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ABSTRACT. We study a natural class of Fermi-Ulam Models that
features good hyperbolicity properties and that we call dispersing
Fermi—Ulam models. Using tools inspired by the theory of hyper-
bolic billiards we prove, under very mild complexity assumptions,
a Growth Lemma for our systems. This allows us to obtain er-
godicity of dispersing Fermi—Ulam Models. It follows that almost
every orbit of such systems is oscillatory.
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1. INTRODUCTION.

A Fermi—-Ulam Model is a classical model of mathematical physics.
It describes a point mass moving freely between two infinitely heavy
walls. One of the walls is fixed and the other one moves periodically.
Collisions with the walls are assumed to be elastic, therefore the kinetic
energy of the particle is conserved except at collisions with the moving
wall. We denote the distance between the two walls at time t by £(t).
We assume ¢ to be strictly positive, Lipschitz continuous, piecewise
smooth and periodic of period 1.

This model was introduced by Ulam, who wanted to obtain a simple
model for the stochastic acceleration, which according to Fermi [26, 27|
is responsible for the presence of highly energetic particles in cosmic
rays. Ulam and Wells performed numerical study of the Fermi-Ulam
model (see [43]). The authors were interested in harmonic motion of
the walls but due to limited power of their computers they had to
study less computationally intensive wall motions. Namely, they as-
sumed that velocity was either piecewise constant or piecewise linear,
since in that case the location of the next collision can be found by
solving either linear or quadratic equation. A few years after [43], it
has been pointed out by Moser that if the motion of the wall is suf-
ficiently smooth (in particular, harmonic motions) then KAM theory
implies that all orbits have bounded velocities and so stochastic ac-
celeration is impossible. The precise smoothness assumptions Ineeded
for the application of KAM theory have been worked out by several
authors [25, 30, 36, 37]. However, Moser’s argument does not apply
to the wall motions studied in [43]. In fact, piecewise smooth motions
have been a subject of intensive numerical investigations and several
authors have reported the presence of chaotic motions for certain pa-
rameter values (see e.g. [4, 15]). The first rigorous result about the
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models studied in [43] is due to Zharnitsky, who proved in [46] the ex-
istence of unbounded orbits for a range of parameters values. The next
natural question is how large is the set of orbits exhibiting stochastic
acceleration. In [17], we studied general wall motions such that the ve-
locity of the wall has only one discontinuity per period. We found! that
the large energy behavior of this system depends crucially on the value
of a parameter which, under the assumption that the discontinuity is
at 0, takes the form

(1.1) A =(0)['(0F) —¢'(07)] /01 72 (t)dt

where the second factor amounts to the velocity jump at 0. In par-
ticular, we proved that the motion of the particle is chaotic for large
energies if A ¢ [0,4] and it is regular for large energies if A € (0,4).

While the large energy dynamical behavior depends only on the aver-
age value of /=2 and on the values of £ and its derivative at the moment
of jump (according to (1.1)), the dependence of the small energy dy-
namics on ¢ is more delicate. It turns out that the following property
is sufficient to ensure stochastic behavior for all energies.

Definition 1.1. A Fermi—Ulam model is said to be dispersing if there
exists K > 0 so that ¢’(t) > K for all ¢ where ¢" is defined.

In this paper we study the dynamics of dispersing Fermi-Ulam mod-
els. Note that for dispersing models, the value of A defined by (1.1)
is necessarily negative. Indeed, the first and the last factors are pos-
itive while the second factor is negative because periodicity implies
that ¢(07) = ¢(17) and the dispersing property implies that ¢'(¢) is
increasing on its interval of continuity. Thus, according to [17], dispers-
ing Fermi—Ulam models are indeed stochastic for large energies. The
goal of this paper is to show that stochasticity holds for all energies:
we will prove that such systems are ergodic.

To fix ideas, we take ¢ to be defined on the fundamental domain [0, 1].
We assume that ¢ is C®-smooth on (0,1) and that it can be smoothly
extended to some neighborhood of (0,1). We assume the fixed wall to
be at the coordinate z = 0, and the coordinate of the moving wall at
time ¢ to be z = —{(t). Let Q denote the extended phase space of the
system, defined as

Q={X =(tzv) eR¥st. —L(t) <2z<0}.

where 2z denotes the opposite of the distance between the point mass
and the fixed wall, v is its velocity, with the positive direction pointing

IThe results of [17] needed in the present paper are stated precisely in Section 4.2.
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away from the moving wall. The dynamics of the system is described
by the Hamiltonian flow ®* : 2 — €, which acts on 2 preserving the
volume form dt A dz A dv (see Section 2).

It will be more convenient to describe the dynamics on a suitable
Poincaré section. Define the collision space M = [0,1] x [0,00) >
x = (r,w). The collision map F : (r,w) — (r’,w’) can be described
as follows: a point mass which leaves the moving wall at time (mod
1) r with velocity w relative to the moving wall will have its next
collision with the moving wall at time (mod 1) equal to 7" and will
leave the moving wall with relative velocity w’ (which is thus called
post-collisional relative velocity). The invariant volume form dt AdzAdv
induces an invariant measure pu for F where

dp = (v 4 0(t))dv A dt = wdw A dr.

Due to presence of singularities (the issue will be covered in detail
in Section 3), the map F and its iterates are not defined everywhere.
It is fortunately simple to show that the singularity set is a p-null set
(namely, a countable union of smooth curves). Therefore the dynamics
is well defined p-almost everywhere, which is, in fact, all we need for
the study of statistical properties of the system.

In [17] we proved that every dispersing Fermi—Ulam models is recur-
rent, that is, p-almost every point eventually visits a region of bounded
velocity; moreover, we showed that such systems are (non-uniformly)
hyperbolic for large velocities.

We now state the main result of the present work.

Main Theorem. Dispersing Fermi-Ulam models that are regular at
infinity are ergodic.

Regularity at infinity is a technical condition which allows to control
the combinatorics of collisions at infinity (see Section 6.1 for the defi-
nition). For the moment we note that this property depends only on
the parameter A defined by (1.1). We will show in the appendix that
this condition may fail at most for countably many values of A. In
particular all dispersing Fermi-Ulam models with |A| > 1 are regular
at infinity (see Remark 6.4).

Consider, as an example, piecewise quadratic motions studied in [43].
Thus we assume that

o) :1+a({t}—%>2,
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where {-} denotes the fractional part® . Here a is a real number that
we assume to be greater than —4 so that ¢(¢) > 0 for all ¢. In this
example we have ¢"(t) = 2a, thus the model is dispersing if and only if
a > 0. In this case one can compute (see [17]) that

Aoy =as YD ().

2

Studying this function we see that |A|(a) > 1/2 for a > 1/4. Hence, the
model is regular at infinity for all a > 0 except, possibly, a countable
set of values of a € (0,1/4).

The foregoing discussion shows that most dispersing Fermi—Ulam
models are ergodic. It is possible that, in fact, all dispersing Fermi—
Ulam models are ergodic, but the proof of this would require new ideas.
On the other hand, the assumption that the Fermi—Ulam model is dis-
persing is essential. For example, for piecewise quadratic wall motions
with one singularity, then non-dispersing models are not necessarily
ergodic (see [17]).

Recall that an orbit {(r,, w,) }nez where (r,, w,) = F"(ro, wp) is said
to be oscillatory if lim sup w, = oo and lim inf w,, < oo.

Corollary 1.2. Almost every orbit of a dispersing Fermi—Ulam Model
that is regqular at infinity is oscillatory.

o° L)

N /

FIGURE 1. Dynamics of a dispersing Fermi-Ulam Model

2Here the time scale is fixed by the requirement that the motion is 1 periodic

1
and spatial scale is fixed by the requirement that ¢ <2> =1.
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The core observation made in this paper is that the dynamics of
dispersing Fermi—Ulam Models sports remarkable geometrical similari-
ties with the dynamics of planar dispersing billiards®, although with an
unusual reflection law. Moreover, our phase space M is non-compact,
and the smooth invariant measure for F is only o-finite. Ergodicity of
systems with singularities, preserving a smooth infinite measure is dis-
cussed for example in [39, 31, 32]. However, our system is significantly
more complicated as we explain below.

Recall first, that the study of ergodicity of uniformly hyperbolic
systems goes back to Hopf (see [28]), who analyzed the case where
the stable and unstable foliations are smooth. The Hopf argument
was extended to smooth uniformly hyperbolic systems? by Anosov and
Anosov-Sinai [1, 2]. Hyperbolic systems with singularities are dis-
cussed in [40, 14, 29, 35, 34]. In order to use the Hopf method (which
is recalled in Section 8) one needs to ensure that most points have
long stable and unstable manifolds. A classical way to guarantee this
fact is to require that a small neighborhood of the singularity set has
small measure. In our case the system is non-compact, and an arbi-
trary small neighborhood of the singularity set has infinite measure,
so a different method has to be employed. A more modern approach
relies on the so called Growth Lemma, developed in [6], see [9] for
a detailed exposition. The Growth Lemma implies that each unstable
curve intersect many long stable manifolds and vice versa. The Growth
Lemma provides a significant improvement on the classical estimate on
the sizes of unstable manifolds and it has numerous applications to the
study of statistical properties, including mixing in finite and infinite
measure settings [13, 11, 10, 22|, limit theorems [12, 24], and averag-
ing [7, 8, 23]. However, in order to prove the Growth Lemma one needs
to study the structure of the singularity set in great detail. It turns
out that the structure of singularities in dispersing Fermi-Ulam models
is quite complicated. Continuing the analogy with billiards, it corre-
sponds to billiards with infinite horizon billiards with corner points.
The Growth Lemma for billiards with corners was established only re-
cently (see [18] for finite and [5] for infinite horizon case). Comparing
to the aforementioned class of billiards, an additional difficulty in our
model is the lack of hyperbolicity at infinity. Indeed, when the velocity

3 This is one reason why we call such models dispersing. The other explanation
in terms of geometric optics is given in Subsection 2.4.

4 In such systems stable and unstable foliations are only Hélder continuous,
see [1].
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is large, the travel time is short and the expansion deteriorates. To ad-
dress this issue, an accelerated map was studied in [17] (see also [21, 20)]
for related results). The main contribution of this paper is to combine
the analysis of the high energy regime studied in [17], with the analy-
sis of low energies (mostly based on the ideas of [9] and the advances
obtained in [18]) in order to prove a Growth Lemma valid for all en-
ergies. The Growth Lemma also allows to prove absolute continuity
of the stable and unstable laminations, which is a crucial ingredient in
the proof of ergodicity via the Hopf argument. Absolute continuity is
proved in great generality for finite measure hyperbolic systems with
singularities in [29], but their results cannot be applied to our infinite
measure setting, so a different technique has to be employed.

We hope that the methods developed in this paper could be use-
ful for studying other hyperbolic systems preserving infinite measure
(such as, for example, the systems from [33, 47]) and that our Growth
Lemma will be useful in studying more refined statistical properties of
dispersing Fermi-Ulam models.

Since our analysis has many features in common with the study of
billiards, we will try, wherever possible, to employ the same notation
as in [9]. However, the arguments necessary for our system require sig-
nificant modifications in many places, which is, ultimately, the reason
for the length of this paper.

The structure of the paper is as follows. In Section 2 we describe
basic properties of dispersing Fermi-Ulam Models, including invariant
cones and expansion rates. Section 3 discusses the structure of the
singularities of the Poincaré map. Section 4 is devoted to the high
energy regime. The results of [17] are recalled and extended. Section 5
studies distortion of the collision map and obtains regularity estimates
on the images of unstable curves. The main technical tool ~the Growth
Lemma-— is then proven in Section 6. This lemma is used in Section 7
to study the properties of stable and unstable laminations which lead
to the proof of Ergodicity via the Hopf argument in Section 8. Possible
directions of further research are discussed in Section 9. Appendix A
contains the proof that for all but, possibly, countably many values of
A, the corresponding model is regular at infinity. The main issue is to
show that certain polynomials are not identically zero by estimating
their values in a perturbative regime.

A remark about our notation for constants. We will use the
symbol C4 to denote a constant whose value depends uniquely on ¢
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(which we assume to be fixed once and for all). The actual value of Cy
can change from an occurrence to the next even on the same line.

2. HYPERBOLICITY

In this section we prove existence of invariant stable and unstable
cones for the dynamics and estimate the expansion of tangent vectors.
We begin with an essential property of Hamiltonian dynamics.

2.1. Involution. Since Fermi—Ulam Models are mechanical systems,
there exists a time-reversing involution; on the other hand, since our
system is non-autonomous, we also need to change the time-dependence
of the Hamiltonian function, i.e. we need to reverse the motion of the
moving wall. For any £, let £(r) = £(1—r) denote the reversed motion, {2
the corresponding extended phase space and ®* :  — Q the flow map
corresponding to the reversed motion of the wall. Define Z : R? — R3
so that Z : (t,2,v) — (=t,z, —v). Clearly, Z(Q) = Q; moreover Z is an
involution (i.e. Z o Z = 1) which anticommutes with the flow, i.e.

Zod*=P°0T.

Notice a trivial but important fact, that ¢/ > IC if and only if ¢ > K.

2.2. Jacobi coordinates. In billiards, in order to study of hyperbolic
properties of the system, it is convenient to change coordinates in €2
to so-called Jacobi coordinates (see e.g. [45]). In our case this step is
not necessary, since, the coordinates (z,v) turn out to be the Jacobi
coordinates of our system. To fix ideas, let us write the action of
the flow map ®° on the extended phase space Q2 as ®* : (¢, z,v) —
(t + s, 25, vs). If no collision occurs between t and t + s, then we have

(2.1) Ze=24+5-0 Vs = V;

differentiating the above yields dz; = dz + sdv and dvs; = dv, that is,

s 1 s
dd |(Z’U) = ( 0 1 > = US.

Assume now that between t and t+s there is exactly one collision which
occurs with the moving wall; the case of a collision with the fixed wall is
simpler and will be considered in due time as a special case. Let ¢ be the
time of the collision, Z = —{£(f mod 1) be the position of the point mass
at the time of the collision, v~ the pre-collisional velocity and " the
post-collisional velocity; finally let s~ =t —tand s™ = s—s~ =t+s—1
(see Figure 2). Then:
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F1GURE 2. Sketch of a collision with the moving wall.

2 =Z—5 0 2, =2+ sto"
v=0 =h—w Vs =0" =h+w,
where h(r) = —¢'(r) denotes the velocity of the moving wall at time

r (i.e. the slope of the boundary at the point of collision). Moreover,
let x(r) = ¢"(r) > K be the opposite® of the acceleration of the wall at
time 7r; then:

dt = dr dz = hdr dh = —kdr.
We thus obtain
(22a) dz=(h—v )dr—sdv-  dzy=(h—o")dr+stdv"
(2.2b) dv = —kdr — dw dvs = —kdr + dw.

We want to study what happens exactly during a collision, therefore
we let s7,s7 — 0% and eliminate dr and dw, obtaining:

dzt = —dz~ dv" = —Rdz™ — dv~.
Here dz~ = lim dz and dzt = lim dz,, and we defined the collision
s~ —07t st—0+

parameter R = 2k /w > 0 following the usual notation and terminology
of billiards. From the above expression it is clear that some special care
is needed to deal with collisions with small w. If w = 0 we say that
we have a grazing collision. Such collisions give rise to singularities, as
will be explained in detail later. Notice that collisions with the fixed
wall yield the same formula with R = 0.

5 This choice of signs reflects the analogous choice which is usually made in the
billiard literature.
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10

Let us denote by 7 the time elapsed before the next collision with the
moving wall (including grazing collisions). We can write the differential
d®7| (. as the product

(2.3) doT| (-1 LU,

where ny is the number of collisions with the fixed wall occurring be-
tween time t and t 4+ 7, which can be either 0 or 1.

Define now:

Z7U) -

2.3. Invariant cones. (See [9, Section 3.8]). Since we are dealing
with matrices acting on R?, we will find convenient to deal with slopes,
rather than vectors; slopes in Jacobi coordinates will be denoted by
B = év/0z and will be called p-slopes. A (non-degenerate) matrix acts
on slopes as a (non-degenerate) Mébius transformation. In particular,
let J: R\ {0} - R\ {0} denote the inversion x + z~! and let T,
denote the translation x — x+«, for @« € R. Then U, induces the map
JoT,oJ, and Lgr the map Tk, that is:

(2.4) U B (B 4+7)" Lz :B—B+R
so we can rewrite (2.3) for p-slopes as follows:
(2.5) B [TroJoT,olJ|B.

The above formula immediately shows that the increasing cone {B > 0}
is forward-invariant®. By the properties of the involution, it is also clear
that the decreasing cone {B < 0} is invariant for the time-reversed flow.
It is not difficult to express the invariant cones in collision coordinates.
Namely let V denote the slope of a vector in collision coordinates, that
is V = dw/or. Then, using equations (2.2), we obtain

(2.6) V=-—-k—Bw=k-Bw,
where B~ and B denote respectively the pre-collisional and post-
collisional p-slopes. Thus the cone {V < —K} (induced by B~ > 0) is

forward invariant and, correspondingly, {V > K} (induced by B+ < 0)
is backward invariant.

Definition 2.1. Let the unstable and stable cone field be, respectively:
Cy = {(dr,0w) € LM st — oo < dw/ér < —K}
C: ={(dr,6w) € LM st. K < dw/or < oo}.

6 In fact J clearly preserves such cone; moreover 7 > 0 by definition and R > 0
by our hypotheses, which implies that also T and Tk preserve the increasing cone.
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A curve is said to be an unstable curve, or u-curve (resp. a stable curve
or s-curve) if the tangent vector at each point is contained in C" (resp.
C®). A curve (either stable or unstable) curve is said to be forward
oriented if the tangent vector at each point has a positive r-component.

Remark 2.2. Observe that in our system unstable curves are decreasing
and stable curves are increasing. This, unfortunately, is the opposite
of the situation that arises in billiards.

Conventionally, we consider curves to be the embeddings an open
intervals, i.e. without endpoints. By our previous arguments, F.C. C
Y, and F,'C3 C C5_,,. Moreover by (2.3) we gather that a forward-
oriented unstable (resp. stable) curve is sent by F (resp. F ') to a
forward-oriented unstable (resp. stable) curve, if the ball has a collision
with the fixed wall between the two collisions with the moving wall and
to a backward-oriented unstable (resp. stable) curve otherwise.
Further, define the two closed cones’

(2.7a) B = {(0r,dw) € T,M s.t. 0 < dw/ér < oo}
(2.7b) N, = {(dr,ow) € T,M st. —oo <dw/or <0}
and observe that by (2.6) we have
(2.8) gtV p_Z"7V

w w

From the above equations it follows easily that

(2.9) FN, CCr, F B, C Cr 1z

in particular, also in (r,w)-coordinates we have that the decreasing
cone field M, is forward invariant and the increasing cone field 3, is
backward invariant.

2.4. Geometrical interpretation of p-slopes. We have the follow-
ing geometrical interpretation of invariant cones in Jacobi coordinates:
vectors in the tangent space correspond to infinitesimal wave fronts; if
B > 0 then the front is dispersing, i.e. nearby trajectories tend to get
separated when flowing in positive time. Correspondingly B < 0 corre-
sponds to trajectories which would separate when flowing in negative
time, i.e. to trajectories which are focusing in positive time. The case
B = 0 corresponds to flat fronts, whereas the case B = oo corresponds
to a focused front (i.e. all trajectories are emitted from the same point).

7 In the following definitions, with dw /0r = 0o we allow vectors to be vertical.
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2.5. Expansion. Jacobi coordinates are convenient coordinates on the
tangent space to the collision space M. By (2.2) it follows that

() =( () (o) =(ml ) (&)

For any z € M, let 7(x) > 0 denote the time elapsed until the
following (possibly grazing) collision with the moving wall. Let us
consider a vector of p-slope Bt = B at x; then (2.1) implies that,
during a flight of duration 7, we have dz, = (1 + 7B)dz and dv, = dv.
On the other hand, at a collision, we have |dz*| = |dz~|. Define the
metric |dz| for (non-vertical) tangent vectors (the so-called p-metric).
Then we obtain that, if the p-slope of a vector v is B, its expansion by
the collision map in the p-metric is given by

|dZT(x) |
|dz|

If v, € Cy (i.e. B > R,), since R, is bounded below by 2/C/w, we
obtain the lower bound

(2.10) =14 7(z)B.

|dzn+1| > 1+%T
|dz,| — w,

(2.11)

where 7, = 7(x,,). Observe that (2.11) does not ensure any uniformity
for the expansion of unstable vectors in the p-metric. In fact for large
relative velocities 7 ~ w™!. Additionally, 7 can be arbitrarily small
also for small relative velocities, because of the possibility of rapid
subsequent collisions with the moving wall.

We will see later that both these inconveniences can be circumvented
by defining an adapted metric and inducing on a suitable subset of the
collision space (see Proposition 4.15). However, before doing so, it is

necessary to study singularities of our system.

3. SINGULARITIES

The existence of invariant cones places Fermi—Ulam Models into the
class of hyperbolic systems with singularities. This class also contains
piecewise expanding maps, dispersing billiards, and bouncing ball sys-
tems (see [9, 34, 41, 44] and references therein). In hyperbolic maps
with singularities, there is a fundamental competition between expan-
sion of vectors inside the unstable cone and fracturing caused by sin-
gularities. If fragmentation prevails, such maps can indeed have poor
ergodic properties (see e.g. [42]). Our goal is to show that this does
not happen for (most) dispersing Fermi-Ulam Models; this will be ac-
complished with the proof of the Growth Lemma in Section 7.1.
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In this section, we collect preliminary information about the geom-
etry of singularities® of the collision map F.

Remark 3.1. In the following, if X C M, we will use the notation
int X (resp. cl X, 9X) to denote the topological interior (resp. closure,
boundary) of the set X with respect to the topology on R? (and not
with respect to the relative topology on M).

3.1. Local structure. Let us recall the definition of the collision map:
F(r,w) = (r',w’") means that a point mass that leaves the moving wall
at time r with velocity w relative to the moving wall will have its next
collision with the moving wall at time given (mod 1) by 7’ and will
leave the moving wall with relative velocity w’. Recall moreover that
7 : M — Ry is the (lower semi-continuous) function which associates
to (r,w) the time elapsed before the next (possibly grazing) collision
with the moving wall. If one considers the preceding collision rather
than the following one in the above discussion, we obtain the definition
of the inverse map F 1.
We define the singularity set S° to be the boundary M, i.e.:

S’ =0M = {w=0}U{re{0,1}}.

S° is the set of points in the collision space for which the point mass
either just underwent a grazing collision (when w = 0), or it just left
the moving wall at an instant in which the motion of the wall is not
smooth (when r € {0,1}).

Let x = (r,w) € M; observe that 7(x) is defined for all z € M.
There are three possibilities: the trajectory leaving the moving wall
at time r with relative velocity w may have its next collision with the
moving wall

(a) with nonzero relative velocity at an instant when the motion
of the wall is smooth. In this case F is well-defined on = and
F(z) €int M = M\ 8.

(b) with zero relative velocity at an instant when the motion of the
wall is smooth. In this case F is well-defined, but might® be
discontinuous at z (and it turns out that limsup |[dF| = o).

x'—x
We have
F(r)e{re(0,1), w=0} cS%
moreover 7 is also discontinuous at x.

8The reader familiar with dynamics of dispersing billiards will recognize certain
distinctive features of the geometry of singularities (see e.g. [9, Section 2.10]).

9n fact it will be always be discontinuous, except in the case described by
Lemma 3.14
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(c¢) when the motion of the wall is not smooth; T is continuous at
x, but F(x) is not defined (because the post-collisional velocity
is undefined).

We can then define
ST =8"U{xr € M st. items (b) and (c) take place}.

The above also applies to the classification of the previous collision,
which leads to the analogous definition of S~. Observe that F (resp.
F~1) is well-defined and smooth on z if and only if z € M\ 8T (resp.
r e M\S). Welet 8! = ST (resp. ' = 87) and for n > 0 we
define, by induction:

S =S"UF S\ S) ST=8T"UFST\Sh.
Finally, let 7 = J,.,S" and §7 = |J,,S". Notice that, for

any k € Z, the map F* is well-defined and smooth on z if and only if
re M\ Sk

Lemma 3.2 (Local structure of singularities). Fork > 0 the set S¥\S°
(resp. S\ 8°) is a union of smooth stable (resp. unstable) curves.
In particular S (resp. S7%) is a union of smooth curves tangent' to

the cone field P (resp. N).

We will prove the above statement for S™. The analogues for S* can
be obtained using the involution. Moreover, since the unstable cone is
F-invariant, it suffices to prove the statement for S™1 = S~.

Sub-lemma 3.3. Let v € S\ S, then the p-slope of S~ at x = (r,w)
15 given by

(3.1a) B=TRy(z)+1/7—1(x) > 0.
Equivalently, the slope in collision coordinates is given by
(3.1b) V=—k(r)—w/m_1(z) < =K.

