequence

PN-—-1

(10.56) Fylo = B R B Ry B r—0,
where F; are free sheaves, i.e., sheaves of the form OF for some k > 0 (by definition, O° = {0}).

Lemma 5.10.15. Let R be an analytic sheaf on U having a free resolution of length 3N

P3N -1 Y2
(10.57) Fanly —= ... o Foly == Fily —> R —=0.
If N > n (= dimc Uy), then for each k the induced sequence of sections
‘PN 1 4:02
(10.58) L(Vi, Fn) — .. Vi, F2) —>I‘(Vk,]-'1) —>I‘(Vk,7€) —0
s exact.
Proof. Let us fix k > 1. Let ¢ : Vi, — Vo be the projection, q(z,n) = =, (z,7) € Vi =

VO & X Ni (cf. notation before Definition (.10.9). Let ¢, denote the direct 1mage functor, set

Fi = qu(F; 1v.)5 R = = ¢«(Rly,), i = q«tpi- Applying ¢. to [10.57) we obtain a complex of
sheaf homomorphisms

(10.59) Fan 22 A RS R_0

(a priori this sequence is not exact). By the definition of a direct image sheaf, the sequence of
sections of (I0.59) over Vj x truncated to N-th term
(10.60) T(Vor, Fn) = -+ = D(Vor, F1) = T(Vor, R) = 0

coincides with sequence (I0.58). Hence, the assertion would follow once we prove that sequence

([I060) is exact.

Now, exact sequence (I0.57) yields a collection of short exact sequences

(10.61) 0—=Rily, —= Filp, = Ri1ly, —=0, 1<i<3N-—1,

where R; :=TIm ¢; (0 <i <3N —1), Ry :=R, and ¢ stands for inclusion. We apply to (06Tl
the direct image functor g, (recall that ¢. is left exact, see, e.g., [Gun3l Ch. F]) and Lemma
5. 10.13 to obtain a collection of short exact sequences

(10.62) 0T F, 25T 1 —>0, 1<i<3N-—1.

An argument similar to the one in the proof of Lemma [F.I0.8 implies H'(Vj , ]-A"l) =0,l>1,
k> 1,1 <1i<3N. Hence, each short exact sequence (10.62)) yields a long exact sequence of
the form

O_>F(‘7O,k57;) 9I‘(f/o,ka‘ﬁ'l) —>F(Vo,k,7;71) —_—
H' Vo, To) —=0—=H"'(Vo ., Ti-1) — H* (Vo ., i) —
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Thus, H™ (Vo r, Ti) = H™ (Vo i, Tiv1), m > 1,1 <i < 3N — 2, and so
H™ Vo, Ti) = H™ M Voo, Tigig1), 1> —1.
Let ustake m=1,1<¢< N, l:=2n—2. Then
H'Vor, Ti) = H* M (Vo i, Tivan—1), 1<i<N.

Since N > n, we have i +2n —1 < 3N — 1 for all 1 < i < N, hence T;yo,—1 is well de-
fined for all 1 < i < N. Since the topological dimension of Vp is equal to 2n, we have
H? (Vo g, Tivan—1) = 0, therefore H* (Vo , T;) = 0, 1 < i < N. Therefore, we obtain collec-
tion of short exact sequences

OQF(%,RHZ)ﬁr(%,kuﬁi)ﬁr(%,k7ﬁ—l)907 1§1§N7
which yields the exactness of sequence (I0.60). The proof is complete. O

Lemma 5.10.16. Let R be an analytic sheaf on U having a free resolution of length 3N

(1063) nglUwﬁ;l... ﬁ>.7:2|Uﬁ>]:1|Uﬂ>'R,—>O

If N > n, then R satisfies the Runge condition.

Proof. For a given section h of sheaf O™|y we denote by h(w) € C™ the value of germ h(w) at
w € U. We have a short exact sequence

0—Ker ¢ —L>]-"1|Uﬁ>7€—>0,

where ¢ stands for inclusion. In the proof of Lemma [5.10.15] we have shown that, under the
present assumptions, for each £ > 1 the sequence of sections

_ vt _ (3 _
0—T(Vi,Ker o) —T(Vg, F1) —=T(Vx,R) —=0

is exact. Given a section h € I'(Vj, F1), we define semi-norm |h, = sup,¢yp, | A(z)]|, where || - |
is a Buclidean norm in C™, where F; = O™ . Now, for a section h € T'(V},, R) we set

(10.64) |k == inf{|h|x : h € T(Vi, F1), 05(h) = f}.

We obtain a family of semi-norms {| - | : & > 1} on I'(U,R). Let us show that conditions
(a)-(d) are satisfied.

(a) Let f € T'(Vg, R). There exists a section h € T'(Vy, F1) such that f = ¢(h). Using the
same argument as in the proof of Lemma [5.J0.11] we obtain that for any & > 0 there exists
a section h € T'(U, F1) such that |h — hl, < e. We set f := @5(h) € T(U,R). By definition,
|f — flx < e, as required.

