
MAT 1723HF (APM 421H1F): MATHEMATICAL CONCEPTS OF QUANTUM MECHANICS
AND QUANTUM INFORMATION

I. M. SIGAL TA: I. ANAPOLITANOS

1. Course Organization

1.1. Goals. The goal of this course is to explain key concepts of Quantum Mechanics and to arrive quickly to some
topics which are at the forefront of active research. Among the latter topics we cover Bose-Einstein condensation
and quantum information. Both of these topics have witnessed an explosion of research in the last decade and both
involve deep and beautiful mathematics.

1.2. Mathematical rigour. We will try to be as self-contained as possible and rigorous whenever the rigour is
instructive. Whenever the rigorous treatment is prohibitively time-consuming we give an idea of the proof, if such
exists, and/or explain the mathematics involved without providing all the details.

1.3. Prerequisites. For this course it is desirable to have some familiarity with elementary ordinary and partial
differential equations. Knowledge of elementary theory of functions and operators would be helpful.

1.4. Syllabus. * Schrödinger equation
* Quantum observables
* Spectrum and evolution
* Density matrix
* Bose-Einstein condensation
* Quasiclassical asymptotics
* Approximate methods
* Hartree-Fock theory
* Open systems and Lindblad evolution
* Quantum entropy
* Quantum channels and information processing
* Quantum Shannon theorems

1.5. Break-up of material. QM, Basic topics: [1], Chapters 1-5 and 7 (plus Resonances and Quasi-classics);
QM - Advanced topics: Hartree and Hartree-Fock approximations and BEC ([1], Section 8.9) and Open systems

([1], Sections 9.1-9.8);
Quantum information and quantum computations.

1.6. Texts. Textbook: S. Gustafson and I.M. Sigal: Mathematical Concepts of Quantum Mechanics, 2nd edition,
Springer, 2005.

In covering information theory we will follow on-line material, papers and the books,
Michael A. Nielsen and Isaac L. Chuang, Quantum Computation and Quantum Information (Paperback - Sep

2000) Cambridge Univ Press, ISBN 0 521 63503 9 (paperback).

1.7. Marking scheme. Undergraduates:
Midterm test October 21-29 (take home).
Final test Dec 14, 2009, 2:00-5:00pm, Location: SS2127 (at least 2/3 of the problems are the same as in the

midterm test, but 60% of the mark is due to the new problems).
Graduates: Above plus a 20 min presentation.
Breakup of the grade:
Undergraduates: 35%/65% (MT/F)
Graduates: 25%/35%/40% (MT/F/P)

1.8. Schedule. Thursdays, 3-6 pm, MP118 (McLennan Physics building).

1.9. Webpage. http://www.math.utoronto.ca/ioanap/QMcoursenotes.pdf

Date: October 8, 2009.
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2. Lecture 1. Experimental Background and Foundations of QM

Homework. Which of the operators in examples 1-7 below are bounded?
(1) The identity map

1 : ψ 7→ ψ

(2) Multiplication by a coordinate

xj : ψ 7→ xjψ

(i.e. (xjψ)(x) = xjψ(x))
(3) Multiplication by a continuous function V : Rd → C

V : ψ 7→ V ψ

(again meaning (V ψ)(x) = V (x)ψ(x)).
(4) The momentum operator (differentiation)

pj : ψ 7→ −i~∂jψ

(5) The Laplacian

∆ : ψ 7→
d∑
j=1

∂2
jψ

(6) A Schrödinger operator

H : ψ 7→ − ~2

2m
∆ψ + V ψ

(7) An integral operator

K : ψ 7→
∫
K(·, y)ψ(y)dy

(i.e. (Kψ)(x) =
∫
K(x, y)ψ(y)dy). The function K : Rd×Rd → C is called the integral kernel of the operator

K.
In each case, we can simply choose D(A) to be the obvious domain D(A) := {ψ ∈ L2(Rd) | Aψ ∈ L2(Rd)}. In the
last example assume that

∫
|K(x, y)|2dxdy <∞. For those which are not bounded find domains of definition.

Homework. Show that the properties

Au = 0 =⇒ u = 0. (1)

and

Ran(A) = H. (2)

imply that A is invertible.

Homework. Show that if operators A and C are invertible, then so is AC, with (AC)−1 = C−1A−1.

Homework. Assume the operator A is invertible, and the operator B is bounded and satisfies ‖B‖ < ‖A−1‖−1.
(1) Show that the series

∞∑
n=0

(−A−1B)n,

called a Neumann series, is absolutely convergent (i.e.
∑∞
n=0 ‖(−A−1B)n‖ < ∞) and provides the inverse

of the operator 1 +A−1B.
(2) Show that the operator A+B, defined on D(A+B) = D(A) is invertible.
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3. Supplementary Notes to Lecture 1

3.1. Experiments. I will not describe historical development of Quantum Mechanics, but rather mention two
dramatic experiments. The first one was conducted by E.Rutherford in 1911 and it established the planetary model
of an atom with a tiny nucleus (10−13−10−12 cm) at the center and with electrons orbiting around it. The electrons
are attracted to the nucleus and repelled by each other via the Coulomb forces. The size of an atom, i.e. the size of
electron orbits is about 10−8 cm. The problem is that in Quantum Physics this model is unstable.

The second experiment is that on scattering electrons on a crystal conducted by Davisson and Germer (1927),
G.P. Thomson (1928) and Rupp (1928). This experiment is similar to the 1805 Young’s experiment confirming the
wave nature of light. It can be abstracted as the double-slit experiment described below.

Theoretical ideas:
quantization of emission and absorption of the black-body radiation (to avoid the UV catastrophe, M. Planck,

1900)
notion of a quantum particle - photon (A. Einstein, 1905).