Proof. Observe that each curve in S~ is formed by trajectories for
which either r_; = 0, or w_; = 0. In the first case, such trajectories
draw a wave front which is emitted from a single point, therefore it
is immediate that BY, = oo. We claim that also in the second case
B*, = oo, which then immediately implies equations (3.1) using (2.5).
In fact consider two nearby trajectories which leave the wall with zero
relative velocity at times r and ' = r + or. Let v and v/ = v + dv be
the corresponding outgoing velocities; observe that dv ~ kdr. On the

10 Here and below we say that a curve is tangent to a cone field if the tangent
to the curve belongs to the cone at every point.
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other hand, the second trajectory at time r will have height 2’ = z+4z,

where §z ~ rdr?; we conclude that BY, = Jim dv/dz = 0. O
T—

Remark 3.4. The corresponding formulae for the slopes of ST at any
r=(r,w) e ST\ S8 are

(3.2a) B=-1/m(x)<0
(3.2b) V = k(r) +w/m(z) > K.

3.2. Global structure. We now begin the description of the global
structure'® of the singularity sets S*. Let us first introduce some con-
venient notation.

Let ¢* = max{ = ¢(0) = ¢(1). Since ¢ is strictly convex, it has a
unique critical point (a minimum), which we denote by r¢ € (0,1). Set
(., = minl = l(r¢) and z¢ = (r¢,0). Recall that h(r) = —¢(r) and
define

h. =minh =limh(r) <0, A* = maxh = limh(r) >0, h = h* — h, > 0.
r—1 r—0

We remark that in this new notation, we can write (1.1) as

1
A= —ﬁ*h/ 073 (t)dt.
0

Observe that the point z¢ is a fixed point for the dynamics: it cor-
responds to the configuration in which the point mass stays put at
distance ¢, from the fixed wall, and the moving wall hits it with speed
0 at times r¢ + Z. Moreover, points arbitrarily close to z¢ may have
arbitrarily long free flight times i.e.

lim sup 7(z) = oc.
T—TC

Next, we identify a special region of the phase space. It is clear
that, if the relative velocity of the point mass at a collision with the
moving wall is sufficiently large, then the particle will necessarily have
to bounce off the fixed wall before colliding again with the moving wall.
On the other hand, if the velocity at a collision with the moving wall is
comparable with the velocity of the wall itself, then the particle could
have two (or a priori more) consecutive collisions with the moving wall
before hitting the fixed wall.!?

1 The structure depends on our simplifying hypotheses on the motion of the
wall. If £ had more than one break point, the set S' would have a much more
complicated structure, although its key features will be similar. Moreover, the
structure of S* for k > 1 would also be essentially similar in the case we have
multiple breakpoints.

12 11 the case of billiards this corresponds to so-called corner series.
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Definition 3.5. A collision with the moving wall is called a recollision
if it is immediately preceded by another collision with the moving wall;
it is called a simple collision otherwise. We denote with Dy C M
the open set of points corresponding to regular'® recollisions and let
D} = F'Dy.

The following lemma provides a description of the sets Dy and Dy.

Lemma 3.6. Let S = F([rc,1] x {0}) and Sg = F ([0, rc] x {0}).
Then:
(a1) Sg is a connected u-curve that leaves (0, ) with slope —oo and
reaches x¢ with slope —k(rc);
(a2) Dy is the interior of the curvilinear triangle whose sides are
the (horizontal) segment [0,rc] x {0}, the (vertical) segment
{0} x [0,b] and Sy
(b1) Sg is a connected s-curve that leaves x¢ with slope k(rc) and
reaches (1,h) with slope oco;
(b2) Dy is the interior of the curvilinear triangle whose sides are
the (horizontal) segment [rc,1] x {0}, the (vertical) segment
{1} x [0, 8] and Sy

FI1GURE 3. The recollision region Df;.

Proof. We prove part (a). Part (b) follows from part (a) and the prop-
erties of the involution. Let U denote the curvilinear triangle in (t, 2)-
space bounded by I';—the wall trajectory for ¢ € [r¢, 1], T'o—the wall
trajectory for ¢t € [1,7¢ + 1] and I's—the horizontal segment joining
the highest points of those trajectories. By our convexity assump-
tion on ¢ and elementary geometrical considerations, any trajectory
x = (r,0) with r € [r¢, 1] stays inside U hence its next collision neces-
sarily occurs on the moving wall. This in turn implies that the u-curve

13 That is, we do not take into account points that undergo a grazing collision
on either the recollision or on the previous collision; moreover we do not take into
account collisions with the singular point xc.
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Sg = F([rc, 1] x {0}) is connected (since it cannot be cut by singulari-
ties). It is then trivial to check that F(1,0) = (0, ), which implies that
Sk connects (0, h) with the fixed point zc. Our statements about the
tangent slope at (0, h) and z¢ immediately follow from (3.1b) observing
that
lim 7((r,0)) =0 lim 7((r,0)) = 1.
r—1 r—rg

It remains to prove (a2). First, consider a collision that occurs at
a point (r,w) with r € (rc, 1]: the incoming trajectory lies above the
tangent to ¢ at r, which, in turn, lies above the graph of ¢ (for ' < r)
by convexity of £. In particular it is above the graph of ¢ at time r¢,
that is, it gets above the maximal height of the wall and its velocity
at time r¢ is negative. Hence, necessarily, the preceding collision will
occur with the fixed wall, proving that Dy C [0,7¢] x RT. It remains
to check that any point in [0,7c] x R lying below Si corresponds to
a recollision, whereas any point lying above Sy corresponds to a single
collision. So pick r € [0,r¢]. By (al) there is r* € [r¢, 1] such that
F(r*,0) = (r,w*) € Sg. Let I' be the trajectory from (r*,0) to (r,w*)
and V' C U be the region bounded by I';,I'5, and I'. There are two
cases.

(i) w < w*. Then the backward trajectory of (r,w) is contained in
V' and so it crosses ['; before colliding with the fixed wall.

(ii) w > w*. Then the backward trajectory of (r,w) is above I so if
it crossed I'; this would happen at some time ' < r*. However
by convexity, any orbit starting at time 7’ lies strictly above I
so it can not hit the moving wall at time 7.

This concludes the proof. 0

Remark 3.7. The above lemma implies that clDj N clDy = {xc},
i.e. the number of consecutive collisions with the moving wall is at
most 2 (except for the singular point x¢, which is a fixed point of the
dynamics).

Remark 3.8. Let zog = (ro,wp); if o & cl Dy, then 7(x¢) satisfies the
bound:

20, 20, 20* 20*
(3.3) 14 14 14 14

wy + h(ry) B wo — h(ro) < 7lwo) <

~ wo— h(rg)  wi+h(r)
(3.3) follows since wo—h(rg) = wy+h(r1) is the post-collisional absolute
velocity of the point mass and ¢, < £(r) < £*. Observe moreover
that wy — h(rg) > 0, otherwise the next collision would certainly be a
recollision, since the absolute velocity would be non-positive. On the
other hand, if z € Dy, 7(x) may be arbitrarily small.
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We record in the following lemma an observation which will be useful
on several occasions.

Lemma 3.9. If x = (r,w) is so that either T(x) > 2 or 7_1(x) > 2
then:

x € {w< Cur™ V2 |r —rg| < Cur™ 2},
Proof. 1t suffices to prove the result under the assumption 7(x) > 2,
> 2

since the other case follows by applying the involution. Since 7(z)
in particular x ¢ ¢l Dg; hence by (3.3) we gather

(3.4) 0 <w—nh(r) <207/t

We also have ¢(r) — £, = O(1/1), since otherwise (r,w) would be in
the recollision region. Since £ has a critical point at r¢, it follows that

Y

Ir —reg| < % giving the second inclusion. It follows that |h(r)| < %
Now the first inclusion follows from (3.4). O

Define Mg = cl(M \ I Dy) and M{ = cl (M \ el Df). The curve
Sy (resp. Si) is one among the unstable (resp. stable) disjoint curves
whose union form the set S~ (resp. ST); the other curves will cut
Mg (resp. M{) in countably many connected components, as we now
describe!®. Let us first introduce some convenient notation: we define
the left boundary OME = {(r,w) € OMZ st. r € [0,7¢]} and the
right boundary "Mz = {(r,w) € IMZ s.t. r € [rc, 1]}.

Lemma 3.10. There exist countably many C*-smooth unstable curves
{S, }o2, with the following properties

(a) S, NS, =0 ifv#1.

(b) S = g LU, S,

(c) S is unbounded: its left endpoint approaches (0,00) and the

other endpoint is in 0" M.
(d) S, for v >0 is compact and joins O'Myg to I"My.
(e) S, approaches x¢ for v — o0; more precisely:

S, Cc{w < Cur ™2, |r —rg| < Cur™/?}.
(f) There exists ¢ > 0 such that S, is tangent to the cone
Co = {—r(r) — ™2 < dw/or < —k(r)}.
The corresponding statements hold for ST using the involution.

14The structure of singularities for dispersing Fermi—Ulam Models is remarkably
similar to the one described in [9, Section 4.10] for the singularity portrait in a
neighborhood of a singular point of a billiard with infinite horizon. We refer to
the discussion presented there for further insights; here we provide a qualitative
description which however suffices for our purposes.
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Proof. A point 2’ can be in S~ for two different reasons: its previous
collision with the moving wall x = (r,w) may have occurred either at
an integer time (item (c) in the definition of 8Y) or at a non-integer
time with a grazing collision (item (b) in the definition of 8Y). If 2’ is a
recollision, then 2’ € Sy (and hence r € [r¢, 1] and w = 0), otherwise
we can choose r € I'M{.

For any v € Zsq define 82 = {x € IM{ st 7(z) € [v,v + 1]}
Notice that F is smooth in the interior of these curves'®>. We conclude
that F(int 8?) is a C''-smooth unstable curve. Define

S, = cl F(int SY).

v

Items (a) and (b) then follow by construction.

Next, it is easy to see that if w is sufficiently large, then the trajectory
will bounce off the fixed wall and hit back the moving wall after a short
time 7 € (0,1); in particular 8§ is unbounded while S° and S are
bounded for v > 0.

Next, as w increases to oo, the point F(0,w) = (r',w’) where 1’ is
small and w’ is large. On the other hand when z € & approaches
the (only) boundary point of Y, the point Fx will necessarily tend to
O"Mg. This proves item (c). Item (d) follows from analogous argu-
ments.

Item (e) follows by applying Lemma 3.9 to an arbitrary point in S .
Finally, item (f) follows from (3.1b) and item (e). O

Lemma 3.11 (Continuation property). For each n # 0, every curve
S c 8"\ 8 is a part of some monotonic continuous (and piecewise
smooth) curve §* C 8"\ 8° which terminates on S° = IM.

Proof. 1t suffices to prove the property for n > 0, since the case n < 0
follows by the properties of the involution. The statement holds for
n = 1 by Lemma 3.10; the statement then follows by induction by
definition of 8": assume that S C 8"\ 8". Then, by construction, S
terminates on either S or 8”. However if it terminates on S”, then by

inductive hypothesis it can be continued as a piecewise smooth curve
to SY. U

The curves {SF},>¢ cut MZ in countably many connected compo-
nents which we denote with {D}} (resp. {D; }) and we call positive
(resp. negative) cells. Indexing is defined as follows: for v > 0 we let

D} denote the component whose boundary contains S | and S* and

15 Smoothness is obvious unless (0,0) € int S%; even in this case it holds true,
and follows from arguments identical to the ones described in [9, after Exercise
4.46]
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let Dy denote the remaining cell. The cells D admit also an intrinsic
definition as

(3.5) D} =int{x € MJ s.t. r(z) + 1o(x) € (v, v+ 1)};

observe that each positive cell is indexed by the number of boundaries
of fundamental domains which are crossed by the trajectory between
the current and the next collision. A similar intrinsic characterization
can be given for the negative cells D~. We summarize in the following
lemma some properties of positive cells that follow from our above
discussion.

Lemma 3.12 (Properties of positive cells).

(a) The cells {D;} },>o are open, connected and pairwise disjoint.

(b) We have

int ME\ ST =Dy
v=0

(¢) el DfNelD} =0 if [v—v'| > 1; moreover if & € clDf NelDy 4,
we have either
lim Fze {1} xR" lim Fz e {0} xR,
Df 2% D} d2—T
or
lim Fz € [0,1] x {0} lim Fze Sg.
D 53—% AT

(d) for any v there exists € so that the ball of radius e centered at
z¢ does not intersect | J,,_, D} .
(e) for v>1, we have D} C {w < Cyv™V2 |r —rc| < Cupv1/%}.

Remark 3.13. Using the involution, the above lemma also describes
(with due modifications) the negative cells D, = FD;.

Despite the fact that the singular point x¢ is accumulated by sin-
gularities (both forward and backward in time), we have the following
result.

Lemma 3.14. For every € > 0 there exists a 0 > 0 so that
]:<B(ZEC7 5) \ Sl) - B(l’c, 6).
Proof. If x € B(xc,8) \ S there are two possibilities; either z €

B(xc,0) N Dy or & € B(xc,d) N D} for some large v. In the for-

mer case JF is continuous in D, and lim  Fzx = x¢, so we only
D;{nga(rc,O)
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need to check the latter case. However, if x € D, then, by defini-
tion Fz € D, and we conclude the proof since the cells {D, } also
accumulate to z¢ by Lemma 3.12(e) and Remark 3.13. O

In view of Lemma 3.10, a u-curve W can in principle be cut by
singularities of F in countably many connected components.'® The
next lemma ensures that this may only happen in a neighborhood of
the singular point z¢.

Lemma 3.15. Let x € M\ {xc}. For anyl > 0, the set S' cuts a
sufficiently small neighborhood of x in finitely many connected compo-
nents.

Proof. Assume that for an arbitrarily small ball &/ > x there exists
0 <! <lsothat U\ SY~1 has finitely many connected components
and U \ S" has infinitely many. We conclude that there exists a con-
nected component U’ of U \ S¥~! which is cut by S* in infinitely many
connected components. By definition F*~! is smooth on U’ and, by
our assumption, F¥' U’ intersects infinitely many positive cells D.
We gather that there exists a sequence x,, € U' N F _(l'_l)Djm, where
Vpm — 00; by Lemma 3.12 we have F¥'~'2/ — ¢, which by Lemma 3.14
implies that x/, — z¢, that is z¢ € clU. Since U can be taken to be
arbitrarily small, we conclude that z = x. 0

For [_ <0 <y, define S = 8§~ U S™+: then M \ S is given
by a (countable) union of connected components. A point z € St
is said to be a multiple point of S'~'+ if it belongs to the closure of at
least three such connected components; we denote the set of multiple
points of S+ by X, ;..

Lemma 3.16. The singular point xc € X;_;, for any l- <0 <.

Proof. By Lemma 3.12 we gather that the only connected component
of M\ 8! whose closure meets x¢ is Df;. This proves our statement for
I_ =0, Iy = 1. Now consider a connected component Q of M \ 8%
by definition there exist v,/ € {R,0,1,-- -} so that Q= DfNF D}
If cl Q 3 x¢, then by the above discussion v = R, which by Remark 3.7
implies that v/ # R. But then we would have cl F~'D, 3 z¢, which by
Lemma 3.14 implies that cI D}, 5 z¢, contradicting Lemma 3.12. The

statement for general [_ and [, then follows by applying Lemma 3.14.
O

16 This problem is certainly familiar to the reader acquainted with the theory of
dispersing billiards with infinite horizon.
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4. ACCELERATED POINCARE MAP.

The analysis of Section 2 shows that expansion of the collision map
F is small for large energies. That is, the hyperbolicity of F is rather
weak in this region. It is thus convenient to consider an induced map,
obtained by skipping over collisions that happen in the same fundamen-
tal domain for ¢. In this section we discuss the resulting accelerated
map F. In particular, we will recall the results of [17], where the large
energy regime for piecewise smooth Fermi-Ulam Models was studied
in detail. At the same time, we will also present some new technical
estimates which are needed for the proof of our Main Theorem.

4.1. Number of collisions per period. Recall the definition of posi-
tive and negative v-cells given in the previous section (see (3.5)). Define
(see Figure 4):

(4.1) M =cl (M\dDy).

F1GURE 4. The inducing set M\; note that the geometry
can be slightly different depending on the properties of
¢. In fact, it is possible for S; to terminate at {w = 0}
rather than at {r = 1}.

Remark 4.1. Observe that M is the union of vertical curves, horizon-
tal curves and the unstable curve §; . In particular, each curve in OM
is compatible with the cone field 1.

Let & = int M and, for any n € N, define
En={r e M\S" ' st. Frx € Df for any 0 < k < n}.
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Observe that, by construction, &, D &,.1 and &, D FE&,.1; since
Dy NSt = ), we conclude by induction that &, N S™ = ().

For any n > 0, define £ = &,_1 \ £,. Observe that, if z € &\ S*,
then F is well defined and smooth at x, and moreover Fx € M ; more
generally, for any k > 1, if z € £\ S*, then the map F* is well defined

and smooth at x, and moreover F*x € M. For any x € int M, define:

x) = Z lg, (x) = max{n > 0s.t. &, > z}.

k>0

Observe that, if € &, our construction implies that N(z) = n.
Finally, let

St=8"u JS* né&).

k>0

Observe that, for any k we have £ NS+ = £ NS* and 95 ¢ S*. In

particular, for any k£ > 0, the function = +— min{k, N (x)} is constant
on each connected component of M \ S*. Moreover, by construction,
ST is a countable union of C*-smooth stable curves with

StcStcst.
By the above considerations, we conclude that if € M\ S* and

N( ) < 00, then FN@ is well-defined and smooth at z and FN@z €
M. We now proceed to show that N is finite for any z € int M.

Lemma 4.2. The sets (£))n>0 form a partition (mod 0) of M. More-
over for any x = (r,w) € int M:

(4.2) 1 < N(z) < Cpw + Na;
Proof. We claim that for sufficiently large n:
(4.3) En C{w > Cyn — W™}
Observe that (4.3) implies that
(& =0
k>0

which in particular implies that the sequence (£7),~o forms a partition
(mod 0) of M. The estimate (4.2) also immediately follows from (4.3).

We proceed with the proof of our claim. Assume z € &, and let
r, = (ry,wy) = FFz. By construction, we have for any 0 < k < n
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that zx € Dy ] ie. 1, + 7(zx) € (0,1). By induction, this implies
Ty =To + Zk:o 7(zg) < 1. In particular

n—1
ji:T(%k <1
k=0

On the other hand, since Dj Ncl Dy = 0, if (r,w) € D, we can use
the lower bound in (3.3), Wthh gives

(4.4) T(r,w) > 20, /(w — h(r)).

Let vy, = wy — h(rg) be the absolute velocity after the k-th collision;
notice that since in particular xy, ¢ Df for 0 < k < n we have vy > 0;
moreover, trivially vy < vg 4+ 2kh*. We conclude that

— AR - -1, 2h*n
1>;7’($ *kzo [Zh* ] Zﬁlogll+ ” ]
Hence,
(4.5) vg > Cyn,
which immediately implies (4.3), since vy < w + h*. d

Define $* = (S* N M) U M. Lemma 4.2 implies that the map
F: M\ St — M given by

Fla) = F'O(a),

is well defined and smooth. A completely analogous construction leads
to the definition of a set S~ so that the inverse induced map Flis
defined for z € M \ S~ In fact we have that F is a diffeomorphism
F /T/l\\‘SA’+ — /T/I\\S" We can also define N_ :/T/l\\‘SA” — Zi<g 8O
that F~1(z) = FN-@)(z). Observe that N_(z) = —N(F1(z)).

We now proceed to define the singularity set for the map F* for any
k € Z. This is completely analogous to the construction carried over

in Subsection 3.1; let 8° = oM, 8! = S+ (resp. S = &) and for
any n > 0 let

S =8"UFNS"\&) ST =8TUFSET\S).

Observe that F* is well defined and smooth at z if and only if z €
M\ S*. Let furthermore St = U S"and §® = U S

n>0 n<0
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For any n > 0, let us define N, : .K/I\\S’” — N by induction as
follows. We let Ny(x) = 0 and, for k > 1, we let

Ni(z) = Ny (z) + N(F o).

Observe that by construction we have F"(z) = F¥*@)(z). Then define
S™ as follows: = € S" if either = € St or FN@ ¢ &1 Then we
can extend the definition of N, to M \ 8" as follows: if n = 1 we
let Ni(z) = N(z); otherwise F¥@(z) € M\ &' and we define
N,(z) = N(z) + Ny (F¥@gz). A similar construction leads to the
definition of N,n for n > 0.

Remark 4.3. Tt follows from our construction that if z = (r,w) is so
that Ny (z) is defined, then, denoting once again z; = Fiz:

n—1
Ni(z) = min{n s.t. r + Z T(xj) > k}.
=0

Let W be an unstable curve, and n > 0; let W’ be a connected
component of F"W; then we can define

(4.6) A(W") = max{k s.t. Ny(z) <n for all z € F"W'}.

We conclude this subsection with the definition of the fundamental
domains

(4.7) D, =int MNE".
Notice that our previous discussion shows that
(4.8a) D,NS"1=0

(4.8D) D,NST=D,NS"

4.2. Dynamics for large energies. In [17] we have proved several
useful properties that the map F satisfies for large values of w. We
collect them in the proposition below. Recall the notation

(1, wy,) = F*(r,w).

Proposition 4.4 (Properties of F for large energies). There exists
wy > 0 so that, if (r,w) € M, w > w,:
(a) there exists C, > 1 so that for any 0 < k < N(r,w)

(4.9) wy, wy — h(ry) € (C7 w, Coaw);
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Accordingly, we have'”
(4.10) C'w < N(r,w) < Cow.
(b) there exists C so that W () — W] < C.

Corollary 4.5. For any (r,w) € M\\ S+, let (7,0) = F(r,w); then

Proof. The proof immediately follows combining Proposition 4.4(b) (for
large w) and (4.2) (for small w). O

In fact, in [17] we constructed a normal form for F for high energies,
which we now proceed to describe. Consider the strip M = [0,1] xR >
(1,1), and for A € R define the piecewise affine map Fa: M — M
given by the formula

. o 7 =7—1 modl,
(4.11) Fa(r,I) = (7,1), where { I =T+A(F—-1/2).

The curves {r = [ mod 1} partition M in a countable number of
fundamental domains that we denote with (Bn)nez, where the index
n is so that D, 3 (1/2,n). Observe that FA is continuous in each
fundamental domain. In particular, for n € Z let T,, : M — M be the

translation map
(4.12) T, : (1, 1)~ (1,1 +n);

tben f)n = Tnﬁo and if x € Dn, we have ﬁA =T,0Fxo0 T_,, where
Fa : R? — R? is the affine map given by

=71,

Fa(r. 1) = (7,1), where { ; =1+ A(F-1/2).

The relevance of the map FA comes from Theorem 4.6 below. The
theorem is essentially a more detailed statement of [17, Theorem 1].
The reader will have no difficulty to check that [17, Section II] indeed
provides all that is needed to prove Theorem 4.6.

Below the symbol O (I71) denotes a function whose partial deriva-
tives up to order k are O(1~1).

Theorem 4.6. There exist w, > 0 and coordinates (1,1) on the set
Mn{w > w,.} so that

171 fact, the following stronger statement holds: the limit of w exists when
w — oo and (r,w) € M. However, the weaker estimate (4.10) is sufficient for our

current purposes.
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(a) C;lw < I < Cyw; moreover, there exists C > 0 so that if
(r,w) € Dy, and (7', w") € Dy and w'—w > C, then necessarily
n' > n.

(b) the singularity lines {r = 0} and F{r = 0} are given in (7,I)
coordinates by {T = 0} and {T =1+ Os (I"1)} respectively;

(c) if & € D, then F in (7, I)-coordinates is a O5(1~")-perturbation
of Ty o Fa oT_, where A is given by (1.1).

The coordinates (7, 1) will be called adiabatic coordinates.

In particular, the above theorem implies that if n is sufficiently large,
T_.D,, is contained in a Cyn~'-neighborhood of 150. We will often drop
the subscript A from F when this will not cause confusion.

For future reference we include the formulas relating the adiabatic
coordinates (7, ) to the original coordinates (r,w). Namely we have

(4.13a) I =wl(r)+a(r) + Os(w™1),
(4.13Db) T =01+ Os(w™"),
(4.13¢) 0 = /t (73(s)ds + ? + Os(w™?)

where a and b are smooth functions whose precise value will not be
important for us.

The next result, proven in [17], provides the first major step toward
the proof of the ergodicity of dispersing Fermi—Ulam Models.

Theorem 4.7. ([17, Theorem 4]) Dispersing Fermi—Ulam Models are
recurrent.

4.3. Bounds for p-slopes. We record in this section several useful
estimates.

Lemma 4.8. There are constants cy,cy > 0 such that for any w, suf-
ficiently large, any v = (r,w) € M, if B- > 0 (and in particular for
any unstable vector):

(a) If w > w, then (B~) > K/w.