(b) Let f € T'(Vit1,R). Since

{h € T(Vipr, F1), f = @5 (M)}, € {g € T(Vi, 1), flyy, = #5(9)},
and for every h € I'(Viy1,F1) we have |h|r, < |h|gr1, condition (b) is satisfied with My = 1

(k> 1) (cf. ().

(c) Let {f;} be a Cauchy sequence in I'(Vj41,R). Then there exists a Cauchy sequence
{h;} C T'(Vig1,0™) such that f; = @gh; for all j. Clearly, there exists a function h €
O(Viy1,C™) N C(Viy1,C™) such that

(10.65) sup |h(w) — hj(w)| =0 asj — oo.

weViy1
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Then h € T'(Vj, O™), and by (I0.65) |h—h;|r, — 0 (j — o). Now, we set f := ¢jh € I'(Vi, R),
so by continuity |f — f;|lx = 0 (j — o0).

(d) Let f € T'(Vit1,R), |flk+1 = 0. By definition, there exists a sequence of sections
h; € T(Viy1, F1) such that f = ¢f(h;) for all [, and SUPL,et, [hi(w)|| = 0 as I — oo. Let
g1 :=h1 —hy, 1 > 1. Then ¢; € T'(Viy1, Ker ¢p), and

(10.66) gi(z) = h1(w) w € Vigy uniformly as [ — co.

Now, suppose that f|y, # 0. Then hyly, & I'(Vi, Ker ¢p).
Consider the second fragment of the free resolution of R,

0 —Ker ¢ —L>]-"2|U ﬂ>Ker o —>0,

and the corresponding sequence of sections (cf. Lemma [E.T0.T5)

(10.67) 0—=T(Vir1, Ker @) —T(Viy1, F2) il“(‘_/m , Ker ¢g) —0,

where % is given by a matrix with entries in T'(Vi41,0). Recall that T'(Vii1,Ker 1) is
endowed with semi-norm

(10.68) gl = swp [§@)], g€ D(Visr, Ker 1),

weViy1

Each section in space F(VkH,Ker 1) determines a continuous function on Vk+1 holomorphic
in Vi1, Let A(Viy1,Ker 1) be the completion of the space of these functions with respect
to norm defined by (I0.68). We introduce similar notation A(Vii1,Fa), A(Viy1, Ker ¢p), for
Banach spaces of holomorphic functions corresponding to two other terms in (I0.67), so (I0.67)
yields an exact sequence of Banach spaces

_ L _ (¢8)’ _
0—> A(Vit1, Ker ¢1) —= A(Vii1, Fa) —>= A(Vii1, Ker go) —0,

where (¢f)" is given by a matrix with entries in A(Vi11, O), holomorphic functions on Vi1

continuous on Vii;. It follows from (I0.66) that sequence {g;} whose elements are viewed as
functions in A(Vj41, Ker ¢g) is a Cauchy sequence and hence has a limit g € A(Vi 1, Ker ¢p).
Then there exists 7 € A(Vj41,F2) such that g = (¢7)'(r). Note that both glv,,,, (¥1) [viis
are the sections of analytic sheaves, and in particular gly, € T'(Vi, Ker ¢0), (¢1) |y, = ¢ilv,-
It follows that hily, = gly,, so hily, € T'(Vi, Ker ¢g), which is a contradiction. O

Lemma 5.10.17. Let R be an analytic sheaf over U admitting a free resolution of length 4N

(1069) f4N|U¢ﬂ;l... ifglUif1|UiR—>0

If N > n, and for each k the sequence of sections

ON_1 w5

(10.70) T(Ve, Fx) == ... 2DV, Fo) o T (Vi F1) —> T(Vir, R) —= 0
is exact, then the sequence of sections

PN_1 ®35

(10.71) T(U, Fx) —= ... 220U, Fo) 2> T(U, Fi) %> T(U, R) —= 0

is also exact.
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Proof. The exact sequence (I0.69) yields a collection of short exact sequences
L Pi—
(10.72) 0—=Ri—=Fily —=Ri_1—=0, 1<i<N-—1,

where R; :=Im ¢; (0 <i < N—1), Ry :=R, and ¢ stands for inclusion. Recall that the section
functor T is left exact (see, e.g., [Gun3, Ch. 3]), hence we have a collection of exact sequences

L* i
0—=T(U,R;) —=T(U, F}) —=T(U,Ri_1), 1<i<N-—1.

It suffices to show that ¢} ; is surjective; this would imply that (I0.7T)) is exact.
It follows from the exactness of sequence (I0.70) that for each k the sequences

_ vt _ 9022 _
(10.73) 0—=T(Vi, Rs) —=T(Vi, Fi) —=T(Vi, Riz1) = 0, 1<i< N —1,

are exact. By Lemma 5.I10.8 H'(Vj, F;) =0, 1 <i < N, for all k > 1, therefore the long exact
sequence for (T0.72) over V; has the form

0—=T(Vi, Ri) —T(Vi, Fi) —T(Vi, Ri—1) —
H' Vi, Ri) 0= H'(Vi,Ri_1) = H*(Vi,Ri) = ..., 1<i<N-1.

