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ABSTRACT. A key inequality which underpins the regularity theory of
optimal transport for costs satisfying the Ma-Trudinger—-Wang condi-
tion is the Pogorelov second derivative bound. This translates to an
apriori interior C' estimate for smooth optimal maps. Here we give a
new derivation of this estimate which relies in part on Kim, McCann and
Warren’s observation that the graph of an optimal map becomes a vol-
ume maximizing spacelike submanifold when the product of the source
and target domains is endowed with a suitable pseudo-Riemannian ge-
ometry that combines both the marginal densities and the cost.
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1. INTRODUCTION

Apriori second-derivative estimates for solutions of the Monge-Ampere
equation date back to Pogorelov [28] 29], who combined them with a third-
derivative estimate of Calabi [4] to deduce the regularity of solutions to
Minkowski’s problem. Such estimates have a rich history [30, BI]. They
play a key role in the regularity theory of optimal transportation, which in-
volve Monge-Ampere type equations whose exact form depends on the cost
optimized. For the quadratic cost function, this theory was developed by De-
lanoé [§] in the plane and by Urbas [36] in higher dimensions, parallel results
being obtained using different techniques by Caffarelli [1} 2, B]. At the same
time, a regularity theory for reflector antenna design was developed by X.-
J. Wang [39], which can also be seen as an optimal transport problem with
the restriction of a logarithmic cost to the sphere [40]. For more general cost
functions, Ma, Trudinger and Wang |24} [33] identified a sufficient condition
for the regularity of optimal maps, whose necessity was deduced by Loeper
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[22]. Although challenging to interpret, Ma, Trudinger and Wang’s condi-
tion (A3) (and its weak variant (A3w)) were subsequently understood by
Kim and McCann as the positivity (respectively non-negativity) of certain
sectional curvatures of a pseudo-Riemannian metric induced on the prod-
uct of the source and target domains by the transportation cost [16]. With
Warren [18], Kim and McCann discovered that the graph of an optimal map
becomes a volume maximizing spacelike submanifold when the same metric
is conformally rescaled so that its volume gives the product of the source
and target densities.

The purpose of the present article is to exploit this geometric perspective
to give a new derivation of Pogorelov type apriori estimates for optimal maps
with respect to costs satisfying the Ma—Trudinger—Wang condition. Our
approach is different but related to the strategy developed for m = 2 = n
by Warren [41], who was indirectly inspired [20] by the same sources [38, [35]
as us. It yields new insights, which we hope may lead to further progress:
in particular, it allows us to separate the general structure of the maximum
principle estimate from the particulars of the application.

Although it will not be shown here, interior Pogorelov estimates persist
even under the weaker variant (A3w) of the Ma-Trudinger-Wang condition,
but the argument is more involved [21]; regularity of the optimal trans-
port map follows from appropriate domain convexity conditions [33]. For
the quadratic cost, 2-uniformity of the convexity required [3, [36, 33] was
recently relaxed by Chen, Liu and Wang [6] [7], though some smoothness
remains necessary [I5]. Finally, it is interesting to note that for the qua-
dratic cost, Kim and McCann’s metric [16] restricted to the graph of optimal
map coincides with the Hessian metric of the solution of the Monge—Ampere
equation, introduced by Calabi [4].

The next section of this note gives a general estimate for maximal space-
like submanifolds in a fixed pseudo-Riemannian background. The last sec-
tion explains how to use this to recover and apply Ma, Trudinger and Wang’s
local C? estimate for optimal maps.

2. ESTIMATES FOR MAXIMAL SPACELIKE SUBMANIFOLDS

Our ambient space will be a fixed manifold M of dimension n+ m. Let §
be a pseudo-metric on M of signature (n,m). Let D denote the Levi-Civita
connection on M, and let R denote its Riemann curvature tensor. We adopt
the sign convention where

R(X,Y,Z,W)=—§(DxDyZ — DyDxZ — Dix y1Z,W)

for all vector fields X, Y, Z, W on M. Let E, ... ,E‘n+m denote a local frame
of vector fields on M which are linearly independent at each point. At each
point on M , the matrix Q(Ea, Eg) is invertible; we denote its inverse by 627,
We will also fix a smooth symmetric (0, 2)-tensor field S on M.
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We are interested in studying n-dimensional spacelike submanifolds of M.
Given such a submanifold M, let g and S denote the respective restrictions
of g and S to M. Since M is spacelike, g is positive definite. As in [27], let
D denote the Levi-Civita connection on M, and let D+ denote the connec-
tion on the normal bundle of M. We denote by II : TM x TM — T+M
the second fundamental form of M. In other words, if X and Y are two
tangential vector fields on M, then