(b) If w < w*, then

—\/ C1
B > .
( )_1—1—7'

Furthermore, if x € Dy, we also have the upper bound

—\/ C2
< .
(B)_l—l-T
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Proof. Assume w, > 2/ and so large that w > w, implies that 7 < 1.
In this case, (2.4) implies:

B)Y=((B +R) '+ > (B +R)+1)!
>R I+ = (w/26+ 1) > Kw™

This proves item (a). Next suppose that w < w* somewhere on W.
Then, unless z € D, there is a constant 6 = §(w,) such that 7 > 4.
In order to prove (b), rewrite

(4.14) B = - —

Hence

1 1 1
- < <=,
7'<1 1—|—5/C)_<B y -7

which gives both the upper and lower bounds. If, on the other hand
x € D, then 7 < 1 and by Lemma 3.6 we have w < b; proceeding as
in (a), we obtain the lower bound provided that ¢; < (h/2K+1)"1. O

Recall that B, denotes the value of B~ of the k-th iterate of the
element under consideration.

Lemma 4.9. There are constants cs,cq, € such that the following esti-
mates hold for w > w*.
(a) 4. If B~ > & then (B~) >¢
i. if B~ < & then (B™) > B~ + <.
(b) i. If1/B~ >¢& then 1/(B~) >¢&
ii. if 1/B~ < & then 1/(B~) _B%—l—c—g’.

w

(c) @. Ife < By < 2 then for anyn <w,e<B, <1

i. If By <& then for n <w, we have B, > min(™%2,£).
ii. If By > 1 then for n < w, we have B, < max(;2, 1/¢).

Proof. In this proof we drop the superscript — from B for ease of no-

tation.
(a) We have

2K 2
;o _E(I—Tlg)—TB
b-b= 1+7(B+2)

so (a)ii follows from the fact that Cw <7 < £, which in turn follows

from (3.3). Since the function B — === +f(*7£ 5

B > & implies B’ > il +f(;;i€_) > ¢ where the last inequality relies on the

already proven part (a)ii. This proves (a)i.

is increasing (see (4.14))
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(b) Let 8 =1/B. Then ' = 7 + —2— whence

1428
2 2
g—p=r- DL
w~+ 20k
Thus (b)ii follows from the fact that 7 > <. Since the function
B+ 7+ —L2— is increasing, § > & implies §/ > 7 + —=5= > & where

14285 142585

the last step relies on the already proven part (b)ii. This proves (b)i.

(c) Item i immediately follows from (a)i and (b)i. By part (a)i we can
conclude that if B, > & for some 0 < k£ < n, then necessarily B, > ¢.
We can therefore assume that B, < € for all 0 < £ < n. In this case
part (a)ii implies that Byyq > By + ¢3/wg. Combining this with (4.9)
we obtain B,, > B+ ncs/w, proving (c)ii. The upper bound follows by
analogous considerations involving B~! and part (b). O

It is convenient to consider smaller invariant cones, which are ob-
tained by iterating the dynamics on C" and C®. First the cones will be
defined on M, then they will be extended to M using the dynamics.
Observe that since such cones are defined dynamically and the dynam-
ics is only defined almost everywhere, we will only be able to define the
cones almost everywhere.

Definition 4.10. Let z € M\ 8*; define
Gor) = 715,
if v € M\ S+, then FN@y ¢ M\, and we can define
Cx() = F M0 g, C(F W),

Observe that C3(z) is defined almost everywhere on M; with a similar
procedure we can define Ea(z) for a.e. x € M.

An unstable (resp. stable) curve will be called mature if it is tangent
to C¥ (resp. C%). In particular, W C M \ S~ is a mature unstable curve
if W is unstable; likewise V C M \ St is a mature stable curve if
FV is a stable curve.

Combining Lemma 4.9 with Theorem 4.6 and using Lemma 4.8 we
obtain the following result.

Corollary 4.11. There are constants w, b such that the following holds.
Let W be a mature unstable curve, then

(a) for alln >0 such that w, > w, or if x, € Dy, we have B, > b.
(b) for all n >0 such that z, € Dy we have B, < b~
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Note that combining Corollary 4.11 with (2.6) yields that there is a
constant C' > 1 such that for sufficiently large w:

(4.15a) Cv C {—éw < ((55—?: <K - Clw}
(4.15D) Cs C {IC +C 1w < i—z: < C’w} .

In the recollision region Dy Corollary 4.11 does not provide an upper
bound on B~. In fact, in this region B~ may in fact grow arbitrarily
large. However, a simple inspection of (2.4) shows that for any L > 0
sufficiently large there exists § > 0 so that if (87)" > L then w < ¢ and
T < 0. We gather that if (B~)’ is large, then x lies in a neighborhood of
the point (1,0). The analysis in Lemma 3.6 allows then to conclude that
2 lies in a neighborhood of (0, ). We summarize the above observation
for future use in the following lemma.

Lemma 4.12. There exists B > 0 so that if W is a mature unstable
curve passing through x = (r,w) with pre-collisional p-slope B~, then
either B~ < B or w > B7!.

4.4. The a*-metrics. We now proceed to define a pair of convenient
metrics on M, which we denote with |- |,+ and |- |,~ and call the
at-metric and the a~-metric, respectively. Let ag,@; > 0 be small
constants which will be specified later (see (4.32) and (4.37)). For
x = (r,w), we define the functions

a*(x) = exp(aglpg (1)) (1 + ar - w),

where 1171; (resp. 1D§) is the indicator function of Dy (resp. Df;). For
dz € T,M we set (recall that x(r) = ¢’(r))

|dzlos = o (z) (k(r)|dr| + |dw]).

Note that since w = % we obtain the following relations with the
Euclidean metric |dz|? = dr® + dw? and the p-metric |dz|, defined at
the beginning of Section 2.5.
Vv
(4.16a) d]oe = ot (), PV
K(r) + V]
Vi+y?o

Lemma 4.13. Let || g1y be the Euclidean metric in (7, I)-coordinates

on M.

(4.16b) = o (z)|dz|g
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(a) There exists ¢ > 0 so that for any vector dx € T.M we have
(4.17) |dx |0+ > c|d| e .-
(b) For each A > 0 there is a constant C' > 0 such that if
1 |dw]
< =

4.1 At — <A, ord

(4.18) Swr S row <0
then

(4.19) Clwldz| gy < |dz]or < Cw|dz|pe 1.

(¢) There is a constant A such that each wvector in ce satisfies
(4.18). Consequently (4.19) holds on C*.

Proof. Without loss of generality, we assume that max(|dw|, |0r]) = 1.
Using (4.13) we get

(4.20) 5T = (6w + (wé + a) 5+ O(w™Y),
1 Ior 1
(4.21) 57':05]+I50+0(w ) :951+£—2+O(w )

Hence, both terms are o(w), while |dz|,+ is of order w; part (a) follows.

Next, under the assumptions of part (b) we get that |or] < A/w. It
follows that both leading terms in (4.20) are of order 1 and, moreover,
they have the same sign, since dw and or have different signs while
((r) is negative for small r (note that since 7 € [0, 1] it follows that
6 = O(1/w)). The foregoing remark also shows that the first term in
(4.21) is O(1/w) while the second term is O(1). Part (b) follows. It

remains to note that (4.18) holds on C* due to Corollary 4.11. O

The estimate (4.19) has the following useful consequence. Let

T+ VT?—4
B 2

(4.22) Aa , where T =2—-A

be the leading eigenvalue of dF' defined by (4.11).

Corollary 4.14. For each n there are constants C,w such that if wy >
w fork=0,---,n—1 and dz" € C* then

(4.23) | Flda| o+ > CAR|dz"| o+
Proof. The discussion following (4.20), (4.21) shows'® that
C* C Cpy == {(81,67) : 6167 < 0}.

18 Recall that the leading term in (4.21) is the second one and that dw and dr
have different signs.
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It is also straightforward to check that there is a constant C' such that
for v € C;, we have

[(FR)wv|5(rr) = CAX|V|BED-

Now Theorem 4.6 gives that for any n and sufficiently large w (de-
pending on n)

C
| Fi e > 5A2|U‘E(T,I)
and (4.23) follows from (4.19). O

The o metrics are Finsler metrics and they have the advantage of
being Lyapunov metrics, in the sense that they are strictly monotone
for the (forward or backward , respectively) iterations of F , as will be
proven in Proposition 4.15 below.

For z = (r,w) € M, denote 2’ = (', w') = Fx and for do € T, M we
let do’ = F.dx € T, M. Likewise, for x € J\//\l, we denote T = (7, w) =
F(z) and for dz € T M we let di = Fodx € T, M.

Proposition 4.15. The a*-metrics satisfy the following properties:

(@) |+ |ax is (uniformly) equivalent to (1 + aqw)| - |g. In particular
| |a+ and | - |- are equivalent to each other.
(b) F satisfies the following expansion estimate for any dx € C¥:

|d2' |0+ aF(2) 2K

4.24 > 14+7—
(4.242) |[dx|ox — a®(x) T w'’

1 ! 2
(4.24b) > e_"“’M 1+ T—IC ;

14+ aqw w’

moreover if w' is sufficiently small, for any dx € C¥:
|dx/’ai C#

4.25 > .
(4.25) |dx|ox — w’

Additionally for any sufficiently large w* > 1 there exists A* > 1
so that for any x = (r,w) € M\ 8T with w > w*, da" € C¥
and 0 <n < N(x):

(4.26) \]—'fdx“|a+ < A*|dx“|a+.
(c) If apg and oy are sufficiently small, then the map Fis uniformly

hyperbolic with respect to the a*-metrics and the expansion is
monotone in the following sense: there exists A > 1 so that for

any x € M, dx* € C}! and any dz° € C;:
(4.27) | Fudzor > Aldz¥]qr | Flda®|y- > A|dz?]-.
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Proof. Ttem (a) immediately follows from (4.16b). In order to prove
the remaining items it is convenient to introduce an auxiliary metric,
which we denote with | - |, and is given by the expression:

(4.28) || = o (@) o = f(r)ldr| + |dw].
Recall that by (2.10) and (2.4) we have
|da'], N ., B+
p— 1 —_— —l——__
|dz|, +7B%, (B7) 1+ 7B+

where 7 = 7(z), BT = B*(dx), and (B~)" = B~ (dz’). Hence, if dz € C},
then (4.16a) and (2.8) give

|dx’|. wwk =V 1+7BY 2+ (B7)
pu— ]_ _— pu— pu—
|dz|. (1+78 )w’ k—V B+ w’

(4.29) = (1 + (82_—’;";11)) :

where for ease of notation we denoted k = k(x) (resp. ' = k(z')) and

V =V(dz) (resp. V' = V(dz')). Since B~' < 1/7 we conclude:

|da’ | S 14 2K
T—
|dx|, — w'’

from which equations (4.24) immediately follow. In order to prove (4.25),
notice that if w’ is sufficiently small, then Lemma 4.12 implies that
(B~)" is bounded from above. Using (4.29) then immediately im-
plies (4.25).

It remains to show (4.26). Notice that by Proposition 4.4(a) and
Corollary 4.11(a), we can choose w* so that B;, is bounded from below
for any 0 < n < N(z). Using (4.29) we thus gather that, for some
uniform A} > 1:

(4.30)

d . n—1 B .
'|df’;|' “TI G+ 0wty <A
* k=0

where in the last step we used Lemma 4.2. Then once again using
the definition of | - |,+, we obtain (4.26) and we conclude the proof of
item (b). Observe moreover that (4.30) gives the trivial bound

|d&|. > |da'|. > |dz|s.

We proceed now to the proof of item (c¢). We first prove the statement
for unstable vectors. Let

|d | = exp(anlp-(2))|dl..
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We now claim that we can choose ay > 0 so that we have
d]..
|

If the above bound holds, we obtain item (c). In fact, observe that

(4.31)

> exp(ayp).

ditlor 14yt |d]..

dz)or 1+ aqw |dofa

Using Corollary 4.5, we can choose a; > 0 so small that

. ]_ —|— oqd)

4.32 min ————— > exp(—agp/2).

(432 o T aqw ~ P00/?)

(4.32) together with (4.31) yields the first estimate of (4.27) with A =
exp(ap/2). The corresponding estimate for stable vectors is obtained
by applying the involution, and observing that the involution maps the
a~-metric for F to the a™-metric for F=!. This concludes the proof
of (c).

It remains to prove (4.31). First of all observe that, by definition
A, _ : dél.

Notice moreover that if € D we have, by definition, Fx € Dy C M
which yields 2 = 2. Since Dy N D5, = (), we conclude that

= eXpPl
el PN g,

On the other hand, if z € D;; we have

> exp(ap) for any = € Dyt

|di].

|dx].

It thus suffices to show that we can choose aq so that
|dz],
|z,
In order to do so, we combine (3.3) and (4.30) to obtain
|dx’|. S 14 4K0,
|dz|, — w'(w' 4+ h(r'))
Let us fix w, > 0 sufficiently large to be specified later and consider

two cases.
(1) If w < wy, by (4.34) we can find Ag > 1 such that if = & D,

(4.35) |di|, > Aoldz,.

> exp(—ap)

(4.33) > exp(2ayp) for any = & D.

(4.34) for any = ¢ Dy.
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(2) Next suppose that w > w, large. In this case the expansion of
just one iterate of F does not suffice and one needs to take into account
several iterates. Namely, (4.29) and Lemma 4.9(c) give

C~lw
|[dZ|.  |dxe-14]« o1 L
k=0

for some uniform A; > 1.
Combining (4.35) and (4.36) we obtain (4.33) provided that

(4.37) exp(2ap) < min{Ag, A }.
This completes the proof of the proposition. O

We note the following bound: for any L > 0 there exists Cp+ > 1 so
that for any unstable (or stable) curve W such that |W|g < L, and for
any 2/, z" € W:

dV[i (x/ :L,I/)
4.38 Ot < 2L < e
(4.38) oF = doe (2, 2) = .
In fact, since unstable (resp. stable) curves are decreasing (resp. in-
creasing), we have:

W ([l W
< @)y
— dE(l‘/, I") -
Thus (4.38) follows by the equivalence of d,+ with (1 4+ ajw)dg proved
in Proposition 4.15(a) and the bound on the length of W.

Remark 4.16. From now on, in an attempt to simplify the notation, we
drop the superscripts # from the a®-metric and we will always consider
a=at.

We now establish some properties of the a-metric which will be useful
in the sequel. Given a curve W and two points 2/, 2" € W we denote
with d'V (2, 2") (vesp. di (2', ")) the a-length (resp. Euclidean length)
of the subcurve of W bounded by =’ and z”.

Lemma 4.17. For any L > 0 there exists C' > 0 so that the following
holds. Let n > 0 and W C M\ 8" be an unstable curve. Let W), =
F*W and assume that |W,|g < L. Let 2/,2" € W and denote z}, =
Fra' (likewise for a"); then:

(4.39a) d¥ (), zf) < CdV™ (2, )

(4.39b) D dgt (@ af) < CdY (a, 2l).
=0
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Proof. Since W C M\ 8", we already observed that the function

2+ min(n, N(z)) must be constant on W. Let N(W,n) denote this
constant value. Let us begin by proving an auxiliary result.

Sub-lemma 4.18. There exists C > 0 such that if n’ < N(W, n) and
(W lg < L, then

(4.40) d¥ (z}y, zy) < CdV (o), 2!).

n'yn!

Proof. We consider two cases. Let zf = (1}, w;) and choose w, suffi-
ciently large.

(a) Assume wj < w,: Lemma 4.2 gives a uniform upper bound on
N(z}) (hence on N(W,n)). Notice that, even if we do not assume

an upper bound on the Euclidean length of Wy, we have for any = =
(r,w) € Wy.

wgw*+2Nh+L;

Otherwise F"' 2 = (ry, wyy) would satisfy w, > w, + Nb+ L, but this
is impossible by construction, since w;, < w, + n'h. and we assume
|W g < L. We now apply Proposition 4.15(b) and conclude:

dVo (), x) < eV (14 ay(w, + L+ 2Nb)) - dV (], "))

n's»*n/
w. / i
< Cdy (x,,x,),

which yields the desired result.

(b) If w' > w,, then Proposition 4.4(a) ensures that w}, /wj, € (C~', C)
for any 0 < k < N(VV, n). Since |Wy|g < L, applying Proposi-
tion 4.4(a) again (to the inverse map) we conclude that a similar
bound holds for every wy on Wj. Since w, is chosen sufficiently large,
a(xg) =1+ ay - wy for any z;, on the unstable curve joining x} to xy.
[terating (4.24a) we thus find, for unstable vectors tangent to W and
FrW:

A2 |o a(T,)

|[dxole — alzg)

This yields the desired result, since the ratio is uniformly bounded from
below (once again since w,/wy € (C~1, C)).
We thus proved (4.40). O

In order to obtain (4.39a), it suffices to observe that given W C
M\ 8", we can always write F" = F"+ o Flo Fr- for some | > 0,
n_ = N(W,n) and ny < N(W,_,,). Then (4.39a) follows from (4.40)
and from the uniform hyperbolicity of F.
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The proof of the second estimate follows along similar lines. First
we once again decompose F" = F o F! o F" and then correspond-
ingly we divide the sum into blocks where each block corresponds to
one iteration of F , or by F" and F™t for the first and last block
respectively.

Let 0 < m < n be the starting index of some block and let & <
N(z!,). We claim that:

m-+k

(4.41) Zd (2, @) < Cdy ™ (2 4, Ty 1) -

]’J

In order to prove the claim, we again consider two cases.
(a) Assume w!, < w,. Then by Proposition 4.15(a) dg and d,, are
equivalent for small energies and by (4.39a) we obtain

m—+k m~+k
W W,
Zd 7} ) <02d (2, 25) < CRy™ (2], 1 i)

Wthh proves (4.41) since once again k is uniformly bounded.

(b) If w), > w, there might be many bounces during each period
of the wall, i.e. k£ is not uniformly bounded. Then using Proposi-
tion 4.15(a), (4.24a), Lemma 4.2 and Proposition 4.4, together with (4.39a)

we have
m+k m—+k
o’ (], 2)

Zd a) <Oy —o

j=m J

N (! =
< G () ) < Gts (a0 0)
m

This proves that (4.41) holds also in case (b).
By (4.41) we can write
) £ O P P )
By the uniform expansion of the a-metric shown in Proposition 4.15(c)
the sum on the right hand side is a geometric sum, whence:
Z A (2, o) < Oda ™" )+ Cd" (2 2"

(nn+7nn+ ny*n

from Wthh we conclude the proof using once again (4.39a). O

Using the properties of the involution and the fact that the a™*-
metrics are equivalent to each other, we obtain the following corollary.
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Corollary 4.19. For any L > 0, there exists C' > 0 so that the fol-
lowing holds. Let n > 0 and W C M\ 8" be a curve so that F"W
is a stable curve. Let Wy, = F*W and assume that |Wy|g < L for all
0<k<mn. Leta 2" € W and denote x) = Fra! (likewise for x").
Then the following estimates hold.

(4.42a) dV (2!, 2) < Cd¥ (xf), )

n»r'n

(4.42) S W (a, o) < CdlY (ah, af).
k=0

As it is clear, e.g. from (4.24a), the expansion of unstable curves can
be arbitrarily large if the curve is cut by a grazing singularity. However,
as in the case of billiards (see [9, Exercise 4.50]), the divergence of the
expansion rate is integrable, as we show in the following lemma.

Lemma 4.20.

(a) For any L > 0, there exists a constant C, > 1 so that for any
unstable curve W with |W|g < L and any connected component
W' c FW, we have

(4.43) W'l < C . |W|L/*

(b) For any d. > 0 and k > 0 there exists § = §(d., k) € (0,6,) so
that if W is an unstable curve with |W|, < 6, W' is a connected
subcurve of F*"W and n(W) < k, then |W'|, < 0..

The corresponding estimates for stable manifolds hold true.

Proof. Tt suffices to prove this result with the a-metric replaced by the
auxiliary metric | - |, defined by (4.28). Assume first that w > w, on
W, then by (4.29) and Lemma 4.8(a) we conclude that the expansion
along W can be at most 1+ 2x’w/kw’ which is uniformly bounded from
above, hence |[W'|, < C|W]|,.

Next, assume that there is a point on W so that w < w,. Let u
and u' be the arclength parameters on W and W' respectively (with
respect to | - [,-metric). Pick a large T" and consider two subcases.

(i) 7 < T on W: in this case Lemma 4.8 gives a uniform lower bound
on (B~)" and hence (4.29) implies that ‘fi—m < £. Let @' denote the
minimal w’ on W’ and @' parametrize the point where the minimum is
achieved. Since |V| > K it follows that

w' >+ cju’ — i
hence, we gather

c

du’
<
du| —

|u/ - :
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Integrating the above estimate we obtain |[W’|? < C|W|, as needed.

(ii) 7 > T somewhere on W. Then there is a (large) v € N such that
r+7(W)C (v,v+1),ie. W C D, . In this case Lemma 4.8(b) shows
that, on W', (B~)" is of order 1/v; thus repeating the argument from
the previous subcase we obtain

(4.44) W'|2 < Cv|W|..

On the other hand, by Lemma 3.12(e) and Remark 3.13, since W’ C
D, , we gather

o2
(4.45) W2 < —.

v

Multiplying (4.44) and (4.45) we obtain the result.

We now prove item (b). Notice that it suffices to prove the case
k = 1, since the general case follows by induction. let w, be sufficiently
large and consider two possibilities.

1) If W C {w < w,}, then N(z) < N, = Cw,, and thus n < N,:
then the conclusion follows from item (a) since |W’'|, < cy/ 3|W|(11/ e

(IT) On the other hand, if W N {w > w.} # 0, by choosing w,
sufficiently large and § < 1 we can guarantee that (4.26) holds for all
points in W, from which our conclusion immediately follows. O

Remark 4.21. Inspecting the proof of Lemma 4.20, we can obtain the
slightly stronger result that if W is unstable (resp. stable) and W C Dy,

(resp. W C D), then [W/|, < Cu|W &>,
Lemma 4.22.

(a) For any v, there exists 6 = §(v) > 0 so that for any u-curve
W C M with |W|, < 9§, FW has at most 3 connected compo-
nents that are not contained in |J,., D, .

(b) There exists 6 > 0 and w* > 0 so that if |W|, < d and W C
{w > w*}, then W intersects at most two E}’s.

(c) For any v sufficiently large, there exists 6 = §(v) > 0 and
K > 0 so that for any u-curve W C M with Wl < 6, FW
has at most K connected components that are not contained in

UV>17 DV_

Proof. We begin with the proof of item (a). Observe that by Proposi-
tion 4.15(a), it suffices to prove the statement for the Euclidean metric
|- |g. Let W =W \ Dff. By Lemma 3.6(a2) we conclude that W’ is
connected. Since Dy NS = ), we conclude that F(W NDy) C Dy is
also connected. Therefore it can contribute to at most one connected
component, which is not in | J D, . Hence, it suffices to prove that

v>v
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there exists § > 0 so that if [W'|g < d, W/ NDE = 0, then FIW' has
at most 2 connected components that are not contained in (J,., D, .
This is immediate if 7 < 2. Otherwise there would be a sequence of
curves W)/ converging to a point which would intersect at least three
D, with v < . Hence it would intersect at least two S, with v < .
Since S are closed sets, we conclude that two curves S and S must
intersect, but this is impossible by Lemma 3.10(a).

In order to prove item (b), let us assume that W intersects at least
three consecutive &;’s: let us denote them by &;_,,&r and &) ; in
particular it must be that W intersects both S” and S"*!. This implies
that F" W will have a component W’ that joins S° to S7!, and thus
|W'|a > ¢ for some uniform ¢ > 0 (see (4.17) ). However, (4.26)
guarantees that the expansion of F™ is bounded above by A*. We
conclude that |W|, > ¢/A*. Hence if |W|, < ¢/A, W can only intersect
2 of the &’s.

We now proceed to the proof of (¢); fix w, > 0 sufficiently large. If
WNn{w <w,.} # 0 and |W|, < 1, then Lemma 4.2 allows to conclude
that N(a:) < N, where N, = Cw,. By part (a) there exists d, so
that if |W|, < d., then FW has at most 3 connected components
not contained in |J,., D, . Moreover by Lemma 4.20, we can find
0= C'#éij* so that any connected component of F"W, for 0 < n < N,
is not larger than 04. Finally, observe that if v is sufficiently large,
then D, C M for any v > ©v. We can conclude by induction that
FW has at most 3+ components not contained in U,s, D, , provided
that |[W|, < 6. Assume, on the other hand that W c {w > w,}.
According to Theorem 4.6, if [W g1y < 1/2, then W lies in at most 2
fundamental domains D,,, and therefore FIW has at most 2 connected
components. By (4.17), there exists 6 > 0 so that if W], < ¢, then
\(Wg@r1) < 1/2. We conclude that item (b) holds even for large w. [

Finally, we conclude this section with a useful result about singular-
ities (this is the analog of [9, Lemma 4.55] for our system.)