Now it follows from (T0.73) that H'(Vy,R;) =0forallk >1,1<4i < N —1.
The long exact sequence for (I0.72) over U has form

(10.74) 0—T(U,R;) —T(U, Fi) —T(U,Ri_1) —
HYU,R;)) - H\(U,F)) - H'(U,Ri_1) = H*(U,R;)) = ..., 1<i<N-1.

Each sheaf R;, 1 < ¢ < N — 1, has free resolution of length 3N, hence by Lemma [5.10.16 it
satisfies the Runge condition. It follows from Lemma F.I0.I0(2) that HY(U,R;) = 0 for all
1 <4< N —1. We obtain from (I0.74) that sequences

L [
0—=TD(U,Ri) —=T(U, Fi) —=T(U,Ri_1) = 0, 1<i<N-—1,
are exact, which implies the exactness of sequence (L0.7T]). |

Proof of Proposition [5.10.1] (1) Follows from Lemmas and 51017

(2) According to Lemma sheaf R satisfies the Runge condition. Hence, by Lemma
5.I10.10 we only have to show that H*(Vy,R) =0 for all i > 1 and k > 1.

Let V be an open cover of V} := ‘70,19 x K. Tt suffices to show that, given an i-cocycle
o € Z{V,R) (cf. notation before Lemma [E.I0.8), there exists a refinement V' of V such that
the image of o by the refinement map Z*(V, R) — Z%(V’, R) belongs to B{(V', R).

By Lemma [5.10.7(1) there exists a finite refinement U = {U,}, Uy := U,y x Lj, o = (1, ),
of cover V of class (P) (cf. Definition E.I0.6). Let s = sy be the number of elements of U,
and let N > max{n, s} be the length of the free resolution of R over U. By the definition
of open cover of class (P), a section of sheaf R over an element U, of U admits extension to
Uy = Upy x Ly, where Uy = U} x --- x U} € Uy is a product domain such that each Ui C C
(1 < < n) is simply connected and has smooth boundary, and Up; = Vo x N onl. By part (1)
of the proposition over each U, the sequence of sections U, corresponding to (I0L43)) is exact
(there we can take product domain Uo,l instead of polydisk Up). Hence, we have a sequence of
cochain complexes

CUFN)— ... —=CU,F1)—CU,R)—=0,
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By Lemma [BI0.7(2) there exists a refinement U’ of cover U of class (P) having the same
cardinality. We have a commutative diagram with exact rows

CU,Fn)—...—CU,F1)—CU,R)—=0

| |

cCU,Fy)—...—CU 7)) —=CU ,R)—0
or, equivalently, the collection of commutative diagrams with exact rows

0—CU,R;) —=CU,F;)) —=CU,Ri—1) —=0

|

0—CWU ,R)—=CWU ,F)—=CU ,Ri—1) —=0

where R; :=Im ¢; (0 <i< N —1), Rp :=R. Each row yields a long exact sequence

0—=T(Vj, R;) —=T(Vi, Fi) —T'(Vi, Ri—1) —

Pi_ 7
H'U,R) — H' (U, Fi) —> H"U,Rim) — H* U, R;) —> ..., 1<i<N -1
(and a similar one for &), where H'(U, R;) := Z' (U, R;)/B (U, R;) are the Cech cohomology
groups corresponding to cover U. These sequences form a commutative diagram

1 I+1
Pi—1

Vi
—>Hl(u,'R,l) —>Hl(u,]:l) —>Hl(u,Rz_1) —>Hl+1(u,Rz) —_— ...

! i
‘/ Lé 'Yil‘ 'Yi+1t ’
i
(S"i71)/

l_+1 ’
= H(UL R — B, F) Y i, R ) B U, Ry) —

where Lé, %4_1, %Hl are the corresponding refinement maps.

We have to show that, given o € H! (U,R), I > 1, there exists a refinement W of cover U
such that the image of o in H'(W, R) is zero. We construct this refinement using the following
algorithm.

Suppose that there exists a non-zero 0 € H' (U, R;_1). Let U" be a finite refinement of cover
U’ of class (P) having the same cardinality s as U and U’ (cf. Lemma [5.10.7(2)).

We consider two cases:

(a) (o) = 0. Then there exists n € H'(U, F;) such that o = ¢}, (n). We have 7}, (o) =
(¢! 1) (:i(n)). By Lemma B.I0.8 ¢t (H (U, F;)) = 0, hence the image of o by the refinement
map 7!, (0) = 0.

(b) o’ == p*(a) £ 0. If 1/)5[%(0’) =0, then /"1 (0”) = 0, so by case (a) the image of ¢ by
the refinement map H'(U', R;_1) — H'(U",R;_1) is zero. If wfﬁ(a’) # 0, then we apply case
(b) to wfﬁ(a’), etc.