II(X,Y) = DxY — DxY.
The mean curvature vector of M is defined as the trace of II, which we
assume vanishes identically.
We will use the notation
(DyI)(X,Y) = Dy(II(X,Y)) — II(DyX,Y) — II(X,DyY)
and

(DFHIN)(X,Y) = DE(IIN(X,Y)) — II(Dy X,Y) — II(X, DyY)

for all tangential vector fields X,Y,V on M (compare [27], p. 114). Both
expressions are tensorial in X, Y, V. Moreover, (D&II )(X,Y) € T+ M is the

normal component of (DyII)(X,Y) € TM.

In the following, We assume that {ej,...,e,} is a local orthonormal frame
on M and {ef,...,e;} is a local orthonormal frame for the normal bundle
of M. Then g(ek,el) = 0, Gley, ) = —0pq, and g(eg, e) = 0.

Given (M .0, S ), we consider an n-dimensional spacelike submanifold M C
M with zero mean curvature. We will show that the restriction S of S
to M satisfies an elliptic partial differential equation with coefficients and
inhomogeneities given by ¢ and S and their first two derivatives. This
identity contains quadratic terms in the second fundamental form. Since
II(X,Y) € T+ M and the metric on the normal space T M is negative def-
inite, these quadratic terms have a favorable sign, allowing us to apply the
maximum principle. This calculation is inspired in part by identities found
for hypersurfaces by Calabi [5], and in the split geometry of the next section
by Mealy [26], Harvey and Lawson [14].

Proposition 1 (An elliptic identity for zero mean curvature submanifolds).
Let R denote the Riemann curvature tensor and D the Levi-Civita connec-
tion of a signature (n, m) pseudo-Riemannian manifold (M, §). Let M C M
be an n-dimensional spacelike submanifold whose second fundamental form
II : TM x TM — T+M has vanishing trace. Let S be a symmetric (O 2)-

tensor field on M and let S denote its restriction to M. Let El, .. En+m
denote a local frame on M, and eq,...,e, denote a local orthonormal frame
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on M. Finally, let X,Y be tangential vector fields on M. Then

(AS)(X,Y)
-y (D2 &9)(X,Y)
=1
+2) (De,S) (I (€1, X),Y) 42 (De,S)(X, (e, Y))
=1 =1

=1
= > 9 (e, X), I (er, e)) Slex, Y) = Y §(I (e, Y), I (er, e1)) S(X, ex)
k=1 fl=1
Z R(e;, X, e, Ea) S(Ep,Y) — Z R(e,Y, e, Eq) S(X, Ep)
a,f=11=1 B=11=1

Z (e, X, e ex) Slex, Y +ZZR61,Y€laek )S(X, ex)
k=1 1=1

at each point on M, where 6“8 denotes the inverse of the matrix g(Ea, Eg)

Proof. In the following, X, Y, V, W will denote tangential vector fields on M.
By definition,

S(X,Y)=S(X,Y).
Differentiating this identity in direction W gives
(DwS)(X.Y) = (Dw8)(X,Y) + S(L(W. X),Y) + S(X, H(W,Y)).

Differentiating this identity in direction V', we obtain

~

(D%/,WS)(X7Y):(A wS)(XY) + (D) S)(X,Y)
+(Dw )(U(VX),Y)Jr(A S)(X, (V. Y))
+ (DvS)(H(W, X),Y) + (DvS)(X, (W, Y))
+ SU(W, X), I(V,Y)) + S(L(V, )II(WY))
((ﬁvH)(WX),Y)Jr (X, (Dy (W, Y))

DyI
at each point on M. We decompose the term (ﬁVII )(W, X)) into its tangen-
tial and normal components:

(1) (DyID(W,X) = (DyID(W, X) + > §(DvIN)(W, X), ex) e
k=1
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Using the Codazzi equation, we obtain
(2) (DEHI(W, X) = (DR I)(V, W) Z (V. X, W,e) e

(see [27], p. 115). Note that the curvature term on the right hand side in (2])
comes with a plus sign, due to the fact that the metric on the normal space is
negative definite. Moreover, differentiating the identity g(II(W, X),ex) =0
in direction V' gives

(3) J(DvID(W, X), e) = —g(II(W, X), II(V,ey,)).