Lemma 4.23. The sets ST and S~ are dense in M.

Proof. We prove the lemma for ST (the statement for S™>° follows
by the properties of the involution).

Assume by contradiction that M \ ST contains an open ball B.
Let # € B and N = N(z). Then B' = FNB C M and by invariance
of M\ 8+ we gather that B’ C M\ S+ C M\ S+.

We conclude that there exists an unstable curve W C B’ of positive
length so that f”|W is smooth for every n > 0. By Proposition 4.15(c)
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the length of the unstable curve F W would grow arbitrarily large.
Since unstable curves are decreasing, by definition of M and of the a-
metric this means that for any w*, there exists n* so that " W N {w >
w*} # (. But by the observation below Theorem 4.6(a) this means
(choosing w* sufficiently large) that 7™ W will intersect nontrivially at
least two fundamental domains D), which in turn means that Frl lw
is discontinuous, which contradicts our assumptions. U

5. DISTORTION ESTIMATES

The previous sections dealt with C! estimates for the dynamics of
Fermi—Ulam Models. However, it is well known that, in order to ob-
tain good statistical properties of hyperbolic maps, one needs a higher
regularity than C* for the purpose of controlling e.g. distortion. The
necessary results about higher derivatives of the iterates of F are pre-
sented in this section.

5.1. Homogeneity strips. In order to control distortion of u-curves,
we introduce the so-called homogeneity strips H, € M. Fix ky € N
sufficiently large, to be specified later, and define

Hy = {(r,w) € M s.t. w > ]<;0*2}.
For k > ky define
Hy, = {(7“,’(1)) EMst we ((]{ + 1)—2’ k—2]}'

By Proposition 4.15(b), we gather that if 7z € Hy, the expansion rate
along unstable vectors at z for the a-metric is bounded below by Cxk?.
Moreover, by Lemma 4.22, we can conclude that there exists v* > 0 so
that DX NHy = O for any v > v*.

As it is customary in the theory of billiards, we need to treat the
boundaries of Hj, as auxiliary (or secondary) singularities. For k > ky,
denote by S, = (0,1) x {k™2} and put S = U Sg. Then we let

k>ko
S = S8°US and for any n > 0 we let:

(5.1) Sg=8"ulJF™E\s™), S"=8"U|]F(S\8™).
m=0 m=0

Remark 5.1. Observe that FS (resp. F~'S) is a countable union of

stable (resp. unstable) curves that accumulate on the singular curves

S\ 8 (resp. 8'\ 8°). Each curve also terminates on S (resp. S).
In particular each S is a closed set.
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As in Section 4, we now extend these definitions to the induced map.
First, define

Si=38nJsET ne).

k>0

then let Sf = (Sit NM)UOM. By a similar construction we can define
Sy - then for any n > 0 we let:

(5.2) St =SpUFYSE\ST) S7"'=S87"UF(S"\S).

The auxiliary singularities will further cut any set into components,
which we call homogeneous components (or H-components) An unstable
(or stable) curve W is said to be weakly homogeneous if W belongs to
only one strip Hy.

5.2. Unstable curves. In this section we study regularity properties
of unstable curves. By (2.6), it suffices to establish the regularity of
the p-slope B~. In order to do so, we find convenient to introduce
the following notion: an unstable curve W is said to be K-admissible
if B~ is K-Lipschitz (with respect to the a-metric) on W \ Df and
(B7)7! is K-Lipschitz (with respect to the a-metric) on' W N Df.
Using the involution, we can analogously define the class of stable K-
admissible curves. In this section we focus on properties of unstable
curves. Corresponding statements for stable curves follow using the
involution. Later (in Section 7), we will use the properties of stable
curves.

Proposition 5.2. For each K > 0 there exists K > 0 such that the
following holds. Let W be a weakly homogeneous mature unstable curve
that is K-admissible. Then, for any n > 0, any H-component of F"W
is K -admissible.

Proof. Recall that for any x € W\ 8™ we denote with B, (x) the value
of B~ of the curve F"W at the point F"z. In this proof we drop the

superscript “—” in B, in order to simplify the notation. We have,
using (2.4), that B, = G(7,_1, Bn_1, Rn_1) where
B+R
G(r,BR) = ——F+——.
(B, R) 1+7(B+R)

19 In case that either W \ D§ or WnN ’D;{ is empty, we assume the Lipschitz
condition to be trivially satisfied.
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A direct computation gives

/ /1 (B/ _ B//)
(5:30) G(r.B.R) =GB R) = i m r myy 1+ 7B+ R))’
(R/ o R”)

(5.3b) G(r,B,R)) — G(r,B,R") =

(1+7(B+R))(1+7(B+R"))’
(B+R)A(r — )
(14+7B+R)(1+7(B+R))

(5.3¢) G(r',B,R) — G(r",B,R) =

Let W,, be a H-component of F"W and for 0 < k < n let W, =
FFnW,; let o/, 2" € Wy and for 0 < k < n let x, = F*2' and
x} = FFz". Observe that by construction zj and z} belong to the
same homogeneity strip. We can further assume Wy to be sufficiently
short so that dg(z),x}) < 1 for any 0 < k < n (otherwise we can
partition W, into smaller subcurves which satisfy this requirement).
By construction, for any 0 < k < n, the curve Wy is contained in a
single cell Df. In particular each W} is either contained or disjoint
from Dy;.

Now, for 0 < k < n we are going to define 6 > 0 as follows.
Fix a large number w* > 0; if W), C Df; we let d; = 0. Otherwise,
Wi, N Dy = 0 and we let 0, = £,/ max{w*,w},}. Observe that, if w* is
sufficiently large, (3.3) allows to conclude that d; is a lower bound on
7(x) among all points y so that dg(y, Wy) < 1. Finally, let

K K
AN, =146 (B +— Al =1+6 (B +— ).
(o) arevea (s )

Later (in Section 5.4) we will consider the case where z}, and 27, do not
necessarily belong to a common unstable curve. In this case we define
0 based on the properties of the curve containing x}. We thus state
the next lemma under more general assumptions than needed in the
current setting.

Lemma 5.3. Let W' and W be two mature unstable curves; let ¥’ €
W' and z" € W"; let n > 0 be so that for any 0 < k < n the points ),
and . belong to the same cell D, , to the same homogeneity strip and
dg(z), ) < 1. Then the following estimates hold for 1 <k < n:

(a) If x), & Dy, then

/ 1"
Bi1 — By

|BI _ BII‘ S
PR TALAL

+C [dE('T;c—D x%—l) + dE(x;ca xllé)} :
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(b) If ) € Dy, then

1 1
(5.4) B B <C UB;QA — Biy| + dp(@_y, 7)) + dp(z), xg)} -
k k
Moreover, if additionally k # n:
|B),—1 — By
Bt = Bial < =0 x7—

+C [dE(x;c—D ry_1) + dp(z), 2)) + dp(z,, $Z+1>] .

Before giving the proof of the above lemma, let us see how it yields
Proposition 5.2. In our case W/ = W"” = W,. Let us first assume that
Wy N D = 0. We consider two possibilities: either W,, N Dy = 0 or
W, C Dg.

In the first case, iterating the estimates of parts (a) and (b) of the
lemma we get, since x], € Dg:

/ /" ’B/ BH
(55) |B B| Hn 1[A/A// +CZdE Ljs J

< B} — B”HCZdE a2,
7=0

< Kdg(xg, z +C’ZdE

J’J

< C(K 4 1)dy (] x)

n»'n

where in the last passage we invoked Lemma 4.17.
In the second case, we iterate the estimates of parts (a) and (b) until
step n — 1 and use (5.4) at the last step, which gives:

‘B, B//
- H [A’A” +CZdE

1 1

B, B

from which we conclude as above.
We now consider the case W, C Dy. By Lemma 5.3(a)

1 B/ B//
By~ Bl < |z — | arpn € lde(aios, 20 + du(ah, o)
0 0l 2080
Notice that
B(/)Bg < B/ B// 1

< —.
AJAY — (14 0oBh) (1 + 6oBY) — 62
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Since Wy C Dy, and Dy N Dyt = {xc}, we conclude that Wy N Dy = 0
and so dg > 0. In particular we have:

1 1
By = Bl < +C [ 7~ | T e @) + de(g 7))
0 0
We then argue as in the other case (for each of the two subcases in-
volving W,,), but starting from k£ = 1 and we obtain the result. U

It remains to establish Lemma 5.3.

Proof of Lemma 5.3. (a) We have
B, — By = [G<Tl/c—1a -1 Riem1) — G121, By, 271)}

+ [G(Tl;—lvsg—lv r-1) — G741, By, Z—l)]

+ [G(Tllcangqa k1) — G(1i_1, By, ;c/71>] =1+ I+ 1.
We now estimate each of these three terms separately using (5.3).

Bl — Bl _ B - B,

A+ 7By + Ry )L+ 7 (B + Rymy)) = A AL

Let us now consider the second term. We have

11| =

|E| — ’R;ﬁ:—l - Z—l’
(L4 7 (B + Ry )L+ 7y (B + Riy))
Ri—1 — Rl

< .

— / !/ / "

(T4 7 R+ 7 RE )

The numerator equals
/ " " / / / " / "
Ky _wi_, — Kl_w Ky |w,_; —w |k} 1 — K
k—1Wk—1 k—1Wk—1 k=11 Wk—1 k—1 k—1 k—1
<2 +2 )

2
! 1! / " 1
Wy 1 Wg_q Wy Wy W4

We split the discussion in two cases:
(A) If Jw_,| < 2 then we obtain

- Tg—1| + ’w;c—l —wy_y

r
R/ N < C| k—1
| k—1 k*l' — w];_lwg_l

Since &1 > 0 > 0 (because wj, ; < 2 < w*)
Cdp(wj_y, 7)) Cdp(w)_y, 7}_y)

26]9_1:‘{;6_1 26]@_1I€;€/_1

iy —_ 2 / "
1+ —) <1 + —) wh L w! Oj_1Kh_1Kk_1
C
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(B) Otherwise, if wj_, > 2 then we bound the numerator from
above by Cdg(z)_,,z}_;) and the denominator from below by
1, which also yields || < Cdg(a}_,,2}_,).

To estimate ('), consider two cases.

(A) If wy,_; < w* then

(By_ + Z71)2|TIQ71 — 74| < ITlgfl - 7'1271|

I <
e (S - T | ER R
< ’T;c—l - Tg—l‘ + Wc - r;c/

where in the last step we used the fact that, since 2} and zj belong to
the same cell D, we have |7 — 7| < [(r}, — rp_q) — (g — 75_y)]
and the fact that if w),_, < w*, then d;_1 > 9.

(B) If wy,_; > w*, then Corollary 4.11(b) allows us to estimate the
numerator of (5.3c) from above by C[|r,_; — ¢ + |7}, — 7|] and the

denominator by 1, obtaining:
(| < Cllryy = ria |+ [r, = rgl]-
Hence, either in case (A) or case (B) we conclude that
[T < Cdp(z),_y, 25 ) + dp(z,, 7,),

which completes the proof of part (a).

In order to prove part (b), we begin by estimating |8}, — B}| in terms
of | B,y — Bj_4].

If zj,_, € Hy (and thus z}_, € H, by assumption) then we have

(5.6) |B;c - Bg‘ < ’B;cfl - g71| +C [dE<x;cfl7 5’7%71) + dE(%a xlkl)}

because we can bound from below the denominators of I, I and Il by
1, and the numerators of I and Il are

O (dE(mgcflJZA)) and O (dE@j;cfl?xlklfl) + dE(:c;, 5'3'/1;))

respectively due to a lower bound on wj_, and wj_, and the upper
bound on Bj/_; given by Corollary 4.11 (since x), € Dy, we have z;_1 &
Dy ). Combining (5.6) with the already established part (a) for z),,, &
Dy we obtain the estimates of part (b) in case x}_; € Hj (note that we
have uniform lower bounds on B;, and By, so that also (5.4) follows).
Next, we consider the case zj_,,z}_; € H; for some j > 0. Then
C'w,_, < w)_, < Cwj_,. Observe that our assumptions give a
uniform upper bound on wj_, and uniform upper bound on B;_;. In
fact, since zj, € Dy, it follows that z}_, € D. Thus F'a}_, & DL
(this follows from Remark 3.7, because z¢ ¢ H; for any j). Hence the
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required upper bound on Bj_; follows from Lemma 4.8(b), since we
assume W to be mature.

Since Bj,_; is uniformly bounded, assuming ko in the definition of
the homogeneity strips to be sufficiently large, we have the following
estimates

/ / 1
_ _ _ c c
e S B S e <Riy < —.
]. + Tk‘—l k?—l 1 + Tk—l k‘—l wk_l wk_l
Hence
¢ ¢!
(5.7) — < ZS’;€ <
Wr—1 + Tk-1 Wr—1 + Tk-1

Without loss of generality we may assume that 7,_; > 7" ;. Then (5.7)
shows that

(5.8) B, < CBy.
We now estimate I, I and Il as follows.

11| < [Byy = Byl

Cdp(x),_y, 2} _;)(w;,

et 2
(1+37)
k—1

C [dE(:L‘;vfl’ Ty )+ dE@;w 1‘%)] (w;cflw;c/fl)il
<1 + CTé*l) (1 _'_ CTIQ’*I)
wy wy_

< CB;BZ [dE(xgc—lvxlqu) + dE<x;<:7 37/1;)} .

— >_2 / / 1
|][’ < - < C(Bk>2dE($k—1v$k—1)a

|| <

Here the second inequality in the estimates of I and I follow from (5.7).
Combining these estimates with (5.8) we conclude that?°

(5.9)
|B;€ - Bg| < |B;c—1 - Bg—1| + CBLB;; [dE(‘T;c—D‘TZ—l) + dE(m;,xg)} )

which yields (5.4) since we have a uniform lower bound on B, in the
recollision region (see Lemma 4.8). Combining the above bound with

20 Observe that (5.9) holds trivially also if ), _, € Hy, by (5.6) and the fact
that we have a uniform lower bound on B;, as the flight time 7']2_1 is bounded (see
Lemma 4.8)
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the bound at step k + 1 already established in part (a), we conclude

/ 1" |Blf _BH— |
1Bii1 — Byl < W‘f’
B, By
(14 0,8,.) (1 + 9xBY)

+C [dE($;c7 ry) + dp(T) ., $/k,+1)} .

+C [dE(x;c—la x/k,—l) + dE(I;cu x/k,ﬂ

Since
/ /!
B;, < i’ B < l

part (b) follows, because in the region under consideration, 1/J; admits
a uniform in &£ upper bound. O

The proof of Lemma 5.3 provides some additional useful information
which we record for a future use.

Lemma 5.4.

(a) For any 6 > 0 there is a constant K(J) such that if W, is an
H-component of F"W contained in Dy and if T,—1 > 5 on W,
then B is K (&) Lipschitz on W,,.

(b) There exist constants T and Ky such that if 7,1 > T on W,

then B, lw, is Ko/ T? Lipschitz.

Proof. Part (a) holds since the assumption that zj, & Dy is only used
in Proposition 5.2 to obtain a uniform lower bound on the flight time,
and such bound is now explicitly assumed .

Moreover, the assumptions in part (b) allow us to estimate 6% in the
denominators of I, I, and I by T? obtaining

By — By | +dp(a_y, 25 1) + dp(2), 77)
T2

1B, — B 4| + dp(z,, 27)

T2 '
It remains to note that we have a uniform Lipschitz bound on B, ;.
In fact, if W,_; ¢ Dy then this bound follows from Proposition 5.2.
If W,—1 C Dy then the bound follows from the already established
part (a). Indeed, the fact that 7, > T implies (provided that 7' is
sufficiently large) that W, _; is close to z¢ giving the necessary lower
bound on 7,,_1. O

1B, —B,| <C

<C

Corollary 5.5. For any L > 0 there exists a constant K > 0 such that
if W C M\ 8 is an unstable curve such that |W|g < L and F~"W
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1s unstable for gach n, then W is K -admissible. In particular, unstable
manifolds are K-admissible.

Proof. Let (ng)i2, be a strictly increasing sequence of non-negative
numbers such that F~"*W ¢ Dy. We will now show that there exists
K > 0sothat 77" W is B_,,, is K-Lipschitz. This implies that F "W
is K-admissible, and by Proposition 5.2 we could conclude that W is
K-admissible, with K = K (K).

For any ', 2" € F~™ W, arguing as in (5.5) we obtain that:

—ng

—ng _B—nk
(510) ‘B;LO_B” { — |—no 1 [A/A” +C Z dE J’ J

J=—ng j=—ng

By Lemma 4.17, the second term of the right hand side is smaller
than Cd, (2", ,2"”, ). On the other hand, the first term tends to 0 as

k — oo, since the numerator is bounded above by Corollary 4.11 while
the denominator tends to infinity due to Proposition 4.15. U

We now fix L = 1 and declare an unstable curve W' admassible if
|[W|g < 1 and if it is 2K-admissible, where K is the one given in
Corollary 5.5 for L = 1.

Remark 5.6. As a matter of fact, it suffices to assume that W C M\
S~ is an unstable curve to conclude that there exists L > 0 so that
[W|g < L and F~"W is unstable for each n. We will explain this
in Section 7.2. For the moment it is convenient to fix ideas and set
(arbitrarily) L = 1.

5.3. Unstable Jacobian. Given a mature unstable curve W, n € Z
and x € W\ 8", we denote with
| D, F"(dx)|q

|dz|q

the Jacobian of the restriction of the map F" to W at the point x in
the a-metric (here dz denotes a nonzero tangent vector to W at x).

JwF"(r) =

Lemma 5.7. Given L > 0 there exists K > 0 so that for any mature
admissible unstable curve W C M\ S~ so that FW belongs to a single
H-component and |W|, < L then In JwF(x) is a Hélder function of
constant K and exponent 1/12 with respect to the a-metric on W.

Moreover, let W' be a subcurve of W which is mapped by F' to a
H-component of F'W. If1 < N(x) for any x € W' then In Jyw F'(z) is
a Hélder function on W' of constant K and exponent 1/12 with respect
to the a-metric on W',
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Proof. In this proof we again drop the superscript — from B for the
ease of notation. In view of (4.28) and (4.29), we have

FurF () = exp (ol (2) = 1y () H(z, Fo),

where
(Bw + 27)(1 + ayw)

(5.11) Hwo) = =gt )

Observe that the exponential term multiplying H is actually constant
on W, because both W and W = FW are contained in a single H-
component and thus W is either contained in or disjoint from Dy or
D
We claim that
(5.12)
In H = In(Bw + 2k) + In(1 + ayw) — In B — Inw — In(1 + aqw)

is uniformly Holder on W x W.

Suppose first that W N Dy = 0. Let (2/,7') and (2”,2") be two
points on W x W. Note that if ¢ > a > 0, then ¢ + In(() is Lipschitz
with constant a=!. Therefore In(1+ ayw) (and similarly In(1+ a;w)) is
uniformly Lipschitz on W (resp. , on W) with respect to the Euclidean
metric (and thus to the a-metric). Observe that by the lower bound
for large energies in Corollary 4.11 (and since & > K) we have that
Bw+ 2k > C(w+1). Hence the upper bound of Corollary 4.11 and the
fact that @’ ¢ Dy give

| In(B"w" + 2r") — In(B'@w’ + 2K')|

c _
< - }B//U_JH _ B/wll + |R/ _ R//‘

w +1
< C|B" - B|+ Cdy (7', 7",

from which we obtain a uniform Lipschitz estimate on In(Bw + 2&),
using Proposition 5.2. Next, if W C Hy, then w > C and thus Ino is
uniformly Lipschitz. On the other hand, if W C H, for some k > 0,
then k*|w’ — "] < C, which implies k2|’ —@"| < Clw’ — @"|"*. Since
w > (k+1)72, we obtain

|lna@’ —Inw"| < CK |0’ — @"| < Cla’ — a"|'/3.
Finally

|B/_B//|
In—| < ——.

‘ln B’ —1In B”‘ = 5| S 5
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Let T be the constant from Lemma 5.4(b). If the flight time is less than
T then we can estimate the numerator by 2K d.(z',z") due to Propo-
sition 5.2 while the denominator is uniformly bounded from below due
to Lemma 4.8 (for small w’) and Corollary 4.11 (for large w’). On the
other hand, if the flight time is greater than 7" then the numerator is
less than Kod, (7', 7")/T? due to Lemma 5.4(b) while the denominator
is of order 7! by Lemma 4.8.

This completes then proof of the fact that In H is uniformly Hélder
on W x W in case W N Di = (0. In fact, our analysis shows that all
terms in (5.12) are Lipschitz except for Inw which may be 1/3-Holder.

The analysis in case W C Dy is similar except that we rewrite

Bw + 2K T4
—_— =W
B

mﬂ =N

Then Proposition 5.2 implies that the above expression is Lipschitz
with respect to the a-metric. Lemma 4.12 yields that it is uniformly
bounded from below, which implies that In(w + 2% /B) is Lipschitz and
therefore that In H is 1/3-Holder also in case W C Dy.

To prove the Holder continuity of In Jy F it remains to note that,
in view of Lemma 4.20, the map F|y is uniformly 1/4-Holder with
respect to the a-metric.

We now proceed to the proof of the second statement. First note that
if w is bounded, then the Hélder continuity of In Jy F* follows from
the Holder continuity of In Jy F since N (x) is uniformly bounded.

In case w is large, that is w > w,, then denote with z,, = F"x and
observe that:

Once again, In(1+ajwp) —In(1+ aw;) is Lipschitz on W’ x F'W’. Next
we show that, in the high energy regime, F' is uniformly Lipschitz.
Indeed, at each step j < I, JwF(F'z) =1+ O(wy") due to (4.29)
and Corollary 4.11. On the other hand, by (4.10), [ is at most of order
w, giving an uniform upper bound on Jy F'(x). It remains to handle
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the product. Let 2 and x] be two orbits. Then

l
> (2@ + B;w;) i ( 26 + B;'w;f) ‘
B/‘w/‘ B;/w‘;l

j=1

| (1ot

Kl B//w// — B// //)‘

|5 B wY — K5 Bw ! do (2, )
§C1Z o §C2Z—w(
]:1 J j:l J
Cs N (z!
< 300 (%)da(:v;w;’) < Cydy (2!, 2"). 0

w/
Let n > 0, W C M be a mature unstable curve with the property

that F~"W is a mature unstable curve and let £ € W be a reference
point on W. Then we can define a density p, on W as follows:

_ IwF @)y JwF(F )
pn(l') - jw./_‘;n(i') - ];|1: jWJT'-(.F;]:Z’)
Lemma 5.8. (a) Given L > 0, there is a constant K > 0 such that the

following holds. Let V' be a mature admissible unstable curve so that
W = F"V belongs to only one H-component and |W|, < L. Then

110 pn (@) |1 12wy < K.

(b) Let W be an unstable manifold (that is, F~"W is an unstable
curve for all n) with |W|, < L. Then p,, converges when n — oo along
a sequence of times such that F~"W ¢ Dy to a limiting density pand
In poo 2s Holder continuous.

Remark 5.9. In this paper we will only use part (a) of the above lemma.
We decided to include part (b) as well since the proofs of both items are
similar and part (b) may be useful for studying statistical properties

of Fermi-Ulam Models (cf. [9, Section 7).

Remark 5.10. In Remark 5.6 we mentioned that the Euclidean length of
unstable manifolds is uniformly bounded. Such a bound is unavailable
for the a-length, therefore we will not be able to drop the bounded
a-length assumption in our discussion.

Proof. The statement would easily follow from Lemma 5.7 if F were
uniformly hyperbolic. Since this is not the case, we need to follow a
strategy similar to the argument presented in the proof of Lemma 4.17.
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we partition the interval [1,--- ,n] into blocks with good hyperbolicity
properties.

First of all, by Lemma 4.17 there exists C' > 1 so that for any
0<m<n, |[F"W|, < CL. Moreover, since F~"W NS™ = (), we
already observed that the function z — min{m, N(z)} is constant on
F~mW. Let ny be the constant value of min{n, N(z)} on V, ny be
the constant value of min{n, Nl(x)} — ng and so on, until we obtain

ng, -+ ,n, > 0 so that ng +---+mn, = n and for any 0 < [ < p,
ng+ny + - +n = Ni(z) for any x € V. We can thus rewrite:

p—1 . _ .
jW]:n] (]: n+no+ +”J*1:)3)
pn<x> = H T Fri (f—n-‘r’n()-‘r““i‘nj—lj)

J=0
Then we can write, for any 2/, 2" € W:

I pu(a”) = I po ()|
p—1
= Z In Jyy F (F-nrrottni—ig!y —In Jyy F (F ot tni-igl)
=0
Then Lemma 5.7 implies:
p—1
[ p () — I py (2)] < Cp > d(FmHnottnsag! ontmottnio g ry1/12
5=0
S C#da(x',x")1/12+
p—2
+Cp > do(FIF ! FIF i) /12
§=0
+ Cydy (Fa, F g2,
Proposition 4.15 and Lemma 4.17 conclude the proof of part (a).
To prove part (b) consider two time moments n; < ng such that

F2W ¢ Dy and F~" |y = F-0F " with F~""W C M. Then:

10 oy (@) = 10y ()] = [0 - (F702)

- ‘lnan—n1 (‘/T:-_nlx) - 1npn2—ﬂ1 (ﬁ_nl‘%>
< Rda(ﬁfnlx’ﬁfnli,)l/m < C@ll<da(£€,a~7))l/12,

where the first inequality relies on Corollary 5.5, the already established
part (a) and the second inequality relies on Proposition 4.15(c). O

The next bound immediately follows from Lemma 5.8.
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Corollary 5.11 (Distortion bounds). Let L > 0; there exists Cp > 0 so
that the following holds. Let V' be a mature unstable admissible curve,
W, be an H-component of F"V so that |Wy|, < L and V,, = F"W,.
Then, for any measurable set EE C M:

o—~Colw, 2 Lebw, (E) < Leby, (F"E) < ColWald Lebw, (E) 7

Lean (Wn) Lean (Vn) Lean (Wn)

where Leby denotes Lebesque measure on the curve V' with respect to
the a-metric.