3.2. Wave Optics → Geometric Optics. We use the correspondence principle to find the form of the operator
A. Here we are guided by the analogy with the wave optics transition to geometrical optics.

Wave Optics → Geometrical Optics

l l

Quantum Mechanics → Classical Mechanics
In every day experience we see light propagating along straight lines in accordance with the laws of geometrical

optics, i.e., along the characteristics of the equation
∂φ

∂t
= ±c|∇xφ| (c = speed of light), (3)

known as the eikonal equation. On the other hand we know that light, like electro-magnetic radiation in general,
obeys Maxwell’s equation which can be reduced to the wave equation

∂2u

∂t2
= c2∆u (4)

(say for the electric field in complex representation).
The eikonal equation appears as a high frequency limit of the wave equation when the wave length is much smaller

than the typical size of objects. Namely we set u = ae
iφ
λ , where a and φ are real and O(1) and λ > 0 is the typical

wave length. φ is called the eikonal. Substitute this into (4) to obtain

ä+ 2iλ−1ȧφ̇− λ−2aφ̇2 + iλ−1aφ̈ = c2(∆a+ 2iλ−1∇a · ∇φ− λ−2a|∇φ|2 + λ−1a∆φ).

In the short wave approximation, λ� 1 (∂αa = O(1) and ∂αφ = O(1)), we obtain

−aφ̇2 = −c2a|∇φ|2 (eikonal equation)

and

2ȧφ+ aφ̈ = c2(2∇a · ∇φ+ a∆φ) (transport equation).

An equation in Quantum Mechanics analogous to the eikonal equation is the Hamilton-Jacobi equation
∂S

∂t
= −h(x,∇S), (5)

where h(x, k) = 1
2m |k|

2 + V (x) is the classical Hamiltonian function. We would like to find an evolution equation
which would lead to the Hamilton-Jacobi equation in the way the wave equation led to the eikonal one. We look for
solution to the Schrödinger equation in the form ψ(x, t) = a(x, t)eS(x,t)/~, where S(x, t) satisfies the Hamilton-Jacobi
equation (5) and ~ is a small parameter of the dimension of action.

Assuming a, S, and their derivatives are of order one in ~, then it is easy to show that, to the leading order in ~,
ψ satisfies the equation

i~
∂

∂t
ψ(x, t) = − ~2

2m
∆xψ(x, t) + V (x)ψ(x, t). (6)

This equation is of the desired form discussed in the main text. In fact it is the correct equation, and is called the
Schrödinger equation. The operator ∆ =

∑3
j=1 ∂

2
j is the Laplacian (in spatial dimension 3). The small constant ~ is

Planck’s constant; it is one of the fundamental constants in nature.
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4. Lectures 2-3. Existence of Dynamics and Self-adjointness

Homework. Let A be a bounded operator. Using the power series representation, show that
(1)

eisA|s=0 = 1; (7)

(2)

eisAeitA = ei(s+t)A; (8)

(3)

∂

∂s
eisA = iAeisA = eisAiA; (9)

(4) if A is self-adjoint, then eiA is an isometry:

‖eiAψ‖ = ‖ψ‖. (10)

Homework. Show that if A is self-adjoint bounded, then eiA is unitary.

Homework. Show that if φ : Rd → R is continuous, then the operator

U : ψ 7→ eiφψ

is unitary on L2(Rd).

Homework. Show that under F

(1) e−
|x|2

2a~2 7→ (~a)d/2e−
a|k|2

2 (Re(a) > 0). Hint: try d = 1 first – complete the square in the exponent and move
the contour of integration in the complex plane.

(2) e−
1

2~2 x·A
−1x 7→ ~d/2(detA)1/2e−

1
2k·Ak (A a positive d × d matrix). Hint: diagonalize and use the previous

result.
(3)

√
π
2~

e−
√

b/~2|x|

|x| 7→ (|k|2 + b)−1 (b > 0, d = 3). Hint: use spherical coordinates. Alternatively, see Problem ??
below.

(4) Show that for b > 0 and d = 3, under F−1,

(|k|2 + b)−1 7→
√

π

2~
e−
√
b/~2|x|

|x|

(hint: use spherical coordinates, then contour deformation and residue theory).
In the first example, if Re(a) > 0 then the function on the left is in L1(Rd), and the Fourier transform is well-
defined. However, we can extend this result to Re(a) = 0, in which case the integral is convergent, but not absolutely
convergent.

For the next four statements, suppose ψ, φ ∈ C∞
0 (Rd).

(1) −i~∇̂xψ(k) = kψ̂(k).
(2) x̂ψ(k) = i~∇kψ̂(k).
(3) φ̂ψ = (2π~)−d/2φ̂ ∗ ψ̂.
(4) φ̂ ∗ ψ = (2π~)d/2φ̂ψ̂.

Here

(f ∗ g)(x) :=
∫

Rd

f(y)g(x− y)dy

is the convolution of f and g. The last four properties can be loosely summarized by saying that the Fourier transform
exchanges differentiation and coordinate multiplication, and products and convolutions.

Homework. (1) Show that under F−1,

δ(k − a) 7→ (2π~)−d/2eia·x/~.

Here δ is the Dirac delta function – not really a function, but a distribution – characterized by the property∫
f(x)δ(x− a)dx = f(a). The exponential function on the right hand side is called a plane wave.
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Homework. Let H0 := (− ~2

2m∆, λ > 0, and d = 3. Show that

((H0 + λ)−1ψ)(x) =
m

2π~2

∫
R3

e−
√

2mλ
~ |x−y|

|x− y|
ψ(y)dy. (11)

4.1. Supplementary Notes for Lecture 2. Self-adjoint Operators.

Definition 1. A linear operator A acting on a Hilbert space H is self-adjoint if and only if A is symmetric and
Ran(A± i) = H .