Substituting (2)) and (B]) into (dI), we obtain

(Dy I (W, X) = (DRI (V,W) =Y §(IH(W, X), TI(V, 1)) ex
k=1

(4) +Y R(V,X,W,ep) ey
=1

at each point on M. Therefore,

(DY S)(X,Y)

= (D%/WS)(X Y)+ (DII(VW)
+ (DwSYII(V, X),Y) +
+ (DySYII(W, X),Y) +

+ SUI(W, X), II(V,Y)) + S(II

+ S((DxIN(V,W),Y)

Flﬁﬁ

GUI(W, X), IV, e)) S(ep, Y) = S gUI(W.Y), I (V.ey)) S(X, e5)

e
Il
—_
e
I
—_

Ms

R(V,X,W,ey) S(er )+§:R(V,Y,We ) S(X, ex)
p=1

Il
—_

p

at each point on M. Next, we take the trace over V,W and use the fact
that the mean curvature vanishes to eliminate (derivatives of) the trace of
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II. Thus,
(AS)(X,Y)
= (Dgl,el S) (X7 Y)
=1
+2) (De,S)(I(er, X),Y) +2) (De,S)(X, I (er,Y))
=1 =1
+2Y S(I(e, X), (e}, Y))
=1
= > 9 (e, X), I (er,ex)) Slex, Y) — > g (e, Y), I (e, 1)) S(X, ex,)
k=1 k=1
ZZRtheb p S +ZZ 6[,Y€l, p)g( )
p=1[=1 p=1[=1
at each point on M. Using the identity
n+m
Z O'QBE ®Eﬁ —Zek@)ek—Ze ®ep,
76 1
the assertion follows. O

In the remainder of this section, we assume that S is positive definite. In
other words, S is a Riemannian metric on the ambient manifold M.

Proposition 2. Under the hypotheses of Proposition [, assume that S s
a positive definite symmetric (0,2)-tensor field on M, and let S denote its
restriction to M. Suppose that py is a point on M and {ei,... e} C TpoM
is an orthonormal basis with respect to g that diagonalizes S. Then there
exists a constant C = C(||g,57 1, §|]Cz({po})) such that

n

(AS)(en,en) > 2> (R(er,ener,en) — CS(er e1)) Slen, en)
=1

at the point pg.
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Proof. Proposition [ implies
(AS)(en, €n)

Z elelA )(en,en) +4Z Y (er,en),en)

+2ZS II El,en) II elaen Z II El,en Il(elaen))s(enyen)

=1
n+m n

) Z Za—aﬁ R(ep,en, e, Eqy) S(Eg, en) + ZZR(el,en,el,en) S(en,en)
a,f=11=1 =1

at the point py, where %% denotes the inverse of the matrix Q(EQ,EB)
Since the preceding formula does not depend on the choice of the frame
Er, ... En+m, we may assume that the frame i, ... En+m is chosen to
be orthonormal with respect to the fixed Riemannian metric S on ambient
space.

Clearly, II (e, ey,) is a normal vector for each | = 1,...,n. Since the metric
on the normal space is negative definite, it follows that

gl (e, en), (e, e,)) <0

for each [ = 1,...,n. Therefore,

-2 Zg([[(el, en), I (e, en)) S(en, en) > 0.
=1

We estimate the following multilinear expressions using the fixed Riemann-
ian metric S on ambient space (which reduces to S on the tangent space to
M):

n

STD2 8 (ensen) > —C Y Sler er) Slensen),

=1 =1
n+m n n
2 Y Y 6’ Rle,en e, Ba) S(Ep en) = —C Y _ S(er,er) S(en, en),
a,f=1l=1 =1

and

n

4 Z(ﬁelg)(ll(el, €n),€n)
1=1

> —CZS(el, el)% S(en, en)% S(I (e, en), ey, en))%
1=1
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at the point py. Putting everything together, we obtain

(AS)(en,en) > —C Z S(er,er) S(en,en)

