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This thesis combines two major projects: a dynamic and a two-dimensional extension of an existing
coupled labour and education matching market ([13] and [27]).

The first extension addresses the dynamics of the distribution of skills in a population over many
generations. Two overlapping generation models are proposed: the first assumes complete information,
which allows (and requires) all generations to be solved simultaneously, while the second assumes in-
complete information, forcing the competitive equilibrium at each subsequent generation to be found
iteratively. Both models combine a labour and an education matching problem. The skill distribution
for each generation of adults is determined from that of the previous generation by the educational
matching market.

We present conditions for the sequence of adult skills to converge. Next, we study the asymptotic
which is specific to each model. For the incomplete information model we prove that, if the sequence of
wage functions over the generations converges, the limiting steady state solves the steady state model
of [13], which allows for an explicit formulation for solutions of [13]. To study the limiting society of
the complete information model, we introduce a new steady state model, which includes a discounting
factor to reduce the impact of future generations relative to how far in the future they are.

The second extension provides proofs for certain results stated in the study of the steady state model
when individuals’ skills are two dimensional [27] and presents more rigorous proofs for some of their

results. In particular, we prove strong duality and existence of solutions, following [13].
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Chapter 1

Introduction

Optimal transportation has so many applications to economic theory that Galichon devoted a book to the
subject [15]. This work concerns an economic application of optimal transportation, namely two-sided
matching. Two-sided matching was first formulated in terms of matching medical residents to hospitals
in the first half of the 20th century [33]. A solution to this problem is to centralize the assignment.
In the middle of the 20th century, scientists came up with algorithms to stabilize the matching [14].
Another important advancement in two-sided matching theory is the formulation of the problem as a
linear problem by Shapley and Shubik [35]. This new formulation uses linear optimization theory to
solve matching problems, including the dual formulation of the problem. Shapley and Shubik’s model
takes the shape of a transportation problem.

In this thesis, we study the coupling of two matching markets: one for education and one for labour
production, following the models of McCann, Shi, Siow, and Wolthoff [27], and of the same group of
authors plus Erlinger [13].

Coupling education and labour in the same model allows us to study economic growth. Economic
growth quantifies the increase of the growth of production of a fixed economy over time. Before the
1980s, economic growth was typically modelled and explained using exogenous factors (see [6, Section
1.4] for a historical review). A way to model growth endogenously is to add human capital to the model.
Human capital can represent many different aspects of an individual (or a group of individuals) such as
knowledge, acquired skills, and innate abilities. These characteristics influence the productivity of the
workers.

Because the productivity of workers depends on their characteristics, individuals who wish to improve
their productivity may be motivated to modify these characteristics. The concept of improvements of
workers has been studied in the context of task specialization. A way to model improvements of workers
is called learning by doing and is inspired by the theory that by repeating the same task over and over,
a worker improves at doing that specific task. We instead represent the improvement of workers by
coupling the labour market with an education market, as in Becker and Murphy [§].

In our models, matching in both sectors (educational and labour) is represented using linear optimiza-
tion. One example of such a model with a labour market was proposed by McCann and Trokhimtchouk
[28], following Hao and Suen [21]. Their model associates a manager of type m € M to one or many
workers of type w € W. Let p: M x W — R be a function that represents the production of a manager
of type m teamed up with a worker of type w. The goal of the model in [28] is to optimize the total pro-



CHAPTER 1. INTRODUCTION 2

duction for the society, given a distribution for the workforce population. Using duality theory, it is also
possible to view the problem as a competitive equilibrium in which individuals choose the occupation
that optimizes their wage.

McCann, Shi, Siow, and Wolthoff generalize the approach of [28] to include an education sector
in [27]. Students from a fixed distribution have to choose a teacher and a future employment, i.e.
teacher, worker, or manager. Students’ future skills as adults will be a fixed convex combination of their
abilities as students and their teachers’ skills. The goal is to optimize the society’s production, which
is a combination of labour’s production and other benefits from education. In [27], individuals’ skills
are two-dimensional: they are comprised of a cognitive skill and a communication skill. The authors
study the education and labour matching and the profession choices for individuals. They also present
numerical simulations.

Erlinger, McCann, Shi, Siow, and Wolthoff [13] studied the same model in one dimension, that is,
with only a cognitive skill. They present a complete analysis that includes a duality theory result and
conditions for the existence and uniqueness of an optimizer. They also found some general asymptotic
results for the behaviour of adult wages near the highest possible skill. Finally, McCann [26] elucidates

the concept of competitive equilibrium in the one-dimensional case.

In the models of both [13] and [27], the adults’ distribution of skills is in a steady-state form. It is
determined by the distribution of abilities of students and the matching of students to teachers. It would
be more realistic to assume that the distributions of adults’ skills evolve from one generation to another,
allowing the current generation’s distribution of adults’ skills and education market to determine the
distribution of adults’ skills for the next generation. We introduce two such models and study whether
for these models, the sequence of distributions of adults’ skills will converge to a steady state distribution
of adults’ skills, like the one in [13] and [27]. Of course, this depends on initial conditions and hypotheses
of the models.

In order to incorporate several generations in our models, we use overlapping generation models. An
overlapping generation model is a type of model in economics that combines a finite number (N) of
generations. Each individual will then interact N distinct times with the society. A classical example
considers adults to be either working or retired (in which case N = 2).

Overlapping generation models have been introduced to study interest rates [34]. Overlapping gener-
ation models have also been used to study the economics of education, as they offer a way to incorporate
aging. For example, they are used to compare different methods of funding in education ([41], [20],
and [19]). Artige [5] studies the dynamics of a population with a model that combines education and
production. In all of these models, students are assumed to be identical and adults make educational
choices for their dependants. In our models, students’ abilities are heterogeneous and students make
their own choices regarding their education and future profession.

With this goal in mind, we adopt models which borrow their production technologies from [13]
and [27], but in which the distribution of adults’ skills in the present generation is induced by the
educational matching of the previous generation. We fix an initial distribution of skills for the adults,
K1, not necessarily related to the students’ distribution of abilities. From it, our models create a sequence
of distributions of adults’ skills determined, at every step ¢ > 1, by the students’ distribution of abilities
and educational choices of students from the previous generation found in step i — 1.

The educational choices for a fixed generation will generate a new distribution for the skills of the
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next generation of adults. The focus of the study is on the dynamics of the distributions of skills of the
adult population over different generations.

Chapter 3 (joint work with Robert McCann) introduces and studies two dynamic versions of [13].
For the first model, we assume that the students have incomplete information. That is, students have to
estimate their wage as adults. For the second model, we study a complete information model in which
we study all generations together. This allows for students to rationally forecast their exact future wage.
The main results of Chapter 3 are Theorems 3.4.4, 3.5.3 and 3.6.4. They give conditions which guarantee
that any initial distribution of skills will evolve in the long time limit toward a unique steady state.

In the incomplete information case (introduced in Section 3.1), the limiting steady state comes from
[13]. This result justifies the validity and interest of the steady state model of [13]. Although the steady
state of Erlinger et al is in general specified as the solution to a variational optimization problem, under
the conditions in question we show it can instead be constructed directly. In a concrete example, this
explicit construction allows us to support a conjecture from [13] concerning the presence and form of
wage singularities in Section 3.7.

For the complete information case (introduced in Section 3.2), we introduce a new steady state which
includes discounting, i.e. such that the production of the current and near future generations is more

important than production of future generations.

Another important extension to the one dimensional steady state model from [13] is to consider the
case where the skill and ability space is two dimensional. As discussed in [27], cognitive skills are not
enough to explain the professional success and estimated wage of an individual. Indeed, studies show
that non-cognitive skills influence educational and professional opportunities.

In order to quantify non-cognitive skills, McCann, Shi, Siow, and Wolthoff decided in [27] to include
a communication skill in their model. They assume that production in a company can be separated into
two tasks; one of production from the worker and one of supervision from the manager. In their model,
only the supervision task requires communication skill (as his or her communication skill increases, a
manager can supervise more workers) and the efficiency of the team is a combination of the cognitive
skills of the worker and of the manager.

In [27], the authors describe solutions to their model. For example, they show that individuals will
be specialized. That is, if an individual does the manager’s task in a team, then he or she won'’t do the
worker’s task in another team. They show that teamwork increases productivity. Chapter 4 extends
duality and existence results from [13] to the case where individuals’ skills are two-dimensional (see [27])

and provide rigorous proofs for some of the results claimed in [27].

This thesis is organized as follows: Chapter 2 introduces notation, mathematical concepts, and
specific hypotheses for the following models and presents the steady-state model from [13]. Chapter 3
introduces and studies two dynamic versions of [13]. Chapter 4 extends duality and existence results
from [13] to the case where individuals’ skills are two-dimensional (see [27]) and provide rigorous proofs

for some of the results claimed in [27].



Chapter 2

Notation and Preliminaries

In this chapter, we introduced notation and concepts used in this thesis.

2.1 Functions and measures

Definition 2.1.1 (Proper function). A function f: R™ — RU{ o0} is said to be proper if there exists
an x € R™ such that f(x) € (—o0,00).

Definition 2.1.2 (Lower semi-continuous function). A function f : [a,b] = RU{oo0} is lower semi-

continuous at a point x € [a,b] if for all € > 0,
liminf f(x + €) > f(x).
e—0

A function f : [a,b] - RU{ o0} is lower semi-continuous if it is lower semi-continuous at all points

x € [a,b].
In words, a function is lower semi-continuous if its limits all dominate its values (see figure 2.1).

4 4

Figure 2.1: Two examples of lower semi-continuous function.
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Definition 2.1.3 (Lower semi-continuous hull). Let f : [a,b] = R. The lower semi-continuous hull of
f is a function lsc f : [a,b] = R, such that lsc f(x) = liminf. o f(z + €).

Note that Isc f coincides with f at points where f is continuous.
For a function
fi(xr,za,. . 2,) ER" = f(x1,22,...,2,) €R,

we’ll use the following notation for the partial derivative with respect to x;

0

f
We will use m; to denote the projection on the i** coordinate of an element in a product space:
7 (z1,22) € R 2; € R.

More generally, 7'1>%2> is the projection on the iy, 4s,...,1, coordinates.
Let f: X7 — X5 be a measurable map and let i be a measure on X;. The push forward of u by f

is a measure on X defined by

Fan(A) = (f71(4))

for each A C X5. A measurable function g : Xo — R is integrable with respect to fxu, if and only if
go f:X; — R is integrable with respect to ¢ and in that case,

/Xz gd(f#u)=/xlg<>fdu.

Let P(X) denote the set of (Borel) probability measures on X. A measure u € P(R) is said to be
absolutely continuous if for every measurable subset A C R with zero Lebesgue measure L(A) = 0, we
also have p(A) = 0. In that case, we can write du(x) = p*(x)dz, where p is a Lebesgue integrable
function. In this thesis, for an absolutely continuous measure p, we sometimes abuse notation by using
w to represent both the measure and its density p®°. The set of absolutely continuous measures on X
will be denoted P**(X).

The support of a positive measure v € P(R?) is smallest closed set S such that v vanished outside
of S:

spt (v) = {(z,y) € R?|y(U) > 0 for every open neighborhood U of (z,y)} .

Definition 2.1.4 (Positive Assortative Measure). A measure A € P(R?) s said to be positive
assortative if for all (z1,11), (x2,y2) € spt A,

(w1 = 22) (41 — y2) 2 05

that s, \ is supported on a non-decreasing subset of R?.

Lemma 2.1.5 ([1, Lemma 3.1]). For a measure v € P(R?) with support on the graph of a function
T:R — R, then T is w14y measurable and v = (1 x T')4(m147), where

1xT:zeRw (2,T(z)) € R
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The map 7' : R — R is called a matching function (or Monge map) from spt 71 4 to spt mo . If
147 is absolutely continuous, then + is positive assortative if and only if 7" is a non-decreasing matching
function.

A function f : R? — R is said to be submodular if a < a’ and k < k' implies f(a, k) + f(a’, k') <
f(a, k") + f(a’, k) and strictly submodular if the inequality is strict.

The following lemma will allow us to quantify derivatives of wage functions. The proof is postponed
to Appendix A.

Lemma 2.1.6. If f : A x K — R is locally Lipschitz in a, uniformly in k, then g(a) = sup f(a, k) is

keK
locally Lipschitz and for each a € A for every neighbourhood a € U, C A the following bounds hold:

_inf fa(a/, k) < g/(a) < sup fa(al> k)
keK, a’'€U, keEK, a'€U,

in the pointwise a.e. senses, where f,(a’, k) = %f(a,k)’a:a,. Simalarly, if f is locally semi-convex in
a € A, uniformly ink € K, then g(a) is locally semi-convex and for alla € A and for every neighbourhood
acU,CA
g'(a)> _inf  fuu(d k)
keEK, a’€U,

62
in the pointwise a.e. senses, where foq(a’ k) = Wf(a, k)’
a

a=a’"

2.2 Topological Spaces

We topologize measures using weak-+* convergence, or narrow convergence, which refers to convergence
against bounded continuous test functions. We denote weak-* convergence of p; to u by u; EN . For
probability measures, weak-* convergence can be metrized by the Prokhorov metric [30].

The set of wage functions of interest are real functions of K = [0, k) that are bounded, increasing,
and convex. Being bounded, increasing and convex, these functions are continuous, except maybe at k
and by the Arzela-Ascoli theorem, for any sequence of such functions { f; } there exists a subsequence
that converges uniformly on compact subsets. This means that equicontinuity can only fail at the upper
end point. Therefore, we need a metric that doesn’t weight the right end point k. The distance function

we use to metrize uniform convergence on compact subsets of K = [0, k) is

dic(£,9) = D2 1f = 9l e (0.5 2) - (2.1)
i=1

The upper endpoint is excluded from K to permit wage singularities for superstars; since the analysis
of [13] suggests these singularities remain in C° \ C*, we often make the simplifying hypothesis that in
any given model, all wages are uniformly bounded.

The next lemma presents compactness properties of the distance function dx. The proof is postponed

to Appendix A.
Lemma 2.2.1 (Properties of di). Let { f; } be a sequence of real functions of K.

(a) We have that f; — f in the sense of uniform convergence on compact subsets of K if and only if
di (fj,f) = 0.
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(b) Consider a sequence of absolutely continuous measures with respect to the Lebesque measure { p; }

such that p; — p in the weak-+ topology, where p < L. Suppose
li  ([k — 6,k — 0. 2.2
lim (Slilp i ([k =4, k])) 0 (2.2)

Let { f; } be a uniformly bounded set of continuous functions on K such that f; dxg f which is also

continuous on K. In this case, we have
wi(fi) = p(f)-

(¢) The non-decreasing convex functions on K taking values in [—b,b] C R form a compact set when

metrized by dy .

2.3 TI'-Convergence
In order to prove that sequences of optimizers over generations converge to an optimizer, we use the
notion of I'-convergence. We use definitions and theorems from [11].

Definition 2.3.1 ([11, Definition 1.5, I'-convergence]). Let (X,d) be a metric space. For all i let
fi : X = R. We say that the sequence {f;} T'-converges in X to foo if for all x € X we have:

1. (lim inf inequality) for every sequence { x; } converging to x

Joo() < lim fi(2);

1, 00
2. (lim sup inequality) there exists a sequence { x; } converging to x such that
1— 00

The function fo is called the T-limit of { f; }, and we write foo =T —lim; f;.