Remark. Instead of Ran(A± i) = H , we could have used in the definition

Ran(A± iλ) = H for some λ > 0.

Indeed, this would amount to replacing the operator A by λ−1A.

Note that the condition Ran(A± i) = H is equivalent to the fact that the equation

(A± i)ψ = f (12)

has a solution. If, in addition, A is symmetric, then this equation has a unique solution, i.e the operator A ± i is
also one-to-one. The latter is equivalent to showing that (A ± i)ψ = 0 → ψ = 0. Now, assume that (A ± i)ψ = 0.
Then 0 = 〈(A ± i)ψ, φ〉 = 〈ψ, (A ∓ i)φ〉 ∀φ ∈ H . Since (A ∓ i)φ runs over all H as φ runs over H , we conclude
that ψ = 0. This shows that the operator A± i is one-to-one and (12) has a unique solution.

Examples. xj , −i~∂xj
, f(x) and f(p) for f real and bounded, integral operators Kf(x) =

∫
K(x, y)f(y) dy with

K(x, y) = K(y, x) and, say, K ∈ L2(R3 × R3), are all self-adjoint.

Proof. We show this for −i~∂x. This operator is symmetric, so we compute Ran(−i~∂x + i). Solve

(−i~∂x + i)ψ = f,

which, by the ~-Fourier transform, is equivalent to

(k + i)ψ̂ = f̂ ,

and therefore

ψ = (2π~)−3/2

∫
eikx/~ f̂(k)

k + i
dk.

Now for all f ∈ L2, ψ ∈ H1 = D(−i~∂x) and therefore Ran(−i~∂x + i) = L2. Similarly Ran(−i~∂x − i) = L2. �

Homework. Show that xj , f(x) and f(p), for f real and bounded, ∆ are self-adjoint.

Below we will often use the following fact

Homework. Show that if ‖K‖ < 1, then the operator 1 +K is invertible and its inverse is given by the absolutely
convergent (

∑∞
n=0 ‖Kn‖ <∞) series

∞∑
n=0

(−K)n ( Neumann series).

Theorem 2. If A is symmetric and bounded, then A is self-adjoint.

Proof. We show that Ran(A+ iλ) = H , provided |λ| is sufficiently large. This is equivalent to solving the equation

(A+ iλ)ψ = f (13)

for all f ∈ H and such a λ. Now, divide this equation by iλ to obtain

ψ +K(λ)ψ = g,

where K(λ) = (iλ)−1A and g = (iλ)−1f . Let |λ| > ‖V ‖. Then ‖K(λ)‖ = 1
|λ|‖A‖ < 1 and we conclude that 1+K(λ)

is invertible, as shown in the homework above. Therefore

ψ = (1 +K(λ)−1g =
∑

(−K(λ))ng ∈ L2.

�

Homework. Show that integral operators Kf(x) =
∫
K(x, y)f(y) dy with K(x, y) = K(y, x) and K ∈ L2(R3 ×R3)

are self-adjoint.
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Theorem 3. If A is self-adjoint, then A− z is invertible for all z with Im z 6= 0, and

‖(A− z)−1‖ ≤ 1
| Im z|

(14)

Proof. Null(A− z) = { 0 } and Ran(A− z) = H imply that A− z is invertible. Now write z = λ+ iµ with λ, µ ∈ R.
Then

‖(A− z)u‖2 = ‖(A− λ)u‖2 + ‖µu‖2 ≥ |µ|‖u‖2,
which implies (14) if one defines v := (A− z)u. �

Theorem 4. Assume that V is real and bounded. Then H := − ~2

2m∆ + V (x), with D(H) = D(∆), is self-adjoint.

Proof. Since H is symmetric, it suffices to show that Ran(H ± i) = H . We want to solve the equation

(H + iλ)ψ = f (15)

for all f ∈ H and some λ 6= 0. Write H0 = − ~2

2m∆. We know that H0 ± iλ is one-to-one and onto, and therefore
invertible. Multiplying (15) by (H0 + iλ)−1, we find

ψ +K(λ)ψ = g,

where K(λ) = (H0 + iλ)−1V and g = (H0 + iλ)−1f . By Theorem 3,

‖K(λ)‖ ≤ 1
λ
‖V ‖.

Thus, for |λ| > ‖V ‖, ‖K(λ)‖ < 1 and therefore 1 +K(λ) is invertible, as shown in the homework above. Therefore

ψ = (1 +K(λ)−1g =
∑

(−K(λ))ng ∈ L2.

Moreover,

(H0 + iλ)ψ =
∑

(−K(λ)T )nf ∈ L2,

where K(λ)T = V (H + iλ)−1 (Homework: show this). So ψ ∈ D(H0) = D(H). Hence Ran(H + iλ) = H and H
is self-adjoint. �

Remark. Coulomb potential α
|x| is not bounded. We can extend the theorem to a more general class of potentials

V satisfying for all ψ ∈ D(H0)

‖V ψ‖ ≤ a‖H0ψ‖+ b‖ψ‖ (16)

with a < 1 (H0-bounded potentials).

Homework. Show that V (x) = α
|x| satisfies (16). Hint : Write V (x) = V1(x) + V2(x) where

V1(x) =

{
V (x) |x| ≤ 1
0 |x| > 1

, V2(x) =

{
0 |x| ≤ 1
V (x) |x| > 1.

Homework. Prove that the operator H := − ~2

2m∆ − α
|x| (the Schrödinger operator of the hydrogen atom with the

infinitely heavy nucleus) is self-adjoint.

