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For holomorphic automorphism £ : X © of a cpt complex Kéhler
surface hip(f) = p(f*), spectral radius of f*H'"1(X) ©.

It is possible to define the action of a map on cohomology group even
if a map is not regular. Algebraic stability is the property a
meromorphic map that makes it especially nice for dynamical study.
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For holomorphic automorphism f : X © of a cpt complex Kahler
surface hip(f) = p(f*), spectral radius of f*H'"1(X) ©.

It is possible to define the action of a map on cohomology group even
if a map is not regular. Algebraic stability is the property a
meromorphic map that makes it especially nice for dynamical study.
Let X, Y be complex compact surfaces.

Definition
Bimeromorphic map (correspondence) f : X — Y is defined by its

graph (closure) I'y € X x Y, an irreducible subvariety. Let 71 : [y — X,
7o : [ — Y be projections.

Me(X,Y)
N
X Y

We require that 7, ', , ' are well-defined everywhere except for finitely
many points.
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Definition

Indeterminacy set I(f) is the set of points where 7 ! is not defined.
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Definition
Indeterminacy set I(f) is the set of points where 7 ! is not defined.

Definition
Exceptional set E(f) = UV;, where V; are curves such that f(V;) = p;.

v

Note that I(f~1) = f(E(f)).
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Note that I(f~1) = f(E(f)).
Hénon maps

° Ha,c(va) = (X2 +C— ay,x).
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Definition
Indeterminacy set I(f) is the set of points where 7 ! is not defined.

Definition
Exceptional set E(f) = UV;, where V; are curves such that f(V;) = p;.

v

Note that I(f~1) = f(E(f)).
Hénon maps

° Ha,C(Xv.y) = (X2 +C— ay,x).
@ Hy : C2? ¢ is a polynomial automorphism.

® Hyt = (y,p(y—;_x>.
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Indeterminacy set I(f) is the set of points where 7 ! is not defined.

Definition
Exceptional set E(f) = UV;, where V; are curves such that f(V;) = p;.

v

Note that I(f~1) = f(E(f)).
Hénon maps

° Ha,C(Xv.y) = (X2 +C— ay,x).
@ Hy : C2? ¢ is a polynomial automorphism.

® Hyt = (y,p(y—;_x>.

® Hoo(x:y:2z)=(x2+cz—ayz:xz:2?).
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Definition
Indeterminacy set I(f) is the set of points where 7 ! is not defined.

Definition
Exceptional set E(f) = UV;, where V; are curves such that f(V;) = p;.

v

Note that I(f~1) = f(E(f)).
Hénon maps

° Ha,C(Xv.y) = (X2 +C— ay,x).
@ Hy : C2? ¢ is a polynomial automorphism.

® Hyt = (y,p(yig_)().
® Hoo(x:y:2z)=(x2+cz—ayz:xz:2?).
o Indeterminacy set /(Hac) = {[0: 1: 0]}.
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Definition
Indeterminacy set I(f) is the set of points where 7 ! is not defined.

Definition
Exceptional set E(f) = UV;, where V; are curves such that f(V;) = p;.

v

Note that I(f~1) = f(E(f)).
Hénon maps

® Hao(X,y) = (X* + ¢ — ay,x).

@ Hy : C2? ¢ is a polynomial automorphism.

® Hyt = (y, p(yi;_x>

® Hoo(x:y:2z)=(x2+cz—ayz:xz:2?).

o Indeterminacy set /(Hac) = {[0: 1: 0]}.

@ Exceptional set E(Ha c)={z=0}
Hac(fz =0}) = [1:0:0] = E(Hy¢)
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Action on cohomology.

Despite the fact that map is not regular there is a natural way to define
it's action on cohomology f* : H*(X) — H*(Y).

Let I's be minimal disingularization of I's. Then one can lift 7q, w5 to [’
to be 1, Mo
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Action on cohomology.

Despite the fact that map is not regular there is a natural way to define
it's action on cohomology * : H*(X) — H*(Y).

Let I's be minimal disingularization of I's. Then one can lift 7q, w5 to [’
to be 1, Mo

Definition
Action f* on form « is defined

f*(a) = 714 0 ()

where we take pull-back of 75 as a form and push-forward 74, as a
current.
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Action on cohomology.

Despite the fact that map is not regular there is a natural way to define
it's action on cohomology * : H*(X) — H*(Y).