In order to have sequences of minimizers converge to a minimizer, we need to add a coerciveness

condition to I'-convergence.

Definition 2.3.2 ([11, Definition 1.19, coerciveness conditions]). A function f : X — R is coercive if
for all t € R the set { f <t} is precompact. A function f : X — R is mildly coercive if there exists a
non-empty compact set K C X such that infx f = infx f. A sequence { f; } is equi-mildly coercive if
there exists a non-empty compact set K C X such that infx f; = infi f; for all i.

We are now ready to state the conditions under which sequences of minimizers converge to a mini-

mizer.

Theorem 2.3.3 ([11, Theorem 1.21]). Let (X, d) be a metric space, let { f; } be a sequence of equi-mildly

coercive functions on X, and let foo =T — lim; f;; then miny fo is attained and

min = liminf f;.
in foo = limin f,

INote that if we have a uniform L bound on p;, hypothesis (2.2) is satisfied.
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Moreover, if {x; } is a precompact sequence such that lim; f;(x;) = lim;infx f;, then every limit of a

subsequence of { x; } is a minimum point for fu.

2.4 Duality

We include here a general duality theorem that we’ll use to prove duality of many model.

Lemma 2.4.1 ([10, Theorem 4.4.3] Fenchel-Rockafellar Duality). Let A and B be Banach spaces, and

p:A—-RU{o0}
$:B—->RU{o0}

be convex functions with associated Legendre transforms

P A" > RU{0}

™ = sup (x,2") — ¢(x) and
T€EA
9" :B*—>RU{0}

y* = sup (y,y") — o(y).
yeB
Let H: A — B and let H* : B* — A* be its adjoint operator, i.e.
Ve € A,y € B, (H(x),y*) = {x, H* (y")) .

Let Dom ¢ :={x € A| p(x) < oo}. Then if ¢ is continuous and real-valued at some point in H(Dom ¢)
(condition (4.3.2) in [10]),

;IGlg p(a) + ¢(Ha) = ygleaé(* —o* (H*y*) — ¢* (—y").
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2.5 Hypotheses

This subsection introduces notation and definitions needed for the proposed models. For more detail on

the choices of notation and hypotheses, see [27].

Let A =[0,k) = K be the space of abilities of students and skills of adults respectively. A student’s
ability, combined with the skill or his or her teacher, will impact his or her skill when becoming an adult.

For the adults in the labour market, their skills quantify how much they produce.
Fix 6,6 € (0,1) and let

zp: AXK = K:(s,t)— (1—0)s+ 0t (2.3)
be the future skill of a student of skill s who chooses a teacher of skill ¢ and
2 KX K —=R:(w,m)— (1—-60)w+0m

be the effectiveness of a team with a worker of skill w and a manager of skill m.

With these functions, we can estimate the general benefit of pairing a student of type s with a teacher
of type t to be cbg(zg(s,t)) where ¢ > 0 is fixed. Similarly, the productivity of a worker of skill w with

a manager of skill m is by, (zr,(w, m)).

The functions bg and by, can theoretically be as general as we wish them to be. In order to ensure
that the wage functions are positive, non-decreasing and convex, we restrict by and b;,. We assume bg
and by, are both strictly positive, increasing, convex, and twice differentiable. More precisely, we suppose

both functions and their derivatives satisfy the following positive lower bounds:

0 < bgy = bgpl0) (2.4)
0 < Vg = infepn by, k).

A case of interest is when bg,;, is an exponential function, because it means that the production func-
tion is a transformation of the Cobb-Douglas production function with constant returns to scale. The

logarithmic transformation allows the objective function to be convex and for by, to satisfy (2.4).

The distribution of students is assumed to be known and constant. We will denote it by a € P(A).

2.6 Steady State Model

In this model, the goal is to find an optimal measure, €, correlating students to teachers and an optimal
measure, \, correlating workers to managers. Let IV be the number of students a teacher can teach, and

N’ be the number of workers a manager can supervise.

The distribution of adults will be induced by zg and the pairing of students/teachers e through the

formula: k = zpge. These measures are found solving the following linear problem (see [13]):
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max / cbp(zp(s,t))de(s, ) + / br (2 (w, m))dA(w, m) (2.5)

0<e,A Jaxk KxK
s.t. Q=T ue i.e. the distribution of students is known and (2.6)

T 4€ TouA . N o
ZEy€ = N + g+ N i.e. the distribution of adults is induced by zg and e.
(2.7)
The measure of adults’ skills k is the sum of the measures of teachers’ skills (/@t = sz;e), workers’
A
skills (/#” = #)\), and managers’ skills (/{m = Wj\?,

Let v : K — R be the wage function for adults and v : A — R be an indirect utility for students,
then the dual problem of (2.5) is:

inf /A u(s)a(s)

u,v

o(t)
N
v(m)

N/

st.  cbr(zr(s,t)) +v(ze(s,t)) <u(s)+ i.e. the education market is stable and (2.8)

br(zr,(w,m)) <v(w) + i.e. the labour market is stable.




Chapter 3

Dynamics of a coupled education

and labour matching over generation

In this chapter, we use overlapping generation models with two overlapping generations to study edu-
cational choices. Students have heterogeneous abilities that influence their personal educational choices
and choices of their future profession. The educational choices for a fixed generation will generate a new
distribution for the skills of the adult population of the next generation. The focus of the study is on
the dynamic of the distributions of skills of the adult population over different generations.

We fix an initial distribution of skills for the adults, 1, a measure on K, which isn’t necessarily
related to the students’ distribution of abilities. We create a sequence of distributions of adults’ skills
determined, at every step ¢ > 1, by the students’ distribution of abilities and educational choices of
students from the previous generation found in step i — 1. We study the dynamic of the sequence of
measures representing the adults’ distribution of skills.

There are many ways to model the overlapping generation problem we want to study. We will present
two of them. Both will use the same production function and make the same hypotheses as [27] and
[13]. For the first model, we assume that the students have incomplete information. That is, students
have to estimate their wage as adults based only on the wage functions of previous generations. For the
second model, we study a complete information model in which we study all generations together. This
allows for students to rationally forecast their exact future wage.

Overall this chapter introduces two new models describing a society with an education and a labour
market that evolves from one generation to another according to individuals’ educational choices. By
deriving a closed form representation of the dynamics in terms of the inverses of the cumulative dis-
tribution functions of the adults’ skill distributions, we are able to solve these models explicitly. In
the incomplete information model we prove, under certain conditions, that the sequence of adults’ skill
distributions converge to an adults’ skill distribution associated to a solution for the steady state model
studied in [13]. When this is the case, we can use these solutions to find explicit solutions for the steady
state model by studying the limiting case.

To formulate the complete information model with an infinite time horizon we use discounting to
guarantee convergence. We characterize the limit of this model as the solution of a steady problem with
discounting, proposed here for the first time. Unlike the other models discussed, this model is not purely

variational, but rather takes the form of a family of variational problems depending on parameters plus

11
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a self-consistency condition relating the parameters to the solution. We sketch a duality theory for this
family and employ the techniques described above to deduce that for a suitable choice of parameters, a
self-consistent solution exists and is the unique limit of the time dynamics.

The main results of this chapter are Theorems 3.4.4, 3.5.3, and 3.6.4. Theorem 3.4.4 proves that for
any initial distribution of skills, the sequence of distributions over infinite generations will converge to
a predetermined distribution under suitable conditions. Theorem 3.5.3 shows that, if the sequence of
wage functions evolving from one generation to another is convergent, sequences of solutions converge
to a solution to the steady state model from [13]. Note that we give conditions for the sequence of wage
functions to be convergent in Proposition 3.5.2. Finally, Theorem 3.6.4 gives conditions under which
solutions of the complete information model converge to solutions of a new steady state model which
include a discounting factor.

This chapter is organized as follows: Section 3.1 introduces the model with incomplete information
and Section 3.2 introduces the model with complete information proposed in this chapter. Section 3.3
extends results from [13] to our models and gives preliminary results. Section 3.4 studies the dynamic
of sequences of adults’ distribution of skills and Sections 3.5 and 3.6 separate the study of the limit of
a sequence of solutions for the incomplete and the complete information models. Using results from
Sections 3.4 and 3.5 we construct explicit solutions for the steady state model from [13] in Section 3.7.

To complement this section, a finite time horizon version of the complete information model is
introduced and used to prove some facts about the complete information model in Appendix B. In this
chapter, we will use constants and functions defined in subsection 2.5. This chapter is joint work with
Robert McCann.

3.1 Incomplete Information Model

We propose two models. For the first, suppose that students don’t have all the needed information to
optimize their educational choices. That is, they can’t forecast their wage as adults and they have to
estimate it. There is an important decision to be made in this case. That is, how to approximate a
student’s future wage? In this chapter, we assume every student will use the same approximation: they
will use the wage function for the previous generation of adults to represent the wage function when
they become adults. This allows the model to stay simple and maintain some semblance of realism. One
could also use the wage function for the current generation of adults or any other wage function such as
a combination of wage functions from previous generations.

We model this problem with a sequence of infinite dimensional linear problems. Each of these
problems optimize the total production for one generation. For the first generation, we begin with an
initial distribution for adults x; and an estimated future wage for students ¥; assumed to be positive,
convex and non-decreasing.The goal is to identify a matching e; € P(A x K) between students and

N’ N—1
N N'+1

To do so, we solve an optimization problem. The dual of this optimization problem seeks competitive

teachers and a matching Ay €

P(K x K) between workers and managers for the first generation.

wage functions v; : K — R and u; : A — R.

We will present both the primal incomplete information model (3.1) and the dual incomplete informa-
tion model (3.4). Their optimal solutions, (e, A) and (u,v) respectively, form a competitive equilibrium
[26]. That is, solving the primal problem (3.1) is equivalent to solving the dual problem (3.4). The primal

problem optimizes the estimated production of the entire society by allocating a role and a matching
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partner to each individual. This means that, given a distribution of abilities for students and a distribu-
tion of skills for adults, it finds matching measures ¢ and A. The dual problem finds optimal wages that
minimize the sum of all the wages individuals will get. That is, it takes the point of view of someone who
owns the entire society and hires every individual. This fictitious owner wants to pay as little as possible,
but has to pay at least as much as the individuals are producing in order to retain them; otherwise his
workforce would be unstable. The fact that the primal and dual problems are equivalent, means that
the optimal labour matching A produces enough to pay the workers and the managers according to the
optimal wage function v and the optimal educational matching e produces enough to pay the teachers
their expected salaries and to satisfy the benefit from education u. In other words, the matchings (e, A)
and wages (u,v) combine to satisfy the estimated budget constraint.

Once we have a competitive equilibrium for the first generation, we set k2 = zpye; to be the
distribution of adults for the next generation. We now consider the same optimization problem, but
with the distribution of adults being ko instead of x1 and the estimated future wage function for students
to be 3 = v1. We iterate this process, always setting k;11 = zpg€; and 0,41 = v;.

At every step i, we fix k = k; € P(K) to be the current distribution of adults, and ¢ = ¥; to be the
estimated future wage function for students at step i. At each step, the linear optimization problem to

solve is:

max/ (ch(zE(s,t))+ﬂ(zE(s,t))>de(s,t)+/ br (20 (w,m))dA(w,m) s.t. (3.1)
AxK

0<e KxK
=Ty i.e. the distribution of students’ skills is known and (3.2)
e TopA
K== +mipA+ 7 (3.3)

The second constraint (3.3) represents the fact that the distributions of teacher, worker and manager
skills sum to the known distribution of adult skills. The objective function represents the external benefits
from education plus the expected future wages of the current students, plus the total production of the
labour market. The constraints represent the fact that the distributions of student skills and adults

skills are known.

For fixed k and 0, we can associate to (3.1) the following dual problem:

inf /A u(s)a(s)+ / o(k) (k) (3.4)

U, K

t
s.t. cbr(zp(s,t)) + 0(zp(s,t)) < u(s) + M i.e. the education market is stable and  (3.5)
v(m)

N/

br(zr,(w,m)) < v(w) + i.e. the labour market is stable. (3.6)

The proof that the values of (3.1) and (3.4) coincide, and that both are attained (called strong duality)
parallels the proof of duality in [13] and uses the doubling condition

/ a(da) < C o(da). (3.7)
[a—2Aa,a] [a—Aa,a]

(see also Section B.1). More precisely the infimum (3.4) is attained by a pair of continuous convex
functions u,v on K which formal asymptotics suggest remain bounded near k [13]; we’ll generally

assume this boundedness for simplicity.
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The dual problem represents the perspective of someone that has to pay wages to the adults and
give students their benefit for education. It minimizes the wages to pay, under the constraint that the
individuals receive enough to be retained.

The wage function for generation ¢ is v; = v, where v is an optimizer of (3.4) with k = k; and ¥ = ¥;.
The function u represents the personal benefit of education. By assumption, 9,11 = v;.

One goal of this chapter is to study the evolution of the sequence of measures { x; } obtained by
solving a version of (3.1)—(3.3) and (3.4)—(3.6) for every generation, to obtain (e;, A;; u;, v;) = (€, A;u,v)

from (k,?) = (K4, 0;) at the ith iteration. In other words, setting
GI : (Iﬂi,’ﬁi) S P(K) X C(K) — (ﬁi+171~)72+1) = (ZE#EZ‘,'Ui) S P(K) X C(K) (38)

it is equivalent to study the dynamics of iterating G'. Note that G! depends on «, bg, by, N, N’, 6 and
o'
Before we study (3.1) and the dynamics of G!, we introduce another model. The general idea is the

same, but we assume students can forecast their future wages with complete accuracy.

3.2 Complete Information Model

This section proposes a model for a problem that is similar to the one presented in Section 3.1. The only
difference is that students know what their salary will be once they become adults. To ensure knowledge
of future wages, we need a model that will solve all generations at the same time.

Let k1 be an absolutely continuous Borel probability measure that represents the initial distribution
for adults. The goal is to optimize the society’s total production over all future generations, by separating
adults by profession, i.e. worker, manager and teacher, and by matching workers to managers and

students to teachers. That is, we are seeking sequences of measures
{e bty and {2,

where ¢; represents the matching between students and teachers for generation ¢ and \; represents the
labour matching for generation i. These measures have to satisfy the following population (or market

clearing) constraints:

T14€ =« 1=1,2,...

i.e. the distribution of students’ skills is known,

1 1
771#)\1 + ﬁﬂ?#)\l + Nﬂg#el = K1
i.e. the first distribution of adults’ skills is known, and
1 1 .
7r1#/\i+7,7r2#/\i+NWQ#Q’:ZE#Q’—I 1=2,3,...

i.e. distributions of adults’ skills are induced.

The last set of constraints represents the fact that the sum of the teacher, worker and manager skills

at generation ¢ agrees with the distribution of adult skills at generation ¢ induced by the education
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matching at generation ¢ — 1.

The goal is to optimize the total productivity of the society. We introduce a discount factor e=#
(take 8 = 0 to remove it) to represent the fact that immediate gain is more valuable than future gain.

The proposed complete information model then is the maximization:

C(k1) := sup Ze’&(/ chozEdei—&—/ bLozLd/\i> (3.9)
A, AxK KxK

T146€4 =« .
s.t.{ i=1,2,...
T + N,7T2#)\ + 7T2#€z = ZE4€i—1

where €9 = (1 x 1)4k1 by convention.