5. Lecture 4. Quantum Observables, Quantization and Conservation Laws

Homework. Check that for any observable, A, we have
d

dt
〈A〉ψ = 〈ψ, i

~
[H,A]ψ〉.

Homework. Let

A(t) := eitH/~Ae−itH/~.

(1) Let ψ be the solution of Schrödinger’s equation with initial condition ψ0: ψ(t) = e−itH/~ψ0. Prove that

〈A〉ψ(t) = 〈A(t)〉ψ0 . (17)

(2) Prove that

d

dt
A(t) =

i

~
[H,A(t)].
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(3)

mẋ(t) = p(t). (18)

(4)

ṗ(t) = −∇V (x(t)). (19)

.

6. Conservation Laws

If an observable A commutes with the Schrödinger operator H, i. e. [A,H] = 0, then its average in any evolving
state ψ(t) is independent of t:

〈A〉ψ(t) = 〈A(t)〉ψ = 〈A〉ψ, (20)

where ψ = ψ(0). For example, since obviously [H,H] = 0, we also have 〈H〉ψ(t) =constant, which is the mean-value
version of the conservation of energy.

Most of conservation laws come from symmetries of the quantum system in question. For example
• Time translation invariance (V is independent of t) → conservation of energy
• Space translation invariance (V is independent of x) → conservation of momentum
• Space rotation invariance (V is rotation invariant, i.e. is a function of |x|) → conservation of angular

momentum
• Gauge invariance (invariance of the equation under the transformation ψ → eiαψ) → conservation of

charge/probability.
Symmetries can be associated with one-parameter groups Us of unitary operators. We say that Us is a symmetry

iff
ψt is a solution to SE → Usψt is a solution to SE.

Let A be a generator of a one-parameter group Us: ∂tUs = iAUs. Then

Us is a symmetry of SE → A commutes with H.

Indeed, the fact that Us is a symmetry implies that i~∂tUsψt = HUsψt. Inverting Us gives i~∂tψt = U−1
s HUsψt.

Differentiating the last equation w.r.to s and setting s = 0 and t = 0 we arrive at i[H,A]ψ = 0, where ψ = ψ(0).
Since this is true for all ψ we conclude that [H,A] = 0, i. e. A commutes with H.

Examples of symmetry groups and their generators:
• Spacial translations: Uy : ψ(x) → ψ(x + y), y ∈ R3 with the generator p

~ = −i∇x → conservation of
momentum

• Spacial rotation: UR : ψ(x) → ψ(Rx), R ∈ O(3) with the generator L
~ = x×p

~ → conservation of angular
momentum

• Gauge invariance: Uα : ψ(x) → eiαψ(x), α ∈ R with the generator i → conservation of charge/probability.
Differential form of conservation laws and currents.

7. Lecture 5. Uncertainty Principle

8. Lecture 6. The Spectrum of Schrödinger Operators

Homework. Prove that as operators on L2(Rd),
(1) σ(1) = {1}.
(2) σ(pj) = R.
(3) σ(xj) = R.
(4) σ(V ) = range(V ), where V is the multiplication operator on L2(Rd) by a continuous function V (x) : Rd → C.
(5) σ(−∆) = [0,∞).
(6) σ(f(p)) = range(f), where f(p) := F−1fF with f(k), the multiplication operator on L2(Rd) by a continuous

function f(k) : Rd → C.

Homework. (1) Show Null(A− λ) is a vector space.
(2) Show that if A = A∗, eigenvectors of A corresponding to different eigenvalues are orthogonal.

Homework. Considering the operators xj and pj on L2(Rd) show that
(1) σess(pj) = σ(pj) = R;
(2) σess(xj) = σ(xj) = R;
(3) σess(−∆) = σ(−∆) = [0,∞).



8 I. M. SIGAL TA: I. ANAPOLITANOS

Hint: Show that these operators do not have discrete spectrum.

Homework. Show that if U : H → H is unitary, then σ(U∗AU) = σ(A), σd(U∗AU) = σd(A), and σess(U∗AU) =
σess(A).

Homework. Let A be a self-adjoint operator on H. If λ is an accumulation point of σ(A), then λ ∈ σess(A). Hint:
use the definition of the essential spectrum.

Homework. Let V (x) := α/|x|, with α ∈ R. Show that
(1) σess(H) = [0,∞);
(2) H can have only negative isolated eigenvalues, possibly accumulating at 0;
(3) H has at least one negative eigenvalue.

Homework. Let V (x) = 5|x|4. Show that the discrete spectrum of H = −∆ + V on L2(R3) is not empty.

Homework. Assume A is a self-adjoint operator. Show that
(1) If W is invariant under A, then so is W⊥;
(2) The span of the eigenfunctions of A and its orthogonal complement are invariant under A;
(3) The restriction operator

A|{span of eigenfunctions of A}
has a purely discrete spectrum;

(4) The restriction operator

A|{span of eigenfunctions of A}⊥

has a purely essential spectrum.

Homework. Show the Schrödinger operator describing the Hydrogen atom

H = − ~2

2m
∆− e2

|x|
,

acting on the Hilbert space L2(R3), has an isolated eigenvalue of finite multiplicity at the bottom, inf σ(H), of its
spectrum.

9. Additional Material on Spectral Theory: Spreading Sequences

Definition 5. Let H be a selfadjoint operator, and λ be a real number. A sequence ψn of elements in L2(R3) is
called a spreading sequence for H and λ if

1) ‖ψn‖ = 1
2) ‖(H − λ)ψn‖ → 0
3) For every Ω ⊂ R3 bounded, supp(ψn) ∩ Ω = ∅ if n is large enough.