We apply this algorithm to Ry = R assuming that there exists a non-zero ¢ € H' (U, R),
I > 1. Note that case (b) can not occur after s steps: assuming the opposite, we obtain a
finite refinement W of U of class (P) having the same cardinality as ¢ and a non-zero element
of H*(W,R;); however, since the cardinality of U is s, we have H*(W,R) = 0, which is a
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contradiction. Thus, after at most s steps we arrive to case (a), and hence the image of o under
the corresponding refinement map is zero. g

5.10.1.3. Proof of Proposition [5.10.2. The proof is based on the following lemma.

Lemma 5.10.18. Let Uy € C™ be an open polydisk, and K1, Ko € Q. Let R be an analytic
sheaf over Uy x (K1 U Ks). Let xg € Uyp.

Suppose that for every N > 1 sheaf R admits free resolutions of length N over Uy x K1 and
Uy x Ko. Then for any open subsets L1 @ K1, La @ Ks such that L; € Q (i = 1,2) there exists
a neighbourhood Vo C Uy of xg such that for every N > 1 sheaf R admits a free resolution of
length N over Vo x (L1 U Lg).

We prove Lemma [5.10.18 below. Let us now complete the proof of the proposition.

Let Uy € C™ be an open polydisk, zg € Uy. Since sets p—(Up) and Uy x Gy are biholomorphic
(cf. Section @), it suffices to prove Proposition [F.10.2 for a coherent sheaf A over Uy x Gy.

By definition of a coherent sheaf (cf. Definition [Z4]), there exist a finite open cover of {z¢} X
Gg[ by sets Wy ; x L;, where Wy ; C Uy is a neighbourhood of zg, U;L; = Ggl, and for every
N > 1 sheaf A admits free resolutions of length N over each Wy ; x L;.

By Lemma there exist a collection of finite refinements

Lm)={L:LFed, 1<j<m}, k>1

of open cover {L;}, such that L?‘H S L? forall1<j<m,k>1.
Let k = 1. We apply Lemma [5.10.18 to sheaf A with K; := L} Ky =L Ly:=12

m—1 m—1
Ly = Lfnfl, Vo :== Vo,m C NM;Wy,;, obtaining that for each N > 1 sheaf A has a free resolution
of length N over Vg ,,, x (L2,_; ULZ _,).
We replace £F(m), k > 2, with £L¥(m — 1) .= {L¥,... Lk _, LF ULr} k>2.

Now, taking k = 2, we apply the above procedure to cover £2(m — 1), obtaining that for
each N > 1 sheaf A has a free resolution of length N over Vg ,,—1 % (L3, _oUL3,_;UL3 ;) for
some open Vg ;m—1 C Vo m, etc.

After m steps we obtain that there exists an open subset Vo1 C N;Wy ; such that for each
N > 1 sheaf A has a free resolution over V1 X Gm, as required.

5.10.1.4. Proof of Lemmal510.18. We will use the following notation.

Let M;xx(C) be the space of [ x k matrices C' = (¢;;) with entries ¢;; € C, endowed with
norm |C| 1= max{|ey[}75_,. We set M (C) := Mixi(C).

Let GLi(C) C My (C) be the group of invertible matrices. We denote by I = I}, € GL;(C)
the identity matrix.

Let Up C C™ be an open polydisk, K € 9, set U := Uy x K. The space O(U, M(C)) of
holomorphic My (C)-valued functions is endowed with norm

| F|ly := sup |F(z)|, F € O(U,M;(C)).
e

The subset O(U,GL,(C)) C O(U, My(C)) of holomorphic GLj(C)-valued maps on U has the
induced topology of uniform convergence on compact subsets of U (cf. Lemma [(.10.4(2)).
The identity map (z,w) — I, (z,w) € U, will be denoted also by I.

Lemma 5.10.19. Let U’ := Uy x K', U" := Uy x K", where K', K" € . Suppose that
H e O(U'NU",GLk(C)) belongs to the connected component of the identity map I in O(U' N
U",GL;(C)).
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Then for any open polydisk Vo € Uy and open subsets L' € K', L' € K" there exists a
function H' € O(V'UV",GLy(C)), where V' := Vo x L', V"' := Vo x L, such that H'|yqyn =
Hlyiqyn.

Proof. We may assume without loss of generality that polydisks Vi, Uy are centered at the
origin 0 € C™.