=1

~C N S(er,e)? S(en, en)? S (er, e0), M er e0))?
=1

+2) "SI (e, e0), (e, €0))
=1

n
+2) " Rler, en e, €n) S(en, €n)
=1

at the point pg. The assertion now follows from Young’s inequality. O

Corollary 3. Under the hypotheses of Proposition [, assume that S is a
positive definite symmetric (0,2)-tensor field on M, and let S denote its
restriction to M. Let ¢ be a nonnegative smooth function on M, and let %)
denote the restriction of ¢ to M. Suppose that py is a point on M where
the largest eigenvalue of ©*"~2S with respect to the metric g attains its
mazimum. Suppose that {ey,... e,} C Ty, M is an orthonormal basis with
respect to g that diagonalizes S, and S(ey,ey,) is the largest eigenvalue of S
with respect to g at the point py. Then

ZR(el,en,el,en) < Cp2S(en,en)
=1
at the point py. Here C = C’(||§,§_1,3,¢||Cz({po})).

Proof. Since the largest eigenvalue of 2”28 with respect to the metric g
attains its maximum at pg, we know that

(5) (Dez(@zn_25))(ena en) =0
forl=1,...,n and
(6) (A(P*728)) (ensen) < 0

at the point pg. Combining (&) and (@), we obtain
0> (p—2n+2 (A((p2n_25))(€n, en)

— (4n — 4) 77N " dp(er) (Do (9772)) (ens €n)
=1
(7) = (AS)(en, en) + (20— 2) 0~ (Ap) S(en, €n)

—(2n—=2)2n - 1) 7Y (dp(er))® S(en, en)
=1
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at the point py. On the other hand, Proposition [2] gives

(8) (AS)(en,en) > 2 (R(er,en,er,en) — CS(er e1)) Slen, en)
=1
at the point py. Since the mean curvature of M vanishes, we obtain

n

9) Ap = Z(f)zcﬁ)(el, e) > —CZ S(er,er)

=1 =1
Moreover,
(10) D (dp(en)? =) (dp(er))® < CZ S(es, 1)

=1 =1
at the point pg. Substituting (8), (@), and (I0) into (), we conclude that

0 > 2Z(R(€l,en,€l,€n) - C(,D_2S(€l,€l)) S(enaen)

at the point pg. Since S(e;,e;) < S(en,ey,) for I = 1,...,n, the assertion
follows. Ol

3. APPLICATION TO OPTIMAL TRANSPORT.

Let X and X be connected orientable manifolds having the same dimen-
sion n, equipped with nowhere vanishing smooth volume forms p and p
satisfying fX,o =1= pr Although we shall often take M= X x X,
it is useful to allow M C X x X to be any open domain equipped with a
bounded smooth cost function ¢ € C°°(M), and extend ¢ to (X x X)\ M
lower semicontinuously (and boundedly). The optimal transportation prob-
lem of Kantorovich is to minimize

(11) /XXXcd’y

among joint measures ¥ > 0 on X x X having p and p as their left and right
marginals. The basic insight gleaned from linear programming duality is the
existence of a pair of functions u € LY(X, p) and 4 € L}(X, p) satisfying

(12) uw(z) + w(z) + c(z,z) >0 forall (z,7) € X x X

such that v minimizes () if and only if it vanishes outside the zero set of
(I2), e.g. Theorem 5.10 of [37].

Monge’s version of the same problem is to find a Borel map F:X—>X
which pulls p back to +p (depending on the sign of det(— 6961 5=7)), such that
’y = (id X F)yp attains the minimum (II). We assume that the matrix
ml &Ck dz' @ dz* is invertible at each point of M which is hypothesis (A2)
of Ma, Trudinger and Wang [24].
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We define a function y : M — (0,00) so that
(13)
d%c

R

Note that x is independent of the choice of coordinates. With this under-
stood,

(m,:i)) dri N ...dxy NdTy A ... ANdT, = £p(z) A p(T).

" % , .
(14) i=-xY sy (da’ @ di* + dz* @ da')
= 00T

becomes the Kim-McCann—Warren [18] pseudo-metric on M c X xX. The
induced volume form of § is given by +p A p. In its original (strong) form,
the Ma—Trudinger—Wang condition (A3) is locally equivalent to the assertion
that

(15) RE®0,00E6®0,006) >0

for all points (x,Z) € M and all tangent vectors & € T, X and € € Tz X
satisfying §(¢ © 0,0 ® ) = 0. Here, 0 € 7,X and 0 € T;X denote zero
vectors, by Remark 4.2 of [18].

