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This thesis is devoted to the study of foliations that come from dynamical systems.

In the first part we study foliations of Stein manifolds locally given by vector fields.
The leaves of such foliations are Riemann surfaces. We prove that for a generic foliation
all leaves except for not more than a countable number are homeomorphic to disks, the
rest are homeomorphic to cylinders. We also prove that a generic foliation is complex
Kupka-Smale.

In the second part of the thesis we study complex Hénon maps. The sets of points U™
and U~ that have unbounded forward and backwards orbits correspondingly, is naturally
endowed with holomorphic foliations F* and F~. We describe the critical locus — the
set of tangencies between these foliations — for Hénon maps that are small perturbations

of quadratic polynomials with disconnected Julia set.
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Chapter 1

Generic properties of holomorphic

foliations on Stein manifolds

1.1 Introduction

This chapter is devoted to the study of 1-dimensional (singular) holomorphic foliations
of Stein manifolds. The foliations of C" serve as the main example for us.

We restrict ourselves to the foliations with singular locus of codimension 2. Such
foliations are locally determined by vector fields [1172]. In case of C" such foliations are

globally determined by vector fields.

We study generic properties of such foliations. The genericity here is understood
as follows: the space of holomorphic foliations can be naturally equipped with (Baire)
topology of uniform convergence on nonsingular compacts sets. We provide the definition
and a thorough discussion of the topology in Subsection 1.2.4. We call a foliation generic
if it belongs to a residual set — an intersection of countably many open everywhere dense

sets.

We describe the topology of leaves for a generic foliation. Moreover, we prove that

a generic foliation is complex Kupka-Smale. Main results are given in the following two
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theorems:

Theorem 1.1.1. For a generic 1-dimensional singular holomorphic foliation of a Stein
manifold X all leaves except for not more than a countable number are topological disks,

the rest are topological cylinders.

Theorem 1.1.2. A generic 1-dimensional singular holomorphic foliation of X is complex

Kupka-Smale.

Complex Kupka-Smale property is a an analog of real Kupka-Smale property.
Definition 1.1.1. A foliation is called complexr Kupka-Smale if

1. all its singular points are complex hyperbolic;

2. all complex cycles are hyperbolic;

3. strongly invariant manifolds of different singular points intersect transversally.

The above definition was suggested by Marc Chaperon in [Ch04]. In this preprint he
studies holomorphic 1-dimensional singular foliations of Stein manifolds. He shows that
the property (1) holds for generic foliations. He also gives the proof of the property (3)
for generic foliations of C" and states the result for generic foliations of Stein manifolds.
To make the paper self-contained we give a proof of (3). Moreover, we show that using
our technique we prove transversality results for strongly invariant manifolds of the same
singular point.

We prove the following theorem:

Theorem 1.1.3. There exists a residual set in the space of holomorphic 1-dimensional

singular foliations such that

1. all singular points are complex hyperbolic.
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2. Let ay be a complex hyperbolic singular point of the foliation. Let My and My be
strongly invariant manifolds of the point ay, such that M N MY = ay. Then M,

and M,y intersect transversally everywhere.

The notions of complex hyperbolicity, strongly invariant manifolds and complex cycles
are reviewed in Section 1.2.

We establish generic properties of foliations by constructing perturbations that elim-
inate degeneracies. To prove Theorem 1.1.1 one needs to eliminate all degeneracies from

the following list:

1. non-isolated cycles;

2. two cycles that belong to the same leaf of the foliation and are not multiples of the

same cycle in the homology group of the leaf;
3. saddle connections;

4. cycles on a separatrix that are not multiples of the cycle around the critical point.

The definitions of a separatrix and a saddle connection are reviewed in Section 1.2.

There are not more than a countable number of isolated cycles by Landis-Petrovskii’s
Lemma [LP55]. In their paper the statement is proved for the foliations of C2. To
make the thesis self-contained we provide the proof of the lemma for the foliations of
Stein manifolds in 1.6.1. Therefore, once all non-isolated cycles are eliminated, all leaves
except for at most countably many are contractible.

In the smooth category one can destroy a degeneracy of the foliation locally. Say,
one can destroy a homoclinic loop by changing the foliation only in a flow-box around a
point on the loop:

In the holomorphic category one cannot perturb the foliation in the low-box without

changing the foliation globally.
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Figure 1.1: A homoclinic separatrix connection

We solve this problem in two steps. First, we construct a family of foliations in a
neighborhood of a degenerate object (i.e. a non-hyperbolic cycle; a non-trivial pair of
cycles on the leaf; a pair of paths on strongly invariant manifolds that connect two sin-
gular points of foliation with a point of non-transversal intersection of these manifolds).
Second, we approximate the foliation in the neighborhood by a global one, using the
approximation theory on Stein manifolds and the description of the holomorphic hull of
a curve in C". The second step can only be carried if the degenerate object is holomor-
phically convex. So we show that we can restrict attention to holomorphically convex

degenerate objects.

When we eliminate a degeneracy, i.e. a complex cycle, we do not have control over
the foliation outside the neighborhood of the degeneracy. Therefore, it might happen
that eliminating one degeneracy we create many other in different places. This problem
is solved indirectly. We find a countable number of places where the degeneracies can be
located. For each such location we prove that the complement to the set of foliations,
which have a degeneracy at this particular location, is open and everywhere dense. (The
proof substantially uses the holomorphic nature of the foliations.) Then we intersect
these sets and get the residual set of foliations without degeneracies. We describe this

strategy in detail in Section 1.6. This strategy was previously used in [F06] and [GKK].
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1.1.1 Outline of the chapter.

In Section 1.2 we provide the necessary background.

We give an overview of the history of the subject in Section 1.3.

As we pointed out there are no local perturbations allowed in the holomorphic cat-
egory, since one cannot change the foliation just in the flow-box. For holomorphically
convex degenerate objects we construct a neighborhood and a family of foliations that
eliminate the degeneracy in the neighborhood of the degenerate object.

We give a review of results on the holomorphic hulls of a collection of curves in
Section 1.5. We apply them to give geometric conditions for the degenerate object to
be holomorphically convex. We also review the relevant results from the approximation
theory on Stein manifolds and apply them to pass from a local foliation in a neighborhood
of a degenerate object to a global one.

Section 1.6 is devoted to the simultaneous elimination of degeneracies. In this section

we construct countably many holonomy maps that catch all degeneracies.

1.2 Background information.

1.2.1 Stein manifolds.

In this subsection we state the well-known facts about Stein manifolds. For the proofs
and further discussion, consult [H90].

For smooth manifolds there is Whitney Embedding Theorem, stating that any smooth
m-dimensional manifold can be smoothly embedded into Euclidean 2m-space. For com-
plex holomorphic manifolds the situation is different. There are complex manifolds that
cannot be holomorphically embedded as submanifolds to C”. Moreover, there are ones
that do not admit any global holomorphic functions, except for constants.

By Maximum Modulus Theorem and Liouville’s Theorem compact manifolds do not
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admit any nonconstant global holomorphic functions.

Informally speaking, Stein manifolds are the ones which do have an ample supply of
holomorphic functions.

We start our discussion of Stein manifolds with the definition of the holomorphic hull.

This notion plays an important role in the theory.

Definition 1.2.1. Let K be a compact subset of a complex manifold X, the O(X)-hull

of K is the set

hx(K)={u: |f(u)] < max{f(x)|z € K}or allf € O(X)},

where O(X) are holomorphic functions on X.

Note 1.2.1. We also call O(X)-hull, the holomorphic hull, when it is clear from the

context what the ambient manifold is. The notation h(K) is used in that case.

Note 1.2.2. The holomorphic hull is a reasonable notion, only if the manifold has an
ample supply of holomorphic functions. For instance, it is an important notion for the

compact subsets of C™.

Example 1.2.1. The holomorphic hull of the curve {|z| =1} C C is {|z| < 1}, i.e. the

curve together with interior in C.

h({lzl =1}) = {lz| < 1}

Figure 1.2: The holomorphic hull of the curve {|z| =1} in C

Proof. By Maximum Modulus Principle, the points z such that {|z| < 1} belong to the

holomorphic hull.
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Take a point zg so that |zp] > 1. By considering the global holomorphic function z

we see that this point does not belong to the holomorphic hull. O]

Example 1.2.2. Consider a curve

{(z,w) € C?| |2| = 1,2 = w}.
Then hez(y) = 7.

Proof. The function f(z,w) = zw — 1 is equal to zero on 7. Therefore, h(v) C {f = 0}.

Take a point (29, wy) € C2.

o If || > 1. Then

|z0] > max{|z|: (z,w) € v}

Function z is a global holomorphic function. Therefore, the point (2o, wy) does not

belong to h(7).

o If ’ZO| < 1, then ’U)O| > 1.

|wo| > max{|w|: (z,w) € v}

Therefore, the point (zg, wp) does not belong to h(y).
o If 29| =1, then zy = wy. So (29, wp) € 7.
Thus, h(y) =~ O

Definition 1.2.2. Complex analytic manifold X of dimension n is said to be a Stein

manifold if

1. for every compact set K its holomorphic hull A(K) is also compact;
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2. If z; and z; are two different points of X, then f(z1) # f(22) for some f € O(X);

3. For every z € X, one can find n functions fi,..., f, € O(X) which form a coordi-

nate system at z.

Fact 1.2.1. C" is a Stein manifold.
Fact 1.2.2. Every closed submanifold of a Stein manifold is a Stein manifold.
In fact there is the Embedding Theorem for Stein manifolds.

Fact 1.2.3. Fvery Stein manifold can be holomorphically embedded as a closed subman-

ifold into CV.

Below we give one more equivalent definition of a Stein manifold in terms of plurisub-

harmonic function, that is often used in practice.

Definition 1.2.3. A function ¢ defined in an open set 2 C C" with values in [—o00, +00)

is plurisubharmonic if

1. it is semicontinuous from above.

2. For an arbitrary z and w € C", the function 7 — ¢(z + T7w) is subharmonic in the

part of C where it is defined.

Fact 1.2.4. A function p € C*(Q) is plurisubharmonic if and only if

n

> 9¢(2)/020zw;wy, > 0, (1.1)

jk=1
where z € Q, w € C™.

Definition 1.2.4. Function ¢ is strictly plurisubharmonic if the inequality 1.1 is strict.

The notion of plurisubharmonicity does not depend on the choice of holomorphic

coordinates. Therefore, it is well defined on all complex manifolds.
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Fact 1.2.5. A complex manifold X is a Stein manifold if and only if there exists a strictly

plurisubharmonic function ¢ € C*(X) such that

Qe={z] z€ X, 0(2) <c} €N

for any real number c. The sets Q. are the O(X)-convex.

1.2.2 Complex foliations

Definitions 1.2.5-1.2.12 are from [[1Ya]. They are scatted through out the text, so we
provide them here for the convenience of the reader. Definition 1.2.13, 1.2.14 can be

found in [V06],[Ch86] correspondingly.

Definition 1.2.5. Let F be a foliation of a complex manifold X. Let v : [0,1] — X
be a path on X. Let Ty and 7 be two transversal sections to F, passing through ~(0)
and (1) respectively. Then for any initial point z € Tp, close to (0), leaf-wise curves,
starting from x, and staying close to ~, and arriving to 77, arrive at a well defined point

A, (x). Thus, we obtain a map A, (z), which we call holonomy map.

Definition 1.2.6. If v : [0,s] — X is a closed curve, and T is a transversal section to

F, passing through ~(0). The map A, : T — T is called the holonomy map as well.

Figure 1.3: A holonomy map
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The holonomy map is a holomorphic map. If one changes the transversal section, the
holonomy map gets conjugated by a holomorphic map.

A complex vector field determines a one-dimensional foliation in the complement to
its singular locus. In this paper we work only with one-dimensional foliations. Later on

the word ”foliation” means one-dimensional foliation.

Definition 1.2.7. A singular holomorphic foliation in complex analytic manifold is a
holomorphic foliation F in the complement U\X to an analytic subset ¥, codim® > 2,

called the singular locus of F.

Note that singular holomorphic foliations are locally generated by holomorphic vector
fields. For the proof see [1172], [IlYa]. There it is proved for domains in C", but the proof

works for any complex analytic manifold.

Definition 1.2.8. A complex cycle is a nontrivial free homotopy class of loops on a leaf

of foliation.

Definition 1.2.9. A complex cycle v is called isolated if it corresponds to an isolated

fixed point of its holonomy map. It is called ¢dentical if the corresponding holonomy map

is identical.

Figure 1.4: An isolated cycle
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Figure 1.5: An identical cycle

For foliations of 2-dimensional Stein manifolds all cycles are either isolated or iden-
tical. For higher dimensions there are also non-isolated cycles, i.e. non-identical cycles

that belong to holomorphic families.

Definition 1.2.10. A complex cycle is hyperbolic if its holonomy map is hyperbolic, i.e.

the eigenvalues of its derivative do not belong to the unit circle.

Definition 1.2.11. A singular point is called complex hyperbolic if it is non-degenerate

and the ratio of any two eigenvalues is not real.

In this thesis we work only with complex hyperbolic singular points. So we reserve
the word "hyperbolic” to complex hyperbolicity.

Note that complex hyperbolicity plays similar role for the theory of complex vector
fields as hyperbolicity for the theory of real vector fields. In particular, if the point is
complex hyperbolic, then the phase portrait of the vector field in the neighborhood of a
singularity is homeomorphic to the phase portrait of its linearization [Ch86],[Guc72]. See

([MYa],section 29) for thorough consideration of properties of complex hyperbolic points.

Definition 1.2.12. A complex separatriz of a singular holomorphic foliation F at a
singular point a € X(F) is a local leaf L C (U, a)\X, whose closure L Ua is a germ of an

analytic curve.
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Figure 1.6: A heteroclinic saddle connection

Figure 1.7: A homoclinic saddle connection

Definition 1.2.13. A saddle connection is common a separatrix of two singular points.

Definition 1.2.14. Suppose a is a hyperbolic singular point of the foliation F. Let
A1, ..., A, be the eigenvalues of a. Let [ be a line passing through the origin in C. Let
A= (Aiy,-..,A;) be the eigenvalues of a that lie on one side of the line [. Let ay be a
subspace spanned by the eigenspaces of all elements of A\. The local strongly invariant
manifold M!°¢ is a manifold tangent to «y. The global strongly invariant manifold My
is obtained by taking the union of leaves that belong to the local strongly invariant

manifold.

Strongly invariant manifolds exist [[1Ya]. The proof can be easily modified to show
that they depend holomorphically on a vector field (on a foliation).

Suppose that v is a vector field that determines the foliation locally. Strongly invariant
manifolds are stable and unstable manifolds of the time-one map ®!, of the vector field
cv, where ¢ € C* is taken so that [ becomes the imaginary axis. If one considers the real
flow of the vector field cv, then locally strongly invariant manifolds coincide with stable

and unstable manifolds [Ch86].
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A1

X4 X3

Figure 1.8: A line, separating eigenvalues.

1.2.3 Holomorphic vector bundle associated to a foliation

Take a 1-dimensional singular holomorphic foliation F of a Stein manifold M. One can
naturally associate a linear bundle B to F.

Notice that a foliation by holomorphic curves is locally determined by a holomorphic
vector field [I1Ya]. Consider a covering of a Stein manifold by open contractible sets U;.
On each set U; the foliation is determined by a holomorphic vector field v;. For a pair of
intersecting sets U; and U, define a function g;; = v;/v;. This function is well-defined on
(Ui NU;) \{v; = 0}. The set {v; = 0} has codimension 2. Therefore, g;; can be extended
to U; N U;.

The same way gj; = v;/v; can be extended to a well-defined function on U; N Uj;.

995 =1 = gij|viv; #0

The set of functions {g;;} form a 2-cocycle, therefore, they define a linear bundle.

Lemma 1.2.1. 1-dimensional singular holomorphic foliation of a Stein manifold X with

H?*(X,Z) = 0 is determined by a holomorphic vector field.

Proof. A linear bundle is an element of H'(X, O*). Since X is a Stein manifold, H' (X, O*) =
H*(X,Z). H*(X,Z) = 0 by assumption. Thus, a bundle defined by g;;, is trivializable

and the foliation can be determined by a vector field globally. O]
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In particular, the foliations of C™ are globally determined by vector fields.