Note that the future wage function for students does not appear in the objective function. This
is because the future skill of students will actually be included in the model for their role in the next
generation. In (3.1), students’ estimated wages are used in the objective function to represent their

future contribution to the society, but this is not relevant in this new model.

By using a finite time horizon T < oo to approximate this infinite time horizon model, we will show

in Section B.1 that the dual of this problem is given by the T" — oo limit:

C(r1) = inf_ /K e Py (k)dry (k +Ze i / s)da(s) st (3.10)

(ui sVq )1‘:1

1
u;(s) + Nvi(t) > cbp(zp(s,t) + e Pui(zp(s,t))  i=1,2,... educational stability;
1
v (w) + ﬁvi(m) > by (z(w, m)) i=1,2,... labour market stability.

Let

H® :P(K) - P(K)

K1 K2 = ZE4€1 (3.11)

be a function that sends the initial distribution of adult skills to the distribution of adult skills at the
next generation. Note that H¢ depends on «, f3, bg, by, N, N, 6 and ¢’.

A priori it is not evident that x;1; = H(k;), except in the defining case i = 1. However, in the
next subsection, we will re-express (3.9) in order to show, in Corollary 3.2.4, that ;1 = H%(k;) for
all i > 1. The proof is inspired by dynamic programming. Indeed, we’ll show that optimizers of (3.9)

satisfy a functional equation. Our goal thereafter will be to study dynamics of G! and HC.

Also, it is not evident that H® is well defined. In fact, H® will only be well defined when ¢; in the
solution of (3.9) is unique. This will be the case, whenever v is strictly convex, increasing and bounded
because in that case all following v; are also strictly convex and increasing from Proposition 3.3.1 and

then optimizer (e;, A;)$2; will be unique (see [13, Theorem 15]).
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3.2.1 Dynamic Programming Description

We begin by re-expressing the problem (3.9) using a functional equation. To do so, we need some new

notation. Let
N :P(K) — 2PE) (3.12)

(N is for next) be a set valued function that sends each distribution of adults’ skills x; € P(K) to the

set of feasible adults’ distributions of skills for the next generation. That is,
1
N (k1) = {ng € P(K)|3e € P(A x K) such that m; 4 = a, N T2 < k1 and zgye = KJQ} .

We define the set of countable sequences, S, of feasible adults’ distributions of skills for generations

following an adults’ distribution of skills x; by:

S(k1) = {{m }fil € ﬁP(K) Kiv1 EN(k;) foralli=1,2,... } . (3.13)
i=0

For consecutive adults’ skill distributions (k;, k;41), the space of possible matching, M, is defined as

N'N -1 mpe=a
M(Oé,lﬁ:i,liprl) = (6,)\) € P(A X K) X 7773(]( X K) T At 37 T2 g A F R T2 €=k, (314)
N N'+1 ZE4€=Kit1

We define the optimal production, P, for a sequence of feasible adults’ distributions of skills to be:
P:S(k)—R

{"ﬁi }fi1 = sup Z e P (/ chg o zpde; + / b, o ZLd)\Z) . (3.15)
{ei, i }i2 st i—1 AxK KxK
(ei,Xi)EM (av,kiyki41)

We restate (3.9) as the supremum of the optimal production for any finite sequence of feasible adults’

distributions of skills.

Lemma 3.2.1. For any k1 € P(K) the complete information model (3.9) can be restated as follows:

C(k1) = sup P ({ri}2)),
{ri}2,€8(k1)

where C' is defined in (3.9) and P is defined in (3.15).

Proof. First, we prove the inequality:

C(k1) < sup P ({ri};2,)-
{ri}2,€8(k1)

Let { (7, ") };=, be such that

1 .
Clk1) < —+ 6751/
(k1) < — ; ;

oo
chozEdeerZefﬂi/ by o zpdAT.
XK i=1 KxK
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Let k7 = k1 and K]' = zgyel 4 fori € {2,3,...}. Then, { &} };°, € S(k1). Thus,

oo
cbg o zge] + E e_ﬁ’/ br, o zp A
x K i=1 KxK

s P} =3 [

{ri}2,€5(k1)

Taking the limit when n — oo, we get

sup  P({ri}iZ)) = C (k1)
{ri 132, €8(m)

Now, we prove the other inequality. We fix k1 and let { ! };°, € S(k1) be an approximate optimizer

for

sup P ({mi};2))-
{51 }32,€8 (1)

Then for all n there exists { e;"™, A" }7°  such that (e"™,A\""™) € M(a, K, kiy1) and {e "™ A" 12

is an approximate optimizer for

00

sup E eiﬁl/
{ei,Ai }52, st i—1 A

(fiy)\i)eM(o‘vﬁva‘ZQ»I)

o0
chozEei—i-Ze*Bi/ br oz ;.

x K =1 AxXK

For all n,m, the set of measures {e;"™ A"}~ is feasible for C(k1). Thus, taking the limit over n

and m, we have

Clr) =  sup  P({mi}Z)-
{1 132, €8(m)

Let

Pk, ka) = sup 6_6/ br ozp A+ e_’@/ cbg o zge (3.16)
(e, N)EM (a,k1,K2) KxK AxXK

be the optimal productivity of a generation whose adults’ distribution of skills is 1, given that the

distribution of skills for the next generation of adults will be k2 and the students’ distribution of abilities

is a. With this definition, we have:

oo

P({ri}2,) = Zeiﬁ(ifl)P(Hqu‘H)-

i=1

We want to show that C'(k1) from (3.9) satisfies the following functional equation:

C(w1) = sup )7’(&1,%2)+e‘50(ﬁ2). (3.17)

That is, the full productivity of all generations, given that the distribution of skills for the first gener-
ation of adults is k1, is the supremum of the optimal productivity of the first generation plus the full

productivity of all following generations, over all possible distributions of adults’ skills for the second
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generation k5. This would imply that:

H(m) € argsup Pls, w2) + e Clr)
k2 €N (K1)

and the analogous formula (3.23) for ¢ > 1.

In order to show that C satisfies (3.17), we need the following lemma.

Lemma 3.2.2. For all { k; };=, € S(k1) we have:
P({ri};2y) = Plrrsa) + e P({ri 12, ),
where S, P and P are defined by (3.13), (3.15) and (3.16).

Proof. First, we simply use the definition of P:

P({r;}°,) = su e*ﬁi/ cbg o zpe; + e*ﬁi/ br oz |.
({ri}iZ1) p (; o ; L

{ €i,\i }zl s.t.
(€3, M:)EM (0t,Ki,Ki41)

Now, we separate the first term of the series and then we use the definition of P and P.
o0 oo
P({ki}iy) = sup Ze‘ﬁz/ bLozL)\i—l—Ze_m/ cbp o zp€;
=2 AxXK AxXK

{eiXi}72, st i=2
(€i,Mi)EM (cv,kiskit1)

+ sup 6_5/ br, o zp A + 6_5/ cbg o zgeq
(e1,A1)EM (r,k1,K2) AxK AxXK

:e—BP( {ki}i2y) + Pk, k2)

O
Proposition 3.2.3. For all k1 € P(K), C(k1) defined by (3.9) satisfies (3.17).
Proof. The proof follows the proof of [36, Theorem 4.2]. By Lemma 3.2.1,
Clr)= s P({r}),
{ki }32,€8(K1)
which can be restated with the following two properties:
V{ri}iZ, € S(k), Clr1) = P ({ri };21); 3.18)
Ve >0, 3{R; }ioy € S(k1) s.t. C(k1) <P{Ri}io) +e (3.19)
To prove that C(k2) satisfies (3.17), we’ll show the following two properties:
Vo € N (k1) C(k1) > e PC(ka) + P(k1, Ka); (3.20)
Ve > 0, 3k € N (k1) s.t. C(k1) < e PC(ka) + P(k1, K2) + €. (3.21)

First, we show that C satisfies (3.20). Fix k1 € P(K) and € > 0. Let ko € N (k1), by (3.19), there
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exists { k; };—, € S(k2) such that

P({ki}y) > Clro) —e. (3.22)
Thus, we have
C(k1) > Pk, { ki }=y) by (3.18)
=e¢ PP({r;}i2y) + P(k1, K2) by Lemma 3.2.2
> e PC (kg) — e Pe+ Pk, ka) by (3.22).

Since € > 0 and ko € N (k1) were arbitrary, this shows (3.20).
Now we prove (3.21). Fix x; € P(K) and € > 0. From (3.19), there exists { x; };=, such that

C(r1) < P({ri}2)) +e
= P(k1,k2) + efﬁP( {Ki}ioy) +e by Lemma 3.2.2
<Pk, ko) +e PO({ki}2,) +e by (3.18).
Letting € — 0 yields the claim. O

Corollary 3.2.4. The function H defined by (3.11) satisfies:

Hc(m) € argsup Pk kir1) + e_BC(ﬁi+1) (3.23)
Kit1EN(K;)

for all i, where N is defined in (3.12), P is defined in (3.16) and C is defined in (3.9).

In Appendix B, we introduce a complete information model with finite time horizon. We prove in
Section B.1 that in this case, strong duality holds and in Section B.2 that our infinite time horizon model

can be expressed as a limit of the finite one.

3.3 Analysis of the Models and Preliminary Results

Before we study dynamics of G! and of H, we need various results about the optimization problems
(3.1), (3.4), (3.9) and (3.10).
Given a wage function for adults v, a benefit from education function for students u and an expected

future wage function for students v, we can define the wage functions for different roles of adults:

Vo (u,v,0) = (U, Uy Vt) (3.24)
where v,,(k) = su% br(z(k,m)) — UX;L),
v (k) = N' sup by (2 (w, k) — v(w) and
weK
ve(k) = ngg cbr(zp(s, k) + 0(zp(s, k) —u(s).

The subscripts indicate the roles; w for worker, m for manager and ¢ for teacher. Although we generally

deal with bounded convex payoffs u,v > 0 which extend continuously to K, should we wish to allow
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unbounded payoffs we augment the definition of v; with the convention co — co = 0o as in [13].

Note that in the complete information case, we can find wage functions for different roles at every
generation with V(u;, v;, e Pv;41). The wage functions for the steady state model (2.5) can be recovered
from V(u,v,v).

Because we assumed that bg and by, are increasing and strictly convex, (and we will only consider
¥’s that are non-decreasing and convex) we can see, from the structure of V, that v will be convex
non-decreasing and strictly convex increasing as long as ¢ is or ¢ > 0. To make this idea more precise
we need Lemma 2.1.6 which allows us to quantify the derivative of the wage function for a fixed type of
adult.

The next proposition gives conditions that ensure that the wage functions v of (3.4) and v; of (3.10)

are convex and non-decreasing and are equal to the maximum of the wage over the various professions.

Proposition 3.3.1. Fiz ¢ > 0, 6,0’ € (0,1) and N,N' > 1. Let A = [0,k) and let o be a Borel
probability measure on A satisfying the doubling condition (3.7) at a. Define zp/r and bg/p as in
subsection 2.5.

If v < b is increasing and strictly convex, then the infimum (3.4) is attained by convex, non-decreasing

functions (u,v) satisfying

u(s) = sup cbp(zp(s, k) + 0(zr(s, k) — v(k) (3.25)
keK
and

v = max { Uy, U, Ut },

where (Vy, Um,v¢) = V(u,v,0) is defined by (3.24).

If ¢ > 0, the infimum (3.10) is attained by conver, non-decreasing functions (u;,v;)2; satisfying

u;i(s) = sup cbp(ze(s, k) +vit1(ze(s, k) — vi(k)
keK
and

Vi = max{vfu,vin,vti},

where (vi,,vi,,vi) =V (ui, vi, e Pviq1).

Note 3.3.2. This proposition relies heavily on the hypotheses we made in subsection 2.5 that bg and by,

are both strictly positive, increasing and strictly convex.

Note 3.3.3. It might be surprising to the reader who knows the work of [13] to see that we don’t need to
introduce a perturbed problem in order to show that dual functions (u,v) are non-decreasing and convezx.
This is because the wage function for teachers, v, is not recursive in our cases. For the same reason,
we don’t need to contemplate the possibility of unbounded wages or wage gradients in our models, except
perhaps in the long time limit. Therefore, we don’t need to assume a priori that v is non-decreasing
and convez in order to conclude that v, is also non-decreasing and convex. For the infimum of (3.4), it
suffices to assume that ¥ is non-decreasing and convex. For the infimum of (3.10), we approzimate the
problem by a finite version and assume the wage function of the last generation is non-decreasing and
convet.

We still need a perturbation of our problems in order to show that v = max { vy, U, v }. We won’t

give a full formulation of such a perturbed problem here and refer to [13] for details.
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Proof of Proposition 3.3.1. Let (u,v) be feasible for (3.4). Let © = max { vy, v, v¢ }, where
(vwv Umy Ut) = V('U/, v, 'D)

First, we prove that © is continuous on K, and convex and increasing on K following the proof of [13,
Lemma 5]. To do so, we’ll prove that v,,,,,/; are all convex increasing.

We start with v;. First, we’ll assume ¢ and bg are twice differentiable. Define
fla, k) = cbp(zr(a, k) + 0(zp(a, k)).

As by assumption, bg and ¥ are convex increasing and zg is linear, we have that f is convex increasing in

both variables. By Lemma 2.1.6, v¢(k) = N sup,c 4 f(a, k) — u(a) is also convex increasing and satisfies

vy > N (b + inf, 9/(b)) >0
vy > N§? (cb’é 4+ infy ﬁ”(b)) > 0.

If 9,bp ¢ C%(K), we can approximate it uniformly on any compact subset of K by C? functions o7.
Using the same reasoning, we’ll get that vg is convex increasing. Thus, taking the limit, v; is convex
non-decreasing.

Now, we consider vy, /,,,. We apply Lemma 2.1.6 with f(w,m) = by (21 (w,m)) which is jointly convex
and increasing in both variables. If by, isn’t C?, we can approximate it by functions that are. We get

the following bounds:
(1= 0", < fulw,m) < (10D,
and
Fww(w,m) > (1 0')%b].

Those bounds and Lemma 2.1.6 imply that v, is also convex non-decreasing. Similarly, we can show
that v,, is convex non-decreasing.

Thus, we conclude that o is convex non-decreasing and satisfies:
7’ > min {(1 — )b, N'0'b,, N§ <cb'E + irgff)’(b)) }
?” > min {(1 — 0%, N'0"%b], No* (cb}g +inf f/’(b)) } :

Because 7 is convex non-decreasing on K, it is continuous on K.

Now, we show, also following the proof of [13, Lemma 5], that u satisfy (3.25) and is continuous
on A, and convex and increasing on A. As we assumed that u is an optimizer, it has to satisfy (3.25),
otherwise we can lower the objective of (3.4) by replacing u by the right side of (3.25). Using Lemma
2.1.6, we can get a lower bound on «’ and u” from the fact that bg and ¥ are convex and increasing and
we conclude that u is convex and increasing.

Now, we’ll prove that there exists optimizers for (3.4). To do so, we’ll first add the extra hypothesis

that feasible v are convex and non-decreasing and in that case use [13, Lemma 11] to have an optimizer.
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We will then show that these extra hypotheses on v are non-binding. First, note that feasibility of

(u,v) = (b+ cbg, by ), where b is an upper bound for 7, yields an upper bound:
b+ cbp + by,

for (3.4). Then [13, Lemma 11] allows us to extract from any approximating sequence of optimizers an
optimizing pair (u,v) for (3.4) satisfying (3.5), (3.6) and the extra condition that garantees that v is
non-decreasing and convex. Fatou’s lemma ensures that (u,v) minimizes the objective.