First, suppose that |1 — H|lyv/ny» < 3, so we can define F:=InH € O(V' NV”, M;,(C)) N
C(f/' NV", My ((C)) Let us show that, after shrinking Vj, there exists a function F’ € (’)(V’ U
V" My(C) such that F'|y:qyr = Flyavr. Indeed, we can expand the C(L' N L"” M (C))-
valued holomorphic function F(z,-) in the Taylor series around 0,

F(zn) =Y bu()z™, ze€Vo, nel nL",
m=0

where b,, € C(L' N L", M},(C)). Note that space L' UL" is compact (and a closed subspace of a
compact space Gm), and hence is normal. Therefore, using Tietze—Urysohn extension theorem,
we can extend each function b, to a function b,, € C(L' U L”, My(C)) in such a way that
SUPep/mn |bm (W) = supye /i [bm(w)|, and define (possibly after shrinking Vp)

F(z,w) := Z b (w)2™, z€Vy, wel UL
m=0

Now, we set H' := exp(F') € O(V' UV",GL,(C)).
Further, let H € O(U’'NU",GLi(C)) be an arbitrary GLj(C)-valued bounded holomorphic
map belonging to the connected component of the identity map I of O(U’ NU",GLy ((C))
Let us show that map H|y Ay~ can be presented in the form

(10.75) H|yayn = HY ... H,
where each H' € O(V'NV" ,GL(C)), 1 < i <, satisfies

. 1
(10.76) I = H v < 5.

Since H belongs to the connected component of the identity map I, there exists a continuous
path H, € O(U' NU",GLk(C)) (t € [0,1]) such that Hy = I, H; = H. Consider a partition
0=tg <ty <---<t; =1 of the unit interval [0, 1], and define

Hi(z,w) = H; ' (z,w0)Hy, (z,w), (z,w)eV' nV" 1<i<lI,

ti—1
which gives us identity (I0.75). Provided that maxj<ij<;—1 |[tiy1 — t;| is sufficiently small, in-
equality (I0.76) holds for all 1 < ¢ <.
Now, shrinking V; if necessary, we obtain according to the first case that there exist maps
HY € O(V’ U V//,GLk(C>) such that Hi/|vlmv// = Hi|V/mV//. We define H := HY...H" ¢
OV'uVv"” GL,(C)). |

Corollary 5.10.20. In the notation of Lemmal5 1019, for any open polydisk Vo @ Uy and open
subsets L' € K', L" € K" there exist functions h' € O(V',GLk(C)), h" € O(V",GL(C))
such that

H=Wn", onVnv"

PTOOf. Let H' € O(V/ U VN, GLk ((C)) be as in Lemma [5.10.190 Since H/|V’ﬁV” = H|V’ﬁV”7 we
can choose h' := H'|y+, b := 1. O
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Lemma 5.10.21. Any analytic homomorpism ¢ : O|F, — O\, is determined by a holomorphic
function ® € O(U, Mlxk(([:)).
The proof is immediate.

DEFINITION 5.10.22 (cf. [Lem|). Let R, B;, 1 < i < N, be analytic sheaves over U. We say
that sequence

(10.77) By == By =By =R —0
is completely exact if for any m > 1 the sequence of sections
I'U,Homp(O™,By)) — ... = T'(U,Homp (O™, B1)) — I'(U, Homp (O™, R)) — 0
or, equivalently,
(10.78) NU,BY) = - —=T(UB") = T(UR™) =0,

is exact.

Here B", R™ stand for direct product of m copies of, respectively, B;, R, with itself, and
Home (0™, B;), Home (O™, R) are the sheaves of germs of analytic homomorphisms O™ — B;,
O™ — R, respectively.

Note that if sequence ([I0.78) is exact for m = 1, then it is exact for all m > 1.
The next two lemmas are due to [Lem].

Lemma 5.10.23. Let B, C be analytic sheaves on U. If sequence B % C — 0 is completely
ezact, and o : OF|y — C is an analytic homomorphism, then there is an analytic homomorphism
¥ OF|y — B such that ¢ = yib.
Proof. We can take v in the preimage of ¢ under the surjective homomorphism

¥+ : T(U,Home (OF, B)) — T'(U, Home (0%, C))
(cf. Definition [5.10.22). O

Lemma 5.10.24 (Three lemma). Let A, B and C be analytic sheaves on U. Suppose that
sequence

0 ALBAYC S0

is completely exact. If two among A, B and C have free resolutions of length N + n, where
n = dimc Uy, N > n + 2, then the third has a free resolution of length N —n — 1.

The proof of Lemma [5.10.24] repeats the proof of an analogous result in [Lem)]. For the sake
of completeness, we provide the proof below.

Proof of Lemmal510.18. We denote Uy := Uy x K1, Us := Uy x Ks. Let N > n + 1, consider

free resolutions of R of length M > 4N,
(10.79) Ok U >Ry, —0, i=1,2.

Consider the end portions of ([0.79):

U, —> .. —>Ok1’i

(10.80) OFi|y, >Ry, —=0, i=1,2.