Lemma 1.2.2. 1-dimensional singular holomorphic foliation F of a Stein manifold X

1s determined by a global section of the vector bundle TX ® Br.

Proof. This is follows from the construction of Br. O]

1.2.4 Topology of the uniform convergence on compact non-

singular sets

First, we provide the description of the topology for C". In this description we follow
[GKK]. As we pointed out in the previous subsection, the foliation of C™ is globally
determined by a vector field. But we do not need the n-tuple (f1,..., f,) to define the
foliation. We only need the direction of the complex vector, tangent to the leaves. The
natural and the standard way to define the topology on the space of foliations is the

following. A basis of neighborhoods of the foliation F is formed by

{Q| G is nonsingular in K, p = Bg(0)\U.(X(F)) and the tangent direc-
UR,&,(S =

tions to the foliations F and G are e-close on K, g,
(1.2)

where ,0 > 0, Br(0) is the ball of radius R with the center at the origin, ¥(F) is the
singular locus of F.

So, informally speaking, two foliations are close if their tangent directions are uni-
formly close on a ball of a large radius except for some small neighborhood of the singular
locus.

The map from the space of vector fields, with the topology of uniform convergence
on compact sets, to the space of foliations, is continuous.

The integral representation of derivatives of a holomorphic function implies:

If two functions are close on a disk, then they are close with their derivatives up to

the order r on a smaller disk.
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Therefore, if in holomorphic case one requires that F and G in 1.2 are e-close together
with their derivatives up to the order r, one gets the same topology.

We fix a compact exhaustion:

Klg...@Kn...@X’

where K,..., K, are compact subsets of X, closures of open connected subsets of X;
U, K, = X.
We fix metrics d; on X and dy on the projectivization of its tangent bundle PT'X.

A basis of neighborhoods of the foliation F is formed by

G| G is nonsingular in K, ,, = K,\U.(3(F)) and the tangent directions
Ureo = {to the foliations F and G are e-close on K., }
Note that the obtained topology does not depend on the choice of the compact ex-

haustion and the choice of metrics d; and d».

Note that the set of foliations of X has countably many connected components,
parametrized by Chern classes of the linear bundles, associated to the foliations.

The set of sections of TX ® Br is equipped with the topology of uniform conver-
gence on compact sets. The map from the space of sections to the space of foliations is

continuous.

1.3 History of the subject.

1.3.1 Polynomial foliations.

Polynomial foliations of C? have been extensively studied since the times of Poincaré.
The detailed survey of the theory of polynomial foliations is provided in [1102],[1104]. The
connection with Hilbert’s 16th problem is one of the motivations to study the subject.

The polynomial differential equation in C? is an equation of the form:
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de _ Pa(z,y)
dy  Qun(z,y)’

where P,, (), are polynomials of degree n.

The polynomial foliation is determined by a pair (P,, @Q,), defined up to a multipli-
cation by a non-zero function.

There has been significant progress in understanding the global topology of the phase
portrait of a foliation.

The density was first proved by Khudai-Verenov [Kh62], rigidity and countable num-
ber of limit cycles was established by Ilyashenko [I178]. Many others have contributed to
this subject, proving these results with stronger notions of genericity.

A leaf of a foliation is a Riemann surface and in general it can have fundamental
group with any number of generators. The following question was asked by Anosov in

60’s and still remains unsolved.
Problem 1.3.1. What is the topological type of a leaf for a generic polynomial foliation?

We expect the answer to be the same as in the holomorphic case. Though the topology
of the leaves of a generic foliation is not known, the conformal type of the leaves for a
generic foliation was described by Candel-Gomez-Mont [CGM95]. The result was later
improved by Lins Neto [LN94|, and Glutsyuk[G94].

Theorem 1.3.1. [G94], [LN94] Any leaf of a generic polynomial foliation of degree n is

hyperbolic.

1.3.2 Analytic foliations

In my paper [F06] I give the answer to the Anosov’s question in the case of holomorphic

foliations of C". I proved the following theorem:
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Theorem 1.3.2. For a generic holomorphic foliation of C? all leaves except for not
more than a countable number are topological disks, the rest are topological cylinders.

Moreover, a generic foliation is complex Kupka-Smale.

Golenishcheva-Kutuzova [GK06] showed that for a generic foliation countable many

cylinders do exist.

Problem 1.3.2. Prove that for a generic singular 1-dimensional holomorphic foliation

of a Stein manifold countable number of cylinders exist.

Problem 1.3.3. What is the conformal type of leaves of a generic singular 1-dimensional

holomorphic foliation of a Stein manifold?

We expect that the technique from [CGM95], [LN94], [G94] can be adjusted to attack
the problem. See the paper [I108] for a vast discussion of open problems.

The Kupka-Smale property for a generic polynomial automorphism of C™ was estab-

lished by Buzzard in [B9S].

1.4 Local elimination of degenerate objects.

As we pointed out in the introduction one can not eliminate a homoclinic saddle con-
nection locally in a flow-box. Rather than that one needs to perturb the foliation in the
neighborhood of the separatrix loop. This leads us to considering degenerate objects.

We consider the following degenerate objects:
1. A non-hyperbolic loop 7 on the leaf of foliation F;

2. A pair of loops 71,72 that belong to the same leaf L; are not null homologous on

L; and are not multiples of the same cycle in the homology group of L.
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4!

Figure 1.9: A pair of cycles

3. A path v on a saddle connection, that connects two different singular points a; and

as.

Figure 1.10: A path on a saddle connection

4. A loop v on a homoclinic saddle connection, that connects a singular point a with

itself.

Figure 1.11: A loop on a homoclinic saddle connection

5. A loop v on a separatrix that is not homotopic to a multiple of the loop around

the singular point a.
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Figure 1.12: A loop on a separatrix.

6. A pair of paths v; and 75, so that v, and 7, belong to the strongly invariant
manifolds M; and Ms of singular points a; and as correspondingly; and connect aq

and ay correspondingly with a point of non-transversal intersection of M; and M,.

72

a1

a2

Figure 1.13: A non-transversal intersection of strongly invariant manifolds.

7. A loop v = 71 U s, so that v, and 7, belong to strongly invariant manifolds
M and M, correspondingly of a singular point a; and connect a with a point of
non-transversal intersection of M; and M, correspondingly. (We assume that in a

neighborhood of the point a, M°¢ N Mi¢ = a.)



CHAPTER 1. GENERIC PROPERTIES OF HOLOMORPHIC FOLIATIONS ON STEIN MANIFOLDS20

2

Figure 1.14: A homoclinic non-transversal intersection of st. inv. manifolds.

In this section we find a neighborhood of a degenerate object and and a family of
holomorphic foliations in this neighborhood that eliminate the degenerate object in the

neighborhood.

Our technique allows us to do that only if the degenerate object is holomorphically
convex. We expect, though, it should be possible to carry out for any smooth enough
curve. In Section 1.6 we show that all the degenerate objects, satisfying this additional
condition, can be eliminated simultaneously. Moreover, if a foliation does not have holo-
morphically convex degenerate objects, then it does not have degenerate objects. Note
that in all cases degenerate objects are paths or closed curves. In the following two sub-
sections we describe a general procedure of constructing a local family of foliations in a

neighborhood of a holomorphically convex curve.

Let U be a neighborhood of the curve. First, we allow not only the foliation, but
the neighborhood itself to change with the parameter A\. We get a family of foliations
F) on manifolds Uy,. Then we find the way to 'project’ Uy to some neighborhood of the
degenerate object. Thus, we produce a family of foliations in the neighborhood of the

degenerate object that breaks it.
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The following lemma summarizes the results of the following two subsections.

Let v be a holomorphically convex curve on a Stein manifold X, endowed with a
foliation Fy. Fix a point p € 7, assume that p ¢ 3(F). Assume that in a neighborhood
of p the curve v belongs to a leaf L of Fj. Take a flow-box in a neighborhood of the point
p. Fix coordinates (z1,...,2,-1,t) in a neighborhood of p, such that ¢ is a coordinate
along the foliation, z(p) = 0. Let a C v be a small arc, a neighborhood of p on . Take
a pair of points ¢i,go € 7\, that lie on different sides of o and belong to the flow-box.
Let Ty, T be transversal sections to Fy that pass through ¢, ¢o. Functions (z1,...,2,-1)

work as coordinates on 17, T5.

Figure 1.15:

Lemma 1.4.1. Fix a holomorphic on \ family of germs of biholomorphisms
P, : (C"1,0) = (C"1,0), @ =Id.

Then there exists a neighborhood U of v with a retraction p : U — v and a family of

foliations Fy on U that depends holomorphically on \ satisfying the following conditions:

1. outside p~t(a) Fy is biholomorphic to Fy. More precisely, there exists a holomor-
phic on X family of maps my : (U\pfl(a)> — X, which are biholomorphisms to

their images, such that my maps the leaves of Fy to the leaves of Fy, mo = 1d;

2. The holonomy map inside the flow-box along the foliation Fy between Ty and T is

biholomorphically conjugate to @y, more precisely, in coordinates (z1,...,2,-1) on
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Ty, Ty it is (w3) " o ®y omi, where 7% and (73)~" are first (n — 1) coordinates of my

and " correspondingly.

This lemma is supposed to mimic the smooth case, when we change the foliation only
in the flow-box. In the holomorphic case this is not possible. Therefore, we need to

adjust everything by the map .

1.4.1 Regluing.

Let v be a path or a loop in a Stein manifold X. Let us fix a p € .

Let @ : Q — C" ! be a family of biholomorphisms that depend holomorphically on
1-dimensional parameter \, Q C C*1, 0 € Q, &, = Id.

We start by constructing manifolds Uy. They are obtained by regluing U in a flow-box
around a point p. First, we describe the procedure informally and point out the technical
difficulties that arise. Then we repeat the description paying attention to the technical
difficulties.

We take a neighborhood U that can be retracted to «y. Let U be a complex manifold
that projects one-to-one to U everywhere except for a flow box around a point p and
projects two-to-one to this flow box. U is obtained from U by gluing the points in the
flow-boxes using identity map. U, is obtained from U by gluing the points in the flow-
boxes by using the map ®,. The problem is that ®, is not an isomorphism from the
flow-box to itself. Thus, extra caution is needed to make U, Hausdorff. In the rest of
the section we describe these precautions.

First, we choose a bigger neighborhood W that can be retracted to v. Let p denote
the retraction. Fix a point p € v and an arc « C 7, p € a. Take a transversal section
T to the foliation Fy at a point p. Let (z1,...,2,-1) be coordinates on 7. Let ¢ be a
coordinate along the leaves of the foliation F.

Let W be a connected complex manifold that projects one-to-one on U \p () and

two-to-one on p~!(a). Let 7, be the first projection and 7, the second.



CHAPTER 1. GENERIC PROPERTIES OF HOLOMORPHIC FOLIATIONS ON STEIN MANIFOLDS23

Figure 1.16: Regluing

Let V be a flow-box around a point p in W. We assume V' C p~'(a). Fix coordinates
(21, Zn_1,t) in V. We take V small enough so that (®,,1d) is a well-defined map on
V and is a biholomorphism to its image. Let V; = 7y /(V), Vo = 7, 1(V).

Let T. C W be a a tube of points that are at distance ¢ from the preimage of v\a.
Let 7. € W be a tube of points that are at the distance ¢ from the preimage of v\a.
Take ¢ small enough.

Take U =T, UV, U =V; UV, UT,. Note that U can obtained from U by gluing the
points from V; and V5 that project to the same point in W.

Let V3 = my " (@, 1d)(V))

Let U,\ =Vu TC U V3. U, is a space obtained from ZA],\ by gluing V; and V3 by the
map (P, Id). The space U, inherits complex structure. The following standard lemma

gives the necessary condition for the obtained space to be Hausdorff.

Lemma 1.4.2. Let X; be a an open subspace of Xo, X1 C Xo C X, where X is a
Hausdorff metric space. Let ¢ : X1 — ¢(X1) C Xy be a homeomorphism to its image,
that, moreover, extends to be homeomorphism to the boundary. Let o(0X; N Xy) C
Dp(X1)\Xa, o (0p(X1) N Xy) € 90X\ X, and o(X1) N Xy = 0. Then the space Xo/ ~,

where x ~ @(x), x € X1, is a Hausdorff space.
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One can take ¢ and X\ small enough so that triple X; =V, Xy = UA, v = P, satisfies

the hypothesis of the lemma. Therefore, U, is a complex manifold.

U={(u,\) e W xAueV,UT. UV} Ae A}

U=UJ~,(u,\) ~ ((®x,1d)(u),\), where u € Vi, A € A

Note that regluing is a local procedure, we do it in a neighborhood of a point.

1.4.2 Projection. Siu’s Theorem.

The goal of this step is to prove that one can take a small neighborhood of v in U, and
project it biholomorphically to a neighborhood of v in U.

Suppose 7 is holomorphically convex. One can choose a neighborhood U; of v, U; C U,
such that Uj is an analytic polyhedron, therefore, a Stein manifold [GR65].

To produce a neighborhood of Uy in U we use Siu’s theorem [Siu76]:

Theorem 1.4.1. Suppose X is a complex space and A is a subvariety of X. If A is

Stein, then there exists an open neighborhood w of A in X such that w is Stein.

Thus, there is a neighborhood of U; in I/ that is Stein. It can be embedded to C¥
for some N. We want to find a biholomorphism from a neighborhood of v in Uy to some
neighborhood of v in U. The next lemma states that one can take a projection along one

of the linear subspaces of CV of dimension (N —n) to be such a biholomorphism.

Lemma 1.4.3. There exists a linear (N — n)-subspace o C CN such that all affine

subspaces o, C CN parallel to o passing through point x € v are:

a) transverse to U,

b) pass through only one point on .
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Proof. The set of all (N —n)-subspaces of CV is n(N —n)-dimensional complex manifold
Gr(N —n,N).

Elements of Gr(N — n, N) that are not transverse to a given subspace of comple-
mentary dimension form a codimension 1 complex (singular) subvariety. Path ~ is 1-
dimensional real manifold. Therefore, subspaces that do not satisfy (a) form a subvariety
of Gr(N —n, N) of real codimension 1.

A couple of points on v form a real 2-dimensional manifold. Linear subspace parallel to
those that pass through two given points in C form (n(N —n—1))-dimensional manifold.
Therefore, subspaces that do not satisfy (b) form a submanifold of Gr(N — n, N) of real
codimension 2(n — 1).

Since n > 2, a (N — n)-subspace «, that satisfies conditions (a) and (b), exists.

]

Consider the projection 7y along a from U to U,. By lemma 1.4.3 this map is well-
defined and biholomorphism to its image in some neighborhood Us C U of v for all small
A. Note that away from p~'(a) we can identify U and U,. Having this identification in

mind, () is a desired map.

1.4.3 Removal of a non-hyperbolic cycle.

In this subsection we apply the technique developed in the previous two subsections to

break a non-hyperbolic cycle, in assumption that the cycle is holomorphically convex.

Lemma 1.4.4. Let v be a representative of a non-hyperbolic cycle of the foliation Fy,
that is holomorphically convex. Then there exist a neighborhood U of v and a holomorphic
family Fy of foliations in this neighborhood, so that for X € V\R all the cycles on the
leaves of foliation Fy, close to 7y, are hyperbolic. V is a neighborhood of 0 € C and R is

a real-analytic 1-dimensional subset in V', 0 € R.

Proof. Take a point p € v and a transversal section 7" to F, p € T. Let A, : (T,p) —
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(T, p) be the corresponding holonomy map. The cycle 7 is hyperbolic by the definition
if and only if all the eigenvalues of A, lie not on the unit circle.
First, we provide a specific perturbation of A, that has hyperbolic fixed points only.

The following lemma is the standard fact:

Lemma 1.4.5. There exists a diagonal n x n matriz D and a € C"* such that the map
A, (z) + AM(Dz + a) is well-defined and has hyperbolic fized points only for all X € V\R,

where V' is a neighborhood of 0, R is a real-analytic curve, 0 € R.