5.4. Holonomy map. A C'-curve W is called a (homogeneous) stable
manifold if | F"W| — 0 as n — oo and for each n, F"W is contained in
one homogeneity strip. (Homogeneous) unstable manifolds are defined
similarly, with F" replaced by F~". At this point we do not know
how often the points have stable and unstable manifolds, this issue will
be addressed in Section 7.2. Below we discuss how the expansion of
unstable curves changes when we move along stable manifolds. We
denote by W*(z) the maximal homogenuous stable manifold passing
through the point x. Let Wy, W5 be two mature unstable curves. Let

(513) Qj = {ZE S VV] : WS(ZE) N Wg_j 7é @}
Define
(5.14) H: Qp — Qg so that Wo(x) N Wy = {H(x)}.

Observe that # commutes with F (and thus with F ). We assume that
W1 and Wy are close to each other so that d,(z,Hx) < d for some
small d > 0. Define

> rj ﬁﬁj
(5.15) J@) =] Trsw, (T HD)
5=0 Tziw, F(FIx)

Lemma 5.12.
(a) The infinite product (5.15) converges. In fact there are con-
stants C' > 0, 6 < 1 such that for any n >0
n—1 ~ 7l
Tziw, F (F'Ha
J(x) - [ === ( = )
jﬁfwl}—(}- )

=0

n

(b) For any £ > 0 there exists § > 0 such that if ' € Wy, 2’ =
Ha' € Way, d(a,2") <6 and |(By ) — (By)"| <6 then
n—1 (Tl
rj .F f
HJ}'WQ A( ASU ) 1l <=
o Triw, F(Fla')
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Remark 5.13. In this paper we will not use part (b) of this lemma, but
the proof follows from similar arguments, and part (b) could be useful
in future developments.

Proof. Once again, in this proof we drop the superscript — from B for
the ease of notation. ) )
For 2’ € W; and [ > 0, let us denote ] = Flo' = FNiEDg and let
2" = Ha'. With this notation we have
> jA]' ﬁ I’//
J) =] L(l)
=0 JEim T (27)
Observe that since 2" € W*(2'), the points 2, and 27/ belong to the same
cell D~ for any j > 0. In BarticularAx; € Dy if and oAnly if 2 < Dy
(and likewise for Df) and Ny(z”) = Ny(z'). Let m; = Ny(z") = Ny(2').
Using (5.11) we can then write
n—1 T~ 9]
T (])
InJ— lnH # = Z [In H (2, 2%, ) —In H(a, 2 )]
1=0 jﬁjwl ()

Inspecting the proof of Lemma 5.7 we obtain the following estimate

n—1 -
jﬁfwz}—(mgl)
Sk | S
=0 FIWq l

where we defined

J=mn

o) ml+1—1

<OY il )2 +CY Y 3,
I=n

l=n j=my

BB
= _ min{l,B}’} 1 l’j R
- ! ! therwi

— — = otnerwise.

B, Bl

Accordingly, we need good bounds on =;. Such bounds will be obtained
by different arguments depending on whether z; ¢ Dy (case A) or
2, € Dy (case B).

Let us first consider case A. Observe that since z;_; and 27, lie
on the same stable manifold, they belong to the same cell D, and
v ~ 7/ for large v. Next, Lemma 4.8 and Corollary 4.11 tell us that
B can be small only if v (and, hence, 7" ;) is large and in this case Bj is
of order v~'. Applying once more Lemma 4.8 we get |B} — B| < Cv~?
and thus

"

J

7
Bj

’B,' o B,'/’ / i / 1"
— = < Cv|B; - Bl| < C|B, - B}|'*.
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Hence, regardless if B; is small or not, it suffices to obtain good bounds
for [B} — BY|.

Let m; <3 < Myt and let 7 be a number close to m;/2) such that
25 & Dy. Set § = A=" € (0,1). Since z; & Dy, iterating the estimates
of parts (a) and (b) of Lemma 5.3, we get

/ !/ BII
]@—BAS% ZdE Ty, T

/!

(5.16) < m + Cda(ar, ) Ty o)
(5.17) < ’ T +C€l/2d (2, 2").

where in the second inequality we have invoked Corollary 4.19 and in
the last inequality we used uniform contraction of stable manifolds by
F with respect to the a-metric (which follows from Proposition 4.15(c).

Next, the proof of Proposition 4.15 shows that the denominator in
the first term of the right hand side of (5.17) is O(6~%/?). On the other
hand by Corollary 4.11 (since @ & Dy ), we gather

(5.18) B, — B!| = 0(1).

Accordingly |(B;) — (B;)"| = O(6"?). for my < j < my,,. Plugging this
estimate into (5.16) and summing over [ > n, we conclude the proof of
part (a) in case A by choosing 6 = §1/%,

Next consider case B. By (5.4), which holds in Dy, we have

1 1

B/ B// C‘ B 1| +Cd ( )

]17]1

Since 2 ; ¢ Dy we can apply the estimates of case A to control
B, — Bj_; to conclude the proof of part (a) in case B.
The proof of part (b) is similar except that, we replace (5.18) by a

better estimate for |B; — BY|. Namely, if 7j, ¢ Dy, then (5.10) gives

B, — B!| < ‘B;—B"' + cida@' 2" ) < C6.
J J HJ [A/ A”] —

If 21, € Dy we obtain a similar bound by invoking (5.10) up to j = 1.
Accordingly |Bj — Bj| = O(0'26) for my < j < myy1. Plugging this
estimate into (5.16) and summing for [ > 0 we obtain part (b). O
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6. EXPANSION ESTIMATE

In this section we prove an expansion estimate for unstable curves
which is used in the proof of the so-called Growth Lemma (see Lemma 7.2).
The section is organized as follows. In Section 6.1 we define the no-
tion of regularity at infinity, which appears in the statement of our
Main Theorem and will be used crucially in the proof of the expansion
estimate. In Section 6.2 we state the expansion estimate as Proposi-
tion 6.5. The proof of this proposition is divided in two lemmas, which
are proved in the final three subsections of this section.

6.1. Complexity at infinity. Recall that Theorem 4.6 states that
for large values of w, F is well approximated by the map FA defined
by (4.11). In order to obtain results about the complexity of the map
F near oo, we thus proceed to study the complexity of the map F.
From now on, we will assume A to be fixed given by (1.1).

Recall the definition of fundamental domains D, given in Section 4.2,
and define, for any k£ > 0

k—1
(6.1) Dugir ey = [ ) €l (£
=0

We say that a k-tuple (ng, ny, - -+ ,ng_1) is A-admissible if Eno,m,w ey F
0 and if z € Dno’m,...,nk_l we say that (ng,ny, -+ ,ng_1) is a k-itinerary
of x. We stress the fact that the sets Dno,m,--- nip_, are not pairwise dis-
joint (their boundaries might overlap), hence some points might have

more than one itinerary. For z € cl(Dy) we define Ky (A, z) to be the
number of possible k-itineraries of x that begin with ny = 0.

Remark 6.1. Observe that K (A, x) is in general larger than the max-
imum number of singularity lines of order k& meeting at the point z (a
number usually referred to as complezity). In fact, for some exceptional
values of A (e.g. A = —1) we can find x so that K (A, z) = 2%, On
the other hand, for any A, the number of singularity lines meeting at
any point is bounded above by 2k (see [17, Proof of Theorem 2] and
also [11]).

We define the k-virtual complexity of A at infinity as
Ki(A) = max Ki(A, x).

z€ecl (Do)
Remark 6.2. The number K (A) is crucial in our analysis since it con-
trols the number of components in which an arbitrarily small curve can
be cut not just by F' but an arbitrarily small perturbation of F'. See
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Figure 5: both panes show a neighborhood of the point (1/2,1/2). The
left and right pane show the singularity portrait (up to k = 5 iterates)
of Fa__; and Fa__ (14¢) respectively. As e — 0 the nearly parallel
lines shown in the right pane slide and coalesce at the center. Observe
that the complexity of the center in the left pane is 2k, the complexity
of any point in the right pane is bounded by 3, but any short unsta-
ble curve passing sufficiently near the center is cut by singularities in
an exponential (in k) number of curves provided that ¢ is sufficiently
small. The k-virtual complezity Ki(A) indeed bounds the number of
such curves. On the other hand, since each point on the orbit of x
belongs to at most two fundamental domains, it follows that

(6.2) Kp(A) < 2F.

FiGure 5. Comparison of virtual complexity and stan-
dard complexity

Definition 6.3. A Fermi—Ulam model is regular at infinity if

lim sup Ki(8)

=0

where A is the expansion of the limiting map F defined by (4.22).
A model is superregular at infinity if there exists a constant C' so
that for any £ € N we have K;(A) < C.

Remark 6.4. We will show in Appendix A that for all except possibly
countably many A, the map Fi is superregular at infinity. However,
the result of Appendix A does not make it easy to check that a given
value of A is regular. On the other hand (6.2) shows that Fj is regular
at infinity provided that Ay > 2, that is, if [A| > £ (see (4.11)).

Recall that the involution defined in Section 2.1 conjugates F~! to
the Poincare map of the time reversed Fermi-Ulam Model correspond-
ing to ¢(r) = (1 — r). Note that the parameter A defined by (1.1) is
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the same for ¢ and /. In particular, the Fermi-Ulam Model is regular
at infinity if and only if the reversed model is regular at infinity. We
conclude that all results of this section formulated for unstable curves
of F are valid also for stable curves of F (that are unstable curves of

F),

6.2. Expansion estimate. In order to properly formulate the main
result of this section we need some definitions. Let W be an unstable
curve; then FW is consists of (at most) countable union of connected
components. Any such component may in principle be further cut by
secondary singularities in an (at most) countable number of shorter
curves which we call H-components. The same can be said for the
induced map F.

We denote by {W; , }ien (resp. {W;, n}ZeN) the H-components of "W
(resp. .F”W) Given an H-component Wm of F"W, we can uniquely
define Ni,n > 0 so that

ﬁ”\ﬁfnwiyn — Flin Fo

nW'L,n'
Finally, we denote by A;, (resp. Azn) the minimum expansion, with
respect to the a-metric, of 7" (resp. F") on F "W, ,, (resp. F "W, ,,).

Given an unstable curve W C M (resp. W C /\//\l), and n > 0, we
define:

1 A 1
Az’,n £n(W> B Xl: Ai,n
Then we let
L,(0)= sup L,(W) L,(0) = sup L,(W)
Wi W|a<é Wi W|a<é
L, = liminf £,(9) L, = liminf £,(0)
6—0 6—0

It follows from the definition that £, (resp. ﬁn) is a sub-multiplicative
sequence, i.e.

Proposition 6.5 (Expansion estimate). There exists C' > 0 such that
(6.4) Ly <C.

Moreover, if the Fermi—Ulam model is reqular at infinity then there
exists n > 0 so that

(6.5) Ly <1,

and there exists C' > 0 so that for any n > 0 we have L, < C'.
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The rest of this section is devoted to the proof of Proposition 6.5.
We will follow the strategy described in [18]. Recall the definition of
the homogeneity strips Hj given in Section 5.1.

Definition 6.6. Let W be an unstable curve. An H-component W,
(resp. W;,,) of F*W (resp. F*W) is said to be regular if for any 0 < ¢ <
n (resp. 0 < ¢ < Nm) we have that F~IW,;,, C Hy (resp. F’qu C
Hy) and nearly grazing otherwise.

Observe that the notion of regularity depends on the choice of the
constant kg introduced in Section 5.1; in particular, if £y increases, the
number of regular H-components also increases.

Lemma 6.7. Let W be a u-curve and N > 0. Then any connected
component of FNW (resp. FNW ) contains at most one reqular H-
component.

Proof. Let us first prove the statement for connected components of
FNW. We give a proof by induction on N. The statement is true if
N = 1. Indeed, the intersection of any connected u-curve with Hy
is necessarily connected, hence out of the H-components in which a
connected component of FW is cut by secondary singularities, at most
one can be regular.

Assume now by induction that the statement holds for N, and let
W’ be a connected component of FNt1¥. Let W be the connected
component of FNW which contains F~'WW’. By inductive hypothesis,
either W contains no regular H-component (and thus so does W’ and
the statement holds), or it contains only one regular H-component,
which we denote by W* C W. Then any regular H-component of W’
has to be contained in the connected u-curve FW*NW’. Since at most
one of the H-components of this curve can be contained in Hj (and thus
can be regular), we conclude the proof for N + 1.

Finally, the statement for FNW follows from the statement for FNTV.
Namely, suppose that for some N, FNW contains two regular H-
components. Denote their preimages by W’ and W”. Then FNW' =
FN'W' and FNW” = FN"W”. Suppose without loss of generality
that N’ < N” then FN'W has two regular H-components giving the
contradiction. O

Definition 6.8. Given an unstable curve W and n > 0, we define the
reqular n-complexity of W (resp. the induced regular n-complezity of
W), denoted by K!¢(W) (resp. K*8(W)) to be the number of regular

H-components of F"W (resp. F"W). If n = 0 we set conventionally
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A

Ky5(W) = K;8(W) = 1. Finally, define
Kie(6) = sup KI(W),  Kys(0)= sup KrE(W);

n

Wi W[a <6 Wi W[a <6
K;° = liminf K °(J), K, = liminf K °(0).
6—0 6—0

Remark 6.9. Given an unstable curve W, recall the standard definition
of n-complexity of W as the number of connected components of F"W .
Lemma 6.7 implies that regular complexity does not exceed standard
complexity. Observe moreover that while standard complexity is non-
decreasing in n, regular complexity is not necessarily so (e.g. the image
of a regular component of F"W may contain no regular component).
Finally, all the above quantities are non-decreasing in k.

For future use, we note that Lemmata 4.22(a) and 6.7 imply that,
provided kg is sufficiently large and ¢ is sufficiently small, the following
trivial estimate holds:

(6.6) KI8(5) < 3",

Let us now define £78, L8 (resp. L7, ﬁ*) as we did above for £ and

£, but summing only on regular (resp. nearly grazing components).
For instance:

« 1
o
L, =liminf sup E A
020 Wi wla<s in

where Y* denotes that the sum is restricted only to nearly grazing
components. The following lemmata will allow us to prove Proposi-
tion 6.5.

Lemma 6.10 (Control for nearly grazing components). For any N > 0
and € > 0, we can choose ky large enough in the definition of homo-
geneity strips so that L) < e for any 0 <n < N.

Lemma 6.11 (Bound on regular complexity). If the Fermi—Ulam model
s reqular at infinity, there exists n such that if ko in the definition of
homogeneity strips is large enough and o is sufficiently small then
A 1

(6.7) LE(6) < 7

The proofs of the two above lemmata are independent of each other.
Lemma 6.10 is proved in Section 6.3, whereas the proof of Lemma 6.11
occupies Sections 6.4 and 6.5.

Observe that Lemma 6.10 allows to prove that

(68) L < 0.
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In fact, we have £, = L™ + £}; by Lemma 6.10, the second term
can be made as small as needed, and by Lemma 4.22(a), provided that
[W|, is small enough, the first term is at most 3 - A~', where A is a
lower bound for (4.24b).

Combining these two results yields?! the proof of the Expansion Es-
timate:

Proof of Proposition 6.5. Let W be an unstable curve so that |IW|, <
with 0 > 0 sufficiently small. Recall that A is the minimal expansion
of F in the a-metric (see (4.27)). Observe that by definition, for any
n >0

Lo(W) = LiBW) + L,(W).
In view of Lemma 6.11 it is enough to show that, if ¢ is sufficiently

small, we have /j* < 1/2for all 0 < n < n where 72 is from Lemma 6.11.
By Proposmon 4.4 there exists w = w(n) so that, if W C {w > w},

then F"W has no nearly grazing H-components for any 0 < n < n.
Thus, by (4.2) and Proposition 4.4(b), we conclude that there exists
a uniform ' ~ n(w + n) so that Nm < 7' for any nearly grazing H-
component Wm Thus

*1 il *1
=2 >

zn Ain
i k= Li:N; n=k )

n’

SR

Hence, it is sufficient to apply Lemma 6.10 with N = n’ and ¢ = 1/(47’)
to obtain both (6.4) (with C'= K + 1/2) and (6.5).

The uniform bound on ﬁn for all n follows since ﬁm+n < ﬁmﬁn.
Namely, let n = pn + r, where 0 < r < n. Then

L,<L:.-Lr<Cm O

6.3. Control for nearly grazing components.

Proof of Lemma 6.10. We prove the lemma by induction on N. Let us
first assume N = 1 and let W’ be a connected component (rather than
an H-component) of FW. If we restrict to H-components contained in
W', we obtain

A - <Y Cyky® = Cyky.

k>ko

Were the number of connected components Wi’ of FW uniformly bounded,
our claim would thus be proved. As we already observed, this is not

21 The proof given below is similar to the one used in [18, Main Theorem)].
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the case. Fix n, sufficiently large. Lemma 4.22(a) ensures that, except
for finitely many (i.e. 3) connected components of FIWW, all the others
will intersect cells D, with v > n,. Moreover, by Lemma 4.22(b), D,
will intersect only homogeneity strips Hy for k£ > C#Vl/ 4. Denote by
Wi,k the H-component of FW such that W, 4, C Hi ND,. Then
using (4.30), estimating the flight time by v and the relative velocity
by k=2 we conclude that the expansion of Wi,k satisfies

A[u,k},l > C#IJI{JQ.

We thus gather that, if n, is sufficiently large and W is sufficiently
short, then

« 1 _ 1
Do SOk D) Ao
v ’ v2na k>Cyuvl/4 s

< Cykg'+ ) Cur™™ < Cylhyt +n ),

V>N

The last expression can then be made as small as needed by choosing
ko and n, sufficiently large. We thus obtained our base step: for any
e > 0, if kg is sufficiently large we have

£1<€.

Using the above notation, we assume by inductive hypothesis that for
any € > 0 we can choose kg large enough in the definition of homo-
geneity strips so that £}, < ¢ and we want to show that £y | <e. In
order to prove the inductive step, observe that for any u-curve W, we
have the following inductive relation summing over the H-components
I/V,L"l of FW:

i1

(6.9) )< Y A Ln(Win) +) Eﬁn(Wi,l)-

i: Wi 1 is reg.
By Proposition 4.15(b), there exists 0 < A < 1 so that A;,, > A" for

any n > 0. Thus, for any 0 sufficiently small, (6.6) and our inductive
assumption imply the following rough bound on £, (9):

(6.10) £.6) < 4
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Using (4.43) we get that if [W|, < d, then |W; |, < C.0%. Hence
by (6.9) and using once again (6.6), if ||, < ¢:

ra(0) < Z A C,6'4 C.6Y%
1: Wi 1 is reg. 61
< %c;(c*(sl“) + L;(W)Ln(c*al/‘l).

Using the inductive hypothesis and (6.10), taking lim infs_,, we gather
that £, < Cyue, which concludes the proof of the inductive step. [

6.4. Control on regular complexity. In this section we prove that
we can bound the induced regular complexity Kffg, needed to prove
Lemma 6.11, by means of two other quantities. One is the virtual
complexity introduced in Subsection 6.1 and the other is the pointwise
complexity which we now proceed to define.

Let z € M and let @, be a connected component of M\ 8™ so that

cl @, > x. We say that @Q,, is n-regular at x if
lim Fla' € clH, for all 0 < I < n;

Qn Sx’ —x

otherwise (), is said to be nearly grazing at x.

Definition 6.12. Given a point x € M and n > 0, we define the
n-reqular complezity at x, denoted with KC'*8(z), to be the number of
components of M \ 8" whose closure contain = and that are n-regular
at x. We then define:

IC8 = sup K8 (x).
TeEM
Recall that 8™ denotes the singularity set of F and let Qn be a
connected component of M \S" By the discussion prior to Lemma 4.2
we conclude that there exists N,(Q,) so that for any = € Q, we have

Frz) = FNa(Qn) )(x). Suppose now that z € clQ,; we say that Q,, is
n-regular at x if

lim Fla' € clH, for all 0 < I < N,(Qn).

Qn9$/—>m
Define K™2(z) to be the number of connected components of M \ S”
whose closure contains x and which are n-regular at x. Set
(6.11) Kree = sup KI5 (x).
zeM

If the phase space M were compact (as it is in the case of dispersing
billiards) then K8 (see Definition 6.8) and K} would coincide (see
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case (a) in the proof of Lemma 6.13 below). Since our the phase space
is not compact, we need a more careful analysis, which we provide
below.

Lemma 6.13. Suppose that for some n we have

. A" A7,
6.12 K% < — and Kn(A) < =2
(6.12) 5 (A) %

where A is the minimal expansion in a-metric, Aa is the expansion
of the limiting map, defined by (4.22), and C' is from Corollary 4.1/,
then (6.7) holds.

Proof. Assume by contradiction that (6.7) were false. Then there would
exist a sequence of unstable curves (W(™),, so that [W (™|, — 0 as
m — oo and Lr8(W ™) > 1 for any m > 0. Observe that

R f(reg(W)
6.13 LrEW) < ———-.
(613) W) <
Pick arbitrary points (™ € W After possibly passing to a subse-
quence we can assume that one of the two possibilities below hold.

(a) the sequence 2™ is bounded;
(b) the sequence (™ tends to infinity.

We analyze these two cases separately.
Case (a). In this case we estimate the denominator of (6.13) by A"
obtaining

n

(6.14) Krs(W) > A?

Since the sequence (™ is bounded, combining (6.6) with (4.2) we
gather that (KX8(W(™)),, is also a bounded sequence. We can there-
fore assume (possibly passing to a subsequence) that K8(W (™) = &
for all m. .

As noted earlier, the set M \S’ﬁ is the union of a countable number
of connected components. By Lemmata 3.12 and 4.2, to each such
component22 Q we can uniquely associate a N (Q)—tuple

A

7(Q) = (vo, 11, ,Vgo)_1) Where v; € {R,0,1,---}
so that
o M@
Q=Mn () F'D;.
1=0

22We drop the subscript @ as this is fixed once and for all and will not cause any
confusion
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For 0 < i < K%, denote with Wi(m) the preimage under F™ of the i-th
regular H-component of F*"W ™. Let ng) be so that Wi(m) C Ql(m)
By Lemma 6.7 ng) # Qyﬂ) if i # 3.

Since ]:"ﬁI/VZ-(m) is regular, we must have 14(Q) € {R,0,1,--- ,v*} for
all 0 < [ < N(Q) and some v* > 0. Since the sequence (W™),,
is bounded, we conclude by (4.2) that (N (Qfm)))m is also a bounded
sequence.

Since there are only finitely many @’s which satisfy these require-
ments, we can always assume (extracting a subsequence if necessary)
that ng) = ng/) for any m,m’; for ease of notation we will denote
such connected components simply by QZ

Let us now choose arbitrarily points q:gm) € W'i(m) C Q;. Since
(xgm))m is a bounded sequence, we can assume (extracting a subse-
quence if necessary) that mgm) — x; for some z; € cl Q, On the other
hand, since [W (™|, — 0 and ||, is equivalent to the Euclidean norm if
w is bounded, it must be that z; = z, for every 0 <14, j < K;. We call
this common limit point z. Since F ﬁWi(m) is regular, we conclude that
each of the Q;’s is regular at z. We conclude that &, < Ki8(z) < K%,
which contradicts (6.14) by the first estimate in (6.12).

Case (b). In this case we estimate the denominator of (6.13) using
Corollary 4.14 obtaining

R Kreg
E;eg(w) < n (W)
CAR

Observe that if we show KX8(1W (™) < 2K (A) for all but finitely
many m'’s, then (6.7) follows from the second estimate in (6.12). We
proceed by contradiction and assume (possibly extracting a subse-
quence) that |[W (™|, — 0, Mr£1(1n> w — 00, but

~

KXW M) > 2K (A) + 1 for all m > 0.