Let U := U x (K; U Ks). We denote by 7; : OFt|y @ OF2|y — OFi|y, i = 1,2, the natural
projection homomorphisms.
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First, let us show that there is an injective analytic homomorphism H : O% | @ OF2|; —
OF1 |y ® OF2|y such that aym H = aama. By Proposition[5.10.1(1) sequence (I0.79) and, hence,
sequence (I0.80), truncated to N-th term, are completely exact. By Lemma we can
factor vy = awp, ag = a1 on Uy N Us for some analytic homomorphisms 1) : Ok1|UlmU2 —
O |y nvys @+ OF2 |y, — OF |y, nu,. Now, identifying sheaf homomorphisms 1, ¢ with the
holomorphic matrix functions that determine them (cf. Lemma BET0.21]), we define

I, o I, 0\ '
_ ]i}l kl
H= ( 0 I]{;Q ) ( ¥ Ik2 ) S O(Ul NUs, GLk(C)),

where k := k1 + ko. It is immediate that aym H = aome. The map H belongs to the connected
component of the identity map in O(U; N Uz, GL(C)). Indeed, consider a path H; € O(Uy N

Us, GL;(C)) (t € [0,1]),
—1
— Ikl W’ Ikl 0
Ht._<0 Ik2><tw Ikz) ’

so that H() = Ik, Hl =H.

Next, let L; € K;, L; € Q (i = 1,2) and V) € Uy be an open polydisk, xg € V. Let L* € Q
(i =1,2), m > 1, be the collection of open subsets of K such that L; € L?H € L" € K; for
all m > 1 (i = 1,2), obtained in Lemma 5.10.4(4).

Let {Vy™} be a collection of open polydisks such that Vy € Vom"’1 eVyh el forallm>1
(i=1,2).

We set V™ := V" x L (i = 1,2), m > 1.

We now amalgamate the free resolutions of R.

Let m = 1. By Corollary 5.10.20 there exist functions h; € OV}, GL,(C)) (i = 1,2), such
that H = h1he on Vi' N V3. Since aym H = agme, the sheaf homomorphisms

Oélﬂ'lhl : Ok1|vll &) Ok2|V11 — R|V11 — 0,

agmahy ' Oy @ OF2 [0 — Ry — 0
coincide over Vi' N V4 they induce an analytic homomorphism
. k1 ko
a: 0 |V11UV21 o0 |V11UV21 — R|V11UV21'
Let R1 := Ker a. The sequence
kl k2 A,
0= Rilyauvy = O yauyy © O |yagyy = Rlyiuyy — 0

is completely exact over sets Vi! and V3 since sequences (I0.80) are. By Lemma the
analytic sheaf R; has free resolutions over Vi! and V3 (of length 4N — 2n — 1) because two
other sheaves do.

Provided that M was chosen sufficiently large, we can repeat this construction N — 1 times
more over subsets V;", V3", 1 < m < N — 1, obtaining in the end a free resolution of R over
V1 UV; having length N. Since Vp, L1, Ly and N were arbitrary, the required result follows. [

5.10.1.5. Proof of Lemma[5.10.24 We will need the following lemmas.

Lemma 5.10.25. Let A be an analytic sheaf on U that admits a free resolution of length N

(10.81) Falo = A Rl Ay 2 A0,
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Given a completely exact sequence of analytic sheaves B; on U, 0 <i < N,

B b8
(10.82) By~ By By —> By —>0,

a sheaf homomorphism ®y : A — By can be extended to a homomorphism ®; : Fjlu — B,
(0 < j < N) of sequences ({I0.56), [I0.82).

Proof. The proof is by induction. We put ¢_1 := 0 (cf. (I08I)), S—1 := 0. Suppose that
for 0 < j <7, r < N — 1, the homomorphisms ®; : fj|U — B; have been constructed,
so that ®;_19;_1 = B;_1®;. If r = N — 1, then we are done. For r < N — 1 we have
ﬂrfl(q)ﬂpr) = (I)r71</7r71<%7r = 0. The sequence

F(U, HOIII(Q(]:T+1,BT+1)) — = F(U, HOIII(Q(]:T+1,BQ)) —0

is exact since (I0.82)) is completely exact (cf. Definition [510.22), hence there is a homomorphism
®, 411 € T'(U,Homo (Fp41,Br+1)) such that ®,.¢, = 5,P,11 over U, as required. |

Lemma 5.10.26. Given a free resolution (I0.50) of an analytic sheaf A on U of length N, the
sheaf Ker o1 =Im ¢, on U, 1 <n < N —1, has a free resolution of length N — n.

Proof. Immediate from the Definition [5.10.14] of free resolution of an analytic sheaf. O

Lemma 5.10.27. Let Ay be an analytic sheaf over U. Suppose that for a given N > 1 there
exists a completely exact sequence of analytic sheaves A; on U, 1 <i < 2N + 2,

(10.83) Aanio 570 A% Ay — 0,

such that sheaves A;, 1 <1i < 2N+2, have free resolutions of length n+ N, where n := dim¢ Uy.
Then Ag has a free resolution of length N.