Now we prove that v = max { vy, Vm, vy } by following [13, Theorem 13]. First, we suppose that x is
supported on K. Let o = max { vy, Um, vt }. Feasibility of (u,v) implies v > ©. If n = v — ¥ is positive
somewhere, it is positive on an interval where no constraints can be binding. For small A > 0, we define
the perturbation v* := (1 — A\)v + Av. We will show that the pair (u,v?) is feasible. Thus, unless 7 = 0
on all K, (u,v*) lowers the objective functional. This is a contradiction, which implies that v = v.

If spt & ; K, we can introduce a perturbed problem with spt k5 = K and lims_,g ks = k in order to
show that v = 2.

Now, we show (u,v?) is feasible. First, we show that v* satisfies the stability of the labour market’s

constraint (3.6). Since v* =v — A\ =+ (1 — \)n, for any w,m € K, we have:

A v (m) - v(m) A
o)+ b e ) = 9(0) + S by o )+ (1= W) — sgy(m)
2 (12 (1 5ty ) )
and
vMm v(m —
o w) + by e ) = w(w) + S by g ) — M) + ()

()

If n(m) = n(w) = 0, then (3.6) is satisfied. If both n(m),n(w) > 0, taking A < 1/2 ensures that (3.6) is
satisfied. The same is true if one of n(m) or n(w) vanish.

Now, we prove that (u,v?) satisfies the stability of education market constraint (3.5). Because v > v,
by adding u(s) — cbg(zg(s,t)) to

A1)
N

~ el ) = M en(s 1)+ 00 + (s 1),

and considering constraint (3.5), we get

A ()

u(s) + 7 = cbe(ze(s, 1) — v\ (zp(s,) 2 1-A

— 1) + Ai(zp(s, 1)) 2 0.
This shows that (u,v?) is feasible and therefore, that o = v when (u, v) is an optimizing pair of (3.4).
Finally, we proved that v is strictly increasing and convex so the extra assumption that v is non-
decreasing and convex are non-binding.
o0

For the complete information model (3.10), we can optain an optimizing sequence { (u;,v;) },-,

similarly. First, we add the extra assumption that for all ¢, v; is non-decreasing and convex. Note that
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wi, ;) o8, = { (b + cbg,br) } is feasible because 1+ + > e . So
{ (uivi) 12y = A{( .br) } N

-8 e B

2—e P
-B
e *5bL+1_e*B

b
1—e “rB

is an upper bound for (3.10). Thus, there exists a sequence of approximate optimizers { { (u?, v}) }zl }jil
for (3.10) with extra assumption that v; are convex non-decreasing.

By [13, Lemma 11], we can extract a converging subsequence for i = 1. Let j; be the indices of
this subsequence. We then extract a converging subsequence of (uél,vgl) for ¢ = 2 and continue in this
It vj’“) converges for all ¢ < k. We can then use a diagonal

1 7

fashion to get subsequences ji such that (u
argument! to get a subsequence such that (uf , vf ) — (u4,v;) converges for all 7.

By Fatou’s lemma, { (u;,v;) };=, minimizes (3.10).

The proof that the infimum of (3.10) is attained by strictly convex, increasing functions (u;,v;)2,
uses the finite horizon problem introduced in Appendix B. For the finite horizon problem (B.2), the
proof is done by induction over a perturbed problem. Indeed, we need to include v; in the objective
functional of (3.10) for all <. To do so, we can use a perturbed problem as the one from [13]. Then if we
assume for fixed 7 the wage function, v;, is continuous and convex non-decreasing, we can use a proof that
is identical to the proof in the incomplete information case to show that v;_; = max { v}, vl vl }
is continuous on K and strictly convex increasing on K (strictly convex and increasing because ¢ > 0).
As we assume that vy is continuous and convex non-decreasing, we conclude that all v; are strictly
convex and increasing.

As we prove in Corollary B.2.3 that optimizers of (B.2) converge to optimizers of (3.10), we conclude
that optimizers of (3.10), v;, are non-decreasing and convex. Coupling this with the fact that strict
convexity and growth of v; is bounded, we get that optimizers of (3.10), v;, are in fact increasing and

strictly convex. O

Corollary 3.3.4. The wage functions v; solving the incomplete (3.4) and complete information models
(3.10) are continuous on K and K respectively, and they are differentiable almost everywhere on their

domain.

The next proposition presents conditions to ensure the existence, uniqueness and positive assortativity

of primal optimizer.

Proposition 3.3.5. Fizc >0 and 0,0’ € (0,1). Let A= K = [0,k) and fiz a Borel probability measure
a > 0 and a Borel measure k1 > 0 both without atoms on A such that o satisfies the doubling condition

(3.7). Let © be a positive, increasing and strictly convezx function. Define
zp(a, k) = (1 —0)a + k.

There exists mazimizers (e, \) (resp. (€;,\;):2,) of (3.1) (resp. of (3.9)).
Then, for any mazimizing €, of (3.4) and (e;, A;)2, of (3.9): A and \; are positive assortative (see
definition 2.1.4). Moreover, there exists a pair of optimizers for both problems such that € and €; are

also positive assortative. For those € and €;, there exist non-decreasing functions ¢, ¢; : A — K uniquely

LA similar diagonal argument is used in the proof of Lemma 2.2.1 (c).
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determined «-a.e. such that

€:(1X¢)#0[7
€6 =1 x¢;))yaforali=1,....

The measures A and \; are unique. If ¢ > 0 then € and €; are also unique; if ¢ = 0 this uniqueness

extends to the incomplete information model provided v is strictly convex.

Proof. To prove existence of primal optimizers for (3.1) (resp. (3.9)) we follow the proof of [13, Lemma
17]. Given the shape of the constraints, feasible pairs for (3.1) (resp. (3.9)) form a weak-+ compact
subset of C(A2)*, (resp. of (C’(fp)fil)*). As the linear functionals we are trying to optimize are weak-x

continuous, the maximum must be attained provided the set of feasible measures is non-empty.

To see that the feasible set of (3.1) is non-empty, let k; be the largest element of K such that

f:t K1 = %, and let € = a X N:‘ﬁ}l‘(k)t,];). Then we let k,, be the largest element of K such that
ke _
Jer F1 = yixryy and let A = w1l k) X N'Ki(k,, k,)-

To see that the feasible set of (3.9) is non-empty, we use the same construction to get €; and A;. We
then get €; and A; for 7 > 1 by setting x; = zpg€; 1.
Strict positive assortativity of A, \;, and positive assortativity of €, €; is proven as in [13, Theorem

15]. We will present the proof in the incomplete information setting. Let

vu(t)

f(s,t) = uls) + —

— cbp(zr(s,t)) — v(zr(s,t)) >0

and
v(m)

N/
As the problem satisfies competitive equilibrium?, we have that e(f) = A(g) = 0. Therefore, the support

glw,m) =v(w) + —br(zr(w,m)) > 0.

of € is contained in the zero set F C A x K of f and the support of A is contained in the zero set G C K2
of g.

Now, as by, and v or cbg are strictly convex, f and g are strictly submodular. Thus, their zero sets
F and G are non-decreasing.

We will show that the measures € and ¢;’s are unique because f is strictly submodular, and that the
measures A\ and A;’s are unique because g is strictly submodular. First, we prove that € is unique. As f is
strictly submodular, except potentially for a countable number of vertical segments, the non-decreasing
set G is contained in the graph of a non-decreasing map ¢ : A — K. Any measure ¢ € P(A x K) such
that m14€ = o has no mass on these segments because a doesn’t have any atoms. Since the maximizer
e vanished outside the graph of ¢, it is uniquely defined by € = (1 x ¢)xa.

To show that A is unique, we assume there exist two optimal matchings for the labour sector: \;
and Ay. One can show that as o doesn’t have any atoms, neither does k; or the measures of workers
and managers: m14A; + ﬂzﬁ,)‘i for i =1,23. Let AN = XAy — \;. We know that A, Ao and therefore A\

must vanish outside G. Once again, G' has at most countably many vertical and horizontal segments,

but A\; doesn’t charge them, because k; doesn’t have atoms. The positive part of the marginals of A\,

2Ie. there is no duality gap. For the proof that there is no duality gap between (3.1) and (3.4) see [13] and for the
proof that there is no duality gap between (3.9) and (3.10) see Section B.1.
3See [13, Lemma 14].
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m14 AN and T AA must have the same mass. Also, by feasibility,
N/7T1#A)\+ - N’Wl#A)\, + Mo ANy — Tau AN = 0.

As the positive and the negative parts of a measure have disjoint support, it means
N’ﬂl#A)\+ =Ty AN ( and N'ﬂ'l#A)\_ = WQ#A)\+) .

Since m1 4 ANy and T34 AX_ have the same mass, we have a contradiction, as N > 1. O

The following lemma gives conditions that ensure that the distribution for skills of adults is without

atoms.

Lemma 3.3.6. Let A= K = [0,k) and let o be a Borel probability measure without atoms on A. Define
zp(a,k) = (1 — 0)a + 0k. Let € be a positive assortative measure on A x K such that mye = a. Then

Kk = zgu€ has no atoms.

If a € L* then k € L™ also. More explicitely, when X!, > e. we have X|, > €. (1 —0), where X,

(resp. X, ) is the inverse of the cumulative distribution of a (resp. k).

Proof. The proof of the first claim follows the proof of [13, Lemma 14]. As € is positive assortative,
its support is non-decreasing, which means that almost everywhere, spt (¢) C graph(k;) for some non-
decreasing map k; : A — K. From [1, Lemma 3.1], e = (1 X k), a.

The function f(a) = zg(a,k:(a)) is non-decreasing and x = fua. Moreover, the derivative of f

exists almost everywhere and is such that [/ > ﬁ. Therefore f is one-to-one and there exists a
function g : K — A such that ¢’ <1 — 6 and g(f(k)) = k for every non-decreasing extension f of f.

For all K’ C K, we have
K(K') = a(fH(K")) = a(g(K")).

As this function is valid when K’ is a single point and we assumed that a has no atoms, we conclude

that x has no atoms.

We express the probability measures « and k in terms of non-decreasing random variables:

Xo0:[0,1] 5 A
7 +— ability of a student in the r-th percentile
X, :[0,1] - K

r +— ability of an adult in the r-th percentile.

When o € L, then there exists an €, > 0 such that X,’ > €.. The inverse function of the random

variable X, (resp. X,) is the cumulative distribution of « (resp. k): F, (resp. F)). By the inverse

4Recall that o € L™ is equivalent to existence of an ec = 1/||a||oc > 0 such that X/, > ec.
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function theorem, we have that F,’ < Ei By definition of a random variable, we have

Fn(k) = K([ka)

By taking the derivative with respect to k, we get:

F (k) =g’ (k) Fg (9(k))
1

< ec(1—0)

So by applying the inverse function theorem again, we get that X,.'(k) > e. (1 — 0). O

The next theorem gives conditions for the skills of teachers to be weakly above the skills of managers
which will themselves be weakly above the skills of workers. This is an example where the rank function

that sends the rank of students to the rank of their teachers R is the same for any generation.

Theorem 3.3.7. Fizc>0,0,0' € (0,1) and N,N' > 1. Let A= [0,k) and let o be a Borel probability
measure on A satisfying the doubling condition (3.7). Define zg(a, k) = (1—0)a+0k and bg,1, satisfying
the bounds (2.4). Assume

Nocbly > b, max {N'0/,1— 0"} (a)

and

b, ((1 — 0+ 0 ) i
NG > (1—0)s
> (=0 = )

(b)

If © is non-decreasing and striclty convez, then the optimal measures (¢, \) of (3.1) are completely
determined by the fact that the skills of workers are below the skills of managers which themselves are
below teachers’ skills and that € and A are positive assortative.

The optimal measures { €;,\; }ooy of (3.9) are completely determined by the fact that the skills of
workers are below the skills of managers which themselves are below teachers’ skills and that €; and \;

are positive assortative.

Note 3.3.8. Hypothesis (a) represents the fact that the benefit on productivity of having highly skilled
teachers is large relative to the benefit of having highly skilled individuals in the labour market. Indeed,
it requires that the number of students a teacher can teach (N ), the impact of a teacher on its student’s
future skill (8), and the benefit from education (c) are large. Hypothesis (b) represents the fact that the
number N’ of workers a manager can supervise is large and managers’ skills have a large impact on the
production (high ¢’ ).

Proof of Theorem 3.3.7. We suppose (a) holds, and prove that for optimizers of (3.1) and of (3.9)
the skills of teachers are weakly above the skills of other adults. This proof follows the proof of [13,

5We tag these equation (a) and (b) to be consistant with [13].
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Proposition 7 (a)]. First, by Lemma 2.1.6, for all k where v, /m is differentiable there exists a k,, /., such
that

vy, (k) = (1= 0, (2 (ky k) < (1— 60", (3.26)
o (k) = N'OV, (21 (ku, k) < N'O'D), (3.27)

If a teacher of cognitive skill ky teaches a student of ability a, that student will end up having cognitive
skill k1 = zg(a, ko). Using the fact that

v(k) = NEIGJB cbp(zp(s, k) +0(Zg(s, k) — u(s)

and Lemma 2.1.6, we have that
vy (ko) = NO (b (k1) + v’ (k1))

whenever v, is differentiable. The fact that v; is differentiable at kg follows from convexity. Indeed, we

have that )
u(a) + Nvt(k) —0(zg(a)) — cbp(ze(a, k) >0

is convex and is equal to zero if k = ky. Thus, k¢ is a minimizer. The first order necessary condition
states that:

. _ 1 vk .
(0 + b)) (zp(a, ko)) > N% > (0 + cbly)(2(a, ko) ™).
ok

As U+ cbg is differentiable by hypothesis,

0zp(a, ko)

Ué(ko) =N ok

(0" + ebp)(z8(a, ko))

is well defined.

Thus, v (ko) > N6cby. Under the hypothesis of (a), it means that

%

and

<

(%

<
N o

%

!/
w
/
Uy -

Thus the functions

Ut = Vw/m

must be increasing. As the functions vy — v,,/p, are non-positive on

{k[0(k) = vy/m(k)}
and non-negative on
{k|v(k) =vi(k)}

the first two sets must lie entirely to the left of the third, and so teachers’ abilities are weakly above the
abilities of other adults.
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Now, we show that if (b) holds, then the skills of workers are weakly below the skills of managers.
The proof follows the proof of [13, Proposition 7 (b)]. First, take the maximal case in (3.26), i.e. m =k,
and the minimal case if (3.27), i.e. w = 0. We get that

V(k) < (1 =0 (21 (k, k)
vl (k) > N0V, (0'k).

Thus if (b) holds, v}, < v},,. This implies that the function v,, —v,, is strictly increasing. As the function
U — Uy 18 non-positive on { k | o = vy, } and non-negative on { k | o = v, }, the first set must lie entirely
on the left of the second. O

We will also need some results from [13, Proposition 7] that we state now.

Proposition 3.3.9 (Specialization by type). Fiz K = A = [0,k) and ¢ > 0. Suppose u,v,7 : K — R

are convezx, non-decreasing and satisfy v =V (u,v,?).