Theorem 6. Let H = −∆ + V be a self-adjoint operator where V is bounded from below. Then λ ∈ σess(H) if and
only if there exists a spreading sequence for H and λ.

Proof. Let {ψn} be a spreading sequence for H and λ and let φn = (H−λ)ψn

‖(H−λ)ψn‖ . Evidently, ‖φn‖ = 1. Since

(H − λ)−1φn = ψn

‖(H−λ)ψn‖ , and ‖(H − λ)ψn‖ → 0, we obtain that ‖(H − λ)−1φn‖ → ∞. Therefore H − λ is
unbounded which implies that λ ∈ σ(H). We will prove that λ /∈ σd(H). To prove that suppose that λ ∈ σd(H).
Let M denote the eigenspace of λ. Then (H − λ) is invertible on M⊥. Let P and P⊥ be the orthogonal projections
on M and M⊥, respectively. We have P + P⊥ = 1. Then ‖Pψn‖ → 0 and using P⊥ψn

‖P⊥ψn‖ we can show that (H − λ)
is not invertible on on M⊥, a contradiction. Hence λ /∈ σd(H) and therefore λ ∈ σess(H). .

Suppose now that λ ∈ σess(H). Then there is a sequence φn with ‖φn‖ = 1 and ‖(H − λ)−1φn‖ → ∞. Let
ψn = (H−λ)−1φn

‖(H−λ)−1φn‖ . We claim that for every bounded set Ω we have that ‖χΩψn‖ → 0 as n → ∞. Indeed, we can
assume without loss of generality that V ≥ 0 which implies that (H + 1) is invertible.

χΩψn = χΩ(−∆ + 1)−1(−∆ + 1)(H + 1)−1(H + 1)ψn. (21)

On the other hand we have that

B := (−∆ + 1)(H + 1)−1 = 1− V (H + 1)−1, (22)

so B is bounded. Now, we have

χΩ(−∆ + 1)−1f =
∫
K(x, y)f(y)dy, (23)
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with K ∈ L2(R3 ⊗ R3).

Homework. Show that K(x, y) = χΩ(x)G(x− y), where G(y) = C e−|y|

|y| and C is a constant.

Let Kx(y) := K(x, y). Using that

(H + 1)ψn =
φn

‖(H − λ)−1φn‖
+ (λ+ 1)ψn (24)

we obtain that

χΩψn = χΩ(−∆ + 1)−1B(λ+ 1)ψn + χΩ(−∆ + 1)−1B
φn

‖(H − λ)−1φn‖

= 〈Kx, B(λ+ 1)ψn〉+ χΩ(−∆ + 1)−1B
φn

‖(H − λ)−1φn‖
. (25)

We have that

‖χΩ(−∆ + 1)−1B
φn

‖(H − λ)−1φn‖
‖ ≤ ‖B‖‖ φn

‖(H − λ)−1φn‖
‖ → 0. (26)

On the other hand, since {ψn} is a spreading sequence, we have that ∀x, 〈B∗Kx, ψn〉 → 0 and therefore

‖〈Kx, B(λ+ 1)ψn〉‖x = |λ+ 1|‖〈B∗Kx, ψn〉‖x → 0.

Hence we conclude that for any bounded set Ω ⊂ R3 we have

‖χΩφn‖ → 0. (27)

Let B(R) be a ball of radius R centered at the origin and let Rm →∞ as m→∞. Since ‖χΩψn‖ → 0 as n→∞
for any bounded set Ω we have that ∀m, ‖χB(Rm)ψn‖ → 0 as n→∞. Hence using a diagonal procedure and passing
to a subsequence, if necessary, we obtain that ‖χB(Rm(n))ψn‖ → 0 as n→∞ for some subsequence m(n) →∞ with

n→∞. Let fn = (1−χB(Rm(n)))ψn

‖(1−χB(Rm(n)))ψn‖ . Evidently ‖fn‖ = 1 and supp(fn) ∩Ω = ∅ for all bounded Ω provided that n is
large. To finish the proof it suffices to show that

‖(H − λ)fn‖ → 0. (28)

Homework. Show the last relation.
Hence fn is a spreading sequence for H and λ. �

10. Lecture 7. Quantum Statistics

Homework. Let the vectors ψn evolve according to the Schrödinger equation, i~∂ψ∂t = Hψ. Show that the density
matrix ρ =

∑
pnPψn

satisfies the equation

i
∂ρ

∂t
=

1
~
[H, ρ] . (29)

Homework. Let H be a bounded operator and f , real analytic function. Show that operator f(H) is a static
solution of equation (29).

Homework. Let ψi be normalized eigenfunctions of H (i.e. Hψi = λiψi). Show that ρ =
∑
i piPψi

, for any pi ≥ 0,∑
pi <∞, independent of t, is a static solutions of the equation i∂ρ∂t = 1

~ [H, ρ].

Homework. Let ρ be the integral operator with the integral kernel

ρ(x, x′) =
∫
ψ(x, y)ψ(x′, y)dy . (30)

Show that for any operator A acting on the variable x,

〈ψ,Aψ〉 = tr(Aρ). (31)

Homework. Let Pψ be the rank-one projection on the normalized wave function ψ. Show that tr(APψ) = 〈ψ,Aψ〉.

Homework. Let P be orthogonal projection. Show that
1) ‖P‖ = 1
2) 1− P orthogonal projection
3) RanP = Ran(I − P ).
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Homework: V ⊂ L2 closed vector subspace. Then there exists an orthogonal projection PV such that RanPV =
V .