Take a, D such that Lemma 1.4.5 is satisfied.

Apply Lemma 1.4.1 to the cycle «, the point p and the family of biholomorphisms
&\ = Id+ A(Dz+a). The map AY =, ' o (A, + A(Az + a)) o my is the holonomy map
along v for the foliation F). For all A outside a one-dimensional real-analytic curve R

the map A:\y has hyperbolic fixed points only on 7. m

1.4.4 Splitting cycles to different leaves

Lemma 1.4.6. Hyperbolic cycles persist under the perturbation.

Proof. Let v be a hyperbolic cycle on the leaf of foliation Fy. Let 7' be a transversal
section at a point p € 7. Let F, be a holomorphic family of foliations. Let A;\ be a
holonomy map along ~ for the foliation F, defined on a transversal section 7. By the
inverse function theorem Af‘f has one isolated fixed point in a neighborhood of a point p

on 7', and this isolated fixed point is hyperbolic. [l

Let 4* be the perturbation of 7.

Lemma 1.4.7. Let v,y be representatives of hyperbolic cycles, lying on the same leaf
L of a foliation Fy. One can assume that they pass through the same point p. Assume
that the union v = v, U ¥y is holomorphically convex. Then there exists a neighborhood
U of v and a holomorphic family of foliations Fy in this neighborhood, so that for A # 0,

7y and vy lie on different leaves of foliation Fy.
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Proof. Let T" > p be a transversal section to a leaf L. Let A, ,A,, : T" — T be the
holonomy maps along v; and 7, correspondingly. The fact that v; and 7, lie on the same

leaf is equivalent to A, and A,, having a common zero at a point p.

"

Let ¢ € 71\ 72, and is not a point of self-intersection. Apply Lemma 1.4.1 to the curve
7, the point ¢, and the family of biholomorphisms ® = 2 + A. Then 7, ' o A,, omy is
a holonomy map along 7,. Let 77 be a transversal section to the foliation Fy in a point
q. The holonomy map along 7, for the foliation Fy can be written as a composition
A, = Ay oAy, where Ay is a holonomy map from transversal section 7" to 17, A, is a
holonomy map from 77 to 7. Then the holonomy map along 7; for the foliation F) is
W)TIOAQOCI))\OAloﬂ')\.

7, '(p) is an isolated fixed point for the holonomy map along 7 and is not a fixed

point for the holonomy map along ~;. Thus, cycles split to different leaves.

1.4.5 Elimination of a saddle connection.

Lemma 1.4.8. Let v be a path on a saddle connection S of the foliation Fy, connecting
different singular points ay and as. Assume that v is holomorphically convex. Then there
exists a meighborhood U and a holomorphic family of foliations Fy in this neighborhood,
so that for X # 0 there does not exist a saddle connection Sy of Fx with a path on it,

close to 7.

Proof. Take a point p € v, p # a1, p # as. Take a transversal section T at p to the
foliation Fy. Also take transversal sections T, T, to Fy at points ¢; € 7, ¢ € 7, close to
singular points a; and ay correspondingly. Fix coordinates (z1, ..., 2,_1) on transversal
sections T', T1, T5 so that the holonomy map along + is identity. Let A; be the holonomy
map from 77 to T. Let Ay be the holonomy map from 75 to 7.

Apply Lemma 1.4.1 to the path v, the point p, taking ®y = z + \. Let A} : Ty — T,

A3 : Ty — T be holonomy maps for the foliation Fy. The saddle connection persists if
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the holonomy maps A;, As have a common fixed point.

AY = (m2) " o Ay ok

A) = (72) o (Ay+ N on?

Therefore, for A # 0, AMN7i(p)) = 7i(p), Aj(7i(p)) # wi(p). Thus, they have

different fixed points in a neighborhood of the point p. O

Lemma 1.4.9. Let v be a loop on a homoclinic saddle connection S of the foliation
F, going from a singular point a to itself. Assume that one end of v belongs to one
local component of v, the other end belongs to the other connected component. Suppose
that v is holomorphically conver. Then there exist a neighborhood U and a family of
holomorphic foliations Fy in this neighborhood, so that for A # 0 there does not exist a

homoclinic saddle connection Sy of Fy with a path on it close to .

Proof. The proof is the same as in the Lemma 1.4.8 m

1.4.6 Elimination of a cycle on a separatrix.

Let a be a hyperbolic singular point, S its separatrix.

Lemma 1.4.10. Let v be a cycle on SUa, that pass through a point a. Assume that v is
holomorphically convex, then there exists a neighborhood U of v and a family of foliations
F in this neighborhood, such that for A # 0, there does not exist a separatiz Sy of the

foliation Fy with a cycle close to v on it.

Proof. Take a point p € v, p # a. Apply Lemma 1.4.1 to the point p, the cycle ~, taking

®,(z) = z+ A. On S, there is no cycle close to 7. O
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1.4.7 Elimination of a non-transversal intersection of strongly

invariant manifolds.

Critical points and strongly invariant manifolds depend holomorphically with respect to

parameter [I1Ya].

Lemma 1.4.11. Let M, My be strongly invariant manifolds of two different hyperbolic
singular points ayi,as of a foliation Fy. Let 1,72 be paths on My, Ms correspondingly
that connect ay, as to a point p of a non-transversal intersection of My and Ms. Suppose
v = v1 U7y is holomorphically convex. Suppose there exists a leaf L of the foliation Fy so,
that v\ (Mf"C U M%"C) C L. Then there exists a neighborhood U of v and a holomorphic
family of foliations Fy such that for X\ # 0 the strongly invariant manifolds M7\, Msj
obtained by the continuation of local invariant manifold along ~v intersect transversally in

a neighborhood of the point p.

Proof. Let T be a transversal section to the foliation in the point p, such that in a
neighborhood of a point p strongly invariant manifolds M; and M, are biholomorphically
equivalent to my x D, my X D, where my; = M;N Dy, mge = MsN Dy, D is a neighborhood
of p on the leaf; D is a neighborhood of p on the transversal section T'. Fix coordinates
(z1,...,2n—1) on T. Apply Lemma 1.4.1 to the curve 7, the point p and ¢, = z + Aa.
Assume that points ¢ € V1, g2 € 7s.

Let M\, M3 be the strongly invariant manifolds for the foliation Fy. Outside of the
flow-box M} = m\(M,), My = 7\(M>).

In a neighborhood of the point p

T N M3 = 75(my)

TN M) =&y o7i(my).

Therefore, by Sard’s Theorem, for almost all a they intersect transversally.
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]

Lemma 1.4.12. Let My, My be strongly invariant manifolds of the hyperbolic singular
point a of the foliation F. Assume that M N Ml = a. Let vy C My, 9 C M — 2
be paths that connect ay, as with a point p of non-transversal intersection of My and
My. Suppose v = vy, U~ys is holomorphically convex. Suppose that there exists a leaf L of
foliation Fy, so that ~\ (M{OC U Mé"c) C L. Then there exists a neighborhood U of v and a
holomorphic family of foliations Fy such that for X # 0, My, M3, obtained by continuing
local strongly invariant manifolds along v, intersect transversally in a neighborhood of

the point p.

Proof. The same arguments as in the previous lemma. O]

1.5 From the local elimination of degenerate objects
to the global elimination.

In this section we give the geometric conditions for degenerate objects to be holomorphi-

cally convex and show how to pass from a local foliation to a global one.

1.5.1 Approximation Theory.

Working in the category of smooth vector fields one can eliminate a non-transversality
by perturbing the vector field only in a neighborhood of a non-transversality. In the
holomorphic category there are no local perturbations allowed. However, approximation
theory gives a way to work locally. In some cases you can perturb the local picture and
then approximate your perturbation by a global one. In particular, for a holomorphic
vector bundle on a Stein manifold holomorphic sections over a neighborhood of a holo-
morphically convex set can be approximated by global holomorphic sections. This follows

from two theorems formulated below.
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Theorem 1.5.1. ([H90], 5.6.2) Let X be a Stein manifold and ¢ a strictly plurisub-
harmonic function in X such that K, ={z: z € X, p(2) < ¢} € X for every real number
c. Let B be an analytic vector bundle over X. Every analytic section of B over a neigh-

borhood of K. can then be uniformly approximated on K. by global analytic sections of

B.

Theorem 1.5.2. ([H90], 5.1.6) Let X be a Stein manifold, K a compact subset of X
and U is an open neighborhood of holomorphic hull of K. Then there exists a function
p € C*(X) such that

1. ¢ 1is strictly plurisubharmonic,
2. ¢ <0in K but o >0 in X\U,
3. {z:z€ X,p(2) <c} €X for every c € R.

We need to approximate sections in a neighborhood of a loop or a path (i.e. a complex
cycle, a path on a saddle connection). In the next section we state Stolzenberg’s Theorem
that describes the holomorphic hull of a curve and, more generally, of a collection of

curves.

Lemma 1.5.1. Let v be a holomorphically convexr degenerate object for the foliation
Fx. Suppose that there exists a family Fy in a neighborhood U of v such that the de-
generate object is eliminated for all A\ € V\R, where V' is a neighborhood of 0, R C V
s 1-dimensional real-analytic subset. Then there exists a family of global holomorphic

foliations that eliminate the degenerate object.

Proof. Let sy be a local section that determines F,. One can assume that 1 € V\R.
By Theorems 1.5.1 and 1.5.2 there exists a global section S; that is e-close to s; on U’,
where v € U’ € U. Therefore, family of foliations determined by Sy = Sy + A(S1 — Sop)

eliminate the degenerate object. O
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1.5.2 Holomorphic convexity of a curve.

We recalled the definition of a holomorphic hull and gave examples of holomorphic hulls
of curves in Subsection 1.2.1.
Consider a collection of C! - smooth real curves 71, . .., %y, in CY¥. Their holomorphic

hull is described by Stolzenberg’s Theorem [St66]:

Theorem 1.5.3. Let v = U - -Uv,,. Then h(y)\7y is a (possibly empty) one-dimensional

analytic subset of CN\1y.

An easy corollary from this theorem is that the result is true if one replaces CV by a
Stein manifold X.

Let X be a Stein manifold, ~;,...,7, C X be real C! - smooth curves. Let v =
7 U~ U~vp,. Let hx() be the holomorphic hull of v in X. Then the following lemma
holds.

Corollary 1.5.1. hx(v)\7 is a (possibly empty) one-dimensional analytic subset of X \7y.

Proof. There exists a proper embedding of the Stein manifold X to CV for some large
enough N ([H90], theorem 5.3.9). Let h(y) be the holomorphic hull of v in CV. By
Stolzenberg’s theorem h(7)\7y is an analytic subset in CV\~.

Let us show that h(y) C X. X is a maximal spectrum of functions that are equal to
zero on X ([GR65], theorem VII, A18). Take a function f such that f(X) = 0. Then
f(h(7)) = 0 since v C X and h(y) is a holomorphic hull of v in C¥. Thus, h(y) C X.

It remains to show that h(y) = hx (7). Any holomorphic function on X is a restriction
of holomorphic function on CV ([GR65], theorem VII, A18). Therefore, hx () = h(y)NX.
Since h(y) C X, hx(y) = h(y). O

1.5.3 Holomorphic convexity of a degenerate object.

In this subsection we give the geometric conditions for the degenerate objects to be

holomorphically convex.
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Definition 1.5.1. We say that a path or a loop is simple if it does not have points of

self-intersection.

We need to extend the analytic set, given by Stolzenberg’s theorem, to the boundary.

In the sequel we need the following corollary from the Stolzenberg’s Theorem.

Corollary 1.5.2. Let 7vi,...,7, be piece-wise smooth curves, such that ~; N y; consists
of finite number of points. Suppose that h(y) ¢ ~. Then there exists an arc o C y;, such

that o C O (h(y)\7y), where v = Uy;.

Proof. Let 7 be a projection of 7, ...,7, to a complex line C'. One can choose 7 so that
image of v has at most finite number of points of transversal self-intersection. The image
of v separate C' into several regions Us;.

Below we show that for each of the regions there is a following dichotomy: either
w(h(v)) D U; or w(h(y)) Nint(U;) = 0:

First, m (h(v)\y) is open. Therefore, the 7(h()\v)NU; is open. Second, ifw € o7 (h(~)),
then since h(y) is compact, there exists z € h(7y) such that 7(z) = w. Therefore, z € 7.
Thus, 7(h(y)\7y) N U; is either empty or coincides with U;.

Take a point w € 7(y) that is not a point of self-intersection and belongs to the
boundary of w(h(7)). The small arc around this point also belongs to w(h(7y)) and does
not contain points of self-intersection. The preimage of this arc is the desired arc on

. [

Theorem 1.5.4 ([Chi89]). Let M be a connected (2p—1)-dimensional C*-submanifold of
a complex manifold Q2. Let Ay, Ay be irreducible p-dimensional analytic subsets of Q\M
such that the closure of each of them contains M. Then either Ay = Ay or Ay UM U A,

s an analytic subset of €.

Lemma 1.5.2. A piece-wise real-analytic simple loop v on a leaf L of a foliation is either

holomorphically convex or is null homologous on L.
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Proof. Suppose 7 is not holomorphically convex. Take an analytic arc a C v that belongs
to the boundary of h(vy)\y. The existence of such arc follows from Corollary 1.5.2. One

can take a neighborhood U C X of the arc «, such that
L. UNy=q
2. the connected component of L N U, that contains «, is a submanifold in U;

3. the arc a separates this connected component into two pieces. Let €21, Q25 be these

pieces.

Let h; denote the connected component of h(+y)\7.

Apply Theorem 1.5.4 to the analytic sets hy and €; and the arc a. The closure of
hy in U contains a. The closure of €2; also contains «. Therefore, either h; = €y or
h1 U a U €y is an analytic subset of U. In the second case hy = €2y. Thus, hy = €y or
hy = Qq. If two analytic sets coincide locally, then they coincide globally. Therefore,
h(v) C L.

By Maximum Modulus Principle, k() C 7. Since 7 is a simple curve, it means h(y)

is a region on L with the boundary -y, so v is null homologous on L. ]

Theorem 1.5.5. Let v be a piece-wise real-analytic loop on the leaf L of foliation Fy

that satisfies additional conditions:
1. v is simple;
2. v 1s not null homologous on L.

Then there exists a neighborhood U of v and a one-dimensional holomorphic family of
foliations Fy, such that for X\ € V\R, all the cycles on the leaves of foliation Fy, close to
v are hyperbolic. Here V' is a neighborhood of 0, R is a I-dimensional real-analytic set,

0eR.

Proof. The theorem is a consequence of Lemmas 1.5.1 and 1.5.2 [
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Lemma 1.5.3. Let vy, v be a pair of piece-wise real-analytic loops on a leaf L of a

foliation Fy such that
1. v and 5 are simple loops;
2. v1 and o have only one common point;

3. 7 and v are not null homologous and are not multiples of the same cycle in the

homology group of L.

Then v = v1 Uy is holomorphically convex.

84!

Figure 1.17: A pair of cycles

Proof. Suppose that v is not holomorphically convex. Then by corollary 1.5.1 h(v)\7 is
a 1-dimensional analytic subset of X\7. By Lemma 1.5.2 there exists an arc a C =y; such
that o C Oh(y). By the same argument as in the previous lemma, we see that h(7) is
a subset of L. Since cycles have only one common point, the boundary of h(v) is either
Y1, Y2 or 71 U ye. All three cases contradict the hypothesis of the lemma. Thus, v is

holomorphically convex. O

Theorem 1.5.6. Let v1,72 be a pair of piece-wise real-analytic loops on the leaf L of

foliation Fy that satisfy the following additional conditions:

1. vy and 9 are simple loops;
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2. v1 and o have only one common point;

3. 7 and 7, are not null homologous and they are not multiples of the same cycle in

the homology group of L.

Then there exists a neighborhood U of v, U~ys and a family of foliations Fy such that for
all X # 0 there does not exist a pair of cycles in U close to v1, o correspondingly that lie

on one and the same connected component of a leaf of Fy in U.
Proof. The Theorem is a consequence of Lemmas 1.5.1 and 1.5.3. O]

Lemma 1.5.4. Let v be a simple piece-wise real-analytic path on a saddle connection
S of the foliation F, connecting two different singular points a1 and as. Then v is

holomorphically conver.