Recall the definition (see (4.7)) of the fundamental domains D,, = {z €
M s.t. N(z) = n}. Similarly to (6.1), we define, for k > 0:

k—1
- L—J
Dno,nl,"'ﬂ‘bk—l - n F Dnj‘

J=0
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A k-tuple (ng,nq,- - ,ni_1) is said to be F-admissible if Digny o gy
0. fx € Dy iy, We say that (ng,nq, -+, ng_1) is the® k-itinerary
of z. Define a sequence (N,,),, so that W™ = W 0 Dy 4
P and K2¥(W'™) > K;(A) + 1. Such a sequence exists since any
sufficiently short unstable curve intersects at most two domains Dy.
Passing to the (7, I)-coordinates and taking a subsequence we may
assume that 7y, W™ converges to some point Z € cl (150), where
T, is the translation map defined in (4.12). The convergence in the
a-metric implies convergence in the (7, I)-Euclidean metric by (4.17).

Since F™ is continuous on the set of points with a given itinerary,
it follows that there are points z\™, z{™ .. x]g:)( Ay €W (M) having

different k-itineraries. Possibly by extracting a subsequence, we may
thus assume that for 1 <[ <Kz(A) +1

(m)
xl e DNm,Nm%»nLl...Nernﬁ,l’l;

that is, that the itinerary depends on Ny, only via the shift by NV,,. But
then, Theorem 4.6 implies that T € Doy, . n,_1, for every [, therefore
K7 (zZ) > Ki(A) 4 1, which contradicts the definition of Kj(A). O

6.5. Linear bound on regular complexity. In this section we prove
a linear bound for K}°¢ defined by (6.11).

Lemma 6.14. For any n > 0 we have

(6.15) Kres < 4n + 2.

The induced regular complexity I@;eg bounds the number of con-

nected components of M \ S™ that are regular at any point z. Since
such connected components are bounded by C* curves, it is possible to
formulate an equivalent infinitesimal definition, which we now describe.

For x € M, denote by ©,M the unit tangent sphere at . We
identify each element of v € ©, M with the equivalence class of C'-
curves in M which emanate from x with a tangent vector that is a
positive multiple of v. Of course ©,M embeds naturally in T, M; this
embedding defines a topology on ©,M. Observe that if z € int M,
then ©, M = S!, but if z € §Y, then ©, M is a closed quarter-sphere if
x = (0,0) or x = (1,0) and a closed half-sphere otherwise. All such sets

23 In Section 6.1 we gave similar definitions for domains given in terms of the
normal form. It must be noted that here we do not take the closure in the definition
of the Dy ny o ni_y S, hence we can define the itinerary (as opposed as an itinerary)
of a point x. The reason for this mismatch is that the D,,’s are defined dynamically
(as opposed to the geometric definition of ﬁn) , and thus their boundary carry
some dynamical information which we want to preserve.
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will be considered wit\h the Counter/c\lockwise orientation. Similarly, we
define, for any x € M, the set ©,M.

A Cl-curve in M emanating from z thus naturally induces an el-
ement of ©, M. In particular if z € S§", then the curves in §" cut
©,M into a number of connected components which we call tangent
sectors. With a slight abuse of notation we write ©, M \ 8" to de-
note ©, M \ {vy,---,v,} where the v;’s are the unit vectors induced
b/y\the curves of 8" which meet at x. Similar considerations apply to
M and S".

More generally, given two elements v_ # v, € O,M let V =
V(v_,v,) denote the set of directions lying between v_ and v, with
respect to the counterclockwise orientation. This set will be called the
tangent sector centered at x bounded by v_ and v,. Conventionally,
we also introduce the notion of empty sector V.= 0 and full sector
V =06,M. A curve I' which emanates from x with unit tangent vector
v € V is said to be compatible with V.

Note that all sufficiently short curves compatible with V. C 6, M\S"™
necessarily belong to the same connected component @, Likewise, all
sufficiently short curves compatible with V C O, M \S” necessarily
belong to the same connected component Qn = Qn( ). We denote
Ny (V) = No(V(@n)).

Let V.C ©, M\ 8" and I' be a curve compatible with V. By con-

struction we have that Fhm F'a' is well defined and independent of
S/ —x

I' for any 0 < [ < n. Let us denote this limit point QTV. Likewise, if

VC @ggﬂ/l\\ S", we can uniquely define 2, for any 0 < I < N, (V).
Let V. C ©,M \ 8" we can define for any 0 < | < n the image

sector V! C 0, M \ St as follows. Let I’ be a curve compatible

with V. By construction we have that lim dF'(z') is a well defined

I'sz’—zx

linear map and independent of I' for any 0 < [ < n. We denote its
action on ©, M by ]:i,v :OM — @xg,M- Then, with a small abuse of

notation we denote with F'V the sector ]—"LVV. A similar construction
vields, for any V ¢ 0, M \'&" and any 0 < | < n the definition of
FIVCO yumM\ S,

A tangevnt sector V.C ©, M \ 8" is said to be F"-regular if it is
non-empty and z, € clHj for any 0 < I < n. Otherwise, we say that
the sector is nearly grazing. Likewise, a tangent sector V C @x/T/l\ \ Sn

is said to be ﬁ”—regular if it is non-empty and %, € clH, for any
0<I< NL(V).
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Of course the above definitions are compatible with the ones given
previously for (), and Qn in the sense that a sector V€ 9, M \ 8" is
F-regular if and only if the correspor/liiing connected component ),
is n-regular at x, and a sector V € 6, M \S’" is Fr-regular if and only
if the corresponding connected component Qn is n-regular at x. This
immediately follows by our construction unless the connected compo-
nent joins x with a cusp (i.e. the corresponding sector is empty). But
then we claim that the component must necessarily be nearly grazing
at x. In fact, it is casy to see that if the sector generated by a con-
nected component Qn is degenerate, then there exists 0 <[ < N, (Qn)
so that dF!| 0, 1s singular as we approach z. Since dF is singular only

at {w =0}, Q, cannot be a regular at .

In particular the regular complexity K¢ is the maximum number
of F"-regular sectors in which & cuts ©, M for any x € M. The
corresponding statement holds true for l@f’g .

Definition 6.15. A tangent sector V(v_,v;) C ©,M (or V(v_,v,) C
0,M) is said to be good if

(i) vy, v_ € N, (recall definition (2.7a)) and
(ii) the angle between v_ and v, does not exceed .

A good tangent sector V(v_,v,) is said to be active if v_ and v
belong to different quadrants, and inactive if they belong to the same
quadrant.

Observe that an active good sector contains either the first or the
third quadrant (in particular, the stable cone); inactive sectors cannot
contain any such quadrants. In particular, since future singularities are
union of stable curves (Lemma 3.2), if a good sector V. C ©, M (resp.

V C ©,M) is inactive, then for any k > 0 we have V C O, M \ S
(resp. V. C O, M \ SF).
Good sectors satisfy the following invariance property.

Lemma 6.16. Let V C ©,M be a good sector, and V\ S' = Uf V.

Then each image sector F,V; is good. Similarly, if V. .C O, /\/l and
V\S1 Ui_, V., we have that each image sector FV; is a good sector.

Proof. First of all observe that the image by a linear map of a sector
of angle at most 7 is a sector of angle at most 7. We conclude that
item (ii) in Definition 6.15 holds for each of the image sectors.

Let v be one of the boundary vectors of V;. There are two possi-
bilities: either v is one of the boundary vectors of V, or it is induced
by 8. In the first case, v € 9, and thus (2.9) implies that its image
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Fv, v € Cx, , C Ng, 5. In the second case, we have by construction

that Fy,v is tangent to some curve in S~'. Lemma 3.2 then implies
that also in this case Fv, v € Ng, ,, which concludes the proof of the
first part. The second part follows from identical considerations. [

Remark 6.17. The above lemma implies in particular that if V C
O, M \ 8% is a good sector, then V! are also good sectors for any
0<l<n.

The linear bound (6.15) will be obtained by means of the following
lemma, whose proof we briefly postpone.

Lemma 6.18.

(a) Let v € M\ {zc}. Any active good tangent sector V.C ©,M
is cut by St in at most two F-reqular sectors. The F-image of
at most one of them s active.

(b) Let x € M\ {xc}. Any active good tangent sector V C ©,M
s cut by S' in at most three F- reqular sectors. The F- immage
of at most one of them s active.

We can now prove the main result of this subsection.

Proof of Lemma 6.14. First observe that Lemma 3.14 implies that if
is sufﬁ(nently close to re, then Fzx is also close to z¢, which 1mphes
that N(z) = 1 and that Fz ¢ H. Hence, no sector V.C ©, M can be
F-regular. We can thus assume z € M \ {zc}.

Cutting 0, M along the vertical direction we obtain (up to) 2 good
sectors (recall Remark 4.1); of course both such sectors might be active.

Let V denote one such active sector. We now show inductively that
for any k > 0, the singularity set S* cuts V in at most (2k + 1) Fk.
regular sectors, and the F*-image of at most one of them is active.
Lemma 6.18(b) proves our claim for k = 1. In order to proceed with our
proof, we need to set up some notation: for any k > 1, the singularity

set S* cuts V in a number s, of sectors (V(()k),ng), e Vglz) 1); let 7y

denote the number of such sectors that are F k_regular. Without loss
of generality we can take them to be (Vék),ng), e ,V,(fz),l).

Assume now, by induction, that our claim holds for k; we gather that
re < 2k 4+ 1 and that the image of at most one of the regular sectors
is active. If no sector is active, no further cutting is allowed, so we are
done. Hence we assume that one sector is active and without loss of
generality we let it be indexed as V(()k).

Consider now the ﬁkﬂ-regular sectors (V(()Hl),ngH), e ,Vi’:jf)_l)

obtained by cutting V by S¥*'. By definition of F**-regularity, for
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any 0 < ¢ < 7,41 there exists 0 < 7 < 7, so that VEHU - ng).
However, if SFH1 cuts V§k), then it must be that its ﬁk—image is cut
by 51, but this is only possible if said image is active, i.e. if 7 = 0.
Applying Lemma 6.18(b) to this sector, we thus conclude that it can
be cut it at most three regular sectors and that the image of at most
one of them is active. This in turn proves that ry,; < ri + 2. This
proves our claim for k + 1.

Since ©, M consists of at most two active sectors we conclude that

 has at most 2(2n + 1) regular sectors when cut by S”. Since z was
arbitrarily, this proves (6.15). O

Proof of Lemma 6.18. We first show how item (b) follows from item (a).
Recall that F is the first return map of F to the set M , which is defined
in (4.1). Recall also (see (4.8)) that D,, NS"~! = for any n > 0, and
that D, NS* = D, N (F~("DS8Y). Since by definition |J, ., cl D, = M
and cl D, Ncl D,y = () unless |n — n'| < 1, there are two possibilities:

(i) there exists a unique n so that = € cl Dy;
(ii) € c1 D, Nel D,y for some n.

Assume first that possibility (i) holds. Since D,,NS"~! = ), we conclude
that S cuts V in as many (regular) sectors as S' cuts F*~'V. This
shows that, in this case, item (a) implies item (b).

Next, suppose that possibility (ii) holds. Also in this case x ¢ 8",
so we can define the sector V* = F*~1V. By item (a), the singularity set
S! cuts V* in at most two F-regular sectors (V5 Vi). By Lemma 6.16
the image of both of them is a good sector and of the image of at most
one of them (say V{) may be active. Since = € cl D41, some of these
sectors may belong to D, 1; for such sectors we need to consider the
cutting by S2. If V; is disjoint from D,,;; or its image is not active, we
are done, since no further cutting can take place. On the other hand, if
Vi belongs to D, and its image is active, it might be cut by §? into
further sectors. Applying (a) to FV§ we gather that S can cut V;
into at most two F2-regular sectors, the F2-image of both of them is a
good sector and of at most one of them is active. This proves that (a)
implies (b) also in case (ii). Note that we have at most two sectors in
case (i) and at most three in case (ii).

It remains to prove item (a). If z € S, or z € 8\ ¢l (8'\ &), the
map F is smooth in a neighborhood of 2 and the statement immediately
follows.

We thus assume that z € cl (S'\ 8°). Recall (see Lemma 3.10(a-b))
that z can belong to at most one of the & and, possibly, to S .
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If z € Sg, then, by Lemma 3.6, D;; induces a sector which is not
F-regular. Hence, only cells D can induce F-regular sectors and by
Lemma 3.12 there are only two possibilities:

(a) there exists a unique v so that D so that x € 1D}

(b) there exist two consecutive cells D and D;,, so that = €
D NelD),, (and x does not intersect the closure of any
other cell.)

This already establishes that V is cut by 8! in at most two F-regular
sectors. We now need to prove that at most one of their images is an
active sector. Observe that if V is cut in fewer than two regular sectors,
there is nothing left to prove. This is the situation, in particular, in
case (a).

Vi i Vll ’
v v
S S
U+ Vl ’U;
Vs 0
x — Vo :17%,0 x%,l
v_ ’U'
v_ vl
YV, x / /
0 Ty, Ty,
! —
vs VO v
/ V4 U/ ,U/ +
/ S s V/
A\ 1
v UL
T / /
VO T Ty, Ty,
v !
S Vo
v /
v, "R Vs vl \UR
/
Vl

FI1GURE 6. The three possible cutting cases for V by St
in regular sectors (on the left), and their images (on the
right) by the two differentials F, vy, and F,y, respec-
tively.
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In case (b), we necessarily have that = € Sf. We subdivide the
argument into two further subcases: (i) z € Sg; (ii) z € Sg.

In case (i), S cuts V in exactly two sectors, induced by D} and
Dy ,. Notice that these two sectors have a common boundary vector,
which is induced by S;f: we can then write the two sectors as (see
Figure 6, first and second row) Vo = V(v_,vg) and V; = V(vg,vy).
We say we are in case i’ if V contains the first quadrant (see first row
of Figure 6) and in case " if V contains the third quadrant (see second
row of Figure 6).

Consider first case /. By inspection we gather that V is induced
by D, ., and Vy is induced by D;f. Since we assume both sectors to be
regular, Lemma 3.12(c) implies that

lim fVOZE S {0} X R+, lim J:le S {1} x RY.
y—T y—x

Thus the image F. y,vs (resp. Fi.v,vs) is a vertical vector. Moreover,
since vg lies in the first quadrant), then both its images are vertical
vectors pointing upwards. The other boundary vector of each V; is one
of the original vectors v, and thus its image is unstable. Since F, v, is
orientation preserving, we conclude that only one of the images of V,’s
can be an active sector (see again Figure 6, row 1).

Case i” is completely analogous. In this case Vj is induced by D
and V is induced by D ;. Once again, since both sectors are regular,
we gather by Lemma 3.12(c) that

lim ./T"VOZL‘ S {1} x R lim fVICE S {0} x R*.
y—a y—x

Hence the image F, v,vs (resp. F.v,vs) is a vertical vector. Moreover,
since vg lies in the third quadrant, then both its images are vertical
vectors pointing downwards. The other boundary vector of each V; is
one of the original vectors vy, and thus its image is unstable . Since
F.v, is orientation preserving, we conclude that only one of the im-
ages of V;’s can be an active sector (see Figure 6, second row). This
completes the proof in case (i).

In case (ii), combining Lemma 3.10 (we need the part concerning
ST!) with Lemma 3.6 we gather that x is the right endpoint of S.
Therefore S will cut V only if V contains the third quadrant. Thus, if
V contains the first quadrant, then S does not cut V. Thus V could
only be cut by S and by an earlier discussion V contains at most one
regular sector, so we are done.

It remains to consider the more difficult case in which V contains the
third quadrant (Figure 6, bottom row). Since x is the right endpoint
of 8}, we conclude that the vector induced by S;” must meet with Siy
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on the left. Therefore the two regular sectors are Vo = V(v_, vg) and
Vi = V(vs,vr). As in case i, we have that Vq is induced by D
and V; is induced by Dj,; the vector vg is induced by Si;. Following
the same reasoning as in case i” above, we conclude that the image
Fiv,Us (resp. Fiv,Us) is a vertical vector pointing downwards. The
image F. y,v_ is of course unstable and belongs to the second quadrant.
The image of vg is also in I (as it will be induced by some curve in
S 1) and points downwards. Hence, only Vj is active.

This concludes the argument in case (ii) and finishes the proof. [

7. INVARIANT MANIFOLDS.

The expansion estimate proved in the previous section is the main
ingredient for the so-called Growth Lemma (Lemma 7.2). In turn the
Growth Lemma constitutes the backbone for proving ergodicity using
the Hopf argument, as will be done in the next section. The Hopf argu-
ment relies on existence of a large set of points which have sufficiently
long stable and unstable manifolds. The present section contains nec-
essary results about the existence of stable and unstable manifolds as
well as regularity of partition of the phase space into stable and unsta-
ble manifolds. In this section we always assume that the Fermi—Ulam
model is regular at infinity. As a notational convention, in an attempt
to simplify our notation, in this section we drop the superscripts from
d" (-,-), as they can be unambiguously recovered from the context.

7.1. The Growth Lemma. In this section we state and prove a ver-
sion of the Growth Lemma for our system. This lemma will allow to
obtain, in the next subsection, a good lower bound on the length of
stable and unstable manifolds passing through most of the points.

Let W be an unstable curve and z € W. x subdivides W into two
subcurves. We define () as the a-length of the shortest of the two
subcurves. The function ry () measures, in an appropriate way, the
distance of x to the boundary of W. Observe that if W is weakly
homogeneous, we have, by (4.38), rw(x) < Cudy(z,S).

Observe moreover that

(7.1) Leby (rw(x) < ) = min{2e, Leby (W)}

(recall that Leby denotes Lebesgue measure on the curve W with
respect to the a-metric).

Given an unstable curve W, a point z € W and n > 0, we define
W, (z) as follows. If € St we let W,,(x) = 0); otherwise we let W, (x)
to be the H-component of "W that contains F"x (recall the discussion
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before Proposition 6.5). Then we define 7w, (x) = 1w, 2)(F"x) (or 0 if
W,(x) =0).

Likewise, given an unstable curve W, x € W and n > 0, we define
/Wn(x) and 7y, as follows. Recall the definition of N, given before
Remark 4.3; if Nn(as) is not defined, we let /Wn(a:) = () and 7y, (z) = 0.
Otherwise we let /Wn(x) =Wy, (@) and Pwn(x) = 1y 5, () (@)

Lemma 7.1. We have rwo = fwo = rw and
(7.2) Twn(z) < Cudo(F'x,S).

Moreover, there exists C' > 1, so that if F*"W is a single H-component,
then for any x € W:

(7.3) Pwn(z) > CTIAMT W (1),
where A is the constant appearing in (4.27) and n was defined in (4.6).

Proof. The first two items follow immediately from the definition and
from our previous observation. We thus need to prove (7.3). By defi-
nition ry,,(x) = |W, ()|, where W/ (z) is shortest subcurve of W, (z)
joining x, with OW,, (z). Since F"W is a single H-component, we con-
clude that W, (z) = F"W. Thus W) (x) connects x,, with OF "W, and
F"W!(x) connects z with OW. In particular |F~"W/ (x)|, > rw(z).
Then the proof follows from (4.39a), (4.27) and the definition of n. O

The following is the classical Growth Lemma.

Lemma 7.2 (Growth Lemma for 7). Suppose that the Fermi-Ulam
model is reqular at infinity. Then there exists 0 < 0 <1 and C > 0 so
that for any sufficiently short mature admissible unstable curve W C
M, any e >0 and anyn > 0

(7.4) Lebw (fwn(z) <€) < CeLeby (W) + CLeby (ry (x) < 0%¢).

Proof. The proof of the Growth Lemma follows via relatively standard
arguments (see [9, Sections 5.9 and 5.10]) from the expansion estimate
(Proposition 6.5) and the distortion bounds proved in Corollary 5.11.

Recall the definition of £, given right before Proposition 6.5, and
let 7 be the number appearing in Proposition 6.5. We fix § > 0 to be
sufficiently small so that § = ¢200"* £ < 1 (where Cp is the constant
appearing in Corollary 5.11) and that Lemma 4.20(b) holds with k = n
and 0, = 1. .

Let us first assume that W C M and that |W|, < . Then we claim
that there exists C' > 0 so that for any € > 0:

(7.5) Lebw (fwa(z) < &) < CeLebW + Leby (r(z) < e’CD‘Sl/méa).
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As we observed in Corollary 5.11, our distortion bounds on unstable
curves depend on their length. In this proof we will need very fine
distortion bounds, and it will then be necessary to work only with
sufficiently short unstable curves. This entails a partitioning scheme
for H-components that we now proceed to describe. Let {W;} denote
the set of H-components of FMW. We partition each WW; into a number

[Wila
= 1

of subcurves of equal a-length (smaller than ) that we denote with W;;.
Observe that if |[W;|, < ¢, k; = 1, and no shortening takes place. We
call such subcurves shortened H-components of F™MWV. We will shorten
the H-components inductively every n steps of the induced map F.
By our choice of 9, this guarantees that at each intermediate step, no
H-component will have a-length exceeding 1. Given z € W, we will
then denote with W{l(x) the shortened H-component of F"W whose
interior contains F"x (or @ if some image of z lies on an endpoint of a
shortened subcurve). We then define 7, () = 1y, ) (Frz). Observe
that 7, < Fwag, so that proving (7.5) for 7y, will imply (7.5) for
Twan. Let B;j; C Wy be the e-neighborhood (in the a-metric) of the
boundary of each Wj;; in particular Leby,, (B;;) = 2. Then

Leby (#lyq(7) < &) = Y Lebw (F"Bj).
]
By the distortion estimates of Corollary 5.11
LebWij (Bz])

> Lebw(F"By) < e > LebW(]}_ﬁWij)W-
i j

ij ij

1/12 Leb (ﬁiﬁW‘ )
< 2 Cpd / kz w 3
SR Bl 1

ij

< 25—1601351/125 Z LebW ﬁ_ﬁVVij)‘f’

i % Cpol/12 Z LebW Jr Wz])
LebW

Leby (F~"W;)

< CeLeby (W) + 2092 Z

< CeLeby (W) + 2601351/125@3,
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where we defined C' = 26 1e“»?"/" Using (7.1), the fact that the left
hand side is always bounded above by Leby,, and our definition of 0,
we conclude that

(7.6) Lebw (7., (z) < &) < CeLebW + Leby (rw(z) < e~ 6e).

which, as noted earlier, implies (7.5).
We now proceed to show that for any £ > 0:

1 121
(7.7) Leby (7 (2) <€) < e Cpot/ : 0

+ Lebyw (rw (z) < 0%¢).
For k =1 (7.7) follows from (7.6). Let us assume by induction that (7.7)

holds for k and prove it for k4 1. Let W’ be a shortened H-component

of F*". Notice that by construction W’ C M and |W’|, < . Then,
applying (7.5) to W' we gather:

C&Lebw<W)

Lebw (P 1 (y) < €) < CeLebyr (W) + Leby (f (y) < e~ e).
Let W” = F=*7_ then by Corollary 5.11, we conclude that:
LebW” (TA{/V”,(k—i-l)ﬁ(x) < 8) < €CD51/1265L€bW//<W//)

4 6CD51/12LebW” (72{/[///7kﬁ(x) < efCD(sl/lzég)'
Summing over all W”’s and applying the inductive hypothesis yields:

Lebw(%v,(k-s-l)ﬁ@) <e) <

P CeLeby (W) + eCD‘sI/mLebW(f{Mm(x) < e @) <

gk+1
GCD61/1201 - 9 +
-0

which yields (7.7) for k + 1. Hence we can write:

(7.8)  Lebyw (Fiyun(2) < ) < CeLeby (W) + Leby (rw (z) < 6%).

eLebyy (W) + e Leby (ry (x) < e” 5" e),

where C' = Ce®"" /(1 —0).

We now extend this estimate to iterates that are not multiples of n.
We begin by obtaining a bound on Leby (7}, (z) < €) for s < n. Notice
that no partitioning into short curves occurs before step n, therefore if
{W;} denotes the set of H-component of F*W, we have

Leby (#y,,(z) < €) = Lebyw (fw.(z) < ) = Y Lebw (F°B
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where B; is a e-neighborhood of the boundary of W;. Then we proceed
as before. Since |W|, < 0, we are guaranteed that |W’|, < 1. Thus,
applying the distortion bounds in Corollary 5.11, we gather:

. L E=sTV. .
D Lebw(F°B;) < 2e%e > eLb;V)%WM;’) < 2ePel,.

Applying once again (7.1), and observing that by Proposition 6.5 we

have that £, is bounded uniformly in s, yields:

(7.9) Lebw (Tws(z) < €) < Leby (rw(x) < Cye).

Now, for any m > 0, we write m = kn + s, with 0 < s < n. Apply-

ing (7.9) to each shortened component W’ of F*W yields:

Lebw/ (Tw s(y) < €) < Leby (rp(z) < Cyue).

Taking W” = F~* W' c W, and applying the distortion bounds:
Leby (P g (z) < €) < €2 Lebyn (T g () < Ce).