If

NG > (1-0) Sup by (21 (k, k) /b (0K ) (b)

worker types lie weakly below all of the manager types.

If
NO>1 (d)

any student will be weakly less skilled than his or her teacher.

If
either ¢ > 0 or N§ > 1 (e)

and (d) holds then any student will be strictly less skilled than his or her teacher.
If

either ¢ > 0 or v'(07) > 0, (f)

(d) and (e) hold then all academic descendants of a teacher with skill k € K will display one of at most
finitely many d = d(k) distinct skill types, unless differentiability of v fails at k.

Finally, we need some duality theorem in order to prove that the assymptotic of our dynamic problem
is indeed equivalent to (2.5) the steady state problem from [13]. The duality theorems for the incomplete
information model (3.1)-(3.3) and (3.4)-(3.6) are proved exactly as the ones from [13] therefore we state
them here without proof. The duality theorems for the complete information model (3.9) and (3.10)

requires the introduction of a finite horizon model and is done in Section B.1.

Theorem 3.3.10 (c.f. [13, Corollary 9]). Fiz ¢, 0, 8/, N, N', 0, k a distribution for student skills

a € P(A). A pair of feasible measures e, A > 0 maximizes (3.1) if there exists a pair of functions (u,v)
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that satisfy (3.5) and (3.6) such that

a(u) + k(v) =€e(cbgpozg +Uozg)+ A(brozr).

3.4 Convergence of the Adult Skill Distributions

In this section, we study the sequence of measures for skills of adults {x; }. We will prove that the
sequence of measures converges to a fixed point from any initial measure in P(K) under some conditions.
We'll assume that the optimal measures (€;, A;) for the complete information problem (3.9) and (e, \)

for the incomplete information model (3.1) satisfy the two following properties:
(A) positive assortativity they are positive assortative;

(B) specialization for each generation, the profession of almost every adult is uniquely determined by

his or her skill’s rank among his or her peers.

To motivate these assumptions and give the reader examples of the simpler cases of (B) specialization,
we’ll present two examples of potential societies, where the ordering is the same for any generation. We
proved in Theorem 3.3.7 that if (a) and (b) hold, the optimal measures (e;, A;) for (3.9) and (e, A) for
(3.1) satisfy (A) positive assortativity and the skills of teachers are weakly above the skills of managers,
which are weakly above the skills of workers, which is a specific case of (B) specialization.

Another important special case of (B) specialization is when the skills of teachers of teachers and
of teachers of managers are weakly above the skills of managers, which are weakly above the skills of
teachers of workers, which are weakly above the skills of workers. This is the case in the optimal solution
to the simulation of [27, Section 4].

Note that for these two special cases, the adults with highest skill are teachers, but this is not a
consequence of hypotheses (A) positive assortativity and (B) specialization. Consequently, we don’t
assume that the adults with highest skill are teachers.

If the solution satisfies (A) positive assortativity and (B) specialization, the pair of measures (e;, A;)
only depends on the distribution for students’ skills a and on the initial distribution for adults’ skills x;.
In this case, ¢; = (1 X ¢;)za for p; : A — K, non-decreasing sending the ability of a student to the skill
of his or her teacher. The skills for the next generation of adults for both (3.9) and (3.1) will always be
given by k41 = G(k;) = zpye;. That is, HY = H' = G, where H'(-) = H!(-,).

For all i, as o has no atoms and ¢; is strictly positive assortative, there exists a strictly increasing
function

R; :[0,1] — [0,1]

that sends the rank of a student in the a-th percentile at generation i to the rank R;(a) of his or her
teacher among adults in the teacher’s generation. In order to understand the dynamics of the distribution

of adults skills, we need to study properties of rank functions R;’s.

Lemma 3.4.1. The rank function R;, which is associated to a matching of students with teachers that
satisfies (A) positive assortativity and (B) specialization, satisfies R} = %+ a.e. on [0,1] and z € [0,1] —

Ri(x) — /N is non-decreasing.

Proof. Fix i. Consider the cumulative distribution F, of a (resp. Fj, of k;). By (A) positive
assortativity, the function ¢; : A — K sending the ability of a student to the skill of his or her teacher
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(ei =(1x cpi)# a) is increasing. We can write R; as R; = F;, o p; Fa_l. As R; is the composition of
non-decreasing functions, it is non-decreasing. Therefore, R; is differentiable a.e., and its distributional

derivative is non-negative. We now prove that R, = & a.e. on [0, 1] by showing both inequalities. The

rank function R; satisfies R} > + a.e. on [0,1]. Indeed, if R} < % on an interval (a,b) € [0, 1], we have
that

IR() ~ Ri(@] < - 1b—al

which means that there aren’t enough teachers for the quantity of students with ability rank between

a and b. Similarly, by (B) specialization R; < < a.e. on [0,1]. So we conclude that R, = % a.e.
on [0,1]. Thus the distributional derivative of R; dominates 1/N, to establish the monotonicity of
z €[0,1] — R;(xz) —x/N. O

In order to prove convergence of the inverse of the cumulative distribution functions of the adults’
skill distributions we need to study some compositions of the R;’s. Let R(») be the composition of

R;_ ;11 with R;_;1o composed with the next one, continuing in this way until we reach R;:
RU) =R ji10Ri_jio0Ri ji30---0R;_10R,.
Using base case R*? = 1, we can define the R(»7) recursively as
RO =R, ;410 RGITY, (3.28)

Let
R(®J) = R _oR,o0-0Ru.

j times

We need the following assumptions on the rank functions and their compositions:

(C) the composition estimate there exists a norm ||| < ||-||, on L*>°([0,1]) (that might depend on
a, 6 and { R; }) for which there exists a non-decreasing function R : [0,1] — [0, 1] such that

i—1

li j ( (00,3) _ (m‘)) —0.
lim > 0/ (XaoR X,oR 0
j=1
We also assume ||-||-convergence implies subsequential convergence Lebesgue a.e.

We present two examples where the condition (C) the composition estimate is satisfied. First, if the
rank function is independent of 4, that is if the rank function is the same for every generation: R; := R.

For the second example, we prove in the next lemma and proposition that if R, is continuous
(Roo(z) = % + constant by Lemma 3.4.1) then (C) the composition estimate is satisfied if there exists
an R such that R; — R in L°°(]0, 1]). We begin with the following:

Lemma 3.4.2 (Implications of contracting limit). Let Lip(Rw) < 1 and z € [0,1] — R;(z) — /N be
non-decreasing for all i. If || R; — Rool| oo (jo,1)) < € for all i > I, then i — j > I. implies

| R — RUD || w0y < Je.

Proof. Fix i > I, and i — j > I.. We’ll prove the lemma by adding and subtracting R(>**) o R(:7=F) for
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k=1,...7— 1, thus re-expressing R(>7) — R(»:J) as a sum of j terms of the form
R(*I=1=k) o (R, — R; 1) o R(M).

By coupling the terms as above, we get

j—1
(00,5) _ R(i.5) i Jj—1-k _ R ,
|RP = RO < ST Lip(Roc Y T R = Rl o i
k=0
Jj—1
S ||ROO - Ri—k”Loo(Rg;wk)E)
k=0
< je.

Here we have used the fact that z € [0,1] — R;(x) — /N is non-decreasing to conclude R;;’k)/i has a

density bounded by N¥, hence is absolutely continuous with respect to Lebesgue. O

Proposition 3.4.3 (L composition estimate). Fiz a distribution o for students’ abilities with log a €

L>(A), so that the inverse X, of its cumulative distribution function is Lipschitz. Under the hypotheses
of Lemma 3.4.2, (C) the composition estimate holds in L*°:

i—1

: j (c00,4) _ (m)) _
lim Ze (XaoR X, oR 0.
7=1 L ([0,1])

Proof. As { R; } converges uniformly to R, for all € > 0, there exists an I, such that for a.e. z € [0,1]:
|Roo(x) — Ri(z)| < €

for all 7 > I..
Fix ¢ > 0 and

ln( €(1-9) )
2k(1—01¢)

I,
In@ +

© > max | I,

Now to show that
i—1
S0 (Xa o RO — X, o R(m)) < Ce
=1 Lo
we use the fact that, for large 7, when j is small R(*9) is close to R(°>7) and when j is large, 7 is small.

Indeed, we split the sum into two:

~
o

i—1 i
(Xa o RO = X0 REDY| <30 07| (Koo R — X, 0 RED) |
;01 (X oR(®I) _ X oR J) Lw<j 97 (X oR(>®I) _ X oR ])

i—1
+ 30 0 |(Xao R — Xo 0 RED) |
i—I.+1

Lo

Il
o

Lo
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For the first term, we have:

i—1I. i—1.
09I H (Xa o R(9) — X o R(i,j)) H < Z 07 LipX, HR(OOJ) R(M)H
=0 [ L=
i—1I.
< LipX,e¢ Z j6’ by Lemma 3.4.2
§=0
LipX,
RO

where the last inequality is obtained using the fomula for the derivative of a geometric series.

For the second term,

i—1
> o (e - xon )| 2 5 ook
1—Ic+1 1—Ic+1
2k(1 — 61<)
i—1Ie
=0 —1_a < e.
The last inequality holds because of the choice defining of i. O

We prove convergence of the cumulative distribution functions of the adults’ skill distributions and
their inverses. The proof is based on a closed form representation of the dynamics in terms of the inverses

of the cumulative distributions of the adults’ skill distributions.

Theorem 3.4.4 (Long time limit of adult skills). Fizc >0, 6,0’ € [0,1], N > 1, N’ > 1, k; € P(K)
and ¥, : K — R assumed to be positive, convex and non-decreasing. Fix a distribution for students’
abilities o with loga € L®(A), so that the inverse X, of the cumulative distribution function of a is
Lipschitz continuous.

Suppose solutions { (e;,\;) } of the primal overlapping generation problems (3.1) or (3.9) satisfy (A)
positive assortativity, (B) specialization and the rank functions R;’s satisfy (C) the composition estimate

with a suitable norm ||-||.

Then as i — 0o, the cumulative distribution functian (k:) = k;([0, k]) of the adult skill distribu-
tions converge uniformly on [0, k], and their inverses X, := F,.! converge in ||| to
= 07(1—0)Xq 0 R, (3.29)
=0

Proof. We express the probability measures a and « in terms of non-decreasing random variables:

X, :[0,1] > A
r +— ability of a student in the r-th percentile;
X, :0,1] - K

r +— ability of an adult in the r-th percentile.

The inverse function F,, of the random variable X, (resp. F) of X,) is the cumulative distribution

function of « (resp. of k).
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Using the equation zp that sends the ability of a student and his or her teacher’s skill to his or
her future ability as an adult (2.3) it is possible to express the random variables representing the next
using X, R; and X,;:

generation of adults Xy,

Xy =(1—0)Xo +0X,, o R;.

Kit1

Thus, by induction we get:

X

Rit1

=0'X,, o R"D +3 " 07(1 - 0)X, 0 RO, (3.30)
j=0

where R(7) is the composition of R;_;11 with R;_; o composed with the next one, continuing in this

way until we reach R;:
R(’L’J) = Ri—j+1 [} Ri—j+2 [} Ri—j+3 o---oR;,_10R;.

Let X, defined by (3.29) be a candidate for the limit of the sequence {X,,}, where R(*9) is from
(3.28).

We have that Ry (z) € [0,1]. Therefore, by the monotonicity of X,,, there exists a global bound for
Xoo:

o0

Xoo(x) < (1=0)> 07 X4(1) < Xa(1).
§=0

The series X, is convergent because it is a bounded series of positive terms.

We now prove that lim; ,oo Xy, = Xo in the norm ||-|| from (C) the composition estimate. Because
Il < -l
[ Xoo = X | = [ D(1 = )67 X4 0 R — 0°X,, 0 RED =3 (1= 0)67 X 0 RO
J=0 7=0
<3 (1-0)p HXa o R(‘X”j)H 407 | X, 0 RO
i—1 ‘ N
+(1-6) |30 (Xa o RO — X, 0 ROD)
7=0

Since X, X., €[0,k] and 0 < 6§ < 1, the first two terms go to 0 when i — co. The last term also goes

to zero by (C) the composition estimate. This concludes the proof that X,;, converges to X.

As a doesn’t have any atoms (by assumption), X, is strictly increasing. Also R is strictly increasing

by Lemma 3.4.1. Because X, and R, are strictly increasing,

Xeola) = (1-0) 309X, 0 R=9)(2)
=0

is strictly increasing and therefore invertible on its image. Let F., be the inverse of X, extended
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monotonically to K.

We now prove that { F,;, } converges uniformly to Fu. Suppose for contradiction that there exists a

subsequence {ij 1> , and a sequence of points { x;, };)31 such that
i= =

P, (1) = oo (1))

> €. (3.31)

By Lemma 3.3.6, { F,;, } is equi-Lipschitz (and therefore equicontinuous), so by the Arzela-Ascoli theo-
rem, there exists a subsequence that converges uniformly to a limit F,, # F... A further subsequence
{ F}, } of the converging subsequence has the additional property that its inverse cumulative distributions

converge pointwise to X .

We now prove that { F, } converges pointwise to F.,, which will contradict (3.31). First, we consider
the subdomain K N (X, ) and then we’ll extend F., on its complement.
By Lemma 3.3.6, { F};, } is equi-Lipschitz (and therefore equicontinuous), so for e > 0, there exists a
0 > 0 such that
[Fr,(z) — Fu(y)| <€

whenever |z — y| < 4.

By hypothesis, || X, — Xl — 0 implies there exists a subsequence X,ﬂj that converges to X, a.e.
We fix x € [0, 1] such that X, () = Xoo(x) and let

y = Xoo() and yj = Xy, (2).

J

As {X,ﬂj (x) } converges to X (), there exists an I € N such that |y — y;| < ¢ for all j > I. Then for
a.e. y € Im(X),

<e by equicontinuity of { Fy, }.

There exists a unique continuous extension for Fy, to y € K \ Im (X ).

So we conclude that
F,%_ — F

pointwise a.e. which contradicts (3.31).

Given the difference between the two models, we now separate the analysis to deal with them in-
dividually. For the incomplete information model (introduced in Section 3.1), we prove, using duality,
that the sequence of solutions converges to the solution of a limiting problem which is also a solution to
the steady state problem from [13] (see Section 2.6).

For the complete information model (introduced in Section 3.2), we introduce a steady state model
with discounting, and show that solutions to (3.9) and (3.10) converge to a solution of this new steady

state problem.
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3.5 Limit of Adult Skill Distributions for Incomplete Informa-
tion Model

We prove that a converging sequence of solutions of the incomplete information model from Section 3.1
converges to a solution of the steady state model introduced in Section 2.6.

As the dual optimizers (u;,v;) of (3.4) are convex in A x K, they are locally Lipschitz. Since the
asymptotic analysis of [13] indicates boundedness of the steady state solution, it is reasonable to expect
that the v; are uniformly bounded, as we henceforth assume. Lemma 2.2.1 (¢) then yields a subsequence
(ui;,vi;) that converges uniformly on compact subsets of A x K to a limit (tsc, Voo).-

We are not able to rule out the case where there exist different limits for the wage functions. For
example, it might be possible that an asymptotic society would alternate between two states, with two
different wage functions, though the author doesn’t think it possible if by and by, are convex. Therefore,
we need to assume that the whole sequence of solutions from the dual problem (3.4) converges to a limit
(u,v). In this case, a sequence of solutions from (3.1) (resp. from (3.4)) converges to a solution of the
steady state model (2.5) (resp. of the dual of the steady state model (2.8)) from [13]

Proposition 3.5.1 (Steady characterization of eventual wages and skills). Fiz ¢ > 0, 6,0 € [0,1],
N,N' > 1, and k1 € P(K). Fiz a distribution for students’ abilities o with loga € L= (A).