We next define a Riemannian metric S on M. It is convenient to choose
the Riemannian metric S in a particular way. To explain this, let us fix a
Riemannian metric A on X and let vol;, denote its associated volume form.
We define a symmetric (0, 2)-tensor field & on M by

- 2 " 820 820 k 1
16 h= hP1 dz" ® dz'.
(16) D D T
k,l,p,q=1
For each point z € X, h defines a Riemannian metric on X ; denote its
volume form by vol;. In view of (I3]), the volume forms of h and h are related
by volp Avol;, = £pAp. With this understood, we define a Riemannian metric

Soany
(17) S =h+h.

Note that S is not a product metric, as h depends on z € X. The induced
volume form of § , like g, is given by +p A p.

Suppose that a diffeomorphism F : X — X solves Monge’s transport
problem, so that the minimizer v of (IIl) vanishes outside Graph(M) :=
{(z,F(z)) : * € X}. Denote by g and S the restrictions of § and S to
M := M N Graph(F). Kim, McCann and Warren [I8] show that M is
locally volume maximizing with respect to the metric §, hence has zero
mean curvature with respect to g.

Theorem 4 (Apriori local estimates for optimal diffeomorphisms). Let M C
X x X be an open domain. Suppose that 0 < ¢ € C*°(M) has compact
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support spt ¢ C M. Assume the Ma-Trudinger-Wang conditions (A2)-(A3)
hold on M. Let k be a positive constant with the property that

(18) REDO,00EED0,00E) > kh(, &) h(EE)

for all points (x,%) € spt$ and all tangent vectors & € T, X and £ € Tz X
satisfying (€ © 0,0 &) = 0. Let F : X — X be a diffeomorphism that
minimizes Monge’s cost ¢ between p and p. Then there is a constant C,
depending on Hgyg_lv*g’@HCQ(spt@) and H lOg(ﬁ)HCO(sptﬁ); such that

/4,”_1(’02n_25 < Cg

on M. Here, @ denotes the restriction of ¢ to M = MN Graph(F), and g
and S denote the restrictions of g and S from (4] and (7)) to M.

Proof. We consider a point py = (o, F'(z9)) € M where the largest eigen-
value of p?"~2§ attains its maximum. Such a point exists by the smoothness
of the objects in question and the compact support of 4. Let (z!,...,2") be
a local coordinate system on X such that h;; = d;; at xg and let (531, ce T
denote a local coordinate system on X such that hy = & at (zo, F(20)).

Recall there exist u € L'(X, p) and u € L'(X, p) satisfying the inequality
([I2) with equality on M:

(19) u(z) + a(F(x)) + c(z, F(z)) = 0.

From smoothness of ¢ at (z, F(z)) it follows that u is continuous and semi-
convex in a neighbourhood of z, as in [25]. The first and second-order
conditions for (I2I),([I9) assert

ou dc .
(20) e + ] P 0 i1=1,...,n,

and symmetric nonnegative definiteness of (B;;)i<i j<n given by

0%u d?c
(21) Bij = OridxI + 02029 |z=F(z)

A priori these conditions hold almost everywhere, but smoothness of u then
follows from the hypothesized smoothness of F' and (20), whence both con-
ditions actually hold everywhere. Differentiating (20]) yields

" 9%c OFk
22 B;i = — _— .
(22) J kzzl&nl&ik O
Since F'#p = 4p by hypothesis, we find
0?c
det(B)dz' A---Adz" A p = +det (=———— AAZY A AdZ"
et(B) du o pf:F(w) ¢ (éh:’aozk) :E:F(:c)p o o

As (A2) ensures the last term is non-vanishing on M , nonnegative definite-
ness of the symmetric matrix B improves to positive definiteness on M.
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In the coordinates we have chosen, vol;, = dx! A --- A do™ and vol;, =
+dz! A ---dz™ at the point (zg, F(xg)). Therefore,

P &c P
det(B) Jo- = det Cree ol

at the point (xg, F(z0)). Moreover, ([I3) implies x" det(+2-<r
at the point (zg, F'(xo)). This gives

X" det(B) = <L>2

voly,

Bmlaxk

at the point zg. Hence, if we put A := x B, then
2
(23) det(A) = (L)

VOlh
at the point . In the next step, we relate the eigenvalues of A with respect
to h to the eigenvalues of S with respect to g. By a suitable choice of the
coordinates (:171, ..., ™), we can arrange that A;; = \; §;; as well as h;; = d;;

at xg. We define

5, -1 aFk
fori=1,...,n. Then
" 9% OFF 1

@) 9ed08s) = — 0xi0zF Oui A Aig =0
for i,j = 1,...,n. Moreover, h(&,fj) = d;; and

o 0’c OFF 9F!