Now summing over all W” and applying (7.8), we finally conclude that

Lebw (Twrass(z) <€) < eCD51/1QC€LebW(W) + Leby (rw () < Cu0%¢).

Choosing § = §%/™ and C' = C40~! yields (7.4) under the assumption
W C M and |W|, < 6.

Now, observe that, given an unstable curve W, for any x € W, Wi (x)
is either 0 or it is a curve W’ ¢ M. By Lemma 4.20, it is possible to
assume W so short that each W is such that |W’'|, < §. By applying
once again the distortion argument, we deduce that (7.4) holds in the
general case, by suitably increasing the constants. U

We are now going to complement the Growth Lemma above (which

involves iterates of W by F ) with some estimates on the length of the
iterates of unstable curves by F. More precisely, let W be an unstable
curve and x € W: we define:

Tw(r) = min ry,(z),
0<n<N(x)

with the convention that if N(z) is undefined, then 7y (z) = 0.

Lemma 7.3 (Transient growth control). There exists C' > 0 so that
for any sufficiently short mature admissible unstable curve W :

Leby (Tw(x) < €) < Leby (rw(z) < Ce).
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Proof. The proof follows from distortion arguments similar to the ones

given in the proof of the Growth Lemma. Assume that |W|, < . Fix

w, > 0 sufficiently large. Assume first that W C {w < w,}. Then

there exists N, = Cyw, so that N(z) < N, for any z € W. Thus:
N.—1

Leby (fw(z) < ) < Y Lebw (rwa(z) < o).

We proceed to obtain a bound on Leby (rw.,(z) < €). Let us fix n > 0
and let {W;} denote the set of H-components of F"W; let B; be an
e-neighborhood of the boundary of W;. Then

Leby (rwa(z) < ) = Y _ Lebw (F"B)).

Assuming |W|, < 0, we are guaranteed that each component W; satis-
fies |W;|o < 1. Hence by our distortion bounds (Corollary 5.11)

L W,
Z Leby (F"B;) < 2¢Pe Z GEZ‘{)(“?WI/)VJ
, . w (W

< 2eveL, (W)
< Leby (r(z) < e“PL8).

By (6.3), £, < L. Thus £, < max{l, £}, which is bounded
by (6.8). This concludes the proof of the lemma in the case of low
energies.

Let us assume, on the other hand, that W N {w > w.} # (). Then
if w, is sufficiently large and § sufficiently small, by Lemma 4.22(b),
W intersects at most two cells £*. Such cells partition W in (at most)
two subcurves W; and W5 so that N (x) = N, for all z € W; and
N(m) = N, + 1 for all z € W5, for some N, > 0. Note that

Lebw(fw(ili) < 8) < LebW(le (LU) < 8) + Lebw(’f{/{@(%) < 8).

Let us consider 7y, (x); by construction Wi C &} . Since &5 N
SNl = (), we gather that F"W; is connected for any 0 < n <
N.. Thus, (7.3) ensures that ry, ,(z) < Clry, (x) for any n < N,
and therefore 7y, (z) < C~'ry,(z). By the same token we conclude
Tw,(z) < C'ry, (z). Hence

Lebw (fw () < €) < Lebw (rw < 2C¢)
which concludes the proof of the lemma. 0

In order to obtain bounds on the length of stable and unstable man-
ifolds, we will need some results similar to the ones presented above,
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but for slightly different functions ». We now proceed to define them
and link their properties to the ones of the functions r that have been
investigated above.

Recall the properties of the singularity sets S* outlined in Lemma 3.10
and define, for N > 0:

N
Shy=8"ustul s
v=0
For x € W let us define rw(x,S(tV)) as follows. If z € S(ng) we set
rw (z, S&'\,)) = 0. Otherwise S;;V) cuts W into finitely many subcurves.
Let W’ be the subcurve that contains  and rw(z,Sly)) = rw ().
Observe that necessarily ry (z, S(JJFV)) < rw/(z). Finally define®*

r () = ]iVI;fO{NB'/QrW(x, Sy}

Notice that rj,(x) < rw(z), and it could, in principle, be much
smaller than ry,. However, the measure of points where this possibility
occurs is under control thanks to the following bound.

Lemma 7.4. There exists C' > 0 so that for any unstable curve W
Lebw (ry (z) < €) < Leby (rw(x) < Ce).
Proof. By Lemma 3.10, we conclude that the set {r,(z) < €} is con-

tained in the union of

e 2 intervals of a-length ¢ at the boundary of W

e an interval of a-length 2¢ centered at each point of W N (St U
So )i

e an interval of a-length 2073/2¢ centered at each point of WNS;
for v > 0.

Hence
Leby (riy(z) <) < 25(1+2+ > v7%?) < 204e.
v>0

Since by definition Leby, (1}, (x) < ) < Leby (W), we conclude that
Lebw (ryy () < €) < Leby (rw(z) < Ce). O

Using the above lemma, it is possible to obtain a Growth Lemma
and transient growth control for r*. Let W be an unstable curve and

24 The motivation for this definition will become clear to the reader in the proof
of Lemma 7.8
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r € W. Forn > 0 we define rj;,,(z) as follows; if z € S we let
Tyn(2) = 0; otherwise W, (z) # 0 and we set

Likewise, given n > 0, if N,(z) is not defined, we let Piyn(z) = 0.
Otherwise we define

(7.10) Fyn(®) =15 5 (0 (@)-

Finally, let z € W. If N(x) is undefined, we let 7, (z) = 0. Otherwise
let

rw(r) = min 7y, (2).
0<n<N(x) '

We now prove for 7* the same bound that was proved in Lemma 7.3.

Lemma 7.5. There exists C' > 0 so that for any sufficiently short
mature admissible unstable curve W C M

(7.11) Leby (7 (z) < €) < Lebw (rw(z) < Cé).

Proof. Assume |W|, < § and fix w, > 0 sufficiently large. Assume first

that W C {w < w,}. Then there exists N, = Cuw, so that N(z) < N,
for any z € W. Thus:

No—1
Lebw (T (z) < ¢) < Z Lebw(rév’n(x) < e).
n=0

Lemma 7.4 then implies that

Ny—1

Leby (fy (1) <€) < Y Lebw (rwu(z) < Ce).

n=0

Now arguing as in the proof of Lemma 7.3, we conclude that (7.11)
holds in this first case.

Assume now that W N {w > w,} # 0, then if § is sufficiently small
and w, sufficiently large, we conclude by Lemma 4.4(a) that for any
z € Wandany 0 < n < N(z), F'z € {w > w,/2}. First of all
notice that Lemma 3.10 and the construction of &£ guarantees that
ErNST = 0 unless n = 1. By Lemma 3.10(d) S is compact for
v > 0. Therefore for large enough w,, the only possible curve of ST
that intersects with £ N{w > w,/2} is S, but S C 9E;; we conclude
that & N {w > w./2} N ST = (). We thus proceed as in the proof
of Lemma 7.3: If w, is sufficiently large and ¢ sufficiently small, by
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Lemma 4.22(b), W intersects at most two cells £%; such cells partition
W in (at most) two subcurves W; and Ws. Then

Lebw (7 (x) < €) < Lebw (T3, (7) < €) + Lebw (T3, () < €).

Notice that F"W; will belong to only one cell £ for any n involved in
the definition of 7§y, . By the argument above, we gather that 77, = ryy,.
Now we conclude arguing as in the proof of Lemma 7.3. 0

7.2. Size of invariant manifolds. Recall that a stable curve W is
a homogeneous stable manifold if |[F"W|, — 0 as n — oo and F"W
belongs to a single homogeneity strip for any n > 0. Recall also the
corresponding definition for unstable manifolds. Given z € M, we
denote with W*(z) (resp. W"(z)) the maximal homogeneous stable
(resp. unstable) manifold containing x (or () if such manifold does not
exists). Conventionally we consider such curves without the endpoints.
We now give a convenient characterization of W*(x) and W"(z). The
construction closely follows [9, Section 4.11], and we refer the reader
to that section for additional details. For x € M \ Sy, we denote
with @_,(x) the connected component of the open set M \ Sg" that
contains x. Naturally, Q_,(z) D Q_(n41)(x) for any n. Moreover
Q_, () is compact for any n sufficiently large, possibly depending on
2.2 Let Wu(z) = (,»; @-n(z). Using compactness of Q_,(z) and
Lemma 4.23 one can show that W"(z) is a compact unstable curve.

It then follows that W"(z) is equal to W'(z) minus the endpoints. A
completely similar construction can be carried over for W*(x).

If Wu(z) = 0 we define ry(x) = 0. Otherwise, x subdivides W"(x)
in two subcurves; we denote with r,(x) the a-length of the shortest of
such subcurves. Define ry(x) similarly.

We now obtain lower bounds for r, and r,. In order to do so we
introduce some notation. Given z € M, define the functions E* :
M — R so that if z € H;, N DF, then E*(z) = (v + 1)(k* + 1). More
precisely

E*(x) = Z(kQ + DXu, ot + Z(kQ + D) + DXarpz (),

k k,v

where y denotes the indicator function of the set written as its sub-
script.

25 This holds since, for n sufficiently large (e.g. n > N(z) + N(}"N(“") (x))), the
set FN®)Q, () is contained in some fundamental domain D,,, and such sets are
bounded (see e.g. (4.10)).
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Lemma 7.6. E* controls the contraction and expansion of stable and
unstable vectors by dF as follows:

(7.12a)
CE (Fz) < % < CE (Fx) Vee M\ST v el

(7.12b)
C'EN(F'z) < % <CE"(F'z) Vee M\ S ,v° €C.

Proof. Of course it suffices to show(7.12a), then (7.12b) follows from
the properties of the involution. If Fx € Dy, then the lower bound
follows from (4.25) and the upper bound follows from (4.29) and Corol-
lary 4.11(a). On the other hand, suppose Fz & Dg. If w is large, then
our estimates follow from Corollary 4.11 and (4.29). If w is small,
Lemma 4.8(b) and (4.29) yield the desired estimate. O

Given z € M and n € Z, we denote with & (x,Sj;) (resp. di(z, Si))
the length (in the a-metric) of the shortest?® stable (resp. unstable)
curve which connects z with Sp.

For z € M, let A% (z) be the minimal expansion of unstable vectors
by dF"|,. Similarly, let AS(x) be the minimal expansion of stable
vectors by dF~"|,. Notice that there exists A > 0: so that for any
n >0 and z € M

(7.13) A (x) > A, Ai(x)>A.
Moreover, by definition, for any 0 < m < n:
An(@) = A () A (Fe) - A () 2 A () A, (F ).

Hence by (7.12), there exists ¢ > 0 so that for any n > 1

(7.14a) Ay(x) > B~ (Fr)Ay_ (Fa),

(7.14b) A (z) > cEY(F o)A (F'a).

Lemma 7.7. For any L > 0 there exists a constant ¢ > 0 such that
rs(z) > min{L, c7ilr>1% AS(Fra)ds (F'z, Sg')},
ro(z) > min{L, c}g% AY(F"x)d(F"x, Sy}

Proof. The proof of the lemma is a combination of the arguments given
in [9, Lemma 4.67, (4.61), Exercise 5.19 and (5.58)].

26 The existence of such a curve follows from the fact that the stable (resp.
unstable) cone is closed and that the singularity set is closed.
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Let us prove the statement for r, (the statement for rg follows as
usual by the properties of the involution). We may further assume
that © € M\ Sg™ (otherwise the right hand side of the inequality
is 0 and the statement holds trivially). As before, for any n, we let
Q—n(z) be the connected component of M \ Sg" containing the point
x; clearly Q,(F "z) = F"(Q_,(x)) is the connected component of
M\ S} containing the point F~"x.

Let n* be so that Q_,(x) is compact. Choose w* so that Q_,(x) C
{w < w*}. Let us now fix € > 0 and choose n > n* so that Q_,(z) is
contained in an Euclidean e/w*-neighborhood of W"(z).

By construction F~"W"(x) C Q,(F "z). Let W’ be an arbitrary
continuation as a mature unstable curve of F"W"(z) to 0Q,(F "z).
We further assume that W’ is K-admissible?”. Then W’ = F*(W’ )
is an unstable continuation of W"(x) that terminates on 0Q)_,(z). It is
divided by the point z into two subcurves; denote with 1/ the shortest
one (in the a-metric). By our construction and (4.16b) we gather that
ro(z) > |W|o — Cyre. Since € is arbitrary, it suffices to show that

[Wia 2 min{L, e nf A(F"2)dy(F ", i)}

The above bound trivially holds if |W|, > L. Let us thus assume
that [Wl, < L and for 0 < m < nlet W_,, = F"W. Since W_,
terminates on S, there exists m € [1,n] so that W_,, joins F~"x with
Sj. We thus gather

W o u —m
Wlo = T W0 > Oyl (F ) Wl
IW_inla
> Oyl (F"a)dy (F ", Sy)
where we used distortion estimates obtained in Corollary 5.11. U

The statement we are about to prove below (Lemma 7.8) is the
analog of [9, Exercise 5.69], but there are some differences which are
due to two separate issues. First of all the statement of that exer-
cise is incorrect: the strategy presented in [9, Section 5.5] has a gap
and needs to be corrected (see [3] for a proposed solution). Secondly,
the argument would need a non-trivial adaptation to our specific case
because of the nature of our singularities (presence of corner points,
non-compactness). We thus proceed to give in detail the statement
and the proof of what is needed for our analysis. In order to simplify
our notation we denote, as usual, x, = F"z.

2TBy Corollary 5.5, F~"W"(z) is K-admissible and we can choose our continu-
ation to satisfy this requirement
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Lemma 7.8. There exists a constant C' > 0 so that
(a) for any mature unstable curve W C M, any n > 2 and any
reW\S8":
(7.15a) Afl(xn)dfy(xn,S}il) > Cmin{A; (z,)rw..(z),
Afz—l(mn—l)r;;V,n—l(x)v
AZ—2<xn72)TWmf2<x>}~

(b) for any unstable curve W C M that is the image of a mature
unstable curve and any x € W\ S*:

(7.15b)  AS(z1)ds (21, Sg") > Cmin{AS(z))rw.(x), iy (z), rw (2)*}.

Proof. Recall that Si;' is a closed set (see Remark 5.1). In particular
@ (z,,Sg") is attained as |V],, where V is a stable curve which joins
T, to some point z € Sg'. By definition (see (5.1)) we have:

Sg' =SUF(S\SHus™.
Hence there are three possibilities:
(a) z €S;
(b) z € F(S\S7);
(c) zeS™.
We begin with case (a). By definition it holds that |V|, > do(z,,S).
Using (7.2) we thus conclude that d& (z,,Sg") > crw.. ().

In cases (b) and (c) we consider V/ = F~'V. Then V' is a weakly
homogeneous stable curve and, by (7.12):

clV'|a
V] > —V o
14 Z B o)

In case (b), V' links z,_; to some point z’ € S, therefore |V'|, >
do(z,-1,S) and using (7.14a) we gather that

A5 (@) (20, S ) = €5,y (w01)da (201, S).
Using again (7.2) we thus conclude that
Ai(flfn)di(ﬂfmsﬁl) > A1 (1)W1 (2).

Finally, we consider case (c): then V' is a stable curve linking x,_,
to some?® point 2/ € ST. We consider two possibilities:

(¢) @1 € Dy and 2’ € {0} x [0, b];

(") otherwise.

28 Note that F~! is undefined on S~ so we cannot quite say that 2/ = F 1z
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In case ('), observe that since V' is a stable curve, it is increasing,
and the assumptions in (¢/) imply that V' C Dy (see Lemma 3.6).
We have now to deal separately with the case n = 1 and n > 1. If
n > 1, consider V" = F~'V'. Observe that V" C Dy is a stable (once
again, increasing) curve, which joins z,,_5 € Df to 2” € {r = 1}. The
expansion of dF ! along V' is bounded above® by cET(z,_») (since
Ty € D and it is the lowest point on V). We conclude that

|Vl/|a
E+([En_2).
Hence, |V"|, > do(xp_2,{r = 1}). Now z,,_o cuts W, _o(x) into two

subcurves; let W/ _,(z) denote the subcurve to the right of x,_»; then
by definition |W,_,(z)| > rw.,_2(z). Notice that W/ _,(x) C Dy, thus

! _o(x) N Dy = 0; Corollary 4.11 then implies that we have uniform
transversality of W, _,(x) with any vertical line, which allows to con-

clude that

do(Tn—2, {r =1}) 2 W, _5(2)la = crwn—a(2).
Hence in case (¢) and if n > 1:

A5 (@) (0, Sy ') = CAL s (Tn2)rwin—a(2) }.

Otherwise if n = 1, we need to modify the above argument as follows.
Applying Lemma 4.20 (and Remark 4.21) to the stable curve V' C Dy
we conclude that

‘V/|a >c

Vo 2 e[V"[3;

Then arguing as before (with W,,_5 replaced by F~'W, that is guar-
anteed to be a mature unstable curve by our assumption), we conclude
that |[V"|, > err-iw(z_1). Applying once again Lemma 4.20 (and
Remark 4.21 to F~'W), we conclude that ry (v) < Curr-y(z_1)Y2,
from which we finally conclude that

rs(z) = |V'|o > Cryy(x)*.
We now estimate |V'|, in case (). We claim that
/ . 3/2 +
(7.16) Vo > C]{]n>fON d(@n-1,8/y))-

The above holds trivially if 2’ € S(J;). Otherwise, there exists v > 1

so that 2/ € SF. This implies that V' C D}, where either v/ = v or
v/ = v+ 1. Since D}, is bounded if v/ > 1 (see Lemma 3.12(e)), V" lies

29 Remarkably, the geometry still allows us to obtain an upper bound on expan-
sion despite the fact that V"' is not, a priori, weakly homogeneous
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in a region where w is bounded and so the a-metric and the Euclidean
metric are equivalent.

Moreover, the angle between V’ and S;f is bounded above by Crv~3/2
(see the proof of Lemma 3.9). Thus d, (7, 1,S}) < Cv=3/%|V’|,. Since
da(mn_l,S(t)) < dy(xp-1,S)), we obtain (7.16).

By Lemma 3.2 S(J;V) is a union of curves compatible with the cone ‘.
Moreover, since we are in case (¢”), z,—1 € Dy (and thus W, _;(z) U
Dy = (). Hence by Corollary 4.11, W,,_; is uniformly transversal to
any curve in B and we conclude that

da (xnfla S(—i]_\[)) > C#TWn,l(:p) (xnfla S(—"]_\[))
This yields
V|0 > C']ivn>f0 N3/27‘Wn71(x)(:cn,1,55\,)) = Criy,, (7).
Therefore
A (@)dy (20, Sgt) = O,y (20-1)1y-1 ()

concluding the proof. O

Using the two results bounds above it is possible to obtain lower
bounds on the length of stable (resp. unstable) manifolds passing through
most points on any given unstable (resp. stable) mature admissible

curve. This is done in the following corollary, which is the analog to [9,
Theorems 5.66-5.67, Section 5.12].

Corollary 7.9. (a) There exists C > 0 so that for any admissible
mature unstable curve W C M and € > 0 with the property that for
every x € W we have do(Fx,Sg') > Ce, then

Lebw (rs(z) <e) < Cye.

(a’) for any admissible mature unstable curve W C M that is the
image of a mature unstable curve and any € > 0:

Leby (ry(z) < e) < Cype'/*

(b) for any n > 0 there exists k > 0 so that for any admissible
mature unstable curve W C M and € > 0 with the property that for
every x € W we have do(F"z,Sg") > € for any 0 < n < Ny(z); then

(7.17) Lebw (rs(z) < e) < ne.

(¢) There ezists C' > 0 so that for any admissible mature stable curve
W C M and € > 0 with the property that for every x € W we have
do(F 'z, Sk) > Ce, then

Leby (ry(z) <€) < Cye.
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(¢’) for any admissible mature stable curve W C M that is the pre-
image of a mature stable curve and any & > 0:

Leby (ry(z) < &) < Cyue'/*

(d) for anyn > 0 there exists k > 0 so that for any admissible mature
stable curve W C M and € > 0 with the property that for everyx € W
we have do(F "x,8f) > ¢, for any N_i(z) < n <0; then

Lebw (ru(z) <e) < mne.

Proof. We prove parts (a), (a’) and (b). Parts (c), (¢’) and (d) follow
by identical arguments by considering F~!. Combining Lemmata 7.8
and 7.7 (with L = 1) with the estimate ry,,(z) > 7}y, (z) we obtain

(7.18)  75(x) > min{1, cAS(Fa)d: (Fr,Sg"), C ir;fo A (F o)y, (1)}

Define C = ¢ 'A™" (recall (7.13)) to ensure that if d,(Fz,Sg") > Cé,
then cAS(Fz)d,(Fx,Sg') > e. Then, under the assumptions of (a),
assuming £ < 1, the only possibility for rs(z) < e is that the third
term in the right hand side of the above expression is small. In case of
(a’), we can apply Lemma 7.8(b) to bound the second term above and
conclude that:

rs(z) > min{1, cry (z)*, C ir>1% A (F o)y, (7))

Using (7.1), we then conclude that
Leby (rw (z) < Ce¥*) < Cypet/t,

We are hence left to estimate the measure of points where the third
term of (7.18) is small. Observe that if N, is not defined on some
x € W for some m, then x € 8. Since W N 8§ is countable, the
set of such x’s forms a zero Lebesgue measure set on W and can be
neglected. We can thus assume that Nm(m) is defined for any m and
we can write, recalling the definition of A in (4.27):

}LI;% A (Fa)ryy, (v) = inf inf A (F o)y, ()

m20 N, () <n< N1 (z)

> inf A% Fhm@)y, min A Frard, (x
- m20 Nm(x)( >J\7m(90)§n<]\7m+1(x) anm(x)( ) W,n( )
> Cy inf A™ min Cre, () > Cyu inf A™7* . 7).
= TF B0 R @)<n<Nmi () wa(T) 2 # 30 Wi () (2)

Hence:
Leby (inf A% (F"2)riy, (v) <€) < D Lebw (7, g o (2) < A7),

m>0
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Using Lemma 7.5 and recalling the definition of 7y, (see (7.10)) we
obtain

mz;OLebW(r;u Sy (@) S ATTe) < %Lebw(fmm(x) < CA™™¢).
Then by the Growth Lemma 7.2 we can estimate
Leby (Fim(z) < CA™™e) < CA™™eLeby W + CO™A™™e.
Summing over m and collecting all the above estimates we get
Lebw(gg A (F o)y, (v) <) < Ce.
This proves items (a) and (a’).

The proof of item (b) is similar to the proof of item (a). Once again

we can neglect the points x € W where N,, is not defined for some m.
Next,

(7.19) ro(z) > min{l, min cAS(F"2)d(F x, Sgt),
1<n<Ni(x)
C inf A5 (F"z)ryy,.(z)}.
n>Ng(z) 7

Choose k so that CxA* < . The assumption of part (b) implies that
min A (F'a)dE (F'z,Sg") > ¢

1<n< Ny (x)

so only the last term in (7.19) could be small. On the other hand
arguing as in part (a) we gather

Leby < inf AL (F"z)ry,(z) < 5> < Z Lebw (Twm(z) < CA™™e)

n>Ni(z) >k
S C#A_k&
completing the proof. O

7.3. Absolute continuity of the holonomy map. In this subsec-
tign we discuss regularity properties of the holonomy map. Let Wy, Wy C
M be two mature admissible unstable curves which are close to each
other. More precisely, fix a small number d > 0. Let H be the holo-
nomy map defined by (5.14) and recall the sets 2, Qs defined by (5.13).
We assume that
(7.20) sup do(z1, Hry) < d.

1€
Recall moreover the definition of unstable Jacobian (5.15) and that
Leby, denotes the Lebesgue measure induced by the a-metric.
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Proposition 7.10. (ABSOLUTE CONTINUITY-1) For ¢ € L'(W)

¢(x1)dLebw, (z1) = [ ¢(H ' wz)J (K a2)dLeby, (z2).
Ql QQ
Corollary 7.11. If A C Q has zero Lebyy, -measure, then Leby,(HA) =
0.

Proof. Let B = HA and assume by contradiction that mes B > 0.
Then since J is bounded from below?’, Proposition 7.10 implies that

Lebyy, A = Leby, (H 'B) = / J(H 'zy)dLeby, (1) > 0. O
B
Proof of Proposition 7.10. For the ease of notation, we will denote with
dx the integration with respect to dLebyy, (x) (or dLebyy,(y), as will be
clear from the context). First of all, we can assume that ¢ € C'(W;);
the general case follows by the density of C(W7) in L*(W;). Moreover,
by the usual linearity arguments, we can further assume that ¢ is non-
negative.

Choose € > 0 arbitrarily and let n > 0 large to be specified later. Let
{W;1} denote the set of shortened H-components®! of F"Wi. Recall in
particular that |Wj|, < 1. For any j, let V;; = ]:"_"le and choose
zj1 € Vji. Observe that |Vji|l, < A7 by (4.27). In particular, by
uniform continuity of ¢, if n is sufficiently large®® (depending on ¢)
then

¢(x1)dzy = Z/ o(z1)dzy

j Q1NVj1

= Z (7 j1)Lebw, (Vj1 N Q) + O(e).