Suppose a sequence of solution { (€;,A;) } for the primal non-recursive incomplete information problem
(3.1) following the process explained in Section 3.1 satisfy (A) positive assortativity, (B) specialization,
and (C) the composition estimate.

Suppose (u;,v;) are optimizers of (3.4) and the wage functions v; are bounded independently of i.
Let { (€i,, \ij; uiy,vi)) b be a subsequence such that (€;,, \;,) weak-x converges to measures (€so, Aoo). and
{ (us;,vi,) } is a subsequence of optimal wages that converges uniformly on compact subset of K to wage
Junctions (Ueo, Voo )-

By possibly taking another subsequence, suppose {v;,_1} converges to O which might be different then
Voo

The functions (Ueo, Vo) and measures (€x, o) Optimize the dual and primal non-recursive incom-
plete information problems (3.1)—(3.3) and (3.4)—(3.6) with k = Koo and U = 0, where the limit of the
cumulative distribution functions Fy,(x) = k[0, 2] of the adult skill distributions

lim F, (k) := Fo (k)

1—00

is the cumulative distribution function of Koo.

Proof. Fix i. By Proposition 3.3.5, there exists a solution (¢;, A;) of the primal overlapping generation
problems (3.1). By Proposition 3.3.1, there exists an feasible optimizing pair (u;,v;) for (3.4). Therefore,

we have
€ (cbpozrp +vi—10zg)+ N (br o z) = a(u;) + Ki(v;). (3.32)
We take the limit for the subsequence i;. As ¢€;, and \;, weak-* converge, we have

€,(cbg 0 zg) — €x(cbg 0 zg)
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and

/\il(bL o ZL) — /\oo(bL (@) ZL).

As u;, dg-converges to us and o € L®(A), by Lemma 2.2.1 (b),
a(ug,) = ats).

By Lemma 3.3.6 the x;’s are uniformly bounded in L*. So as v;, = v in dx and k; u—); Koo by Lemma
2.2.1 (b),
Ki, (Vi) = Koo (Voo )-

*

By Lemma 3.3.6 the zpye;’s are also uniformly bounded in L*°. So as v;,_1 — ¥ in dx and zpue;, iy
ZE4€s by Lemma 2.2.1 (b),

2Ep€i, (Vi—1) = Koo (D).

Using these limit in (3.32), we have

€oo(Cbp 0 2E) + €50 (0(2E)) + Moo (b © 21) = a(Uoo) + Koo (Vo)

From Theorem 3.3.10 we conclude that (€s, Aoo) is an optimal solution of (3.1) and (veo,Uco) is an

optimal solution of (3.4) with kK = Ko and ¥ = 0. O

When © is equal to vy, in Proposition 3.5.1 we’ll prove in Theorem 3.5.3 that the limit of solutions
of the incomplete information model is a solution of the steady state problem from [13] which is recalled
in Section 2.6. This will be the case when optimal wage functions are unique for every generation and

converge globally. We present a specific regime when this is the case.

Proposition 3.5.2. Fizc >0, 6,0’ €[0,1], NN’ > 1, and k; € P(K) is connected. Fix a distribution
for students’ abilities v supported on A with loga € L>(A).

Suppose hypotheses (a) and (b) from Theorem 3.8.7 and hypotheses (d), (e) and (f) from Proposition
3.3.9 hold, as well as (A) positive assortativity, (B) specialization and (C) the composition estimate from
Theorem 3.4.4.

Then the sequence of wage functions {v; } that solves the incomplete information model introduced

in section 3.1 converges uniformly on compact subsets to a wage function v .

Proof. Because of Theorem 3.3.7, the skill of workers is weakly below the skill of managers which is
weakly below the skill of teachers for any generation. As the support of x; is connected, that means
that the support for the skill of teachers is also connected. Therefore as the support of o is A, which is
a connected set, we know that the support of ko will also be connected and, by induction, we conclude
that the support of k; is connected for all 7.

As {k; } is convergent by Theorem 3.4.4 and the order of the professions is constant, we conclude
that A; = Ao and €; — €4 are also convergent. We will show that (u;,v;) is convergent by constructing
a unique pair (teo, Voo) that solves the incomplete information model (3.1) with k1 = koo and ¥ = V.
To construct v, we begin with a wage function vy and we construct the sequence { v; } such that there
exists a u; such that (u;,v;) is a solution of (3.4) with kK1 = koo and © = v;_1. Note that with our
assumptions, the solution of the primal incomplete information model (3.1) with K1 = koo and ¥ = v;_1

is constant (Ao, €oo)-
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Because of our strict hypotheses, the optimal wage function v is uniquely dertermined when it doesn’t
depend on the initial wage function vyg. The seed velocity vy affects only the wages of teachers at the
first generation, not of managers and workers. Hence it affects only the wages of teachers of teachers at
the second generation, not of managers, workers, or their teachers. Similarly, at the n-th generation, it
affects only the wages of teachers whose first n — 1 generations of academic descendants are all teachers,
not workers, managers, or teachers whose academic descendants in the next n — 1 generations include
workers or managers. By Proposition 3.3.9 all academic descendants of a teacher with skill £k € K
will display one of at most finitely many d = d(k) distinct skill types, so the teachers whose academic
descendants are not workers nor managers for the next n — 1 generations become an arbitrarily small

proportion of the population as n tends to infinity.

We'll denote Ky C K to represent the support of workers and managers, spt(k” + ™), and K; C K
to represent the support of workers, managers and teachers with at most j descendants (therefore Ky
is an extension of this definition where workers and managers are considered to be teachers with no

descendants).

By the first order condition, we have that v{(k) = (1 — 6")0.(z(k,m)) on the support of workers,
where m € K is such that A;(k,m) > 0 and v} (k) = N'0'b; (z1(w, k)) on the support of managers, where
w € K is such that \;(w,k) > 0. We will now prove that v; is uniquely determined on Ky. This is
because K is connected. Suppose there exist two vy, ¥; that are part of an optimizing pair (uq,v;)

and (@1,01). We have that v{ = 0] and that both functions are non-decreasing and convex, so as K is
connected, we conclude that vy = v; +1 on Ky. Suppose WLOG that [ > 0. We have

v1(m)

bL(ZL(’UJ,m) < ’U1(U)) + N/

with equality on the support of A\;. Replacing v; by v; + [, we get

br(zr(w,m) < o1(w) + 51]87) + (1 + ]\1[,) l

with equality on the support of A\;. We conclude that [ = 0 and v; = 9; on Kj.

Now suppose v; is uniquely determined on K;_;. We can show similarly that v;y; is uniquely
determined on K;. Now suppose that there exists (u;1+1,vi+1) and (@;41,0;+1) that are both optimal on
K;. We have v, = ¥;,, and uj,, = @, thus v;11 = 0;41 + 1 on K; \ Kq because the skill of teachers

is connected and w;41 = ;41 +n on A. As it is optimal,
(Uit1) + Koo (Vig1) = (i) + Foo(Vit1)

and therefore [ +n = 0. We have

viy1(t)
N

bp(25(s,)) + vi(zp(5t)) < uisa(s) +

with equality on the support of A\;11. Replacing v; 41 by 9,41 + I, and wu; 11 by @;41 +n we get

b (s, 1) + iz (o1)) < ar(5) 4 S oy Ly 4 20 (1 B z1v> "

and we conclude that n =1 = 0 and v;4; is unique on K.
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We constructed a unique v, on U2, K; which is the support of k. by Proposition 3.3.9. Any
other candidate ¥, can’t solve (3.4) with k1 = Koo and 0 = Uy because we would get a sequence of
wage function converging to v by using the process we just described. Therefore v, is unique and we

conclude that { v; } is convergent. O

Theorem 3.5.3. Under the hypotheses of Proposition 3.5.1, if 0 = v the functions (teo,Voo) and
measures (€oo, Aoo) optimize the dual and primal steady state problems from [13] which are recalled
in Section 2.6. The limit of the cumulative distribution functions Fy,(x) = k;0,2] of the adult skill
distributions

lim F, (k) = Foo (k)

1—00
is the cumulative distribution function of the adult skill distribution associated to a solution of (2.5), the
steady state problem from [13]. That is, there exists an optimal pair (e, \) of (2.5) such that koo = zppye

has cumulative distribution F.
Proof. From Theorem 3.3.10, we have
€oo(Cbr 0 2E) + €0 (0(2E)) + Aoo(bL © 21) = A(Uoo) + Koo (Vo)
Setting © = voo, and noting that koo = 2E4€s0, We have €5 (0 0 2E) = Koo (Vo) and therefore
€o(Chp 0 2) + Aoo(br 0 21) = a(Uuw).

From the duality theory of [13] we conclude that (€x, Axo) is an optimal solution of (2.5) and (teo, Voo )

is an optimal solution of (2.8).

O

Note that Theorem 3.5.3 and the proof of Theorem 3.4.4 can be used to get an explicit formulation
for the distribution of adults’ skills for the steady state case [13] (see Section 2.6), when the associate

solution to the non-recursive incomplete information model is unique.

Corollary 3.5.4 (Explicit form of steady state). Fizc >0, 0,6’ € [0,1], N,N’ > 1. Fiz a distribution
for students’ abilities o with log o € L>°(A). Consider the solution to the steady state problem introduced
in Section 2.6. Suppose \ is positive assortative and € is strictly positive assortative. Let k be the
distribution for skills of adults.

Let F,(z) := a[0,2] (resp. Fz) be the cumulative distribution function of a (resp. &) and let X,
(resp. X&) be its inverse. Let R, be the function that sends the rank of a student to the rank of his or

her teacher.

If hypothesis (f) from Proposition 3.3.9 is satisfied, and the skill of workers and managers are con-
nected in K then the steady state Xz = X is given by (3.29).

Proof. As (f) is satisfied, and the skill of workers and managers are connected in K the solutions (e, A),
(u,v) are unique solution of (3.1), with k = zg g€ = k and © = v. Therefore, we can use Theorem 3.4.4
to deduce Xx. O
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3.6 Limit of Adult Skill Distributions for Complete Information
Model

For the complete information model we adopt a similar approach. However, discounting prevents the
solutions from converging to solutions of the steady state model of [13]. Thus we need to replace it with

a suitably adapted limiting model.

In order to create a steady state problem arising from the complete information model, we adapt
the Lagrangian from the steady state model by replacing part of the resulting distribution zg4e of
adult skills with an anticipated distribution k., which, along with the discount factor # < 1, becomes
a parameter in the model. This division is calculated to preserve the mass of the skill distribution for
adults, while discounting future wages relative to tuition expenses in the education market’s stability

constraint. The resulting Lagrangian becomes

L(e, N u,v) = au) + (1 — e P)roo(v)

b eelbs 0 2) — mipe(w) + e Pz pe(v) - AL
T2 (v)

+A(br 0 21) + au) — mypAw) - —

and depends on the parameters 8 € (0,1) and ko, € P(K). Since this Lagrangian is bilinear in its

variables we anticipate the minimax relation

S5(keo) := su inf  L(e, \ju,v
5(Foo) E’Agou’vec(k)( )

< inf _ sup L(e, A\ u,v) (3.33)
u,veC(K) €,2>0
=155 (ko)

becomes an equality. Under simplifying hypotheses we’ll establish this presently. In the meantime it is

straightforward to compute

Sg(koo) = maX/A chE(zE(s,t))de(s,t)—F/ br (2 (w, m))dA(w, m)

0<e,\ KxK
s.t. Q= Tyye steady state for students (3.34)
Tou€ Tou\
e*ﬁzE#e +(1- 675)/400 = 2 T+ 2247 steady state for adults

N N’

by carrying out the infimum over the wage function v : K — R for adults and the indirect utility
u : K — R for students. Similarly, carrying out the supremum over the education and labour pairings
€ >0 and A > 0 yields the linear program dual to (3.34):

Si(Koo) :=1inf [ u(s)a(s)+ (1 - e ) /Kv(k)/ioo(k)

w,v f 4
v(m)

N/

st. cbp(zp(s,t) +e Pu(zp(s,t) < u(s) stability of the education market (3-35)

br(zp(w,m)) < v(w) +

stability of the labour market.
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Naturally, the optimizers (e, A) of (3.34) and (u,v) of (3.35) depend on the parameters (3, ko). Given
0 < B < 1, our “steady state model with discounting” is to find a distribution ko, of adult skills for
which the optimal (e, \) in (3.34) satisfy the self-consistency condition

ZEHE = Koo, (3.36)

meaning the resulting distribution of adult skills (2x)4€ agrees with the proposed distribution x.

By extracting a long time limit from our complete information model under conditions analogous to
those imposed in the incomplete information model, we shall show that the steady state with discounting
model (3.34)—-(3.36) admits a self-consistent solution.

First, we prove the easy inequality Sg(koc) < Sj(keo) from (3.33) which relates (3.34) to (3.35)
continues to hold when the continuity of w,v € C(K) in relaxed to permit the possibility of unbound-
edness at the upper endpoint k. As shown in [13, Proposition 8] the doubling condition (3.7) on « then
guarantees that v € L'(K, zye€), which is sufficient to prove the desired inequality.

Lemma 3.6.1 (Easy direction of duality). Fizc >0, 6,0’ € [0,1], N >1, N' > 1. Let A= K = [0,k)
and > 0. Suppose e P > % Let koo be a Borel probability measure on K and fix a distribution for

students’ abilities o with o € L= (A).

Define bg 1, and zg,1, as in subsection 2.5. Let (¢, \) be a feasible candidate for the primal problem
(3.34). Let (u,v) = (ug+u1,vo+v1) be feasible for the dual (3.35) which differ from bounded continuous
functions ug,vg € C(A) by non-decreasing functions uy,vy : A — [0,00). Suppose moreover that u €
Lt (/Loz) and v € L1 (/I, ZE#E) NnL! (K,Iioo) then

ce(bpozp) + Nbr o zr) < a(u) + Koo (V).

If o satisfies the doubling condition (3.7), then v € L'(A, zpye).

Proof. This proof follows the proof of [13, Proposition 8]. Let (e, A) be feasible for (3.34) and (u,v)
feasible for (3.35) such that u € L'(A,a) and v € L* (/I, ZE#G) NL! (K’, noo). By the stability constraint

for the education sector, we have

u(s) — cbp(zp(s,t) > e Pu(zp(s,t) — %

on A x K. By hypothesis the left hand side is in L' (4 x K ¢), so

0o > au) — ce(bg o zg) > /
AxXK

(eﬁv(zE(s,t)) - ;]v(t)> €(s,t). (3.37)

Now integrating v over the steady state constraint for adults gives

_ _ To4€ Mo
/Kv(e Peppe+ (1—e P)ho — N ):/Kv(m#)\—i— N ) (3.38)

> / by oziA >0 (3.39)
KxK

where the last inequality follows from stability of the labour sector.