Homework: If P is an orthogonal projection then RanP is a closed subspace of L2.
Homework: Let Pψ be the orthogonal projection onto ψ. Show that Pψ ≥ 0 and σ(Pψ) = {0, 1}.
Homework: Let K be an operator. If there exists an orthonormal basis (ψn) such that

∑∞
n=1〈ψn,

√
K∗Kψn〉 <

∞, then the quantity

Tr(K) :=
∞∑
n=1

〈ψn,Kψn〉 (32)

is independent of the choice of basis.
Homework: Show the following properties of trace:
1) Tr(αA+ βB) = αTrA+ βTrB.
2) If A is a bounded and B is a trace class operator, then Tr(AB) = Tr(BA).
3) TrA∗ = TrA
4) If Kψ(x) =

∫
K(x, y)ψ(y)dy, then TrK =

∫
K(x, x)dx.

Homework: Let ‖ψ‖ = 1 and Pψ orthogonal projection onto ψ. Then Tr(APψ) = 〈ψ,Aψ〉.
Homework: Let ρ =

∑∞
n=1 pnPψn

, where pn ≥ 0 and
∑
pn = 1. Show that ρ ≥ 0, T rρ = 1 and σ(ρ) =

{0, p1, p2, ...}.
Homework: Check that if ρ = Pψ, then ρ(x, x) = |ψ(x)|2, and ρ̂(k, k) = |ψ̂(k)|2, where ρ̂(k1, k2) is the Fourier

transform of ρ(x, y).
Properties of trace norm

‖A‖1 = sup
|Tr(AB)|
‖B‖

, (33)

‖AB‖1 ≤ ‖A‖1‖B‖, (34)

‖A‖ ≤ Tr|A| (35)

‖A⊗B‖1 ≤ ‖A‖1‖B‖1 (36)

Distance: ‖A−B‖1, dF (A,B) = min{‖Ψ− Φ‖|TrenvirPψ = A, TrenvirPφ = B}.

11. Lecture 8. Open Systems

Assume our system interacts with environment. The total system

TS = T + E,

is described by a density operator R. Assume that we do not know anything about the state of environment and
do observations only on the system. What is the state of the system which gives the results of these observations?
it is the reduced density matrix ρ = TrenvirR, which is given in terms of the partial trace Trenvir of R over the
environment variables. This partial trace is defined either by

R↔ R(x, y, x′, y′) =⇒ ρ↔ ρ(x, x′) with ρ(x, x′) :=
∫
R(x, y, x′, y)dy, (37)

or by

〈φ, TrenvirRψ〉 =
∑
i

〈φχi, Rψχi〉, (38)

for any φ, ψ ∈ L2(dx) and for any orthonormal basis {χj} in L2(dy).
Homework: Check that the definitions of partial trace given by (37) and (38) are equivalent.
Homework: Show that for any system observable A we have

Tr(AR) = Trsyst(Aρ), ρ = TrenvirR. (39)

Remark. In tensor product notation we write φ⊗ χi, and A⊗ I for a system observable A acting only on x.

Reconstruction of a pure state:

Theorem 7. Given density matrix ρ there exists a Hilbert space He and the vector ψ ∈ H ⊗He such that

ρ = TrePψ. (40)
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Proof. Let φj and pj be the complete system of orthonormal eigenfunctions of
√
ρ and the corresponding them

eigenvalues so that we have the spectral decomposition
√
ρ =

∑
j pj |φj〉〈φj |. We choose

ψ =
∑√

pjφj ⊗ φj ∈ H ⊗H∗.

Then, if He = H∗, we have TrePψ = ρ. �

12. Reduced Dynamics

Assume our total system evolved according to

i
∂Rt
∂t

=
1
~
[Htot, Rt], Rt=0 = R0, (41)

where Htot is the Schrödinger operator of the total system

Htot = Hsyst +Henvir + λv (42)

acting on L2(dxdy). Here Hsyst and Henvir are Schrödinger Operators of this system and environment acting on
L2(dx) and L2(dy) respectively. We know Rt = αt(R0), where αt(R) = e−

iHtott
~ Re

iHtott
~ .

Reduced density matrix of the system at time t is

ρt := TrenvirRt reduced evolution (43)

Assume that initially R0 = ρ0 ⊗ ρenvir0 =⇒ Rt = αt(ρ0 ⊗ ρenvir0). Define βt(ρ0) = ρt. What can we say about
the reduced evolution ρt?

Theorem 8. 1) βt linear
2) βt positive
3) βt preserves the trace.
4) ‖βt(ρ)‖1 ≤ ‖ρ1‖
5) βt(ρ) =

∑
n VntρV

∗
nt, where Vnt are bounded operators and

∑
n V

∗
ntVnt = I (strong convexity).

Remark. In fact 5) =⇒ 1)- 3).

Homework: Show this and show 1)-3) directly.

Proof. We show only the property 5). We drop the subindex t. Let {χi} be orthonormal basis in the environment
space L2(dy). Then ∀φ, ψ ∈ L2(dx), we have

〈φ, β(ρ0)ψ〉 =
∑
i

〈φχi, α(ρ0 ⊗ ρe0)ψχi〉. (44)

Let U := e−i
Htott

~ and χi be an orthonormal basis of EFs of ρe0 with eigenvalues λj . Then ρe0 =
∑
λjPχj =∑

λj |χj〉〈χj |, so that

〈φ, β(ρ0)ψ〉

=
∑
i,j

〈U∗φχi, ρ0 ⊗ ρe0U
∗ψχi〉∑

i,j

〈
√
λj〈χj , U∗φχi〉s, ρ0

√
λj〈χj , U∗ψχi〉s〉en

=
∑
i,j

〈V ∗
ijφ, ρ0V

∗
ijψ〉en = 〈φ,

∑
i,j

Vijρ0V
∗
ijψ〉. (45)

where V ∗
ijφ :=

√
λj〈χj , U∗φχi〉s. Now

〈Vijφ, ψ〉s = 〈φ, V ∗
ijψ〉s =

√
λj〈φ, 〈χj , U∗ψχi〉en〉s

=
√
λj〈Uφχj , ψχi〉 = 〈

√
λj〈Uφχj , χi〉en, ψ〉s

=⇒ Vijφ =
√
λj〈χi, Uφχj〉en

=⇒
∑
i,j

V ∗
ijVijφ =

∑
i,j

V ∗
ij

√
λj〈χi, Uφχj〉en
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=
∑
ij

λj〈χj , U∗〈χi, Uφχj〉enχi〉en.