Let I's be minimal disingularization of I's. Then one can lift 7q, w5 to [’
to be 1, Mo

Definition

Action f* on form « is defined

f*(a) = 714 0 ()

where we take pull-back of 75 as a form and push-forward 74, as a
current.

Note that f*d = df*, therefore, it descends to action on cohomology
group.
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Action on Picard group.

Definition

Total transform f*(D) of a divisor D is {x € X| (x, f(x)) € ', f(x) € D}.

J
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Action on Picard group.

Definition
Total transform f*(D) of a divisor D is {x € X| (x, f(x)) € ', f(x) € D}. J

Pic(X) is a group of equivalent classes divisors.
Dy ~ D, iff Dy — Ds is principle.

Tatiana Firsova (University of Toronto) Algebraic stability May 26, 2010 5/13



Action on Picard group.

Definition
Total transform f*(D) of a divisor D is {x € X| (x, f(x)) € ', f(x) € D}. J

Pic(X) is a group of equivalent classes divisors.

D; NNDZ iff Dy — Ds is principle.

¢t : Pic(X) — H%J(X) is isomorphism, where

Pic(X) = Pic(X)/Pico(X).

Note that the total transform * on divisors coinsides with the pull-back
action on cohomologies.
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Definition
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Pic(X) is a group of equivalent classes divisors.

D; NNDZ iff Dy — Ds is principle.

¢t : Pic(X) — H%J(X) is isomorphism, where

Pic(X) = Pic(X)/Pico(X).

Note that the total transform * on divisors coinsides with the pull-back
action on cohomologies.
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It is generated by the hyperplane section L. The class of curve in CP?
is determined by its degree.
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Action on Picard group.

Definition
Total transform f*(D) of a divisor D is {x € X| (x, f(x)) € ', f(x) € D}. J

Pic(X) is a group of equivalent classes divisors.

D; NNDZ iff Dy — Ds is principle.

¢t : Pic(X) — H%J(X) is isomorphism, where

Pic(X) = Pic(X)/Pico(X).

Note that the total transform * on divisors coinsides with the pull-back
action on cohomologies.

H'1(CP?) = Pic(CP?) = Z

It is generated by the hyperplane section L. The class of curve in CP?
is determined by its degree.

The action f* on Pic(CP?) is multiplication by d, where d is algebraic
degree of f written in homogeneous coordinates.
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Definition of Algebraic Stability.

LetX =Y, eqg. X =Y =CP>
From now on we consider the action f*H1(X) ©.
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Definition of Algebraic Stability.

LetX =Y, eqg. X =Y =CP>

From now on we consider the action f*H1(X) ©.
In general (f*)? # (f2)*.

Definition

A map f is algebraically stable iff (f*)k = (fK)*.
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Definition of Algebraic Stability.

LletX=Y,eg. X=Y =CP?

From now on we consider the action f*H"'(X) ©.
In general (f*)? # (f2)*.

Definition

A map f is algebraically stable iff (f*)k = (fK)*.

Definition
The first dynamical degree \1(f) = limn_,oo| |(7)*]|"/".

This quantity dominates topological entropy htop(f) <log A\1(f), and
the equality is conjectured [F].
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Definition of Algebraic Stability.

LletX=Y,eg. X=Y =CP?

From now on we consider the action f*H"'(X) ©.
In general (f*)? # (f2)*.

Definition

A map f is algebraically stable iff (f*)k = (fK)*.

Definition
The first dynamical degree \(f) = limp_,oo||(f")*]|"/".

This quantity dominates topological entropy htop(f) <log A\1(f), and
the equality is conjectured [F].

If (f")* = (f*)", then X1 is equal to the spectral radius p(f*)

A(f) can be read from the first iterate of f.
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Examples of algebraically stable and unstable
maps.

One can check that HX ; has first coordinate x2¢ + ..., therefore
algebraic degree of HX . is 2 and it is algebraically stable.
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maps.
One can check that HX ; has first coordinate x2¢ + ..., therefore

algebraic degree of HX . is 2 and it is algebraically stable.
Cremona Transform

° Fo(x:y:2)=(yz:xz:xy).
@ The map F. doesn’t come from an plane automorphism.
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Examples of algebraically stable and unstable
maps.

One can check that HX ; has first coordinate x2¢ + ..., therefore

algebraic degree of Hg,c is 2% and it is algebraically stable.
Cremona Transform

° Fo(x:y:2)=(yz:xz:xy).