6We could consider this problem recursively as we did for the incomplete information model from Section 3.1 in order
to get an incomplete information model with discounting, but we won’t go there here.
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Adding (1 —e #)ko(v) < 0o to (3.37) makes its right hand side equal the left hand side of (3.38). In
that case, (1 — e ")k plus the left hand side of (3.37) is greater or equal to (3.39) which is the desired
inequality.

Now, we show that the doubling condition (3.7) on « at @ implies that 0 < v € L'(4, zp4e€). Recall
that (u,v) = (ug + u1,vo + v1) with ug,vg € C(A) and uy,v; : A — [0, 00| non-decreasing. Since vg is
bounded it is integrable. We will show that v; € L'(A, zpe). Since v; is strictly increasing, v; ' (y) € A
is well defined. We have:

/f( v1(k)zp pe(dk) = /000 zpye (v7 'y, o0]) dy by the layer-cake representation
= [ eve @ a o)) do
< /OOO e’ <l_c — 7 i e(a — vll(y)),d> dy by [13, Lemma 14]
< Cé—l/ola[vll(y)@}dy (3.40)

for some C' < oo. From stability of the education market and e=# > % we have v < u. Thus,

v1 < ug +up —vg < up + 1 where [ is a constant. Therefore, u; ' (y —1) < v7*(y), so

/ alur(y),aldy = /ul(a)a(da) < oo by hypothesis
0

implies that (3.40) is finite and so vy € L' (K, zgye). O

We could prove that there is no duality gap using Section B.1 and we expect that existence of
optimizing wages can be proved as in [13]. However, it is not obvious how the self-consistency condition
(3.36) might be achieved using such techniques. Instead of following this path, we shall extract a limit
from the optimizer of the complete information model from Section 3.2 and show that it provides self-
consistent solution to the steady state with discounting, thus establishing existence of an optimizer and

absence of a duality gap under suitable (but somewhat restrictive) hypotheses.

Lemma 3.6.2 (C is continuous with respect to the weak-* topology). Fizc >0, 6,6’ € [0,1], N, N’ > 1.
Let A=K =[0,k) and 8 > 0. Fiz a distribution for students’ abilities o with log v € L= (A).

Let { k; };’il be a sequence that is uniformly bounded in L™ such that k; — koo in the weak-* topology.
Then lim;_,o, C(k;) = C(koo) in (3.9).

Proof. Fix j. By Proposition 3.3.5 there exists an optimizing sequence for C(x;)
.
{ (e, X)) }isy -

By Proposition 3.3.1 there exists an optimizing sequence { (u7 v ) }zl By Corollary B.2.3, we can take

17 7

the limit 7' — oo in Corollary B.1.3 and we have
S (eel(bp o zp) + N (br 0 21)) = e Py (0]) + 3 e Pa(ul).
i=1 i=1

For all i, {(J,\]) };‘;1 forms a sequence and the Prokhorov Theorem [30] couples with a diagonal
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argument to produce a weak-x converging subsequence {(ez‘,)\{’) }zl that converges for all 7. Let

(é;, \;) be the limit of that converging subsequence. By Proposition 3.3.1, for all ¢ and j, u; and v; are

gl ') has a dg-converging subsequence. Taking the

177

non-decreasing and convex. By Lemma 2.2.1 (¢) (u

limit as j — oo along the converging subsequence (using Lemma 2.2.1 (b) for the ;(v]) term), we get:
Zefﬂi (ce®(bg o zr) + A°(br o 21.)) = e Pr; (v5°) + Ze*&’oa(u;’o)
i=1 i=1

and therefore, { (€7°,A)};2, is an optimizer for C(ke) and the result follows from linearity of the

objective functional. O

Similarly, we can prove the following lemma.
Lemma 3.6.3. When k; weak-+ converges to ko, we have
P(kiykit1) = P(Koo, Koo)s
where the doubly constrained maximum P over one generation is defined by (3.16).

We can now prove the main theorem of this section.

Theorem 3.6.4 (Optimizers of the complete information model converge to optimizers of the steady
state with discounting). Fiz ¢ > 0, 6,0’ € [0,1], N > 1, N’ > 1. Let 1 € P(K) and fiz a distribution
for students’ abilities a with log o € L°°(A). Suppose hypothesis (b) from Proposition 3.3.9 is satisfied.

Suppose (€;,\;) is an optimizer of (3.9) and satisfies (A) positive assortativity, (B) specialization
and (C) the composition estimate.

Suppose (u;, v;) is an optimizer of (3.10) and the wage functions v; are bounded independently of i.

Then (ui,v;) has a subsequence that converges uniformly on bounded subsets of A x K to wage
functions (Uoo, Vo). The solutions of the primal complete information problem (3.9) {€;,A\;) } have a
weak-+ convergent subsequence that converges to (€xo, Aoo)-

Suppose hypothesis (d) from Proposition 3.3.9 are satisfied and (uoo, Vo) are strictly conver and
the skills of workers and managers form a connected subset of K. The constant sequence of measures
{(€xs Ac) }ooy solves (3.9) and the constant sequence of functions { (teo,Veo) }ioy solves (3.10) with
K1 = ZE €. In that case, (€x, Aso) solves the steady state model with discounting (3.34) with ke =

ZEp€so and (Uso, Vo) solve its dual (3.35).

Proof. Consider solutions of the complete information model {(¢;, A;)} of (3.9) and {(u;,v;)} of (3.10).
By Prokhorov’s theorem [30], { (&, A;)} has a convergent subsequence which converges to a limit
(€cos Aoo). As u;,v; are convex and bounded, by Lemma 2.2.1 (c), we know that there exists a con-
vergent subsequence:

(uijavij) _> (UOO7UOO)'

By Theorem 3.4.4, k; weak-* converges t0 Koo
We now consider a problem with the same hypotheses as above except ki is replaced with k1 =

ZE#€s0 = Koo. This new problem has its own solutions for the primal (&, A;) and for the dual (i, 0;).

First, we prove that for all 7, €; = €, S\i = Ao, and U; = Ueo-
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By Proposition 3.2.3 we get

C(ki) = Sj\l/l%) )P(ﬁi,ﬁ) + e PO(r)
KE. Kj

= P(Iii, I*iz‘+1) + 6750(1%4_1).
so by Lemmas 3.6.2 and 3.6.3 when we take the limit ¢ — oo we get:
C (ko) = P(koos Fso) + € PC(Koo).

Since K1 = Koo this shows we may take Ko = Koo and hence R; = koo for all . As &; is in a steady
state, we can conclude from Proposition 3.3.5 that €; = €, and 5\1 = 5\00 for all 7. Also, \; and ¢; are all

positive assortative.

For all 4, the proof that ¢ doesn’t depend on 4 for workers, i.e. on m(spt A) N Dom @}, and for

managers, i.e. on ma(spt A) N Dom ¥; is identical to the one from [13, Theorem 15].

Now for teachers, given that we assume hypothesis (d) from Proposition 3.3.9 and ¢ > 0, by Propo-
sition 3.3.9 almost every teacher has at most finitely many descendants and therefore we’ll be able to
establish the koo-a.e. uniqueness of v} from the uniqueness of the wage gradient for workers or managers

: /
of future generations v; ..

/

Using uniqueness of ¥}, we can then prove uniqueness of 4. Given that € = ex and A\; = Ay are
v o0

constant from generation to generation, we have that v, = v/ and @, = u/_ are also constant from

generation to generation.
Now, uniqueness of un, can be shown as in [13, Theorem 15] because u, is in the objective function

of (3.10) and « is supported on all A. Finally, we show xoo-a.e. uniqueness of v.

As in [13, Theorem 15], we also have that v, is unique. Suppose there exists an ¢ such that there

exist two different potential values v and v for v;.

We know that v; = v' = ¢'. As we assumed that the skills of workers and managers are connected in
K, we have v = 0 4+ [ on the support of the skills of workers and managers. Suppose WLOG that [ > 0.

As (Uoo, Uoo)$2, is optimal for (3.10) with x; = koo, wWe have

v(m)
N/

br(zr(w,m)) < v(w) +

with equality on the support of A\o,. We also have

bi (21, (w,m)) < B(w) + 65\7;7) + (1 + 1) z

with equality on the support of A\, which is impossible unless I = 0. We conclude that [ =0 and v = 0
on the support of the skills of workers and managers.

Now by Proposition 3.3.9 the wages of teachers will eventually be expressed with the functions bg,
u, and v on the support of the skills of workers and managers. Therefore v is also unique for the skills

of teachers. We conclude that v; = v, for all ¢ on the support of the skills of adults.

Using Corollary 2.3, we get the equivalent of Corollary B.1.3 in the infinite horizon case, which
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implies
o0 ) B (o) )
Z 6_5Z (Cgl(bE’ o ZE) + )\i(bL (¢} ZL)) = e_ﬁfﬁ(f)l) + ZB_’&OA(’IL’).
i=1 i=1
So
Ze‘m (ceoo(bp © 28) + Aoo(br 0 21)) = € P oo (Voo) + Z e Plaus)
i=1 i=1
= Ceoo(br 0 25) + Moo (br 0 21) = (o) + (1 — €7 Koo (Vo).
This is the equilibrium formula of the steady state with discounting models (3.34) and (3.35). O

Note 3.6.5. Under the hypotheses of Theorem 3.6.4, this construction yields a self-consistent solution
for the steady state with discounting (3.34).

Note 3.6.6. Under the hypotheses of Theorem 3.3.7 and Proposition 3.3.9, the solution of the primal
complete information problem (3.9) { (e;, \i) } converges weak-+ to (€, Ao). Therefore, the solution to
the dual problem is also convergent if the solution of the steady state with discounting is unique (see
Proposition 3.5.2).

3.7 Examples

We now study some specific examples. First, we consider the case where the skills of teachers are weakly
above the skills of managers, which are weakly above the skills of workers. Conditions for this to be
realized are presented in Theorem 3.3.7.

In this case, the function that sends the rank of a student to the rank of his or her teacher for any

generation i is linear and is given by

r—1

Rl(’l“) =1+ N

As R; doesn’t depends on i, R(»/) = Rz(j) and we get:

@) (py =14 "L
RYI(ry=1+ N7
Therefore, from Corollary 3.5.4
Xi(r)=(1—-0)> 6" Xo0 RO (r)
j=0

).

If we also assume that « is the uniform measure on [0, 1], then the random variable X, sends r to .

= r—1
:(1—9)j§::oeﬂxa (1+ =

In this case
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Xe(r) = (1 —e)gaj <1+ 7’]\_”1)

SIUR)) SRR} g
=0 =0

=1+ (1= 0)(r - 1)

_N(@-0) 0N -

1
N -6 N -6

We deduce that & is the uniform probability measure on { N—a

_ N -0 1]
F=—— —1 -
(1— )N [*7=1]
More generally, we can prove similarly that if « is a uniform probability measure and the R;’s are linear

functions that are independant of ¢, ¥ will also be a uniform probability measure.

3.7.1 Explicit Calculation of the Dual

In this subsection, we use Corollary 3.5.4 and more precisely the primal solution we just obtained to
find explicit solutions to the dual problem from the steady state labour and education matching model
from Erlinger et al., when )\ is positive assortative and e is strictly positive assortative, the skills of
teachers are weakly above the skills of managers, which are weakly above the skills of workers and « is

the uniform measure on [0, 1].

Support for skills and abilities

We have that the adults’ skills take values between 0(}2\/:91) and 1. As we know the ratio of adults for

each profession (see [13, p.15]), we get that workers’ skills are between e%v:el) and Eﬁﬁfgg%:é;, and
managers’ skills are between % and %. Then, we can subdivide the rest of the skills, i.e.
between % and 1, between all teachers, i.e. teachers of workers, teachers of managers, teachers of
teachers of workers, etc.. Let
O(N —1) (N'"+06)(N-1) N-1
TN M T N N0 T N6

The skills of workers are between ag and a1, the skills of managers are between a; and as and we’ll keep
denoting the “boundary skills” by a,, where the skills of teachers of individuals that will eventually
become workers are between as,, and as,+1 where n represents the number of student descendent our
teacher has, and the skills of teachers of individuals that will eventually become managers are between

G2n+1 and ag,4o where n represents the number of student descendent our teacher has. The boundary
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skills can be obtained from ag, a1, as as follow:

n—2 n—2
1 ) a 1 )
A2n—1 = N2 <Z NZ> as + NTlfl - N1 (Z NZ> ao (3.41)
=0 =0
n—1 n—2
1 i 1 )
a9y = W (ZN > as — W <Z N > an (342)
=0

1=0

for n > 2. We prove these formulas by induction.

Proof of (3.41)-(3.42). For the base cases az and a4 (n = 2) we have:

a3 = right side of the managers interval 4+ quantity of teacher of workers
a1 —a
g+ & = 0
= (Z N’) N1 - N <Z Nl) and
a4 = right side of the teachers of workers interval + quantity of teachers of managers
o ag — a1
=as —+ N
ao a9 aq
_@+N NTNTN
14+ N ag
= aos — —
N N

1 0
1 - 1 ,
= — N']ay — — N']a
(2N e (Z ) 0
N (i_o ) N i=0
Fix n. Suppose the formulas are true for all m < 2n. Then

A2n+1 =02n + — (A2n—1 — A27,—2)

N
1 n—1 ) n—2 1 n—2
7Nn—1 <; NZ) Nn ANn—1 <¥0 N") Nn— Nn—1 (Z NZ) a2 + Nn

% 1=0

el

N
v
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and

A2n+2 =A2n+41 + — (A2 — A20—1)

N
1 n—1 } a 1 n—1 . 1 n—1 )
_anl ;N a +W W ;N ao—l-m ;N as
n—2 n—2 n—2
(St (B e (£ )
1 n ) 1 n—1
=— N'|as — — N'la
¥ () (5

O

Similarly, the skills of students will be separated between skills of future workers, of future managers,

future teachers of workers, teachers of managers, ..., with the “boundary skills”:

N-#¢ (1 — N)
Ni—o“ T Na—a)

S; —

Matching worker/manager and student/teacher

The relationship between the ability of a student s and the skill of his or her teacher ¢ is given by the
affine transformation between the support of students’ abilities and the support of teachers’ skills:
N -0 6(1—N) N(1-0) 6(1—N)

SSNa—e Tna—e 00MmY TN Tg ST TN o

Similarly, the relationship between the skill of a worker w and the skill of his or her manager m is given
by the affine transformation between the support of workers’ skills and the support of managers’ skills:
2

a1 — Qo a2ap9 — ay

w = m and m =
a2 — ai a2 — a1 a1 — Qo ap —ap

ag — ay asaqg — a%
w — .