J

Q1

By the Growth Lemma 7.2, given € > 0 we can find > 0 such that

Z ¢(Zj1)Lebw, (Vji N Q) = Z ¢(Zj1)Lebw, (Vji N Q1) + O(e),

J J

where > " denotes the sum over components with [Wj|, > 1.

30 Lemma 5.12 implies a uniform upper bound, and exchanging the roles of Wy
and Wy yields the desired lower bound

31 Recall that shortened H-components were defined in the proof of the Growth
Lemma 7.2

32 Recall that admissible curves have bounded Euclidean length, hence they have
bounded a-length by Proposition 4.15(a)
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By using Lebesgue Density Theorem and Severini-Egoroff Theorem,
we can conclude that, for large enough n > 0

> é(@j)Lebw, (Vii ) = ¢(Z1)Lebw, (Vi N Q) + O(e)
where the sum in Y™ is over the components satisfying
(721) |Vle|a Z n and Lele (V;l N Ql) 2 (]_ — €)|V}1|a.

Hence

(7.22) /Q b(a)ds =3 6(3) [Vl + OG).

Observe that the Distortion Estimates (Corollary (5.11)) and the
fact that |[W;1|, < 1 imply that for some C' > 1 and any j so that Wj;
satisfies (7.21):

(7.23) Lebw,, (F') > (1 = Ce)[Wiila-

Let us fix ;1. We want to show that there exists W,y C F "Wy which
is sufficiently long and so that Leijz(]:"”Qg) ~ LebWﬂ(]}’lQl).

Recall the definition of Q(z) given in Section 7.2. Let z; € V;1 N Yy
and y; = Fray € Wj1: observe that, by definition, W;; C Q_,(y1) and
V}l C Qn(xl)

Let x9 = Hxy € W5, Then z; and x5 are connected by a stable
manifold, which by definition cannot cross the boundary of @,,. We
conclude that x5 € @, (1), which in turn implies that Wy N Q,,(z1) is
non-empty. Transversality of unstable curves and the boundary of @,
(composed of stable curves) then imply that Wo N Q,,(z1) is connected,
and since F™ is smooth on Qn(x1), we conclude that ]:""(Wg NQn(x1))
is an H-component of ]:"”Wg, that we denote with I/T/jg. Let ‘N/jg =
Fn ~j2. Since x; is arbitrary, we conclude that H(2,NV};) C Qgﬂf/ﬂ.

In other words, any shortened H-component of F"W; cannot be
linked with stable manifolds to more than one H-component of FrWs.
Now observe that there exists two points ai,b; € Wj;; N ]:""Ql that lie
less than C'e|W;1 |, away from each of the boundary points of Wj;. Oth-

erwise, "), would miss an interval of a-length larger than Ce|Wji|,
in W;;, which is impossible by (7.23). Let W;; be the subcurve of Wj;
bounded by a; and b;; then the triangle inequality yields:

(7.24) Witla > (1= 2C¢)[Wjia

Recall that a; and b; belong to W;; N ]:"”Ql. Hence we can define
az, by € F, 2 N Wiy so that ag = F"HF "a; and by = F"HF "b;. In
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particular d,(ar,as) < dA™™ and d,(by,by) < dA™". Let W, denote
the subcurve of Wj, bounded by as and by. The triangle inequality
yields

(Witla — 2dA™" < |[Wialo = d¥72 (g, by) < [Wji|, + 2dA™"
Since |Wji|o > (1 —2Ce)n, we can assume n to be so large that
(1= Co)[Wila < [Wiala < (14 Ce)[Wjila.

We now proceed to show that FQy N Wio is large. More precisely we
will show that

(7.25) Lebyy.,, (F'Q2) > (1 — Ce'/")|[Wiaa.

We want to use Corollary 7.9 to show that there are many sufficiently
long stable manifolds passing through W;, and we need to show that
any sufficiently long stable manifold will cross W;;. In order to prove
the latter statement, we argue as follows. First of all, combining (7.23)
and (7.24) we conclude that there exists C' (for instance taking C' = 6C
would do), so that

Lebyi,, (F"Q1) > (1 — C¢)|Wiila

The above estimate implies that there exist z( ) ,ziN € le SO

that?®? da”(zi, ziv1) < CelWjila. Let P ]:”7-[]: . Our previ-
ous arguments, and the fact that stable manlfolds Cannot cross each

other imply that zé € Wjy and, moreover, d,, (zl ,22 )< dA~". Once

again, the triangle inequality shows, choosing a larger n if needed, that
do (280 2D) < 20| Wl Let W(i (resp. W @) be the subcurves
in which the points {z%i)} (resp. {z2 )}) partition W, (resp. Wjs), and
for any ¢, define the box BJ() as the region bounded by W](l), W(Z)
and the two stable manifolds connecting the corresponding boundary

points. We claim that:
(7.26) diamaB](-i) < 5Ce|Wjl;

In fact by the triangle inequality, the a-diameter of each cell is bounded
above by the sum of the lengths of the four boundary curves; our
previous estimates imply that

W 1 ’a"i“ |a§4ég|Wj1|§

Since the length of the stable manlfolds can be made arbitrarily small
by taking n sufficiently large, we conclude that (7.26) holds.

33 Otherwise, Q) would miss an interval of length larger than Ce|W1|
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‘On the other hand, (7.26) implies that for any z € Wi, if r4(2) >
5Ce|Wji|a, then W3(z) will necessarily intersect W;; nontrivially (once

again, stable manifolds cannot intersect each other) and thus z € FrQy.
We now use Corollary 7.9(a’) and the fact that |W;2|o > 7 to conclude
that

Leby,, (15(2) < 5Ce|Wjsla) < Cue | Wjg) o

Hence

Lebm/j2 (g € ng . Ws(i) N le 7£ @) Z (1 — 0#81/4)|Wj2|a,
which is (7.25) Therefore

Z(b IVitla = Z(b Witla |I] Tz F(F2)(Fz;) | +O0()

—Z¢ )W jala ijlw (Fz,)(F'z,))| +0()

jle (]: /Hx])(FHIJ)
= 0(T)Visla :
Z i g Trw, F(Fiz;)(F'zy)

+ O(e)

- Z¢(jj)|vj2|a J(Z;) + O(e) + O(6"™).

where the last step relies on Lemma 5.12(a).
Then the Bounded Distortion Corollary 5.11 and (7.25) yield:

k%

> Vayjle(x) I (7;) < Zmes 2 NV 0)(2,) (7)) + O(eM*)
<> mes(Vo; N)(7,)J (7;) + O('/*).

J
Accordingly, assuming n sufficiently big so that " < ¢'/4 and using
(7.22) we obtain

QS( dx < Zmes 0 N Q)p(7;) ] (T) + O,
j
Since € > 0 is arbitrary,
dla)de < [ (K 'y)J(H y)dy
o 0y
By symmetry

SH ) J(H y)dy < | p(H(H ') =
Qs o J(r)
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and Proposition 7.10 follows. U

7.4. Absolute continuity of stable lamination. Consider a system
of local coordinates (a,b) in a small domain in the phase space such
that the curves {a = const} are unstable. Define the set

Rarao = {2 a1 <a(zr) <ag and
Wez)N{a=ar1} #0, W3(z)Nn{a=ar} #0}.
Consider another coordinate system (u, s) on R, 4, such that
x(u, s) = Ws(z(ay,u)) N {a = s}.
Define the measure dv = duds on R, 4, For i = 1,2, let* Q, =
Rui a0 N{a = a;}, and define the sets:
iy s = {0 € Rayan w1 < ulx) < ust,
Zuyuzis,ss = 1% € Rayan 1 1 S u(x) Sug, 51 < 8(x) < 52,
iy uzs = {0 € Ry gy - w1 < u(x) < ug, s(x) = s},
Zysy.so = {2 € Rayap - 51 < 5(2) < s9,u(x) = ul.

Proposition 7.12. (ABSOLUTE CONTINUITY-2) The measure v is
equivalent to the restriction of the Lebesgue measure on Rq, q,-

Proof. Note that all smooth measures are equivalent, so below Leb will
denote the measure defined by dLeb = da db. Note that

V(Zuy s s0) = VZu, ugiay (U1 u2] N Q1) (52 = 51),

where v, is the restriction of the measure v on the set identified in the
subscript. On the other hand, by Proposition 7.10, we have

52

Leb(ZuhuQ;ShSQ) = / Leb{a=8}(ZU17u2;5>d5

S1

= / / Iy, (x(ay, u))duds,
S1 [u1,u2}ﬂ§21

where Jy, is the Jacobian of the holonomy map Hy : 1 — Zy, uy:s-
Since J(Hs) is uniformly bounded from above and below, there is a
constant K > 1 such that for each [u1,us], [s1, S2] we have

K-l < V(Zu1,u2;51752)
o Leb(Zuhuz;sLSz)

proving the proposition. U

< K,

Corollary 7.13. The following are equivalent

3Note that Q; = {& € Wy : W3(z) N Wa # 0} where W; = {a(z) = q;}.
Therefore the notation €2 is consistent with (5.13).
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(a) Leb(A) =0
(b) for almost every x, mes(ANW?*(x)) = 0.
(c) for almost every x, mes(ANW*x)) = 0.

Proof. We prove the equivalence of (a) and (b). The equivalence of (a)
and (c) follows from analogous arguments.

It suffices to prove the result under the assumption that A C R, 4,
for some a1, ay. But then

Leb(A) =0 < v(A) =0« for ae. (u,s) € QX[ar,as] mes(ANZ, 4,
& forae v € MRy, mes(ANW3(x))=0. O

8. ERGODICITY

Proof of the Main Theorem. Fix a large number R. Let M\R C M be
a region such that

o /T/l\ﬁ{w<R}C/(/l\R;

o Mn{w<2R}> Mz

° 3/\7 R consists of curves in S
By Theorem 4.7 the first return map ]?R ‘M R — M r is well defined
so it is enough to show that Fr is erg/o\dic for every R sufficiently large.

Let Ry be the set of points x € My such that for any continuous
function A, the limits

n—1 n—1

_ 1 ~. _ 1 ~ .
At(x) = lim — > A(Fpr), A (2) = lim — > A(Fp'x)
j=0 Jj=0

exist and are equal. We shall call the common limit A(z). By Birkhoff
Ergodic Theorem, the set Ry has full Lebesgue measure in Mpg. For

j > 0 define
Rj(x) ={x € Rj_1 : mes(W"(x) \ Rj_1) = mes(W*(x) \ Rj_1) = 0}.

By Corollary 7.13, Leb(R$) = 0 for all j > 0. Note that since OMp, is
a union of curves in S~ (un)stable manifolds for Fr are given by the
intersection of (un)stable manifolds® for F with M.

We now define the following equivalence relation: for xq,zy € M Rs
we let x1 ~ x5 if and only if A(x1) = A(z) for all continuous functions

Aon Mg. If € Mg, we denote with Y (x) the equivalence class of

35 As a matter of fact, unstable manifolds are indeed the same, but stable man-
ifolds might get truncated if they cross OMpg

,a2) =0
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x. To prove that Fr is ergodic it suffices to show that there exists an
equivalence class of full measure in M R-

For K > 0, let @) be a connected component of M\\ (SH{E U SﬁK).
Observe that by construction, both FX and F~¥ are continuous on Q;
moreover, for any —K < k < K, we have that Ny, is a constant function
on () and for any N_K <n< NK, the image F"() is contained in a
single homogeneity strip. We call Q) a homogeneous K-cell. Observe
that, by definition, if () is a homogeneous K-cell and Qﬂ/T/l\ r # (), then
necessarily ) C M r. Moreover, since M r is compact, the Euclidean
length and a-length are equivalent; we will use Euclidean length (and
distance) for the rest of this section.

Since w is bounded on M R, there is uniform transversality between
the mature stable and mature unstable cones (recall (4.15)). In partic-
ular, for any R > 0, there exists L > 0 so that the following holds: for
any z, 1’ € M R, let W be a mature stable curve passing through = and
W’ a mature unstable curve passing through z’. If ry (x) > Ld(z,z")
and ry(2') > Ld(x,2'), then W N W’ # (.

Observe that for any homogeneous K-cell Q, x € @) and N_ k(z) <
n < Ng(z):

d(f"x,f"@@) d(f”;z:,S]%H),
d(F'z, F'0Q) < d(F"x, Sﬁl)

In fact if e.g. the first inequality did not hold, F™@) would intersect
non trivially S, but this means that either F would not be continuous
on F"Q, or that F""(Q intersects two homogeneity strips. Neither of
these possibilities is allowed by our construction.

<
<

Lemma 8.1 (Local Ergodicity). There exists K > 0 (depending on R)

such that any homogeneous K-cell Q C Mg is contained (mod 0) in a
single equivalence class.

Proof. Let us fix a K-component () and let
dB)(z,0Q) = min d(Fz, FrOQ).

Fix a small 6 > 0 to be specified later and define
Q ={r€Q:d"(z,0Q) > 4},

Observe that Q% # @ provided that ¢ is sufficiently small and that
Leb(Q \ Q%) — 0 as § — 0. Then for any & > 0 define:

R ={x € Ry:ry(x) >¢e,r5(x) > €}
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We claim that there exists C' > 0 so that for any ¢ > 0 and sufficiently
small € > 0,

(8.1) Leb(Q° \ R?) < Ce.

In fact, assume that € > 0 is so small (relative to J) that for any
x € Q° we have d,(Fr,Sg') > Ce (where C is the constant given by
Corollary 7.9).

Let us foliate Q° with mature admissible unstable curves; for each
such curve W, Corollary 7.9(a) implies that

Lebw (rs(z) <€) < Cye.

Integrating over the curves, we get that Leb(Q° \ {ry(x) < e}) < Cye.
Similarly, foliating with mature admissible stable curves and apply-

ing Corollary 7.9(c), we obtain an analogous estimate for r,, which
yields (8.1).

Lemma 8.2. For any smalln > 0, there exists K > 0 and €y > 0 such
that for any 0 < € < g9, any K-component Q):

(a) if v € Q° then

Leb(B(z,g) N RE)
Leb(B(z,¢))

(b) Ifx € REEN@Q°

Leb(B(z,e) N X(x))
Leb(B(z,¢))

Proof. To prove part (a), fix n to be specified later and let K be the k
given by Corollary 7.9(b), with the above choice of 7. Let x € Q%; by
choosing ¢( sufficiently small (depending on 0), we can guarantee that
any point 2’ € B(z,¢) satisfies®® d,(Fra',Sg') > Le. Foliate B(z,¢)
by mature admissible unstable curves and disintegrate Leb|p(,.) on
such unstable curves. Then Corollary 7.9(b) implies that on any such
unstable curve W

>1—17;

>1—-17.

Lebw (rs(z) < Le) < nlLe.
Integrating over all unstable curves we conclude that
Leb(B(x,e) N {ry(r) < Le}) < nLe*.

By foliating with mature admissible stable curves and applying Corol-
lary 7.9(d), we conclude the corresponding statement for r,,. Collecting

36 Recall that the a-metric and the Euclidean metric are equivalent
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these two estimates we gather:

Leb(B(x,g) N RL) - 2L77
Leb(B(x,¢)) T
Choosing a suitable 1, we conclude the proof of item (a).
To prove part (b), observe that by definition of L we are guaranteed
that if 2/ € B(z,¢) and x,2' € R, then 2’ € ¥(x). Hence B(z,e) N
Y(x) D B(z,e) N R, and item (b) follows from item (a). O

Take K so that the above lemma holds with 7 = 355
r € R N Q° we have
Leb(3(x) N B(z,¢)) S 99
Leb(B(x,¢)) ~ 100

00 Then for any

Assume now that

(8.2) T1, 20 € RN Q% and d(zy, 25) < fﬁ

Elementary geometry implies that

Leb(B(x1,¢) N B(xs,€)) 1

Leb(B(z1,¢)) 2
Thus (B(x1,e) NX(21)) N (B(x2,e) NX(x9)) fills at least 25% of B.(z1).
In particular, mes(3(x;) N X(x2)) > 0. Therefore (8.2) implies that
T ~ Ia.
Next, given arbitrary x;,zo € R N Q°, Lemma 8.2(a) allows to
construct a chain of points

Le )
21,22,"',ZN€R ﬂQ

such that z; = x1, 2y = x3 and d(zj, zj+1) < £/100. It follows that any
21, Ty € RN QY are equivalent. Then since ¢ can be taken arbitrarily
small, (8.1) implies that almost every z;, 7, € Q° are equivalent. By
the same token, since § can be taken arbitrary small it follows that @)
contains an equivalence class of full measure. 0

The above lemma proves that for any R > 0 there exists K > 0 and
a full-measure set £ C M r such that each equivalence class in F is a
union of K-components (mod 0).

We now prove that E consists of a single equivalence class. Let E C
E be an equivalence class; of course FrE = E. Moreover there exists
E* which is a union of homogeneous K-cells so that Leb(E* \ E)=0.
Then, consider ]-"j[2 KH)E* observe that the boundary 8.7-" (KAL) o
consist of curves in 8/\/1 Uk and unstable curves, whereas 8.7: KAL) for
consists of curves in OM r and stable curves. By invariance of E, the
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sets Fp F2(KHD e are equal (mod 0). We conclude that the boundaries

are necessarlly contained in M Rr. Since M r is connected, we conclude
that E * ./\/l R- OJ

Remark 8.3. Another approach of deducing ergodicity from local er-
godicity (Lemma 8.1) is due to Chernov and Sinai [14]. If there is
more than one equivalence class there would be a curve I' which is an
arc of a discontinuity curve for some F7 with |j| < K which separates
two classes E; and FEs. In particular, there is a point x € I' and a
small neighborhood U of x which consists of only two components of
E: E; and E5 which lie on different sides of I'. Suppose for example
that j < 0 so that, by Lemma 3.2, I is an unstable curve. Then we
can assume (after possibly changing z), that F¥ is continuous near z,
where K is from Lemma 8.2. For [ € {1,2}, let X = U, cp W7 (y).
Arguing as in the proof of Lemma 8.2 we conclude that ¥; N ¥y has
positive measure. This shows that in fact, F; and E» are equivalent,
giving a contradiction. Hence E consists of a single class and so Fg is
indeed ergodic.

9. OPEN PROBLEMS

In this section we present several possible directions of further re-
search.

(I) In this paper we showed ergodicity of a class of piecewise smooth
Fermi—-Ulam models. In principle we believe that this result can be gen-
eralized to a broader, and more natural, class of wall motions. More
precisely, it should be possible to adapt our arguments to treat motions
that satisfy the same convexity conditions in the domains of smooth-
ness, but with more than one non-smoothness points, provided that
all of them are convex (i.e. the derivative has a positive jump). It is
more delicate to understand the behavior of Fermi-Ulam Models with
non-convex singularity points, since in principle Proposition 6.5 might
fail in this case (similarly to what happens for dispersing billiards with
corner points and infinite horizon, see [5]). Indeed our proof of Propo-
sition 6.5 relies on the global structure of singularities established in
Section 3.2 and the arguments of the subsection rely on convexity of
singular points at several places. Moreover, the results of [17] would
also need to be generalized to prove, e.g. recurrence for systems with
non-convex singularity points. Thus, further non-trivial investigation
is required to understand the case of non-convex singular points.
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(IT) Corollary 1.2 says that almost every orbit is oscillatory. Thus,
for a typical orbit, the energy takes both large and small values at
different moments of time. It is of interest to understand both rate of
growth of energy and statistics of returns similarly to what is done in
8, 24].

(III) In Fermi-Ulam models the point mass keeps colliding with the
moving wall due to the presence of the fixed wall (a hard core con-
straint). It is possible to ensure the recollisions via a soft potential.
Some results about large energy dynamics of particles in soft potentials
are obtained in [16, 19, 38]. It is assumed in the above cited papers that
the motion of the wall is smooth. One could also consider piecewise
smooth wall motions where ergodicity seems likely under appropriate
conditions.

(IV) This paper deals with the case where the velocity of the wall
has a jump. From the physical point of view it is natural to consider
also the case where acceleration has jump, but this seems much more
difficult since the energy change is much slower for large energies in
this case.

APPENDIX A. REGULARITY AT INFINITY

In this appendix we show that most Fermi—Ulam Models are super-
regular at infinity.

Lemma A.1. For each k the set of A such that Ki(A) > 3 is discrete.

In order to explain the proof more clearly, we first introduce a con-
venient change of coordinates. Let

E=1—-1/2, n=1I1—-71+1/2.
If £ € Dpg....ny_, We can express the orbit {z; = Fla}ociop in (€,7)
coordinates as:
§p1 = —(m — ), M1 =kl —ng) +§+ny

where k = (2 — A) > 2. Let us define 7, = m, —n; € [—1/2,1/2] and
the reduced itineraries v; = n;y 1 — n;. Then

(A1) &1 = — 11, M1 = KN+ & — 1.

[terating, we obtain

-1
(A.2) i = P(k)io + Po1 (k)& — Y Proja(k)v
=0
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where P, satisfies the recursive relation P o = kP — P, with Py(k) =
1 and P;(k) = k. In particular, P} is a monic®” polynomial of degree .
(A.1) can be rewritten as follows

(A.3) ==&+ § =M1 — KM+ v = K§q1 + T + 1
Comparing (A.1) and (A.3) we obtain the following analogue of (A.2)

(A1 & = W& + Pl + Y Pl

Proof of Lemma A.1. Assume that Kip(A,z) > 3. Then = admits 4
different itineraries, i.e. four different choices of k-tuples which we
denote with 79, 7™M 7 73) respectively. Without loss of generality
we will assume®® that ﬁéi) # ﬁéj ) for some 0 < 1, j < 4. Observe that
ﬁ((f) can take only two possible values (in case 1, € Z + 1/2). There
are thus two possibilities, which can be described (again without loss
of generality) as follows:

— —(1 —(2 —(3
(a) my) =7y # 7" =g,

o) 0 =) ) 4
Let us first tackle case ( ) Let m’ (resp. m”) denote the least index so
that ﬁgp # ﬁfj} (resp. n ,, # n(3)) By (A.2) we conclude that

I

777(73/) = Puily) + P16y Z Pm'fjfﬂ%(-o),

m' —1
= P4 P 3 Pt

Observe that by assumption ﬁ(() ) = —77[()2), so that one of the numbers

is —% and the other is +% (otherwise n() = ﬁ(()Q)) and &(]0) = &(]2).
Multiplying the first equation by P,,»_4 and the second one by P,/
and subtracting we obtain

Pryr 118 = Py 171ty = (Pt Prr—1 + P Py 1)1 + O (k™4 2)

Since 7780), 777(71/) , nﬁn,), = +1/2 and P, is monic, we conclude that the above

condition can be written in the form

0 2) (0 —(0 —(2 —(2
Q(K 77(())7777(71/)7775,1/)/,%() )7 o 7V»r(n/) 17”(% )7"'a1/7(n/)’ 1)_0

37 i e. the coefficient of degree [ is equal to 1

38 Otherwise we consider F™x rather than x, where m is the least index so that
_(Z) #+ n(J) for some 0 <¢,j < 4.
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where @ is a nonzero polynomial of degree m’ +m” — 1 in k. since k
is fixed, for each R > 2 and 2 < k < R we have only finitely many
choices of the reduced itineraries 7Y. Hence if we remove a discrete
set of parameters, the above equation cannot hold for any itinerary.

Let us now consider case (b). We claim that in this case one of the
itineraries (e.g. 7(?)) is such that there exists [ < m with ﬁl(o) =+1/2
and ﬁﬁg) = £1/2. In fact let [ be the least index so that ﬁl(i) + ﬁl(j)
for some i # j, which implies that 7’ = £1/2 for i = 0,1,2. On
the other hand, ﬁl(z) can take only two possible values, thus we can
assume without loss of generality that 7" = 7", But 7 and 7"
differ so there must exist m > [ so that ﬁfg) =+ ﬁ%), which implies that
i) = +1/2.

Thus by (A.2) we have

m—Il—1

D = Pl + Poia&” = 3 Proiga?ly)
=0

while (A.4) and the fact that 5(()1) = —ﬁ(()o) give
1-2
(0 0 (0 _(0
—i" = Pa&” + Paiil” + Z PJVJ(JF)1
=0
Multiplying the first equation by P,_; and the second by P,,_;_; and
subtracting we obtain

H—1ﬁ(0)+Pm—l—177(()0) = (Pn_Pq — Pm—l—lpl—z)ﬁz(o) +O(k™?).

m

Once again the above condition can be written in the form
~(0) ~(0) ~(0) =(0 _
Q(’fﬂh() )777[( )777£)(1))7 Vé )7 o ’Vr(r?)) =0

where () is a nonzero polynomial of degree m — 1. Using the same
arguments as in case (a) we can conclude the proof. 0
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