@ The map F. doesn’t come from an plane automorphism.
It is an extension of the map Fg(x,y) = (1, 1)

Xyt
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Examples of algebraically stable and unstable
maps.
One can check that HX ; has first coordinate x2¢ + ..., therefore
algebraic degree of Hg,c is 2% and it is algebraically stable.
Cremona Transform

° Fo(x:y:2)=(yz:xz:xy).

@ The map F. doesn’t come from an plane automorphism.

It is an extension of the map Fe(x,y) = (3, ;)-

@ F_ has degree 2, therefore it acts on Pic(CP?) multiplying by 2.
Let’s verify that by direct calculation

L=(1:y:y+1)

F'(L) = (y(y +1) : y +1: y)- curve of degree two.
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Examples of algebraically stable and unstable
maps.
One can check that HX ; has first coordinate x2¢ + ..., therefore
algebraic degree of Hg,c is 2% and it is algebraically stable.
Cremona Transform

° Fo(x:y:2)=(yz:xz:xy).

@ The map F. doesn’t come from an plane automorphism.

It is an extension of the map Fe(x,y) = (3, ;)-

@ F_ has degree 2, therefore it acts on Pic(CP?) multiplying by 2.

Let’s verify that by direct calculation
L=(:y:y+1)
FZ'(L) = (y(y +1): ¥ +1:y)- curve of degree two.
o F2=1d.
o Thus, (F%)? # (F2)".

F¢ is NOT algebraically stable.
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Cremona Transform

@ Indeterminacy set /(F.) = {(1:0:0),(0:1:0),(0:0: 1)}.
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Cremona Transform
@ Indeterminacy set /(F;) = {(1:0:0),(0:1:0),(0:0:1)}.
@ Exceptional set E(F¢) = {x =0,y =0,z = 0}.
Fec({x=0})={(1:0:0)},Fc({y =0})={(0:1:0)},
Fc({z=0})={(0:0:1)}
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Cremona Transform
@ Indeterminacy set /(F;) = {(1:0:0),(0:1:0),(0:0:1)}.
@ Exceptional set E(F¢) = {x =0,y =0,z = 0}.
Fec({x=0})={(1:0:0)},Fc({y =0})={(0:1:0)},
Fc({z=0})={(0:0:1)}

N

x=

[0:0:1

Tatiana Firsova (University of Toronto) Algebraic stability May 26, 2010 8/13



Characterization of algebraic stability.
Theorem

Let X be a compact complex surface and f : X © is a bimeromorphic
map and f* the induced action on H''(X)

o (f*)n = (fn)*
Q@ f"(E) & I(f) for any exceptional curve E.
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Let X be a compact complex surface and f : X © is a bimeromorphic
map and f* the induced action on H''(X)

o (f*)n — (fn)*
Q@ f"(E) & I(f) for any exceptional curve E.

If X = CP?, then (1) and (2) are equivalent to

(8) degf" = (degf)".

If X = CP?, the theorem says that having some iterate of f send the
exceptional curve to the indeterminacy set is equivalent to the
homogenous polynomials of the iterate have a common factor.
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Characterization of algebraic stability.

Theorem

Let X be a compact complex surface and f : X © is a bimeromorphic
map and f* the induced action on H''(X)

o (f*)n — (fn)*
Q@ f"(E) & I(f) for any exceptional curve E.

If X = CP?, then (1) and (2) are equivalent to

(8) degf" = (degf)".

If X = CP?, the theorem says that having some iterate of f send the
exceptional curve to the indeterminacy set is equivalent to the
homogenous polynomials of the iterate have a common factor.

Let’s check the criterion for Hénon maps.

E(Hac) ={z =0}

Hac(E)=(1:0:0)Cc {z=0}

HE(E)=(1:0:0) ¢ (0:1:0) = I(Hac)
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Algebraically stable model.

Theorem

For any bimeromorphic map f : X O of the complex compact surface X
there exists a complex surface X and = : X — X, which is a finite
composition of blow-downs, such that the diagram commutes

x 1%
T T

L,

X—X

and f is algebraically stable.
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Cremona Transform
Fo(x=0)=(1:0:0) € I(Fg), Fo(y =0) = (0:1:0) € I(F¢),
Fo(z=0)=(0:0:1) e I(Fg)

N

X=

[0:0:1
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Algebraically stable model for Cremona Transform

m(h) = {x =0}, m(k) = {z =0}, n(h) = {y = 0}
(ki) =(1:0:0), m(k2) =(0:0:1), m(k3) =(0:1:0)

ks N\
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