Figure 1.18: A path on a saddle connection

Proof. By the same argument as in Lemma 1.5.2, h(y) C SU{a;} U{az}. By Corollary
1.5.1, h(y)\y is an analytic subset of X\~. Therefore, by Maximum Modulus Principle
Oh(y) C 7. But 7 is contractible on S U {a;} U {as}. It cannot bound a region on
SU{ai} U{ay}. Therefore, h(y) = 1. O

Theorem 1.5.7. Let S be a saddle connection of a foliation Fo. Assume S connects two
different singular points ay and as of Fo. Let v C L be a simple piece-wise real-analytic
path, connecting a; and as. There exists a neighborhood U and a holomorphic family of
foliations Fy such that for all X # 0 there does not exist a saddle connection Sy of Fy

with a path on it that connects singular points, and is close to 7.
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Proof. The theorem is a consequence of Lemmas 1.5.1 and 1.5.4. O]

Lemma 1.5.5. Let v be a simple piece-wise real-analytic curve on a homoclinic saddle
connection S, that connects a singular point a to itself. Assume that one end of v belongs
to one local component of S, the other end belongs to the other local component. Then ~y

15 holomorphically convex.

Figure 1.19: A path on a homoclinic saddle connection

Proof. By the same argument as in Lemma 1.5.2, h(y) € S U {a}. By Lemma 1.5.1
h(y)\1y is an analytic subset of X\7. Therefore, by the Maximum Modulus Principle,
9 (h(v)\7) C .

Let S be a surface obtained from S U {a} by splitting the local components of S at
the point a. Let w: S — S be the corresponding projection.

7~ 1(7) is a simple path on S. It does not bound a region on S. Therefore, its image

does not bound a region on S. m

Theorem 1.5.8. Let v be a simple piece-wise real-analytic curve on a homoclinic saddle
connection S, that connects a singular point a to itself. Assume that one end of v belongs
to one local component of S, the other end belongs to the other local component. Then
there exists a family of global holomorphic foliations Fy, so that there does not exist a

saddle connection Sy, with a cycle close to vy on it, that connects a singular point to itself.
Proof. The theorem is a consequence of Lemmas 1.5.1 and 1.5.5. m

Lemma 1.5.6. Let S be a separatriz of the foliation Fy, passing through a singular point

a. Let v be a piece-wise real-analytic loop on S that satisfies additional conditions:
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1. v is simple;

2. 7 passes though the point a;

3. 7 is not null homologous on S U a.

Then ~ 1s holomorphically convez.

Figure 1.20: A loop on a separatrix.

Proof. The proof is the same as in Lemma 1.5.2. m

Theorem 1.5.9. Let S be a separatriz of the foliation Fy, passing through a singular

point a. Let v be a piece-wise real-analytic loop on S that satisfies additional conditions:
1. v is simple;
2. 7 passes though the point a;

3. v s not null homologous on S U a.

Then there exists a neighborhood U of v and a family of global holomorphic foliations F)
such that for all X # 0, there does not exist a cycle close to v that lies on a separatriz S
of the foliation F).

Proof. The theorem is a consequence of Lemmas 1.5.1 and 1.5.6. [
Lemma 1.5.7. Let My and My be strongly invariant manifolds of hyperbolic singular
points ay and ay of a foliation Fy. Let p be a point of non-transversal intersection of

My and Msy. Let v = v, Uy, be a simple piece-wise real analytic path, where v C M,

connects ay and p; vo C My connects p and ay. Then 7 is holomorphically convex.
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Proof. Suppose h(y)\7y # 0. By corollary 1.5.2 there is an arc a C 9 (h(7y)\y). Consider
a holomorphic curve C' that passes through . Without loss of generality we can assume
a C 7. By the same arguments as in the previous lemmas h(y)\y C C. However,
C' C My, therefore, 0 (h(y)\y) C 71. But 7, is a path, so it does not bound a region on
C'. Therefore, h(y) = 7. O

Theorem 1.5.10. Let My and My be strongly invariant manifolds of hyperbolic singular
points ay and as of a foliation Fy. Let p be a point of non-transversal intersection of
My and My. Let v = v U, be a simple piece-wise real analytic path, where v C M,
connects ay; and p; vo C My connects p and ay. Assume there exists a leaf L of the
foliation Fy such that v\ (M{"C U Mé"c) C L. Then there exists a neighborhood U of 7y
and a holomorphic family of foliations Fy, such that M3 and M3\, obtained by continuing

local invariant manifolds along -y, intersect transversally in a neighborhood of the point

.
Proof. The theorem is a consequence of Lemmas 1.5.1 and 1.5.7 O]

Lemma 1.5.8. Let My and My be strongly invariant manifolds of a hyperbolic singular
point a. Let p be a point of non-transversal intersection of My and Ms. Let v = v1 U s
be a simple piece-wise real analytic loop, where v C My connects a and p; vo C My

connects p and a.Assume that M1 N MY = a. Then v is holomorphically convex.
Proof. The same as in the previous lemma. O]

Theorem 1.5.11. Let M, and M, be strongly invariant manifolds of a hyperbolic singular
point a of a foliation Fy. Assume M N ML¢ = a. Let p be a point of non-transversal
intersection of My and My. Let v = v, Uy be a simple piece-wise real analytic loop,
where v C My connects a and p; o C My connects p and a. Assume there exists a leaf
L of the foliation Fo such that ~\ (M{OC U Méoc) C L. Then there exists a neighborhood

U of v and a holomorphic family of foliations Fy so that the strongly invariant manifolds
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M}, M3, obtained by continuing local invariant manifolds along v, intersect transversally

in a neighborhood of a point p.

Proof. The theorem is a consequence of Lemmas 1.5.1 and 1.5.8. O]

1.6 Simultaneous elimination of degeneracies.

1.6.1 Landis-Petrovskii’s lemma.

The idea is to encode degeneracies by countably many objects. To give a feeling of the
method used, we first prove a version of the Landis-Petrovskii’s Lemma [LP55] that we

need in the sequel.

Lemma 1.6.1. For a holomorphic 1-dimensional (singular) foliation F of a Stein
manifold X there exists not more than a countable number of isolated complex cycles on

the leaves of the foliation.

Proof. Since the manifold X is Stein, it can be embedded into CV. Take a cycle  on a
leaf L.

Fix coordinates (z1,...,zy) in CV. Let C4,...,Cy be the coordinate lines,

Cz:{/zla?:él::ZN:O}

Suppose that L does not belong to the hypersurface {z; = ¢} for any ¢ € C. By perturbing
~ on the leaf L one can assume that there exists a small neighborhood U D v so that
;| is a biholomorphism to the image (here 7; : C¥ — Cj, m;(z) = 2; is the projection).
Then one can perturb v inside U so that m;(y) becomes a piece-wise linear curve with

rational vertices.

Definition 1.6.1. We will say that the cycle v/ lies over the piece-wise linear curve ¢’

if there exist a representative of 7/ and its neighborhood U’, such that U’ is projected
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biholomorphically to its image and the representative is projected to ¢’. Note, that any

cycle lies over countably many piece-wise linear curves.

Take one of the vertices of m;(), say with coordinate z; = ¢. The hypersurface
{z; = ¢} intersects X by (k—1)-dimensional variety, such that for any cycle 7/, lying over
mi(7), it is transversal to the foliation in a neighborhood of 4/ N {z; = ¢}. The holonomy
map along ~ is well-define in some neighborhood of the intersection {z; = ¢} N~. The
holonomy map does not have any other fixed points in some smaller neighborhood. Thus,
each cycle that projects to the same piece-wise linear curve gives a neighborhood on the
hyperplane {z; = ¢} C CV, so that two neighborhoods for two different cycles do not
intersect each other. Therefore, there exists not more than countably many limit cycles
that project to the same curve. Since there are only countably many curves, there are
not more than countably many limit cycles.

]

Landis-Petrovskii’s Lemma implies that once all non-isolated cycles are eliminated,

all leaves except for countably many are homeomorphic to disks.

1.6.2 Simultaneous elimination of non-isolated cycles.

If there are non-isolated cycles on the leaves of a foliation F, then the number of the
cycles is obviously uncountable. However, the strategy described above can be applied.
Our idea is to catch the degenerations by a countable number of holonomy maps.

Since X is Stein, it can be embedded into C¥.

We can restrict ourselves to the foliations without leaves that belong to the hyper-
surfaces {zy = ¢}, ¢ € C. The set of such foliations is open and dense.

We describe the holonomy maps that catch all the cycles for all foliations.

We introduce the following notations:

e A is a countable, everywhere dense subset in the set of holomorphic foliations;
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e G is the set of all closed piecewise-linear curves with rational vertices on

{21:"'=ZN—1 :0}7
with one marked vertex.

o Let 7, = {z, = ¢} N X, where ¢ € Q +1iQ.
Let Q, be a countable everywhere dense set on 7.

Let @ =1]9,.

Let z = (21,...,2n-1), U = 2N

Consider a 4-tuple o = (F,g,2,r) € (A, G, Q,,Q), such that ¢ is the marked point
of g. We require that the holonomy map for the foliation F in the point z along ¢ is
well-defined in a neighborhood of z on the transversal section 7, and has the radius of
convergence greater than r. Let A, be the germ of this holonomy. One can consider the
germ of the holonomy map along the lifting of g, starting at z, for foliations close to F.
Therefore, we think of A, as of function of two variables: a foliation close to F, and a
point on the transversal section 7.

Below we fix a specific representative of A,. We use the same notation for the specific
representative as for the germ.

Let V,, be the connected component, containing F, of the set of foliations, for which
the holonomy map along ¢ in the point z is well-defined and has radius of convergence

greater than r. The domain of definition of A, is

{(F,z2| F eV, |z —z] <r}.

Note, that V,, is open.

From this point we consider fixed representatives, rather than germs.

Lemma 1.6.2. Every complex cycle corresponds to a fized point of Ay (F',-) for some «

and F' € V,.
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Proof. Let v be a complex cycle on a leaf L of a foliation F. One can perturb v on L so
that it projects to some g € G. Let u(g) be one of the vertices of the projection, and let
z € 7 be the preimage of u(g). Consider the holonomy map along v in a neighborhood
of z in the transversal section C' = {u = u(g)}. Take a point z; € Q such that |z — z| <
r4(F)/4 where r,(F) is a radius of convergence of the holonomy map in the point z along
~ for the foliation F. Note, that r,, (F) > r,(F)/2. One can take F; close to F so that
rg (F1) > 1,(F)/2. Denote by o = (Fi,g,21,r), where r € Q,r,(F)/4 < r < r,(F)/2.
Then r < 1, (F1). Also, F € V,, because 14, (F) > r. Since r > r,(F)/4, the point z

belongs to the domain of definition of A, (F,-). O

Lemma 1.6.3. Fiz A,. The set D, C 'V, of foliations F such that A,(F,-) has a non-

hyperbolic fixed point, so that the corresponding cycle v satisfies additional conditions:
1. v is simple,
2. 7 is null homologous on the leaf;

1s closed and nowhere dense in V,.

Proof. We prove that by a finite number of steps, we can perturb the foliation F so
that A, (F,-) has isolated fixed points only in the domain of definition discussed above.
Assume that A is the set of fixed points of A, (F,-). Let A be k-dimensional. As we show
in the appendix, one can associate multiplicity m(A) to the analytic set A. Take a point
z that is a generic point of a k-dimensional stratum A;. By Theorem 1.5.5, there exists a
neighborhood of z and a foliation F , arbitrary close to JF, such that the holonomy map
of F along v has isolated fixed points only in this neighborhood.

This perturbation destroys the component A;. Therefore, it either decreases the di-
mension of A, or it decreases the multiplicity m(A) (see Lemma 1.7.3).

Therefore, after a finite number of steps, only isolated cycles are left. By the Theorem

1.5.5, they can be turned into hyperbolic by a finite number of steps as well. O
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Corollary 1.6.1. The complement of D, in the set of all foliations contains an open

every where dense set.

Theorem 1.6.1. There exists a residual set Ry in the space of 1-dimensional singular
holomorphic foliations, so that for any foliation F € Ry all non-trivial cycles v on the

leaves of F are isolated.

Proof. By intersecting the open every where dense sets from the corollary above, we get
the residual set R’, so that for every foliation F € R’ all cycles, satisfying additional

conditions:
1. ~ is simple;
2. 7y is null homologous on the leaf;

are hyperbolic and, therefore, isolated. Suppose L is a leaf of a foliation F € R’ that
has a non-isolated cycle. Notice that if H*(L) = 0, then L is contractible and there are
no non-trivial cycles at all. Therefore, there exists a simple homologically non-trivial
cycle on L. It follows, that this cycle is isolated. But by Landis-Petrovskii’s lemma the
number of isolated cycles is countable. Therefore, there could be only countably many

leaves with non-isolated cycles. But this contradicts the following lemma:

Lemma 1.6.4 ([I172]). Let v, be a sequence of contractible loops on the leaves of a 1-
dimensional singular holomorphic foliation of a complex manifold, suppose v, — v, where

v is a loop on a leaf. Then v is contractible.

Indeed, there are uncountably many non-isolated cycles in a neighborhood of one
non-isolated cycle. Therefore, most of them should be trivial. But then the original cycle
is trivial as well.

Take Rl = R/.
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1.6.3 Simultaneous splitting of cycles to different leaves.

Theorem 1.6.2. There exists a residual set Ry in the space of 1-dimensional singular
holomorphic foliations so that all non-separatriz leaves of foliation F € Rs are con-

tractible or homeomorphic to a cylinder.
Proof. Take = (F,g1,92,2) € (A,G,G, Q,) so that
e ¢; and go have the same marked vertex, u(g;) = u(g2) = ¢;

e holonomy maps for the foliation F in the point z along ¢g; and g, are well defined

in a neighborhood of z on {u = u(g1)}.

Let Ag, and Ag, be the holonomy maps along ¢g; and g, correspondingly.
O

We can fix the common domain of definition of Ag,, Ag, to be the intersection of

domains of definition of Ag, and Ag,.

Lemma 1.6.5. Fvery pair of cycles that lie on the same leaf of 1-dimensional singular

holomorphic foliation corresponds to a common fized point of Ag, and Ag, for some 3.
Proof. The proof is the same as in Lemma 1.6.2. m

Lemma 1.6.6. Fiz 5. The set Dg, 3, of foliations F, so that Ag, (F,z) and Ag,(F,z)
have a common fized point, so that the corresponding cycles v, and 7, satisfy additional

conditions:

1. v, vo are simple;
2. v1, Y2 have one point of intersection;

3. 1, Y2 are null homologous on the leaf; they are not multiples of the same cycle in

the homology group of the leaf; and the leaf is not a separatrix.
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is closed and nowhere dense in the common domain of definition of Ag,, Ag,.
Proof. The proof is the same as for lemma 1.6.3. [

Corollary 1.6.2. For every pair Ag, and Ag, there exist an open everywhere dense set

in the complement to the Dg, g, in the set of all foliations.

Intersecting open every-where dense sets from the corollary, and intersecting with Ry,
we get a residual set R, so that for any F € R’ all cycles on the leaves of F are isolated,
and there is no pair of cycles 7,7, on a leaf of F that satisfy additional conditions
(1)-(3). As it was shown in [FO06], if the Riemann surface is not contractible and not
homeomorphic to the cylinder, then there exists a pair of cycles that satisfy conditions
(1)-(3). Therefore, if L is not a separatrix, then L is contractible or homeomorphic to a
cylinder.

Take Ry = R'.

1.6.4 Simultaneous elimination of non-transversal intersections

of strongly invariant manifolds.

Since X is a Stein manifold, it can be embedded into CV.

We fix the countable set of data o = (F, ay, My, aq, Ma, g, z1, 7).
o F c A, where A is a countable every-where dense set of foliations;

Foliations with hyperbolic singular points only form a residual set [Ch04]. Therefore,

we can assume that all singular point for all the foliations F € A are hyperbolic.