Proof. Let M := 2N + 2.
(1) First, we construct a completely exact sequence of length M — 2 of the form
(10.84) Buoo M50 BB, B Ay 0,

where B = Ok|U for some k > 0, a free sheaf, and B, 2 < k < M — 2, are analytic sheaves on
U having free resolutions of length N +n — 1. Let

‘Fn+N1k—>"'—>f11kﬂAk—>0

be a free resolution of Ag, 1 < k < M. By Lemma[5.10.25 there exist analytic homomorphisms
1, such that the diagram

0 0 0
QN —1 a2 [e%) @o
(10.85)  Awm o As Ay Ao 0
WM w2 w1
Fi,m o P Fi2 s Fi1

is commutative. Let us show that sequence

Bnm—1 B2 B1 Bo
(1086) ]:1,M e Ker wpyro1 — ... %]‘—172 @ Ker wq —>]:1)1 — Ay —0,
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truncated to term Fj pr—2 @ Ker wps—3, is completely exact. Here By := aowi, 81 := 1 — i1,
where ¢, : Ker wp < Fj is an inclusion, and B = (tk ® Yp—1)(¥r — tk), k > 2. We apply to
(I085) and (I0:R6) a left exact functor I'(U, Homep (€, +)), where £ is a free sheaf: let

Ay =T(U,Homp(E, A1), (0<Fk < M),
F, :=T(U,Homp (£, Ft)), (1<k<M).

We obtain commutative diagrams of Abelian groups

0 0 0
(10.87) Ay ——"t o = A, — A DL A 0
w M w2 w1
FM pPM—-1 ) D2 F2 p1 Fl
and
brv—1 bo b1 b
(10.88) Fy @ Ker wypo1 — ... — Fy @ Ker w — F} = Ag—=0.

By Definition 5.10.22] the middle row of (I0.87) is exact. Also, by Proposition 5.10.1[(1) each
wg, 1 < k < M, is surjective, so the columns of (I0.87) are exact. Hence, we have analogous
identities

(10.89) bo = apwyr, b1 =p1—i1, by = (ir D pr—1)Pr —ir),

where iy, : Ker wy, < F}, is an inclusion. Let us show that (I0.88) is exact up to term Fj;_o &
Ker wp;_3. First, note that by is surjective because both ag and wy are. Second, if £ € Ker by,
then w(§) € Ker ag = Im a1 = Im a;we = Im wyp;. Here we have used the fact that wsy is
surjective. Let wy(§) = wi(p1(€)) and 7 := p1(¢) — & € Ker wy, so that & = b1((,7) € Im by.
Third, if 1 < k < M -3, and (§,n) € Ker by = Ker (py — i), then n = pg(§) and 0 =
wi (pr(§)) = ar(wr41(£)), hence wi41(§) € Im agy1 = Im agpi1wr+2 = Im wr1pg+1. Choose
¢ so that wr1+1(§) = Wi+1(Pe+1()). Then 7 := pr1(¢) — € € Ker wiy1. We conclude that

(€.1) = b1 (€, 7) € Im by, as required.
By Lemma [5.10.26 each Fi @ Ker wy_1 has a free resolution of length NV + n — 1. Hence, if

we take
Bi:=F1, eo:=00, Br=Fr®Kerwr_1, 2<k<M-2,
we obtain the required completely exact sequence (I0.84).

(2) Now, consider completely exact sequence (cf. (T0.84]))
BMﬁAi;l...%BQ&KQFEQ—}O.

We have proved that there is a completely exact sequence
Diyfea — -+ — D3 — Dy S Ker g9 — 0,

where Dy is a free sheaf, and each sheaf Dy, 3 < k < M — 4, has free resolution of length
N —n — 2. Therefore, we have a completely exact sequence

'DM_4—>"'—>'D3—>’D2381—>.A0—>0.
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Continuing in this way we obtain a free resolution of Ay of length N. O

Proof of Lemma[5.10.2]] We can assume that A C B and that § is the inclusion map.

(a) If A and B have free resolutions of length N + n, then Lemma [5.10.27 implies that C has
a free resolution of length N (and, in particular, of length N —n — 1).

Consider two remaining cases. Sheaf C has a free resolution of length NV + n,

for some open Vy C Up. By Proposition EI0.1[(1) sequence (I0A0) is completely exact. By
Lemma [5.T0.23] there is a commutative diagram

(10.91) 0 A

Fi
Let ¢ : Ker ¢ — F; denote the inclusion. Let us show that the sequence
(10.92) 0= Kerp X AaF 2 B0

is completely exact.
We apply functor I'(U, Home (€, -)) to (10.91)) and (I0.92), where £ is a free sheaf. We obtain
diagrams of Abelian groups

0
0 A—" B¢ .C 0
p ¥
"
and
(10.93) 0= Ker 28 AR " B0

The first diagram is commutative, its top row is exact (cf. Definition [(.10.22). By Proposition
BEI0I(1) we may assume that f is surjective. The latter sequence is a complex and is exact at
Ker f. We have to check that it is exact at the next two terms. If (§,n) € Ker (b — p) then

p(n) = b(§) =&, 0 = cp(n)) = f(n). Thus, n € Ker f and (§,n) = (p @ i)(n) € Im (p & i),
hence (I0.93) is exact in the middle term. On the other hand, if { € B, then with some n € F

—c(¢) = f(n) = c(p(n)),

i.e.,

C+p(n) =€ €Kerc= A
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Thus, ¢ = £ — p(n) € Im (b — p). We obtain that sequence (I0.93) is exact, hence sequence

([I092) is completely exact.
Note that by Lemma [5.10.26] Ker ¢ has a free resolution of length N +n — 1.