=
∑
j

λj〈χj , U∗
∑
i

〈χi, Uφχj〉enχi〉en

=
∑
j

λj〈χj , U∗Uφχj〉en =
∑

λj〈χj , φχj〉en

=
∑
j

λjφ = φ (46)

Since
∑
λj = Trρe0 = 1. �

Definition 9. 1) Maps satisfying the conclusions of theorem 8 are called dynamical maps.
2) Evolution βt satisfying the conclusions of theorem 8 is called dissipative evolution.
3) A dissipative evolution βt is called Markov iff

βt ◦ βs = βt+s ∀t, s ≥ 0. (47)

For a Markov dissipative evolution βt we define the generator by

K(ρ) := ∂tβt|t=0,

so that
∂tβt(ρ) = K(βt(ρ)).

Theorem 10. Generators of Markov dissipative evolutions are of the form

K(ρ) = −i[H, ρ] +
∞∑
j=0

(WjρW
∗
j −

1
2
{W ∗

jWi, ρ}) (48)

where H is self-adjoint, {A,B} : AB +BA and
∑
W ∗
jWj converges strongly.

13. Dual reduced evolution

Recall coupling between density matrices and observables:

〈ρ,A〉 = Trsyst(Aρ). (49)

Define the reduced evolution of observables by

〈ρ, β∗t (A)〉 = 〈βt(ρ), A〉. (50)

βt Markov =⇒ β∗t Markov =⇒ ∂
∂t
β∗t = Lβ∗t (with L = K∗ =⇒ ) generator of Markov dissipative evolution of

observables

L(A) = i[H,A] +
∑
i

(W ∗
j AWj −

1
2
{W ∗

jWj , A}). (51)

Maps satisfying the conclusions of theorem 8 are called dynamical maps.
Qn: Do processes in environment affect ρs?
Answer: no, in the sense that for every unitary W ∈ B(He) and V ∈ B(Hs),

Trenviron(V ⊗WRV ∗ ⊗W ∗) = V (TrenvironR)V ∗, independent of W. (52)

Homework: Show this.
β is said to be irreversible ↔ β is not invertible.
If β(ρ) = UρU∗ where U unitary then β is reversible.

Theorem 11. (Wigner) If ∃Φ : operators → operators, one-to-one and onto, such that

Tr(β(ρ)φ(A)) = Tr(ρA)∀A ∈ B(H), (53)

then β(ρ) = UρU∗ for some unitary U .
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What is the meaning of irreversibility?
Classical Mechanics: Newton’s equation =⇒ Boltzmann equations
Boltzmann entropy H(f) = −

∫
f log f.

Quantum mechanics Schrödinger equation =⇒ reduced evolution.
von Neumann entropy S(ρ) = −tr(ρ log ρ).

Properties of S(ρ). 1)ρ = Pψ pure state =⇒ S(ρ) = 0
2) S(UρU−1) = S(ρ)
3) For λj ≥ 0,

∑
λj = 1,

S(
∑

λjρj) ≥
∑
λj

S(ρj) (54)

(due to concavity of log)
4) (Entropy of measurement) If PM = {tr(Mxρ)}, where Mx is a positive operator-valued measure (POVM), then

H(PM ) ≥ S(ρ) (55)

with equality when Mx and ρ commute. (Measurement increases entropy (randomness) and more so, more ’non-
commuting’ Mx and ρ are.)

5) (Entropy of preparation) H(P ) ≥ S(ρ) where ρ =
∑
pxPϕx

and = iff {ϕx} are orthogonal.
However, there is no H-theorem for S(ρ), i.e in general S(ρ) does not decrease (or increase) under the evolution.

We look for a more general object which has monotonicity properties =⇒ relative entropy:

S(ρ1, ρ2) = Tr(ρ1(log ρ1 − log ρ2)), (56)

if Ranρ1 = Ranρ2 and ∞ otherwise.

Theorem 12. (Generalized H-theorem (Lindblad)) If β is a dynamical map then

S(β(ρ1), β(ρ2)) ≤ S(ρ1, ρ2). (57)

Note: if β(ρ) = UρU∗, where U is unitary, then

S(β(ρ1), β(ρ2)) = S(ρ1, ρ2). (58)

14. Wigner transformation

We introduce the following transformation of density matrices

ρ→Wρ(y, k),
where

Wρ(y, k) := (2π~)−
d
2 Tr(T2y,kIρ)

where the operators Ty,k and I can be defined as

Ty,k = e−i(kx+yp)/~ (59)

and

I : ψ(x) → ψ(−x). (60)

Thus the Wigner transform maps density matrices (quantum statistical states) into functions of the classical phase
space which look like chemical statistical states.

Properties of Wigner transformation:
1) Wρ is real;
2)

∫
dkWρ(y, k) = ρ(y, y) (probability density in y);

3)
∫
dyWρ(y, k) = ρ̂(k, k) probability distribution in ρ, where recall that ρ̂(k, k′) is the Fourier transform of ρ(x, x′);

4) ρ1 = Tr2(ρ) =⇒ Wρ1(y1, k1) =
∫
dy2dk2Wρ(y1, y2, k1, k2).