® ay,ay are hyperbolic singular points of F;

e My, My are strongly invariant manifolds of a; and ay correspondingly;

We associate the maximal radius 7; to the singular point a;.
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Definition 1.6.2. The radius r; is the maximal radius, such that M; is transversal to

OU,(a;) for all r < r;.

Not that maximal radius is a lower semicontinuous function on the space of foliations.

Let m: X — C be the projection to C' = {z; = -+ = 2y_1 = 0}, w(z1,...,2n) = TN.

e g C (' is a piecewise linear curve with rational vertices. Let u;, us be the starting
and the ending points of g correspondingly. We require that u, € (U, (a1)),

us € (U, (a2));

e 2 € Q,, where Q, is an every where dense set on the transversal section 7, = {z,, =

up =¢}NX in Uy (a1);

We require that there is a well-defined lift of g to the leaf L of the foliation JF, that
starts from a point z;. The lift is denoted by . Let z5 be the lift us. We require that
29 € Uy, (as)

Let 75 = {zy = us} N X.

There is a well-defined germ A : 7y — 75 of the holonomy map along v in the point
21.

As before, we think of A as a function of two variables: a foliation G, close to F, and

a point on the transversal section 7.
e r € Q.. We require that

1. r is less than radius of convergence of A.

2. The disk D, (z;) on the transversal section 7, of the radius r; with the center

21 is compactly contained in U,, (ay).

3. A(D,(z)) is compactly contained in U,,(as).

We fix a representative A, of A. Below we describe the neighborhood U, of F. G

belongs to U, if
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1. there is a holomorphic family of foliations F,, so that Fqy = F, F; = G; for all A €
D; there are unique hyperbolic singular points a} € Uy, a(a1) and a3 € U,, 2(az) of

the foliation Fy;

Let a/, af be singular points of G, obtained via holomorphic continuation. Let Mj,
M, be the corresponding strongly invariant manifolds. Let 7}, r} be the maximal

radii for (a}, M7), (ah, M3).
2. 21 € Uy (ay), 2y € Uy (ay), where z; is the lift of uy along g for G.
3. D,(z1) is compactly contained in U, (a}).

4. A(G, D;(z1)) is compactly contained in Uy, (a3).

The domain of definition of A, is U, x D,(z).

Lemma 1.6.7. For any «, the set D, C U, of foliations G C Uy, for which there exists
a leaf L such that

1. the lift of uy to L is in U, (ay1), the lift of us to L is in U,,(as);

2. the lift of g belongs to the strongly invariant manifold M of the singular point a}

of G (a) is a holomorphic continuation of ay);

3. the lift of uy belongs to the strongly invariant manifold M} of a singular point al

(ay is a holomorphic continuation of ay);

4. the lift of uy is a point of a non-transversal intersection of M| and M.

15 a closed and nowhere dense set.

Proof. The proof follows from the local Theorem 1.5.10 in the same way as in Lemma

1.6.3. [l



CHAPTER 1. GENERIC PROPERTIES OF HOLOMORPHIC FOLIATIONS ON STEIN MANIFOLDS49

Corollary 1.6.3. The space of foliations, such that they do not have a non-transversal
intersection of invariant manifolds, that correspond to data «, contains an open and

everywhere dense set.

Theorem 1.6.3. There exists a residual set Rs in the space of 1-dimensional holomorphic

singular foliations such that
1. all singular points are hyperbolic;
2. strongly invariant manifolds of different singular points intersect transversally.

Proof. Take R3 to be an intersection of open everywhere dense sets from the previous
corollary. Take F € R3. Suppose there is a non-transversal intersection of invariant
manifolds for F. Take a point p of a non-transversal intersection of strongly invariant
manifolds M; and Ms. The point p € L, where L is a leaf of foliation F. There is a point

29 € L, so that
1. 2z € Upypo(as);
2. zp is a point of a non-transversal intersection of strongly invariant manifolds;
3. m(zz) is rational.

Take 2y € L, z1 € Uy j2(a1). Take a path v on L that lies over a piece-wise linear
path g.
Uy = 7T(21>, U = 7T(22).

There exists G € A, so that
1. there are singular points a}, a}, of G, that are holomorphic continuations of a;, as.

2. Strongly invariant manifolds M|, M of @} and a), are holomorphic continuations

of Ml, MQ.

3. z1 € Up(a)), 2 € Uy (dj).
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One can take 2] € Q,,, at a small enough distance r/2 from z;, so that
1. D,(2}) is compactly contained in U,, (a1) and U, (a});

2. A(F,D,(z1)) is compactly contained in U, (a1);

3. A(G, D,(z1)) is compactly contained in U, (a})

F belongs to Ug, where 8 = (G, a}, M], ab, Ms, g, 21, 7). Point z; belongs to the domain
of definition of Ag(F,-) and corresponds to a point of a non-transversal intersection,

which is impossible. This completes the proof. [l

Theorem 1.6.4. There exists a residual set in the space of holomorphic 1-dimensional

singular foliations such that

1. all singular points are hyperbolic.

2. Let ay be a hyperbolic singular point of the foliation. Let My and My be strongly
wnwvariant manifolds of the point ay, such that M{"c N Méoc =ay. Then My and M,

intersect transversally everywhere.

Proof. The proof is the same as in the Theorem 1.6.3. O

1.6.5 Simultaneous elimination of saddle connections

Theorem 1.6.5. There exists a residual set Rs in the space of holomorphic singular

1-dimensional foliations such that

1. all the singular points are hyperbolic;
2. there are no saddle connections between two different singular points;

3. there are no homoclinic saddle connections.

Proof. The proof can be carried as a simplified version of the proof of Theorem 1.6.3. [J
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Theorem 1.6.6. There exists a residual set Ry in the space of 1-dimensional holomor-
phic singular foliations, so that there are no saddle connections, and all separatrices are

cylinders.

Proof. The construction of holonomy maps that catch all the degeneracies is the same
as for strongly invariant manifolds. By intersecting the open-every where dense sets that
correspond to these holonomy maps we get a residual set for which there and no saddle
connections and there are no cycles that satisfy some additional conditions. The way to
get rid of additional conditions is the same as in Section 1.6.3. Consult [F06] for further

consideration. ]

Proof of the theorem 1.1.1. R = Ri NRy NR4 N Rs is a residual set, satisfying all the

hypothesis of the theorem.
Since R’ C Ry, for any F € R/, all complex cycles are isolated.

Since R’ C RoNR4NR5 all leaves are either contractible or cylinders. But a generator

~ of a fundamental group of a cylinder L is

1. not null homologous;

2. can be chosen to be simple.

Therefore, by Lemma 1.6.3 it is hyperbolic. The rest of the cycles on L are multiples

of v. Therefore, they are hyperbolic as well. ]

Proof of the theorem 1.1.2. The residual set R; N Ry N R3 N Ry N Ry satisfies all the

hypothesis of the Theorem 1.1.2. O



CHAPTER 1. GENERIC PROPERTIES OF HOLOMORPHIC FOLIATIONS ON STEIN MANIFOLDS52

1.7 Appendix

1.7.1 Multiplicity

We consider analytic subsets A of a polydisk D", i.e. we assume that A is an analytic

subset of some neighborhood of D™. Suppose that A is given by a system of n equations

Assume that A is k-dimensional. We want to define the multiplicity of A which does

not increase under perturbations.
Lemma 1.7.1. There are only finitely many strata of maximal dimension.

Proof. The number of strata is locally finite [Chi89]. Since A is an analytic subset of D™,

it is globally finite. ]

Let Aq,..., A, be the strata of maximal dimension.
Take a smooth point z € A;. Consider a transversal section T to A; at the point z.
Let f1,..., f, be the restriction of fi,..., f, to T. The point z is an isolated solution of

the system

Definition 1.7.1. Let z be an isolated point of a system of equations

fim= =0
defined in n — k-dimensional polydisk D"~*. The multiplicity m(z) of a point z is the

dimension of

Opn-t ) < fi,... s fa >,
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where Opn-r , is the local ring of z € D" % ie. functions, regular in a neighborhood of
ze Dk < fl, cee fn > is the ideal in Opn-k , generated by fl, cee fn

/

Lemma 1.7.2. The multiplicity does not increase under perturbations, i.e. if zy,..., 2.

are isolated solutions of a perturbed system in a neighborhood of a point z, then

Proof. In [AGV85] it is proved for k = 0. In general case the proof goes the same way. [

Definition 1.7.2. The multiplicity of z € A; is the multiplicity the point z as an isolated

solution of f; = --- = f, = 0.

It is easy to see that multiplicity does not depend on the choice of a generic point

and a transversal section 7.

Definition 1.7.3. The multiplicity of a stratum A; is the multiplicity of a generic point.

The multiplicity of A is the sum of multiplicities of A;.

Lemma 1.7.3. The multiplicity of A does not increase under perturbations, i.e. let

AL, LAL be strata of a perturbed system, then

!

m

> m(A]) < m(A).

i=1
Proof. Let Ty,...,T,, be transversal sections to A;’s at generic points. Every A} inter-
sect at least one of the sections T1,...,7,,. One can also assume that T;’s meet A;’s

transversally. On each transversal section the result follows from the Lemma 1.7.2.



Chapter 2

Critical Locus for Complex Hénon

Maps

2.1 Introduction. Foliations.

Hénon mappings are polynomial automorphisms of C? of the form
p(z) —ay
Jfalx) =

xz

Both real and holomorphic versions of these maps have been extensively studied.
Some of the sources of the fundamental results about Hénon mappings are [BLS93],[BS91a],[BS91b],
[BS92], [BS98a], [BS98b], [BS99], [HOVI4],[HOVI5] [FM89] [FS92].

We study quadratic Hénon mappings:
p(z) =2°+c

Inspired by one-dimensional dynamics, it is useful to consider the following dynami-

cally defined sets:

Uy ={(x,y) : lim |f3(z,y)] = oo}

54
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K =C\U}; JF =0K];

Uy, ={(z,y) lim [f,"(2,y) = oo}

K, =C\U;; J; = 0K ;

Jo=JInJ; .

We restrict our attention to the set U NU,

The growth rate of the orbit under the iteration of f, is measured by the function

Gt:

Lemma 2.1.1 ([HOV94)). G} (x,y) is a well-defined function for all (x,y) € C*. More-
over,

G (x.y) > 0 & (z,y) € US.

G is pluriharmonic on U .

The growth rate of the orbit under the iteration of f; ! is measured by the function

G-

a

We add log|a| to have a limit as a — 0. The analog of Lemma 2.1.1 holds for G
Since G, G, are pluriharmonic functions, their level sets are foliated by Riemann
surfaces. We denote the foliation of U by F,, the foliation of U, by F, .

The dynamical description for the foliations is the following:
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Lemma 2.1.2 ([BS98a]). The leaves of F,\ are superstable manifolds, i.e. if z1, z2 belong
to the same leaf, then d(fI'(z1), f(22)) — 0 super exponentially. If z1,z2 do not belong
to the same leaf, then d(fI'(z1), f2(z2)) # 0.

The same is true for F .
One would want to think of these foliations as providing coordinates in U N U, .

However, for all Hénon mappings there is a codimension one subvariety of tangencies

between F, and F, [BS98al.

Definition 2.1.1. Critical locus C, is the set of tangencies between foliations F,” and

Fo-

a

So the critical locus is the set of heteroclinic tangencies between the superstable and
superunstable manifolds.

The foliations F, F, can also be characterized in terms of Béttcher coordinates.

For a one-dimensional map =z — p(x) there is the Bottcher coordinate that conjugates
the dynamics at the basin of infinity to z — 2%

There are analogs of the Bottcher coordinate for Hénon mappings. There are maps
¢as and @, that semiconjugate the map f, and the map f, ' to z — 2? and z — 2%/a
correspondingly. These functions were constructed in [HOV94]. We recall the definitions
of these functions and list their properties in Section 2.4.

The level sets of ¢, + and ¢, — define F,” and F, in some small domains and can be

propagated by dynamics to all of U} and U, correspondingly.

2.2 Topological model for the critical locus.

In [LR] Lyubich and Robertson gave the description of the critical locus for Hénon map-
pings (z,y) — (p(x) — ay,z) , where p(x) is a hyperbolic polynomial with connected

Julia set, a is sufficiently small. They showed that for each critical point ¢ of p there is
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a component of the critical locus that is asymptotic to the line y = ¢. Each component
of the critical locus is an iterate of these ones, and each is a punctured disk.

They used critical locus to show that a pair of quadratic Hénon maps of the studied
type, taken along with the natural foliations, gives a rigid object. In the sense that if
a conjugacy between two Hénon maps sends the natural foliations of the first map to
the natural foliations of the second map then the two Hénon maps are conjugated by a
holomorphic or antiholomorphic affine map.

We provide the topological model for Hénon mappings (x,y) — (z%+c—ay, x), where
22 + ¢ has disconnected Julia set, and a is sufficiently small.

The truncated spheres serve as building blocks for the critical locus. Consider a sphere
S and a pair of disjoint Cantor sets >, Q2 C S. The elements of X, {2 can be parametrized
by one-sided infinite sequences of 0, 1’s. Denote by o, € ¥, w, € () elements parametrized
by a sequence «.

Let «, be a n-string of 0’s and 1’s. For each «,, n € NU {0}, take a disk V,,, C
S\ (XU Q) with the smooth boundary. (Let V' denote the disk that corresponds to an

empty sequence.) We require that V,, are disjoint. Moreover, V,, converge to o,, where

v, is the string of the first n elements of a.

Figure 2.1: The geometry of a truncated sphere

U,, play the same role for Q as V,, for X.
We assume that there is a fixed homeomorphism % between the boundaries of Vo,
and U, .

Let p € S be a point.
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We say that S\ (SUQUY, [Us, UV,,]Up) is a truncated sphere.
Let us prove that all truncated spheres are homeomorphic one to another.

First, we prove a preliminary lemma.

Lemma 2.2.1. Let Dy and Dy be unit disks with smooth boundaries. Let 31 C Dy,

Yo C Dy be Cantor sets. Then Di\X1 and Dy\Xs are homeomorphic.

Proof. Since Y1, Y, are Cantor sets, they are homeomorphic. Denote by h : 3; — 35 the
homemorphism.
The elements of Cantor sets can be parametrized by sequences of 0 and 1’s and we

can choose parametrizations that respects h. Denote the elements of 3; and X, that are

parametrized by a, by ol and o2 correspondingly.

Figure 2.2: The partition of a disk, with a Cantor set removed, into pairs of pants

There exist open sets Wolén C Dy, parametrized by n-strings «,, of 0 and 1’s, so that
Wolm contains all points o,, such that the string of the first n-digits of the sequence « is
Q.-

We can take W, ’s with smooth boundaries. And assume that

Wl

Qn41?

1 1
Wy €Wl

where ay,41, a;,,; are obtained from «,, by adding correspondingly 0 and 1 at the end.
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Repeat the same procedure for s, and denote the corresponding sets by Wgn.
Fix some homeomorphism A : 0D; — 9D-.

Obviously, one can extend h to a homeomorphism

h: Dy\(Wo UWY) = Do\(Wg U W)

so that it restricts to homeomorphisms

h:OW, — OWg

h: OW} — oW}
Now we can extend it to the next pair of pants and so on. In the end we get a
homeomorphism A : D1\¥X; — Do\ Xs. O

Lemma 2.2.2. The truncated sphere is a well-defined object up to a homeomorphism.

Proof. Let S; and Sy be two truncated spheres. We add indices 1 and 2 to Cantor sets
and disks, used in the definition truncated spheres.

Let us cut S; into two disks, so that the first disk D; contains »; and all disks Valn.
The second disk contains Q; and all disks Uy, .

Do the same procedure with S5. Denote the corresponding disk by Ds.

Now we prove that there exists a homeomorphism h

h:D\ (SiUVL) = Do\ (S, UV2)

Using the notations from the previous lemma one can choose W, , so that they contain

all sets V,, , such that
1. m > n,

2. «, is the first n-string of a,,.
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Figure 2.3: The partition of a half of a truncated sphere into pairs of pants with a hole

On each step we extend the homeomorphism from the boundary to a pair of pants

with a hole.

We do the same procedure for the part of truncated spheres left. We create a home-

omorphism, which respects h.