. ) — '_1 '_1 pq
P& &) = A A; X Z f &L"Paxk 0z10%' Ox' OxI
k,l,p,q=1
(26) =AY R AL Ay
p,q=1

= 65
for i, =1,...,n. We next define

_1 =

ei = (2X)72 (& © Ni &) € Tag, Fzo) M

and )

pi= 5N+ AT
fori=1,...,n. Then

. _1 _1 . _ ~ ) _ _

gleiej) = (2X) 72 (24) 72 (A g6 @ 0,00 &) + X g0 @ &, & @ 0)) = 6y
and

S(eie;) = (20) 7% (205)72 (W(€i, &) + Aid; 7(&i, &) = 11 64
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for i,j = 1,...,n. Thus, {e1,...,en} C Ty F(x))M is an orthonormal
basis with respect to g which diagonalizes S. Moreover, the eigenvalues of
S with respect to g at the point pg are given by uq, ..., t,. Without loss of
generality, we may assume that y; < p, for ¢ = 1,...,n — 1, so that u, is
the largest eigenvalue of S with respect to g at the point po.

Note that §(& © 0,0 ® &) = §(& ® 0,0 &) =0 fori =1,...,n — 1.
Moreover, it follows from (24]) and (26) that h(&;, &) = h(&n, &n) = h(&i, &) =
h(&n,&n) = 1 for @ = 1,...,n — 1. Therefore, the uniform Ma-Trudinger—
Wang condition (I8]) yields

R(&E®0,006,600,00&) > nh(&, &) b€, &) = 5
and
for i = 1,...,n — 1. Using the special structure of the curvature tensor R
described in Remark 4.2 of [18] and Lemma 4.1 of [16], we obtain
and
ROGE,086,00&,08E,) =0.
This implies
R&E® N &i&n ® Mo & O Xi & © M &)
TN RO®E6 0,006,600 + AN RO©E006,006,00E,)
— CXy — CXNj — CAidpy — CAA2 — CN2N,
> k(A2 + A7) — CAy — ONj — CA M, — ONAZ — O,
fori=1,...,n — 1. This implies
- K
. ) >
R(ej en,€i,€n) > 1

fori=1,...,n — 1. In the next step, we sum over ¢ = 1,...,n — 1. Since
1< <ppfori=1,...,n—1, it follows that

OIS DY W e G O S W BN 0N O VISP W BN 04

n—1 n—1
A K
27 R €i,€n, €i, En > - )\Tl)\n + )\7,)\;1 - C n-
e T RSP )~ Cu

Using (23)), we obtain [ ; \; = det A = (L)2 at (zo, F'(zg)). Using the

voly,
arithmetic-geometric mean inequality, we obtain

n—1 n—1 1
n—1 1 _1
(28) d A= (n-1) (H A;1> > S
i=1 =1
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and

(29) g)\iz(n—l (HA) zaA;ﬁ.

Substituting ([28) and (29) into ([27]) gives

(30) > Rleienciven) > BT = Clin,
On the other hand, Corollary [ implies
n—1
(31) ZR(ei,en,ei,en) < Co2p,.
i=1

Combining ([B30) and (31I), we conclude that ruy,~ T < Co2pp + Cpy. Since
o < O, it follows that x" 'p?"~2u, < C. This shows that the largest
eigenvalue of k" 1p?"~2S is uniformly bounded from above at the point
(xo, F(20)), and hence on all of spt ¢. O

Remark 5 (Quantitatively spacelike, slope, recovery of C'' bounds). We
may view the apriori lower bound k"~ 'p?"=2S < Cg given by Theorem [
as quantifying the spacelikeness of Graph(F'). Since ¢ vanishes on the hor-
izontal fibres X x {Z} and vertical fibres {z} x X, a fortiori this quantifies
the transversality with which F' intersects these fibres, thus translating to a
C' bound for F~! and for F. More explicitly, the estimate in Theorem [l is
equivalent to the inequality