5) i~∂ρ∂t = [H, ρ] =⇒ ∂tWρ = −{h,Wp}+O(~∇2
kWρ). where

{a, b} =
n∑
j=1

(∂yja∂kj b− ∂yj b∂kja). (61)

Compare this with the classical Liouville equation of Statistical Physics:

∂tw = −{h,w} (62)
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Before proving these statements we find an explicit form of Wρ. To this end we use the Baker-Campbell-Hausdorff
formula:

e
−ikx

~ e
−iyp

~ = e−i
(kx+yp)

~ e−i
yk
2~ . (63)

More generally

eAeB = eA+B+ 1
2 [A,B] (64)

if [A,B] is a multiple of the identity. To check this compute

∂s(esAesB) = (A+esABe−sA)esAesB= (A+B+
∫ s
0
drerA[A,B]e−rA)esAesB = (A+B+s[A,B])esAesB . (65)

Using (63) we obtain that

Wρ(y, k) = (2π~)−
d
2 e

iyk
~ Tr(B). (66)

where

B = e−
ikx

~ e−i
2yp

~ Iρ. (67)

Compute the integral kernel of B

B(x, x′) = e−
ikx

~ ρ(−x+ 2y, x′). (68)

Hence

Wρ(y, k) = (2π~)−
d
2

∫
e−

ik(x−y)
~ ρ(2y − x, x)dx= (2π~)−

d
2

∫
e−

ik(x−y)
~ ρ(y − (x− y), y + (x− y))dx. (69)

Therefore,

Wρ(y, k) = (2π~)−
d
2

∫
e−

ikx
~ ρ(y − x, y + x)dx. (70)

HW: Prove 1), 3), 4). Hint for 1): use that ρ(x, x′) = ρ(x′, x). Hint for 3): use that x = 1
2 (x+ y) + 1

2 (x− y). Hint
for 4): follows from 3) and yk = y1k1 + y2k2, etc.

We show 2). We use that for nice functions f

(2π~)−
d
2

∫
dkf̂(k) = f(0). (71)

Indeed, set x = 0 in (2π~)−
d
2

∫
dke

ixk
~ f̂(k) = f(x). Using this relation we obtain∫

dkWρ(y, k) = ρ(y − x, x+ y)|x=0 = ρ(y, y). (72)

Now we show 5). W i
~ [H0,ρ]

(y, k) = i
~
−~2

2m (2π~)−
d
2

∫
(∂2
y − ∂′2y )ρ(y − x, y′ + x′)|y′=y,x′=xe

ixk
~ dx

= − i~
2m

1

~ d
2

∫
(−∂y∂x − ∂y′∂x′)ρ(y − x, y′ + x′)|x=x′,y=y′e

ixk
~ dx

= − i~
2m

1

~ d
2

∫
[(∂y∂x′ + ∂y′∂x)ρ+

ik

~
(∂y + ∂y′)ρ]|x′=x,y′=ye

ixk
~ dx

= − i~
2m

1

~ d
2

∫
[(∂y∂x′ + ∂y′∂x)ρ|x′=x,y′=y +

ik

~
∂yρ]eixk~dx

=
k

m
∂y

1

~ d
2

∫
ρeixk~dx =

k

m
∇yWρ, (73)

where we used that (∂y + ∂y′)ρ|x′=x,y′=y = ∂y(ρ|x′=x,y′=y).
Furthermore, we have

W i
~ [V,ρ](y, k) =

i

~2

∫
(V (y − 1

2
x)− V (y +

1
2
x))ρe

ixk
~ dx

=
i

~2

∫
[−∇V (y)x+O(x2)]ρe

ixk
~
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=
i

~2

∫
[−∇V (y)(−i~∇k) +O((~∇)2)]ρ

= (−∇V (y)∇k +O(~∇2
k))Wρ. (74)

Therefore, the equation

∂ρ

∂t
= − i

~
[H, ρ] (75)

implies

∂tW = (
k

m
∇y − V (y)∇k)Wρ +O(~)∇2

kWρ. (76)

Let h(y, k) = 1
2m |k|

2 + V (y), and {F,G} := ∇yF∇kG−∇kF∇yF , the Poisson Bracket. Then

∂tWρ = −{h,Wρ}+O(~∇2
kWρ). (77)

The leading part is the classical Liouville equation:

∂tw = −{h,w} (78)

Note that in Classical Mechanics it is obtained as

∂tw(y, k) = ∂ywẏ + ∂kwk̇ = ∂yw∂kh− ∂kw∂yh (79)

Thus, in the limit ~ → 0 the quantum statistics becomes classical statistics. This is confirmed by the following
additional property

Tr(Aρ) =
∫∫

aWρdydk,

where A is the Weyl quantization of a(y, k):

Aψ(x) = ~−6

∫∫
â(ξ, η)ei(ξx+ηp)/~dξdη, (80)

where

a(y, k) = ~−6

∫∫
â(ξ, η)ei(ξx+ηk)/~dξdη. (81)

Note that this property implies an approximate the probability distribution in the phase space:

Prob(x ∈ Ω, p′ ∈ Ω′) ≈
∫

Ω

∫
Ω′
Wρdydk.

15. Lecture 9. Harmonic Oscillator, Particle in an External Magnetic Field, Perturbation
Theory

16. Lecture 10. Many-body Systems, Atoms and Molecules

17. Lecture 11 (Independent study) Hydrogen Atom Hamiltonian, Review of Harmonic
Oscillator and Particle in an External Magnetic Field