Theorem 2.2.1. Suppose x> + ¢ has disconnected Julia set. There exists §, such that

V0a| < 0 the critical locus of the map

fa =

s smooth, and has the following topological model: take countably many truncated spheres
Sn, n € Z, and glue the boundary of V,, on Sy to the boundary of Uy, of Spir using the

homeomorphism h. Map f, acts on the critical locus by sending S, to Spyi1.

Lemma 2.2.3. The topological model of the critical locus is well-defined up to a homeo-

morphism.

Proof. 1t is easy to see that the homeomorphism from Lemma 2.2.2 commutes with the

gluing. O
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¥%

Figure 2.4: The topological model.

2.3 Strategy of description.

When a = 0, the Hénon mapping reduces to

~—

which is a map = — p(z) acting on the curve x = p(y).
As a — 0 the map degenerates, but the foliations and the Green functions persist
and become easy to analyze.
In Section 2.4 we study ¢, + and ¢, _, paying extra attention to the degeneration as
a— 0.

Section 2.5 is devoted to Green’s functions. We prove that G} and G, depend
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continuously on z,y and the parameter a.

In Section 2.6 we describe the foliations F,” and F, and the critical locus C in terms
of ¢, + and ¢, . We also calculate the critical locus in the degenerate case. As a deviates
from zero, we carefully describe the perturbation. The latter is done in several steps:

First, we choose appropriate values r and « and describe the critical locus in the

domain

Q={G; <rin{lyl < a}n{lp(y) — 2| > |ala}.

YA

%éﬁﬂm/

Xy

[
/ -

Figure 2.5: Domain {2

We choose r that lies between the critical point level and critical value level:

Gp(0) <1 < Gp(c),

where G, is the Green function of polynomial p.
We choose o such that G |{jz/>a,z>y} > - Moreover, in Section 2.9 we choose o
such that leaves of foliation F in €2 form a family of parabolas.

a

In Section 2.10 we give a description of the foliation F," in

{Go <rpn{lyl < a}.
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Jr Jr
|a A |T

|
/

Xy

/—/-
//-

//_
QN

x=p (0)

Figure 2.6: The foliation F,"

We show that the local leaves of F, are either vertical-like or parabolas. There is exactly
one family of vertical parabolas (see Fig.2.3) corresponding to each line z = &, where
p* (&) = 0.

The critical locus in € is the set of tangencies of a family of horizontal parabolas with
vertical-like leaves and vertical parabolic leaves. In Section 2.11 we show that for each
family of parabolas there is exactly one handle.

In Section 2.7 we show that foliations F," and F, extend holomorphically to z = oo.

We show that a point (0,00) belongs to the extension and calculate the tangent line to

the critical locus at this point. This gives us a description of the critical locus in

{lyl < ey n{fz[ > a}.

In Section 2.12 we show that the critical locus can be extended up to a|a|-neighborhood
of parabola p(y) — x = const along y = 0.

In Section 2.13 we combine the results from the previous sections to get the description
of the fundamental domain of the certain component of the critical locus. We rule out
ghost components. We also do a dynamical regluing of the fundamental domain of the

critical locus to obtain a description in terms of truncated spheres.
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2.4 Functions ¢, and ¢, _.

In this section we construct functions ¢, and ¢,_. In their description we follow

[HOV94]. In description of the degeneration of ¢, 4 and ¢, — as a — 0, we follow [LR].

2.4.1 Large scale behavior of the Hénon map

The study of Hénon mappings usually begins with introduction of domains V, and V_

which are invariant under the action of Hénon map:
fa(Vi) C Vi, fH(Vo) C VL

Moreover, one requires that every point that has unbounded forward orbit eventually
enters V, and every point that has unbounded backward orbit enters V_.

Fix R, 0 < r < 1, and choose « so that

||y_(;|! % < (2.4.1)
Ip(y)| > 2R+ 1)yl (2.4.2)

for all |y| > a.

Consider the following partition of C? :

Vi ={(z,9) : [z[ > [yl [z] > |af};

Ve =A{(z,y) : |yl > ||, |y| > a};

W =A{(z,y): |z <o, lyl <a}.

Lemma 2.4.1. For a € Dg, f,(V}) C Vj.



CHAPTER 2. CRITICAL Locus FOR COMPLEX HENON MAPS 65

Y

Figure 2.7: The crude picture of the dynamics of f,

Proof. |p(x) —ay| > [p(z)| + |ally] > 2R+ 1~ R)|y| > |y

Ip(x) —ay| > (R+1)|y| > « O

Let

Ty T

Yn )

Lemma 2.4.2. Ut =, f,"(V4);

Proof. Let f*(x) — oco. For some n, f*(z) € V, or f(z) € V_.
Suppose that for all n > ng (x,,y,) € V_. Note that |y,+1] = |za| < |yn|. Sequence

»|} is decreasing. Contradiction. O
{lynl} g

Lemma 2.4.3. Fora € Dy f;}Y(V_) CV_.

Proof. \p(zl/irx\ > |2R+1}|:|iy|—\x| > \y[

lp(y)—=| > |y| > |a| O

|al

Lemma 2.4.4. U, = U, f"(V_).

Proof. The proof is the same as in the previous lemma. O
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2.4.2 Function ¢,

The function ¢, + is constructed as the limit

. 1
o+ (,y) = lim [z,[2".

with the appropriate choice of the branch of root. We are particularly interested in this

function in V. Sense is made of the above limit using the telescopic formula

+) (2.1)

1 T
— log
x

= i Log Ty
Pat = lim zexp | 5log — 3 08

Lemma 2.4.5. The function ¢, , defined by formula (2.1), is well-defined and holo-
morphic for all (z,y) € Vi and all a € Dr. Moreover, there erxists B so that
B< |t < B
x

Proof. Let st = 2 — 1. By property (2.4.1), |s}| < r.

2
Tn-1

log ;””i - = log(14s;") is calculated using the principle branch of log. Therefore, the series

€T n

_O — o .. JE—
5 %8 2 on

Tn
2
xr_

log +... (2.2)

1

log(1—r)
on Y

converges absolutely and uniformly. Since |log —=—| < — the infinite sum (2.2) is
n—1
no bigger than —log B = —log(1 — r).
The final claim follows immediately from the expression (2.1) and the bound derived

for the series (2.2). O

We show that ¢, + ~ x as  — oo in Section 2.7.

Let Dn,—l— - {<J;’y7a)| fc?(xay7a) € V+,CL € DR}

Lemma 2.4.6. The function 90?:+ extends to a holomorphic function on D, 1 given by

n

90(217+ = Qq+ © f2'. Moreover, go%jl(%y) = bf;n(x)-
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Proof. The function ¢7", is holomorphic by definition.

As a — 0 the Hénon mappings degenerate to a one-dimensional map z — p(z),
acting on y = p(z). Therefore, o (z,y) = by(z) on Vi, and ¢f, (z,y) = b2 (z) if
f3(z,y) € V. L

K =Jf =J,xC,

U =0, xC,

where J, is the Julia set for the one-dimensional map = — p(z); U, is the set of points,

whose orbits escape to oo under the map = — p(z).

2.4.3 Function ¢,

We start by working the leading terms of y_,, as a polynomial in y and as a polynomial
in % The following notation simplifies the statement of the result:
op =142+ ---+21for k>1and o, =0 for k£ <0.

By an easy induction we get:

Lemma 2.4.7. The leading term of y_,(x,y,a) considered as a polynomial in y is

y*" Ja°~. The leading term of y_, considered as a polynomial in é is ——(p(y) — x)Qn_l.

aon

We define the function ¢, _ as a limit

S

Yq— = lim (y_, 0 a) (2.3)

n—oo
with an appropriate choice of branch of root. Note that the factor a”" is chosen, so that
the leading term of ¥, - a°*, as a polynomial in 7, is y*".
Let D3 = Dr\{0}.

Sense is made of the limit in V_ x D% using the telescopic formula:
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ay-1

1 1 _
Qo —(z,y) = 71151010 exp (5 log + 2 log % +.. ) (2.4)

Lemma 2.4.8. The function ¢, —, defined by formula (2.4) is well-defined and holomor-

phic on V_ x Dy,. Moreover, there exists B so that

B! < ‘—%" < B.
)

_ C—T_(p_
Proof. Let s, = ——»=1
yf(n—l)

Note that |s; | < r for (z,y) € V_, a € D5,

We evaluate y; Y=r_ —Jog(1 + s;,) using the principle branch of log.

~(n-1)

Since log(1 + s;,) < —log(1 —r), the series

—log + = + ... (2.5)

converges uniformly and absolutely to a holomorphic function bounded by —log(1 — r).

Letting B = (r — 1)71, the last statement of the Lemma follows. O

We show that ¢, _ ~ y as y — oo in Section 2.7.

The next lemma states that one can extend ¢, _ to a holomorphic function on V_ x Dp.

Lemma 2.4.9. ¢, = (p(y) — a:)% + ah(z,y,a) for some holomorphic function h on
V_ x DR.

L

is -L(p(y) —2)*".

Proof. By Lemma 2.4.7 the leading term of y_,, as a polynomial in é
Since x_,, = y_(n—1). The leading term of x_,, as a polynomial in % is the leading term
of Y—(n—-1)-

Recall s, = C;L# It follows that s, is a polynomial in a and it vanishes in a to
~(n-1)

the order 20,1 — 0,,_5. Hence the series (2.5) takes the form

1 _
§1Og a(le + ag(x,y,a),
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where g(z,y,a) is a holomorphic function on V, x Dg.

By (2.4), ¢a—(x,y) = yexp (% log “y%)) exp(ag(z,y,a)). The conclusion follows. [

Let

C(p) = {ply) —x =0}

Domain f,(V_) swells to C*\C(p) as a — 0.

Lemma 2.4.10. For (z,y) € C\C(p) we have (x,y) € f.(V_) for all sufficiently small

a. Moreover, for all K @ C*\C(p) = K € f.(V_) for all small enough a.

Proof. Both statements follow from

faV2) ={Iply) — 2| > |ala, |p(y) — x| > |al|yl}.

D = {(@,9.0)| (2,9) € f1(V),a # 0 or (2,y) € CA\C(p),a = 0}.

Lemma 2.4.11. The function gpgi (x,y) extends from a holomorphic function on V_x Dg

to D_,,, by letting
1 @2 = a0 fi" fora# 0;
2. 95 (x,y) = (p(y) — )"

Proof. 1f a # 0, then we can extend the function ¢, _ to be holomorphic by defining
4,0(2:_ = a%"p,,— o f, . This agrees with gpf:_ on V_.
By Lemma 2.4.9

802:: =a"p,_o ;" =a"(p(y_n) — x_n)% + a7 (T, Yop, @) (2.6)
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(p(y)—a)*"

a®

is (p(yg+_)i. Thus

1

By Lemma 2.4.7 the leading term of y_,, as a polynomial in <, is . Since

n—2
T_pn = Y_(n-1), the leading term of z_, as a polynomial in +

a’ (p(y—n) — x_n)% is a polynomial in z, %, a and the only term free in a is (p(y) —z)*"
By the same argument the function a’h(x_,,y_,,a) is holomorphic in (z,y,a) on

V. x Dg. Therefore, a® ™ h(z_,,y_n,a) vanishes in a.

Thus, 92" = (p(y) — 2)*" + ahi(z,y,q). O

We denote K, and J; to be C(p). We set U; = C*\J, . The previous two statements

justify these notations.

2.5 Green’s functions

The next two lemmas are from [HOV94]. We provide the proof of Lemma 2.5.1 to make

the thesis self-contained.

Lemma 2.5.1. The function

G, (z,y) = lim log" |f;'(z,y)] (2.7)

is well-defined in C? x Dg. It satisfies the functional equation

GE(f.) = 267, (2.8)
Moreover, it is pluriharmonic in U} .

Proof. We define, the function G} = log|¢,+| on V. We use the functional equation
(2.8) to extend it to U;S. We also set G (z,y) = 0 for (z,y) € JF. G, defined this
way, is pluriharmonic in V., since it is a logarithm of a holomorphic non-zero function

@a+- It is pluriharmonic in U], since for each n, on f,"(V,), G} is a pull-back of a

a

pluriharmonic function by a holomorphic change of coordinates.
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Moreover, notice that the function defined this way satisfies (2.7) and there is a unique

function that satisfies (2.7). O

Lemma 2.5.2. The function

Gy (x.y) = lim |£;"(x.y)| + log o (2.9)

is well-defined in C* x D%. It satisfies the functional equation

G; (v,y) 0 f; = 2G; —loglal. (2.10)
Moreover, it is pluriharmonic on U, .

Equation (2.10) is sometimes more conveniently written

(Gy —loglal) o fo' = 2(G, —log|al).

We set

1lo — x| for (z, C(p);
Gy (2.y) = logln(wg)] = 2 P 7 f E yigcf’; (2.11)
—00 or (r,y) € P).

Hubbard & Oberste-Vorth proved that the Green’s functions are continuous when f,
is non-degenerate and the same argument gives continuity in x,y and a for G} when

a = 0. Lyubich-Robertson [LR] extend this to G, when a = 0.

Lemma 2.5.3 ([LR]). The functions G (z,y) and G, (z,y) are continuous in x,y and

a for a € Dg.

Proof. Tt follows by the same argument as is used in [HOV94] except in the case of G
when a = 0. For (2/,y') € C(p) the continuity of G, at (z/,y’) and a = 0 follows from

Lemma 2.4.11. For (2/,y’) € C(p) more work is required. If we restrict G, to the slice
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a = 0, then we have shown continuity, so we will assume for most of the rest of this proof
that a # 0 (so f, ! is defined).

Let us fix M > 0, and find a neighborhood U of (2/,y’) so that for all (z,y) € U,
G, (z,y) < —M

If (x,y) € J;, then it is enough to require that |a| < e™.

If (z,y) € U,, then f,"(z,y) € V_ for all n > ny.

Pa,— (a:,n7y7,n)

If f7"(x,y) € V_, then by Lemma 2.4.8 B™! < S < B.
Therefore, G, (z,y) < 1log B + 5= log|a™y_,|.
1
Yon =~ (P(y=(n=1)) — Y—(n—2)) for n > 2. (2.12)
py)—x
Yo=Y, Y-1= %

We wish to estimate a®*y_,, in terms of yo and y_,,.
It is convenient to introduce a new variable z_,, = a"y_,, and a notationp (z, y) = y?p(

In these new notations the recurrence relation (2.12) takes form

2n = P(2_(n-1),a’Y) —a” I (2.13)

where 29 =y, z_1 = p(y) — x.
22| < 2max(|p(z—n-1)l, a|7"), a7 |z, s])
Using the estimate p(z,y) < C'max(z?,a?), where C' is a constant, we get

|2l < 2max(|22 |, lal*=, al* 277 2 )

Consider a neighborhood

1
U(e) = {(z,y,a)| Ip(y) — 2| < &* |a| < min(2Ce, 3)s lallyl < Ce’} (2.14)

By induction one can show that if (z,y,a) € U(¢), then z_,, < (2C)°"&?".

Therefore, for (z,y,a) € U(e)

< |8
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G, (z,y,a) <log(|2C|e) (2.15)

Therefore, for small enough ¢, G, (z,y,a) < —M.
Intersecting U(e) with the e=*-neighborhood in a-variable, we get the desired neigh-

borhood.

2.6 Description of the foliations and the critical locus
in terms of ¢, and ¢,

Note that

Gf(z,y) = log|pat(z,y)];

Therefore, the foliation ¢, = const on V. is exactly F, . It can be propagated by
dynamics to the rest of U;}.

The same way,

G, (2,y) = log|@a,—(z,y)].

The foliation ¢, — = const on V_ is F, and it propagates by dynamics to U,

a

U* ={(z,y,a)| a € Dg, (z,y) € U}

Below we show that the critical locus is defined by a global holomorphic form on
UT NU~. Therefore, it is a proper analytic subset of U, NU_.

The forms dlog ¢, + and dlog ¢, + are well-defined and holomorphic in U™ and U~
correspondingly.

Critical locus C is given by the zeroes of the form
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w(z,y,a)dr Ady Ada = dlogg,+ A dlogg,— Ada

that is holomorphic in U, NU-_.
Let Coy =C N {a = ap}.