(32) )\Z + )\2—1 S C/{l_n(p2_2n

for i = 1,...,n, where Ay,..., )\, denote the eigenvalues of A = xB with
respect to the metric h. The inequality (82]) implies two separate bounds for
A; and for )\Z-_l. The bound for A\; quantifies the transversality with which the
graph of F intersects the vertical fibers {x} x X it corresponds to an interior
C'-estimate for F. The bound for A; 1 quantifies the transversality with
which the graph of F intersects the horizontal fibers X x {Z}; it corresponds
to an interior C'-estimate for F'~!. In the setting of Ma-Trudinger-Wang,
we may take X, X as open subsets of R” and h as the usual Euclidean metric;
the definition (21I]) of B then implies the Ma—Trudinger-Wang estimates as
they appear in [24].

Remark 6 (Optimal maps and dual potentials). The potentials v € L' (X, p)
and @ € L' (X, p) from (IZ) which certify optimality of y in (II)) can be inter-
preted as Lagrange multipliers for the marginal constraints p and p. When
M = X x X, then u is well-known to become continuous and semiconvex
if the second x derivatives of ¢ are bounded locally on X uniformly with
respect to € X; similarly u is semiconvex if the corresponding condition
holds under the interchange = <> z, e.g. [25]. A sufficient condition for
existence of a Borel solution F : X — X to Monge’s problem is then that
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r € X v c(z,Z)—c(x, ') be free from critical points for all #’ # z € X. Un-
der hypothesis (A1) of [24], which asserts that both ¢ and ¢(Z,x) = ¢(z, %)
satisfy this restriction, the solution F' is injective outside a p-negligible set.
If, in addition, F' happens to be continuously differentiable, then it follows
from non-degeneracy (A2) that F' is a diffeomorphism, arguing as in the
second paragraph of the proof of Theorem [ Higher regularity can be boot-
strapped by applying Evans [I1] or Krylov [19] and then standard elliptic
theory [13].

Remark 7 (Regularity of weak solutions). Diffeomorphisms F : X — X
solving Monge’s problem may or may not exist [I, 22], depending on the
choice of volume forms p, p and the cost c¢. Under an additional hypothesis
— equivalent to geodesic convexity of the vertical fibers {z} x X with respect
to the Kim-McCann metric [16], or equivalently the Kim-McCann-Warren
metric § — Ma, Trudinger and Wang construct a diffeomorphism by starting
from a c-convex potential u which solves the dual problem and showing it
uniquely solves the associated Monge—Ampere type equation in the sense of
Alexandrov. To establish interior regularity of u, Ma, Trudinger, and Wang
use the continuity method to construct a smooth solution of the Monge—
Ampere type equation which is defined on a small ball and agrees with u
on the boundary of the ball a priori, and a posteriori on its interior. This
involves deforming the boundary data given by u to a new set of boundary
data which is smooth and c-convex; this argument was extended to generated
Jacobian equations in [34]. Independently of the regularization parameter,
the C%-estimate ensures the solution of the Monge-Ampere type equation
is uniformly elliptic, hence c-convex [32], [16], after which higher regularity
follows from Evans—Krylov and standard elliptic theory as in Remark [6l

Remark 8 (Boundary behaviour, global regularity, compact manifolds).
Theorem [ only addresses interior regularity. Studying the boundary regu-
larity requires additional techniques, as in e.g. [2], 3| [36] 33, [7].

If X and X are compact manifolds without boundary, taking M=XxX
is inconsistent with global non-degeneracy (A2) of §. However, in some
situations it is possible to identify an open subset McXxX , where the
conditions (A2)-(A3) are satisfied. If we know that Graph(F') is contained
in such a subset M, then Theorem H yields a global estimate, extending [41]
to dimensions n > 2.

As an example, suppose that we take X and X to be the round sphere
S™ and define the cost function ¢ by c(z,Z) = d?(x,Z)/2. In this case, we
may take M to be the set where ¢ is smooth (i.e. the complement of the
cut locus). If the densities p and p are bounded from above and below, it
is known [10] that Graph(F') is disjoint from the cut locus. Regularity then
follows [23]. This line of reasoning can be generalized to perturbations [9],
submersions [17] or products [12] of round spheres.
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