(b) The sheaf A® F; has a free resolution of length N4+n—1 over Uy x K. By Lemma [5.10.27]
sheaf B has a free resolution of length N — 1 over Uy x K (in particular, of length N —n — 1).

(¢) We may assume that B has a free resolution of length N +n—1 over V; x K. Since Ker ¢
has a free resolution of length N +n — 1, by (b) A& F has a free resolution of length N — 1.
Since sequence 0 — F — A® F — A — 0 is completely exact as F is a free sheaf (cf. Corollary
[(.10.12), we obtain by part (a) that A has a free resolution of length N —n — 1. O

5.10.2. Proof of Proposition The proof essentially repeats the proof of an analogous
result for coherent analytic sheaves on complex manifolds, see, e.g., [GR].

First, let A be a coherent subsheaf of O%, let U € B (cf. (£.15)). By Lemma [5.10.4(2) there
exist open sets Vi, € 9B such that Vi, € Vi1 € U for all k, and U = Uy V). We endow space
I'(U, A) of sections of sheaf A over U with the topology of uniform convergence on V4, for all
k. Then I'(U, A) becomes a metrizable vector space. We have to show that space I'(U, A) is
complete, i.e., it is a Fréchet space.

It is easy to see that space I'(U, OF) endowed with such topology is complete. Since A is
coherent, we may assume that there exists a free resolution (2.4) of A over U of length 4N,
N > n :=dim¢ Xy. Therefore, we have a short exact sequence

0— Ker o 5 O™y 5 Ay — 0,

where ¢ denotes the inclusion. In the proof of Proposition (. I0.I(1) we have shown that the
sequence of sections

(10.94) 0 — (U, Ker @) = T(U,0™) B T(U, A) = 0

is exact (cf. Lemmas and [5.10.17). By our assumption I'(U, A) C T'(U, OF). By Lemma
51021 the I'(U, O)-module homomorphism ¢, : I'(U, O™) — T'(U, O%) is determined by a kxm
matrix with entries in O(U), hence it is continuous; further, ¢, is continuous. Since sequence
([I099) is exact, I'(U, Ker ¢) = Ker ¢,, hence I'(U, Ker ¢) is closed. Therefore, I'(U, A), being
a quotient of a complete space by its closed subspace, is a complete space.

We note that by the open mapping theorem the topology in I'(U,.A) coincides with the
quotient topology determined by (10.94]).

Now, let A be an arbitrary coherent sheaf on cgX. Similarly, we have a free resolution (2.4))
of A over a neighbourhood U of length 4N, N > n, which yields a short exact sequence of
sheaves

(10.95) 0—Kerp 5 0™y 3 Ay =0
and an exact sequence of sections
(10.96) 0 — (U, Ker ¢) 3 T(U,0™) B T(U, A) — 0.

Using Lemma [5.10.24] we obtain that Ker ¢ is a coherent subsheaf of O™|y, so by the previous
part the subspace I'(U,Ker ) C I'(U,O™) is closed. We introduce in I'(U,.A) the quotient
topology defined by (I0.96]), which makes it a complete (i.e., Fréchet) space, and also implies
the last assertion of the proposition concerning the semi-norms determining the topology in

T(U, A).
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Let us show that thus defined topology on I'(U, .A) does not depend on the choice of resolution
(I085). Suppose that there is another resolution

0— Ker ¢ % 0™ |y & Ay — 0.

By Lemma [ETI0.25] there is a homomorphism ¢ : O™y — (’)m/|U such that the diagram of
exact sequences of sheaves

O™y d Aly 0
P A
o™ |y d Aly 0

is commutative. Therefore, we have a commutative diagram

I(U,0m™) —~ = T(U, A) 0
P A
r(U,0™) — = T(U, A) 0

of exact sequences of sections. By our construction ¢, ¢/, are continuous and surjective, ¥, is
continuous as a homomorphism of sections of free sheaves. By the open mapping theorem the
preimage of an open set by A, 1 = . (1)1 ()1 is open, so A, is continuous, hence it is a
homeomorphism.

Finally, let v : A — B be an analytic homomorphism. Let us show that v is continuous.
Analogously to the previous part, applying Lemma [5.10.25] we obtain a commutative diagram
of exact sequences of sheaves, which yields a commutative diagram of exact sequences

P

T(U, 0™) T(U, A) 0
P Ya
(U, 0™)|y —==T(U, B) 0

As before, the continuity of v, can be deduced from the continuity of the other homomorphisms,
as before. This completes the proof of the proposition.
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