We recall a definition of a proper analytic subset:

Definition 2.6.1. A is a proper analytic subset of a complex manifold M, if for every

point x € M, there exist a neighborhood U and a set of functions fi,..., f, so that

define A in U.
Lemma 2.6.1. C is a proper analytic subset of U, NU_.

Proof. C is defined by the zeroes of the form that is holomorphic in U, N U_. [

2.6.1 Degenerate critical locus.

As a — 0 the Hénon mapping degenerates to (x,y) — (p(z), ). The functions ¢2", and
@2 extend as holomorphic functions to D,y and D, _. The level sets {©2", = const}
define the foliation F, for a € D%. Therefore, the natural analog of the foliation " is
the foliation defined the level sets of the function {¢§", = const}.

The foliation we obtain this way is degenerate. It has double leaves. Below we explain
what it means for the foliation to have double leaf.

Suppose that a foliation F in @ C C? is defined by the level sets of a function .
Suppose that in a neighborhood of each point (z,y) one can choose local coordinates

(u,t), so that ¢ = u".

Definition 2.6.2. We say that a leaf L of the foliation F is double if in a neighborhood

of a point (z,y) € L, p = u?.
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Note 2.6.1. The definition depends on the defining function ¢ and does not depend on

the choice of the local parameter u, nor on a point (x,y) € L.

Lemma 2.6.2. The foliation Fy in Uy is a vertical foliation x = const with leaves

x = p *(0) being double for all k > 0.

Proof. For each point xy there exists n, such that in a neighborhood of the line z = z,

the foliation 7y is determined by the level sets of the function g, .

Since @f , (z,y) = b2 (x), the foliation is vertical.

The multiple leaves appear when (an) . (bﬁ"),(x) = 0 if and only if
p* (x ) = 0. Moreover, all zeros of (bﬁ ) are non-degenerate. Therefore, all the
leaves © = p~™(0) are double. O

Lemma 2.6.3. The foliation F; in Uy consists of the leaves {p(y) — x = const}.

Proof. By Lemma ¢, = p(y) — x and is defined in U; . The statement of the Lemma

immediately follows. O
Corollary 2.6.1. Cy = [{y =0} U, {fz =p™*(0)}] NUy N Uy
Jo| vA Jo
\
l ‘
‘ —
: _______ Sl e Jo
_d- - [
\ \
{ ‘ ‘ }{;
~d_ |
T e ] [
| I I R
: x=p (0) x4p (0) :
x=p (0) x=p (0)

Figure 2.8: The degenerate Critical Locus
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2.7 Ciritical locus near infinity.

The goal of this section is to calculate the critical locus at a neighborhood of z = oo in
the compactification of C? given by CP! x CP*.

First, we extend the foliation F," to the line z = oo in CP! x CP! compactification
of C2.

Let

V, = {(z,y) € CP! x CP'| (z,y) € V; or {z = 00,y # o0}}
Lett=1 v=21
T Y

Lemma 2.7.1. The function %7* extends as a holomorphic function to \7+ X Dp

Moreover, to, + = 1+ thi(t,y,a), %—’;1 = uli(t,y, a).

Proof. By the Riemann Extension Theorem, . can be extended to 2 = occ.

Note that the functions s, and % vanish in ¢ for all k. Thus, in the sum (2.2)
every term vanishes in u. Therefore, the infinite sum (2.2) vanishes in u as well. And
“"“7* = 1+ thy(t,y,a), where hy is a holomorphic function in t,y,a. The same way one

proves, %—f;l = thi(t,y,a). O

~

V_ ={(z,y) € CP' x CP| (z,y) € V_ or {y = 0o,z # 0o}}

Lemma 2.7.2 ([LR]). The function “DC;” extends holomorphically to V_ x Dp. Moreover,

Vpa— = 1+ vhe(z,v,a), % = vhy(z,v, a).
Proof. The proof is the same as in the previous lemma. [l

In V; N'D; _ the critical locus is given by the zeroes of the form

w=dpe+ N dgp?h_ A da

For the next lemma we fix (¢, y)-coordinates in V.
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Lemma 2.7.3. The critical locus extends holomorphically to <V+ X DR> NDi—. The
point (0,y,a) € C,NV,.N D;_ iff y = 0. The tangent line to the critical locus at (0,0, a)

s given by 2dy + C'dt = 0 with C' depending on a.

Proof.
dt  0hy Ohy Ohy 1 5 Ohy 3~ 5 Ohy
d = - = — —1 —_— —_—
Pa+ 2 + By dt + a9y dy + 9 da » ( +1 5 dt +t°hydy + ¢ 9 da
2 _ -1 _ ply) — = - tp(y) — at
Qpa,f (37, y) - CLQOCL, © fa (JI, y) - CLQOa’, (yu a ) - + ah2<y7 tp(y) -1 ’ CL)
Ohs at a*t*p'(y) Ohs at )
dpa_ = | P (y) +a , ,a) + , d
e (p ) Ay Y tp(y) — 1 ) (tp(y) —1)* Ov W tp(y) — i) %

1 a atp(y) 7 Ohs o
i (t2 i [tp(y) —1 " (ly) - 1)2} B ) dt + hs(t,y, a)d

)

where h3(t,y,a) is some holomorphic function in ¢, y, a.

By Lemma 2.7.2, 22 = vh,. Hence %(y,#,a) = #%(y,#). Thus,

there are holomorphic functions hy, hs on D; so that

dpa,— = (p'(y) + tha(t,y,a))dy + (zhs(t,y,a))dt + hs(t,y,a)da

Therefore, there exists a holomorphic function hg on <V+ X DR> N D, — so that

wt? = (p'(y) + the) dy A dt A da
Conclusion follows. O

Corollary 2.7.1. Fiz . There exists § so that for |a| < 0 the critical locus in

{lyl <epn{fa] = o}

is the graph of a function y(x).
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2.8 Horizontal and vertical invariant cones.

2.8.1 Horizontal cones.

Fix a domain B.

Definition 2.8.1. A family of cones C, in the tangent bundle to B is f,-invariant iff

for any point x € B, such that fo(x) € B, we have df,(Cy) U Cy(z).

Lemma 2.8.1. Fiz " > r and . For every C < min{z : G,(z) < %/} there exists

d such that for all |a| < & the family of horizontal cones |§| > C|n| is fq-invariant in

{G(,y) <r'ynd{lyl < B} (where (&) € Tioy) C?).

Note 2.8.1. Note that we chose the box {G}(z,y) < '} N{ly| < B} so that the tip of
the parabola does not belong to the box. This allows us to have an invariant horizontal

family of cones.

2r a
Proof. Dfy(z,y) =
1 0
2r a
Lot &1 _ §
m 10 n

We want to find C' such that
(€] > Clnl = [22§ + an| > C¢].
Take C' = min(2z) — ¢, where b,(z) < % and ¢ is any number. Then d, = £ max(27).

]

2.8.2 Vertical cones.

Lemma 2.8.2. Fizr' > r, a, C. There exists 0 such that for all |a| < § the family of

cones |€] < Clal|n| is f;t-invariant in {G}(x,y) <7}y {ly| < a}, (£,n) € T(xvy)(:?
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1
Proof. Df; ! =
_1 2
0 1
Lot S 3
m —% %y n
5_1‘: lal
m |— £ +2y]

Suppose (z,y) = f, ' (u,v), where {(u,v)| G} (u,v) <7/, |v| < |al}, then |y| > C;.

a

Therefore, when |a| < 6, |2y — %| > |Cy| O

2.9 Description of F_ .

In this section we give a description of F in

W {lp(y) — z| > [ala}.

We choose « in the definition of W such that the description of F, is especially nice.

The function gpif is well-defined in this region, so it is natural to expect that the

foliation
Fy ={p:_ = const}

a a

is close to the foliation

Fo =A{¢i_ =ply) — x = const}.

The only region where it really needs to be checked is when we approach a|a|-neighborhood
of C).

We also prove that the leaves of F, that intersect the boundaries

{GI <rindiply) — = = alal}
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{G <rinflyl <lol}

are horizontal-like. In order to guarantee this we will need to choose appropriate a.
We start by fixing preliminary & such that conditions (2.4.1) and (2.4.2) are satisfied.

Notice that ¢} _ is well-defined in

fa(V2) = Alp(y) — = = |ala, [p(y) — = = [ally[}

Therefore, the domain of definition of cpi’_ in W is

JaVo) O W =A{lp(y) — z[ = |ala}.

Lemma 2.9.1. There exists o such for all a € Dpg

min{l, _(z,y)| : (z,y) € W.|p(y) — 2| = alal} >

max{|@. _(z,y)|: (z,y) € W, |p(y) — =| = alal}.

Proof. 9037_(33, Y) = apa,— (Y, p—(yl_x)'

Ya—(x,y) ~y as y — oo, Therefore,

min{[ea,(2,y)| = [x] <0,]y| = o} > max{|p, (z,y)| : |2| <0,|y| = a}

for big enough . Take 6 = max(p™(D|z|+afa))-

[]

Corollary 2.9.1. For a point ¢ € W N {|p(y) — x| > |a|la} a connected component of a
leaf L, of the foliation F, , passing through a point q, stays outside of &|a|-neighborhood
of Cy.
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dp2 _ /0y

93 _ /0y
dp2 _ [0z

Lemma 2.9.2. For all a € Dg, is a-close to 7 T = —p'(y) in Q.
0,—

2 2
Note 2.9.1. Note that 8%%, ag% do not stay bounded in 0 as a — 0, but their ratio

does.

Proof. We chose a so that the function @2 _ is well-defined in {G} < r} N {[a|a <

Ip(y) — 2| < Kk} and that the leaves of F, we consider do not leave this neighborhood.

a
op3 /8y

. : . O¢2 /Oy
Let us show that in this region B2 jox 13 a-close to 97 oz

el _ o) ply) —= Oa— [ ply) —x
dy (z,y) =3 (a%,—(y,T)) = a5 (y, ” )+

P 2o (% o) x)

el %) ply) —x Opa,—
O (x,y) = % (a%,(y, T)) = _8—3/

Let us do a change of coordinates (u,y,v) = (p(y) — =, y, Iﬁ) First, we introduce

the u-coordinate that measures the distance to parabola. Then we do a blow-up in
each line y = const that blows-up a cone in wu, a-coordinates, which corresponds to the
compliment of |a|a neighborhood, to a polydisk in u,v coordinates.

U U

u| = aal

=\
YL
Y

Figure 2.9: The blow-up

@2 /by

m llftS to a

Denote by ¢* (u,y,v) = @2, _(p(y) — u,y). We show that a function

holomorphic function on the blown-up space {|y| < a, |u| <e, |v] < L}.
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Opa— ply) — Opuv,— 1
aax(’ a )= ox (’U)
Opuyw—, 1
I Z(y, =) =0
lim uv—="=(y, -)
g 222108 _ —r'(y)
u—0 0% /Ox '
dp2 oy dp2_ [y .
Thus, &iE:TE)z is a-close to % in QNA{[py) — z| > |a]a}. O

Let L, be a leaf of foliation F, that passes through a point g.
Corollary 2.9.2. There exist k and 0 such that for all |a| < 6 and all
¢ € {G3 <r}n{lp(y) — x| = lala} N {ly| > r}
a connected component of L, is horizontal-like.

Proof. One takes k such that every leaf of F; that intersects |y| = & is horizontal like. [

Corollary 2.9.3. There exists 6 so that for all |a| < § and all (z,y) € Q the tangent

plane to the foliation F, is not horizontal.

2.10 Description of F, .

Definition 2.10.1. We say that a curve C in a domain B is horizontal-like iff there
exists a family of f.-invariant horizontal cones in B, such that the tangent lines to C

belong to this family.

The function G{ (z,y) = G,(z) is self-similar:

Gp(p(x)) = 2G,(x).

Recall that we chose r so that
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G,(0) <1 < Gp(p(0)).

The picture of the level sets of G, inside {G, < r} is self-similar. Inside each connected

component of {G, = -} there are exactly two connected components {G, = 555 }.
D 2 p 2

Figure 2.10: Level sets G}, = 57

There is exactly one critical level in each connected component

T T
on+1 < Gp < 2_n

Figure 2.11: Level sets of G,,.

In this section we show that the picture persists for the level sets of G for small

enough a on each horizontal-like curve in a box

{Ga <rin{lyl <8}

We choose = 2max{p(z)| G,(x) <r} to apply this construction to the leaves of F

that intersect {|y| = a} in {GI <r}.
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Lemma 2.10.1. There exists § such that for |a| < 6 {G} = r}, {G} = £} are non-
critical on each horizontal-like curve inside |y| < . Moreover, {G} = r} has one

connected component, {G} = £} has two connected components.

Proof. G is a function that depends analytically on a on U, for all a € D. Therefore,
since the level sets {G§ = r} and {G§ = %} on y = b are non-degenerate, they remain

non-degenerate for small enough a. The same is true for the number of components. [

Lemma 2.10.2. There exists § so that for all |a| < §, there is exactly one critical level of
G between 5 and r on each horizontal-like curve in |y| < B. The corresponding critical

point is non-degenerate.

Proof. Let C be a horizontal-like curve. Then the domain {G} < r} inside C is
parametrized by a planar domain. Therefore, the index of gradG§ along the bound-
ary of {§ < Gy < r} is well-defined and is equal to one. The function G} depends
holomorphically on a. Thus, the index of gradG along the boundary of {§ < G} < r}
is one as well for small a. Therefore, there is only one critical point inside and it is

non-degenerate. O

Lemma 2.10.3. There ezists 6 so that for all |a| < 6 T, = {G}F =r} N W is a solid

torus, {G = 5} NW consists of two solid tori T711/2,Tf/2 (the core coordinate can be

chosen to be real-analytic, the disk coordinate holomorphic).

Proof. {G§ =1} ={(a+:¥), [ar| =1yl < o}

For {G} = £} N W the proof goes the same way.

]

Take any horizontal-like curve. We want to prove by induction that inside each

component {G} = 5} there are exactly two components {G} = 557}, and they are non-

critical. Therefore, there is exactly one critical level in between, and the corresponding

critical point is non-degenerate.
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Lemma 2.10.4. There exists 6 so that for all |a] < 9§, the level set {G} = 5} on each

horizontal-like curve in |y| < B is non-critical.

Proof. fr({G} < g5}) is horizontal-like, since it is an image of a horizontal-like curve
and it belongs to the box with f,-invariant horizontal cones.
fHGE = 57) € T, and it projects one-to-one to z-axis. Therefore, it is non-critical.

]

Lemma 2.10.5. For |a| < § on each horizontal-like curve for every n there are exactly

two level sets {G} = 557} inside {Gf = 57} and they are non-critical.

Proof. For every n, f2({G} < 37}) is a disk that projects one-to-one to z-axis with the
_r

boundary on 7. It intersects TT1/2, Tf/Q by a circle each. On the intersection {G} = %}.

This proves the lemma. O]

Corollary 2.10.1. For |a| < 0 on each horizontal-like curve there is only one critical

level {G} = 1"}, where 55 < 1" < 57 for each connected component {Gf = 37 }.

The next lemma states that the foliation F," is not only vertical-like (projects one-

to-one to y-axis), but is uniformly close to vertical on some thickening of {G} = 57}

Lemma 2.10.6. Fiz a small \. There exists § s.t. ¥|a| < §

‘ Ogay /0y

— | < C
ek or| <

on {52 < Gf < 22} with C independent on n.

Proof. On {r — A < G < r + A} the inequality follows from the fact that ¢, is a

holomorphic function in a.

The leaves of foliation F, in {#4 < GF < ZE4} N'W are preimages under f, ! of

the leaves of F; in {5* < GF < 2} nW. Therefore, by induction we check that they

belong to f, !-invariant vertical cones. O]
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2.11 Critical Locus in ().

Recall that

Q={G7 <r}n{lyl < a} n{Ip(y) — z| = |ala}.

See Figure 2.3.
In this section we subdivide €2 into countably many regions. We call ¢, (p"(&,) = 0)

the region that is a connected component of

r T
{57 < GI < b0 {lyl < a} 0 {lp(y) — o] 2 lala}.

that contains a line z = &, when a = 0.

YA
5/%;/:%f: -
el .
T
\E\SE\\ ________

Figure 2.12: Domain (),

Lemma 2.11.1. Fiz a small A\. There exists § (independent on n) so that for all |a] < §

the critical locus in each connected component of

r—A r+ A
<Gr<
on T T4 T 9n

{

F{lyl < a}

is an annulus which is a graph of function y(pa ).
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+ _ r+A
G = .

Figure 2.13: The thickening of G} = 5

st
-

Proof. Fix v so that the set {Gg < r} N {|y| < v} is disjoint from C,. Then for all
la] < ¢ the set {GF <r}n{|y] <~} is disjoint from C,.

The inverse function theorem implies that Vn 36, s.t. |a| < §,, the critical locus in
{22 < Gf <Z2}n{Jy| <~} is an annulus on the component that is a perturbation of
y=0.

Since in the region

TQ_TLASGIST

A 0y <l < 0} 1 () — o] > ala)

{ 2

the foliation F, is a-close to F; and by Lemma 2.10.6 F," is almost vertical, for |a| < ¢”

there are no points of the critical locus in this region.

Take some n and fix some connected component

r— A
=

r+ A
§G1§2—n}ﬂ{\y|§’y}-

Let us show that the critical annuli in this connected component persists for all

la| < ¢". C, is a analytic set in the region

T2 <Gy < T2

< ol <. lal < 87}

{(z,y,0)]

There are no zeroes of gradG, on the leaves of F, on curve |y| = 7. Therefore, index

of grad(, is constant. At a = 0 it is equal to 1. Thus, the critical annulus in

r— A\ <r—|—)\
2n

Jyl <, lal < 6"}
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persists. ]

Lemma 2.11.2. There ezist k and 6 such that for all |a| < 0 the critical locus in each

connected component {|ala < [p(y) — x|} N {57 < GF < 5= N {ly| > &} is an annulus

with two holes and is a graph of function y(@a—).

Proof. It follows from Corollary 2.9.2 [
lyl = a
|ul = [ala
lyl =~

Figure 2.14: The critical locus in {|a|a < [p(y) — 2|} N {757 < GF < 7=} N {ly| > K}
Lemma 2.11.3. For |a| < ¢ the critical locus in Q is a smooth curve. In Q, it is
a connected sum of two disks Dy, Dy with two holes. The boundary of Dy belongs to
{ly| = a}, and the holes of D1 have boundaries on {|u| = |a|a}. The boundary of Ds

belongs to {G§ = 57} and the holes to {G} = 557}

Note 2.11.1. As a — 0, the curve degenerates to (x — &,)y = 0. The holes of D,
degenerate to points (0,&n41), (0,&,41), where p(§, 1) = p(§,.1) = & The holes of D,

tend to circles {(x,0)| Gp(x) = 557}

Proof. Fix n. The union of two intersecting lines y = 0 and x = &, has Milnor number 1
[AGVS85]. Therefore, in the neighborhood of a point (,,0) the critical locus for small a
is either a handle, or union of two intersecting curves. By the inverse function theorem
and Lemma 2.11.2 there exists d,, s.t. |a| < d,, this critical locus can be extended all the

way to the boundary. Let us show that it can not be union of two intersecting curves.



CHAPTER 2. CRITICAL Locus FOR COMPLEX HENON MAPS 89

The degenerate critical locus The nondegenerate critical locus

ly| =

Figure 2.15: The critical locus in )¢,

Take a "horizontal’ curve, the curve that goes from one vertical boundary to the other.
This curve necessarily intersects the 'vertical’ curve on which the tangent line to F are
horizontal. But then on the point of intersection the tangent line to the foliation F is
horizontal. That is impossible by Lemma 2.9.3.

Let us show that the picture persists for |a| < §. We have trapped critical locus on
the boundary in Lemmas 2.11.1, 2.11.2. We have shown as well that no new component
can enter through the boundary. The component inside can degenerate only to union of

two intersecting curves which is impossible by the same argument as before. [l

2.12 Extension of the critical locus up to |a|a-neighborhood
of parabola.

Lemma 2.12.1. There exists § so that for all |a] < § the component of the critical locus,
that is a perturbation of y = 0 can be extended up to |a|a-neighborhood of parabola as a

graph of function y(x).

Proof. The domain of definition of 2 _is fo(VZ) = {(z,y) | [p(y) — | > |ale, |p(y) — x| >
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lallyl}-
Therefore, in W the domain of definition of ¢2 _ is {|p(y) — =| > |a|a}.

Denote u = p(y) — x.

Consider new variables (u,y,v) = (u,y, ). Denote by 7 projection
7 (u,y,v) = (u,y,uv).

Notice that 771 blows up a point u = 0 on each line y = yq.

Let’s prove that one can extend the critical locus to

1
S=Alul <Bilyl <e ol < =}

Note that ¢,  can be extended to S since it’s a well-defined holomorphic function in
(). ¢z (,y) = wpu,-(y,1/v).

By [LR] %#(m,y) extends to be a holomorphic function to a neighborhood of y = oo.

Therefore 90(21,_ extends to S. Moreover, notice that on blown-up lines %2“;,— =0.

The critical locus is given by the zeroes of the function

dpa s Nde: N da
- de ANdyANda

Denote by

dpus 4 N dpl, A dv

=T udu N dy N\ dv
Notice that w = wo .
~ aﬁpuvﬂr agpuv,f 1
w = v al, ( ( ) ay) 833' (y7 ’U)

agpuv,—i— / a@uv,+ a@uv,— 1
( 5 PW) —uy)r'(y) + o (p(y) —u,y) dy (y: )
Note that ‘p‘;” =1+ aH(z, i, a), where H is a holomorphic function in some neigh-

borhood of (z,0,0).
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: Obuv,— _
llmuﬁo UT =0

; Opuv,— _
hmu*}O 8—y =1

w(0,y,v) = b,(p(y))r' (v)

Note that for all [v| < X |y| < a @(0,y,v) = 0 only when y = 0 and the zero is not

multiple. Therefore, by Weierstrass theorem for v y = g(u,v).

2.13 Description of the critical locus.

Fix some . Denote

Q= {(z,y) € CP?| |y| < &, |p(y) — 2| > |ala, G} (z,y) > 7},

YA

xé R ————
\ X
\§\

Figure 2.16: Domain O

Lemma 2.13.1. There exists 6 such that¥|a| < 6 the critical locus C, in Q, is a punctured

disk, with a hole removed. The puncture is at the point (00,0), the boundary of the hole

belongs to {|p(y) — z| = |a|a}.

Proof. By Lemma 2.6.1 the degenerate critical locus Cy in Qs y = 0, with point z = cre-

moved. By Lemma 2.7.1 it persists in some neighborhood of x = co. By the inverse func-
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tion theorem it can be extended as a graph of function y(z) to { G} (z,y) > r } excluding
e-neighborhood of C,. By Lemma 2.12.1 it can be extended up to a|a|-neighborhood of
Cp. O

In the following 3 lemmas we show that every component of the critical locus intersects

Q. It follows from Lemma 2.11.3 that it consists of one component.

Lemma 2.13.2. Let C, be a component of the critical locus C,. Then there exists a point

on 0C, that belongs to J U J; .

Proof. Consider (G} + G ). This function is pluriharmonic and strictly positive in U,}f N

U, . Therefore, inf (G} + G ) cannot be attained at the interior point. O

Lemma 2.13.3. There exists 6 such that for all |a| <6 JNQ is a fundamental domain

for J\J,.

Proof. [HOV95] There it is prove for Hénon mappings that are perturbations of hy-
perbolic polynomials with connected Julia set. In the connected case the proof is the

same. O

Lemma 2.13.4. Suppose |a| < 6 and C, is a component of the critical locus. Then there

exists an iterate of fI'(C,) that intersects §Q.

Proof. Lemma 2.13.2 states that there exists z € (J;F U J;) N (9C,). Suppose z € J; .
Take a sequence of points z, € C,, z, — 2.
G, (z,) = 0 as n — oo; G is bounded.

For every n there exists k, such that 1 < G (f, %" (2,)) < 2. Then k, — oo.

fat(zn)) = 0.

Taking a subsequence one may assume f*(z,) — 2. z € J\J,. Since by Lemma

2.13.3 f"(z) € Jf NQ, there exists an iterate of C, that intersects €. O
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Below we will prove that C, N (Q U Ql> is a fundamental domain of the critical locus.
The next lemma is a variation of the Classical Poincaré’s Polyhedron Theorem on the

fundamental domain under the group action ([M88], IV.H).

Lemma 2.13.5. Let C' be a Riemann surface. Let f: C — C' be an automorphism. Let

D c C be an open domain. Suppose

1. fM(D)ND =0,

2. 0D C C consists of countably many smooth curves v;;

3. ~; are being paired by the map f;

4. for any sequence {z,}, zn, € D, fi(z,) does not have an accumulation point in S
Then D s a fundamental domain of S for the map f,.

Proof. Denote by S a Riemann surface obtained by gluing the images (D) to D. The
natural map i : S — C is injective by (1). Let us prove that it is proper. If it is not,
then there exists a sequence of points z, € S so that z, — 95, i(z,) — z € C. Take
2! € D so that z, = fk»(2!). If there are infinitely many same k,’s. Then the sequence
{7/} has an accumulation point in D. That contradicts (2) and (3).

Therefore, taking a subsequence one can assume {k,} increase. This contradicts

(4). 0

Lemma 2.13.6. The images of (W\{|p(y) — z| > ala|}) U{ly| < e} under the map f,

are disjoint.

Proof. 1.

fa W{Ip(y) — 2| < lale}) 0 W\{Ip(y) — 2| < alaf}] = 0.

fa(W) - WUV—H fa(v-‘r) - V—H thereforea (fc:L(W) N W) - (fa(W) N W) - {’p(y)_

| < |afa}
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feW) 0 {lyl < e} n{fa] = a} = 6;

Let (z,y) € W. Suppose f(z,y) € V, and n is the smallest number such that this

happens. Then |p(z,) — yn| < |a]a. Thus, |y,| > €. For points in Vi, |ypr1| > |ynl-

follyl <epnflzl > ab) 0 {lyl <e} n{lz[ > a} = 0.

Suppose (z,y) € {|ly| < e} N{lz| > a}. Since |y| < ¢, fa(x,y) belongs to |ale-
neighborhood of parabola. Since (z,y) € Vi, f.(z,y) € Vi. Therefore, |y;| > e.

|Yns1] > |yn| > €, since (x,,y,) € V.

follyl <epndlel > ab) n W = 0.

This is true, since {|y| < e} N{|z| > a} C Vi, and f,(V}) C V.

[]

Lemma 2.13.7. There ezists & such that for all |a| < the critical locus in QU forms

a fundamental domain of C,.

Proof. Denote by D = C, N <Q U Ql> Let us check that the conditions of the Lemma
2.13.5 are satisfied. Since QU Q ¢ (W\{[p(y) — z| < |ala}) U{|y| < €}. All the forward
images of D are disjoint from it. Therefore, (1) is satisfied.

The boundary of D in each €, consists of vertical circles: |y| = « and |p(y)—z| = |ala.
The circles |p(y) — x| = |ala are parametrized by &1, §ii1,(P(§h1) = P(E11) = &),
which stands for the approximate value of y on the circle.

There is also one horizontal circle |p(y) — x| = |a|a on a perturbation of y = 0.

fo maps |y| = a in Q¢, to [p(y) — x| = |ala in Qp¢,), parametrized by &

fo maps |y| = a on perturbation of x = 0 to a horizontal circle |p(y) — x| = |ala.
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Therefore, boundary components of D are being paired by f,. And condition (2) and
(3) of Lemma 2.13.5 are satisfied.

Suppose there exists a sequence of z, € D so that f(z,) — 95, z, = z. € C.

If {z,} has an accumulation point z in D. Then f(z) — z*. Which is impossible,
since f7(z) — oo in C2,

If {z,} does not have an accumulation point z in D. Then z, accumulate to z € J}.
Therefore, f* (') — 2z € J,. That contradicts to z € C.

So condition (4) is satisfied as well. Therefore, D is a fundamental domain of the

critical locus C,. ]

Proof of theorem 2.2.1. To obtain a description in terms of truncated spheres we do a

dynamical regluing. We fix some small ¢ and cut the fundamental domain of C, along

the hypersurface |y| = e. We call the connected component of the perturbation of y = 0

main component. The rest of components we call handles: Hy, is a component in 2,
The boundary of He, consists of four circles:

lyl = a, |y| = ¢ and two connected components of |p(y) — z| = |a|a, parametrized as

"

previously by €, &, where p(€h,,) = p(E41) = &
We glue Hg, to the main component by the map f*. Under this procedure the bound-
ary |y| = a of Hy, is being glued to [p(y) — x| = |a|a-boundary of H,,), parametrized
by &. By ”generalized uniformization theorem”, it can be straighten to be a sphere.
The fundamental domain of the critical locus C,, obtained after regluing, is a truncated
sphere.
The preimages of 0 under the map p* are parametrized by k-strings of 0 and 1’s.
Let ay be a k-string that parametrizes . V,, is the interior of |y| = ¢ obtained by
cutting He, from the main component. U,, is the interior of f¥(|y| =€) on f¥(H,). The
rest of the boundary corresponds to G; = 0 and G, = 0. Therefore, it is parametrized
by two Cantor sets X, €.

We show these are true Cantor sets by moduli counting.
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Lemma 2.13.8. Let U; D Uy; D ... U, D ... be a sequence of open domains, such that

U\Ui_1 is an annulus with moduli M; > M. Then (\U; is a point.

Take a point 0 € X. Let M; be a modulus of the annulus {r — A < G} < r} on

r—X\

y = 0. Then M; is a modulus of the annulus {7

< Gf < 37} The main component

project one-to-one to each of this annulus. There is a sequence of connected component

{52 < GF < £} that bound a hole parametrized by o. Therefore, o is a point. ¥ is a

Cantor set.

Fix some small e. Let M; be a modulus of the annulus {a —¢ < |y| < a}. All handles
He, project one-to-one to this annulus. So by the same argument we get that €2 is a

Cantor set.

2.14 List of standard notations.

We provide a list of notations here as a reference
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Notation | Section | Meaning

fa 2.1 Hénon mapping under consideration

a 2.1 Jacobian of Hénon mapping under consider-
ation

p(z) 2.1 polynomial used in the definition of Hénon
mapping

ur,u; 2.1 set of points whose orbits under forward
(backward) iteration of f, escape to infinity

K K, 2.1 set of points whose orbits under forward
(backward) iteration of f, remain bounded

Jr Js 2.1 boundaries of K}, K

Ja 2.1 JrnJ,

GH G, 2.1 pluriharmonic functions that measure the
rate of escape to infinity under forward
(backward) iterates of f,

« 2.4 parameter used in the definition of V., V_

97
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Vi, Voo 124 | {lzl > a, fz] > Jyl}, {lyl > o [yl > 2]} - re-
gions which describe the large scale behavior
of the Hénon map

w 24 H{lz[ <o, fyl <a}

Dpg 2.4 | the disk of radius R in the parameter space,
used to define V, and V_

Ya+sPa— | 2.4 | holomorphic functions that semiconjugate
dynamics in Vi, V_ to z — 22, 2 — 2%/a

St sy 2.4 | auxillary functions, used to study ¢, + and
Pa,—

C(p) 2.4 | the curve y = p(z), this is J;

G, 2.3 | Green function for the map z — p(x)

b, 2.4 | Béttcher coordinate for the map z — p(z)

Fr F, |21 | foliations of US, Uy

Cq 2.1 | the critical locus, the set of tangencies be-
tween foliations F, and F,

(Tnyn) | 24| (@0, yn) = fa(z,9)

D 2.4 | the domain of definition of ¢} |

D, 2.4 | the domain of definition of ¢} _

u u = p(y) — x, measures the distance from a
point (x,y) to C(p)

Q 23 | {Gs <rpndflyl < a} 0 {lp(y) — x| < alal},
the domain that does not intersect with its
images under f, and f, !

o8 213 | {(z,y) € CP? |y| <e,|z| > a}
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