Wage Functions for Workers and Managers

We find the wage functions for workers and managers. To do so, we assume bg(z) = br(z) = e*. We
have that

v (k) = N’ sup exp(zr(w, k)) — vy (w)
weK

so by the first order necessary condition, for an interior maximum we have

0
ow eXp(ZL(U)’ k)) - Uw(w) = O
ow _ai—ag _a2a0,a%
ag—ay ag—aq
— 42
<:>viu(w): (1_9/)exp ((1_9/)w+9/ <a2 alw_ as0a0 a’l))
ap — ao a; — ap
10 / , [ G2 — a1 agao—a%
<:>vw(w):1_9,+9,araleXp((1—9)w+9 <a1—aow_ p— ¥y

ai1—ao
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and as
Uy (M)
vy (k) = sup exp(zp(k,m)) — ,
meK N’
by the first order necessary condition, we have:
0 Um (M)
— k — =0
om ap—aj  agag—a? exp(z(k,m)) N’
=armap ¥ Tar—ag-
_ _ 2
< v, (m) =0"N"exp ((1 - 9’)a1 QO 20074 0’m>
as — ay a2 — ay
0'N’ a1 — ag asag — a?
= v, (m) = e 1—6 m — Ly o'm) + cm.
m) (1—9/)722:2? + 6 P <( )02—01 az — ay

To find ¢,, and ¢,,, we use the fact that

Uy (a1) = Uiy (a1)

and the fact that when m(w) = Z2=ftw — ai?i:ﬁ
1 / /
V(W) + w7 Um (m(w)) =exp ((1 — 0w+ 0'm(w)).

Wage Functions for Teachers

We get that
v}, (t) = cNOexp((1 — 0)s(t) + 0t) + NO'((1 — 0)s(t) + 601)

where ¥’ = v},_,. For that, we get vy (t) = [ v} (t) + cx. We'll write vy for the wage function of teachers
of workers, vs for the wage function of teachers of managers, vs for the wage function of teachers of
teachers of workers, etc. and we’ll denote vg = v, and vy = v,,. The function vy, is defined on [ag, ag+1]-
Using the fact that v, takes the same value as the previous wage function on its left boundary ag

(vk(ar) = vik—1(ak)), we obtain the values of ¢j from the constant for the wage of manager.

The benefit from education function

We have that

vp2(k) = NSIEIE cbp(zr(s, k) +vi(zr(s, k) — uk(s)

and so we have that
ul(s) =cN(1—0)exp ((1—0)s+ 0t(s)) + (1 — ) Nvg ((1 — 0)s + 6t(s))

Using the fact that
Vgt2(k) = Ncbg(zp(s, k) + vk (ze(s, k) — uk(s)

when s = t(s), we can get the constant of integration.
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Derivative of the Wage Function Near &

We have that

vy, (azn) = (NO)" T ! (a_s) + ¢NO Z (N6) exp(azi_2)
i=0

n
Uty yy (G2041) = (NO)" o, (a_1) + cNO Z (NO)" exp(azi—1)
i=0

which reinforced the belief that, in this specific case (i.e. if « is uniform and skills of teachers are above
skills of managers which are above skills of workers), when the derivative of the wage function approaches
k=1 = a, it is bounded if N§ < 1 and unbounded if N@ > 1 as predicted in [13, Theorem 16]. In fact,
the leading order rates of convergence predicted there are attained precisely, in spite of the fact that
one of the hypotheses upon which these predictions were based is violated, because the wage functions
found here have derivatives whose discontinuities accumulate at k.

We now give an example for the case N@ > 0. Let N = N' =5, 0 =6 = %, ¢ =4 and bg(z) =
br(z) = e®. We get

v (1=0)~ — 5

For the case NO < 1,let N =2, N'=5,60=0"=1, c=12 and bg(z) = br(z) = e”. We get

o 2- 1553
og log 3
(1 — 8) ~ 24e (1 (> 5logz—1>

3

~ 24e.

3.7.2 Explicit Examples

In [13, Theorem 16], the authors prove that, if the wage function is continuously differentiable at k and
NGO # 1, the derivative of the wage function v is bounded at k if and only if N < 1. We'll show two
explicit examples, one where N6 > 1 and one where N < 1. For both of our examples, the derivative of
the wage function v is not continuous at &, but it still behaves as predicted by [13, Theorem 16]’s result.

We show the different functions u, v, and v’ in figures 3.1, 3.2, 3.3, 3.4, 3.5 and 3.6. In all of
these pictures workers, future workers, teachers of individuals that will eventually teach workers and
future teachers of individuals that will eventually teach workers are in blue. Managers, future managers,
teachers of students that will eventually become teachers and future teachers of individuals that will

eventually teach managers are in red.
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15

10

0.2 0.4 0.6 0.8 1

Figure 3.1: The benefit from education v : A — R, with N = N’ =5, 60 = ¢ =
br(x) =bp(z) = €*.

, ¢ = 4, and

N[

14

12

10+

I L I L
0.2 0.4 0.6 0.8 1

Figure 3.2: The wage functionv: K - R, with N=N'=50=0" = %, c¢c=4,and bp(z) = by (z) = €.
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Figure 3.3: The derivative of the wage function v: K — R, with N = N'=5,0 =0 = %, ¢ =4, and
br(z) =br(z) = e*.

10+

0.2 0.4 0.6 0.8 1

Figure 3.4: The benefit from education v : A — R, with N =2, N' =560 = ¢ = %, ¢ =12, and
br(x) =bp(z) = €*.

10+

0.2 0.4 0.6 0.8 1

Figure 3.5: The wage function v : K — R, with N =2, N' =5, 0 =60 = §, c = 12, and bg(z) =
br(z) = e*.
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Figure 3.6: The derivative of the wage function v : K - R, with N =2, N' =5,0 =60 = %, c=12,
and bg(x) = br(x) = €.



Chapter 4

Analysis of a multi-sector matching
problem with communication and

cognitive skills

In this chapter, we study a model that couples an education and a labour market, similar to the one
from Section 2.6. The novelty of the model in this chapter is that every individual is assumed to have
two skills: a communication and a cognitive skill. This model was first proposed by McCann, Shi, Siow
and Wolthoff in [27]. In [27], the authors explain the importance of including a non-cognitive skill (here
we call it a communication skill) when we study labour and education market. Indeed, schools use
non-cognitive factors (like volunteer activities and leadership positions) in their admission decisions and

those non-cognitive factors are empirically correlated with professional success.

In the paper where the model is introduced [27], the authors explain the motivation for the choice of
parameters and the interest of studying a model of individuals with two dimensional skills. They identify
conditions to ensure that the teams in the labour market of their fictitious society are composed of one
manager and several workers (and then their model forces this relationship). They study the relationship
between the skills of a student and the cognitive skill of his or her teacher, and between the cognitive
skill of a worker and the cognitive skill of his or her manager. In this chapter, we provide rigorous proofs

for some of their observations. They also run simulations to illustrate properties of solutions.

Erlinger, McCann, Shi, Siow and Wolthoff [13] studied the analogous model in one dimension; that
is, with only a cognitive skill. In this chapter, we adapt some of their results to the two dimensional
case of the model. In particular, we analyze the structure of optimal solutions, we prove that there is
no duality gap and that solutions exist under mild assumptions. We also discuss properties of optimal
matching. The fact that there is no duality gap can be interpreted, in economics terms as the existence
of competitive equilibrium.

As shown in the study of the one dimensional version of the model [13], an adult’s wage is convex in
his or her cognitive skill. With the assumptions of this model, for some adults, their wage will depend
linearly on their communication skill, while for others, their wage is independent of their communication
skill. Thus, we can’t extend all uniqueness results. This implies that the properties of optimal matching

when individuals’ skills are assumed to be two dimensional are different from the one dimensional case.

53
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4.1 Description of the problem

We use the modelization from [27, Section 2 and 3]. The model we use is slightly more general than
the one in [27], because we include some more general notation from [13]. This is the same model as in
Section 2.6, but with a communication skill.

Suppose each student has a cognitive ability a € [0,a) C R and each adult has a cognitive skill
k € [0,k) C R. Suppose without loss of generality that @ = k. The adult cognitive skill of an individual
is determined through his or her cognitive ability as student and the cognitive skill of his or her teacher
when he or she was a student.

Now suppose each individual also has a communication skill n € N = (,7) C [1,00) which is fixed
for each individual for life, i.e. can’t be improved by education. The skill spaces for abilities of students
and skills of adults will be A = K = N x [0, k) respectively. We’ll denote the cognitive ability of students
by a and their communication skill of students by ¢. We’ll denote the cognitive skill k for generic adults
and w for workers, m for managers and ¢ for teachers and the communication skill of adults . When
there is more then one adult involve, we’ll subscript 1 by the letter associated to the profession of the
adult.

Let 0,01 € (0,1). The parameter O represents the role of the teacher’s cognitive skill and 1 — 6
represents the role of the student’s cognitive ability in the improvement of a student’s future cognitive
skill. The parameter 6, represents the role of the manager’s cognitive skill and 1 — 6, represents the
role of a worker’s cognitive skill in the outcome of a team.

Let,

zg i (,an,t) € Ax K = (1, (1 —0g)a+0pt) € K
2L i (aymt) € AxX K = (1—0g)a+ 0t €0,k
zr (M, wiNm,m) € K x K (1 —05)w+0,m € R.

We define zg(t,a;n,t) to be the communication and cognitive ability of an adult that was a student of
type (¢, a) and studied with a professor of type (n,t). The function z}g gives this adult’s cognitive skill.
Similarly, z;, gives the efficiency attained by a collaboration between a given worker of type (1, w) and
a manager of type (9, m).

With these functions, we can estimate the productivity of a student of type (¢, a) with a teacher of
type (1,t) to be cbp(zp(t,a;n,t)) where ¢ > 0 is fixed (this is the general benefit from education), and
the productivity of a worker of type (n,,w) with manager of type (1., m) to be by (2L (Mw, W; N, m)).
We assume by and by, are both twice differentiable (in both variables in the case of bg) and satisfy

positive lower bounds:

0 <min{b; = br(0),b}, = b (0),by =infcpo z1 7 (k) }

0 < QE = bE(ﬂv 0)

0 < min { infmk %bE (77, k?) = 8@7] ’(n,k):(ﬂ,o)bE (77, k)v infn,k aikbE (773 k) - % | (n,k):(EO)bE (n’ k) } (41)
_ : o) o

0 <bp=min{ a*n‘(n,k)=@0)b’f("’ k), %}(n,kh(gmbE(”’ k) }

0

<y = min { inf, & %bE(n, k), inf, & %;bE(m k),inf, %Zkb;;(n, k)}.

We also assume that bg : A — R, by, : [0,k] — R, are both bounded. Let bg = bg (), k), by, = by, (k) be
their upper bound.
Fix pg > 1 and py > 1. Suppose that a teacher of type (n,t) can teach pgn > 1 students and



CHAPTER 4. MULTISECTOR MATCHING PROBLEM WITH TWO DIMENSIONAL SKILLS 55

a manager of type (n,m) can manage prn > 1 workers. We don’t need to assume ppn or pgn to be

integers, because a student (resp. worker) can have more then one teacher (resp. manager).

We will suppose that the distribution of students’ ability, a € P(A), is known and is a Borel proba-

bility measure.

4.1.1 Primal formulation

Our problem is to maximize the production of the society:

LP* := max (/ cbg (zu(t,a;m,t)) e(de, da; dn, dt)
€A AxK

+/ b (2L (Mw, W N, m)) )\(dnw,dw;dnm,dm)> , (4.2)
K

K
subject to:
Tiy€ = the distribution of students’ ability is known (4.3)
K= Ky + Km + Kt = 2ppg€ the measure for adults’ skill is coherent (4.4)
e,A>0,

where £/, /¢ is the distribution of workers/ managers/teachers:

ko (k) = (T1,N) (1K) = /K A (1, s i dm)

Em(n, k) = ﬁﬂg#)\(ﬂ,k) = PTln /R A (dny, dw;n, k) ; and
k) =~y (18) = —— [ e(ddasn. k).
More explicitly the constraints are e > 0, A > 0,
/[( (e, a;dn, dt) =a(t, a) and (4.3")
/R 2 (1, ke, t)e(n, k; dip, dt) :/R A, k; diy, dm) (4.47)

1 1
+/ —/\(dnw,dw;n,k)Jr/ ——e(de, da;n, k).
K PLN A PET

Let G be the set of pairs of measures (e, A) satisfying the constraints.

4.1.2 Dual formulation

Let u: K — R and v : K — R be the Lagrange multiplier associated with (4.3) and (4.4) respectively.

The Lagrangian function is:
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1
PLTm

L€, A;u,v) :/

V(N m)) A(dny, dw; dnyy,, dm)
KxK

(b a2 5 10) = o0 0) =
1
+ / (ch (ze(t,a;m,t)) — —v(n,t) —ult,a) +v(zg(t,a;n,t)) >E(dL, da; dn, dt)
AxK PET
+ / u(e, a)a(de, da).
A
Formally, interchanging the order of sup and inf should yield the dual problem

1
PLm

inf sup / ) <bL (2L (M, W3 Ny M) — V(1 W) — v(nm,m)> A dn, dw; dp,, dm)
KxK

UV e A>0

+f (ch (ep(tsaim, ) — ——v(m,8) — u(t,a) +0 (25t n,t»)e(m,da; dn, di)
AxK PET]

+Au@wmm@@

If the function integrated over A or € is positive, the supremum is unbounded. So in the optimal case,

bL (ZL(nwaw;nmvm)) - U(nwvw) - U(nm7m) S 07

PLTm

1
cbg (ZE(Lva;nat)) - p n”(ﬁvt) - u(L,CL) +v (ZE(Lva;nvt)) <0
E

and their integrals with respect to A and € vanish.

Thus, we get the following problem:

L&:M/MWMMML (4.5)
u,v A
subject to the stability constraint
1
U(UUH ’LU) + ’U(nfm m) > by, (ZL (ﬁw, W5 Mm m)) (46)
PLTIm
for the labour market and
1
—v(n,t) +ult,a) > cbg (zp(t, a;n,t)) + v (zg(L, a;n,t)) (4.7)

PET]
for the education sector.

The function u : (n,a) € A — [0,00) represents the gain of a student type (n,a) from education
and v : (n,k) € K — [0,00) is the wage of an adult of type (n,k). Let Fy be the set of functions
(u,v) = (up + u1,v0 + v1) satisfying the constraints which differ from bounded continuous functions

ug,vo € C(A) by functions uy,v; : A — [0, 00] that are non-decreasing in the second parameter.

Note 4.1.1. Note that for (u,v) € Fy, their lower semi-continuous extensions (Isc u,lsc v) (see defi-
nition 2.1.3) also belong to Fy, and the objective value at (lsc u, lsc v) will be lower than the objective

value at (u,v). We therefore assume u and v are lower semi-continuous from now on.
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4.2 Structure of optimal solutions

In this section, we give a general analysis of how solutions to our problems (4.2) and (4.5) behave. We
study how variation in skills impacts the profession or future profession of an individual and how it
impacts the matching patterns.

Let

vp(n, k)i = sup  br(zL(n, kinm,m)) — (N, M) (4.8)

(77m1m)€[( PLTIm

2= Ty (k),

Vm(n,k) 1 = pLn < sup by (20 (1w, win, k) — v(mmw)) (4.9)

(Nw,w)€K

= pLnim(k), and

ve(n, k) : = pEn ( sup cbg (26(s, a3, k) +v(zp(t, a5, k) — ule, a)) (4.10)
(t,a)€A

= PEnﬁt(k)-

be the wage function of workers, managers and teachers, respectively. For the teacher’s wage, we will
assume 0o — 00 = oo by convention. As zp and zi don’t depend on their first and third variables,
workers’ wage function doesn’t depend on his or her communication skill and a manager or teacher’s
wage is linear in its communication skill. This represents the fact that o,,(k) (resp. 0:(k)) is the wage
of a manager (resp. teacher) per worker (resp. student) and their real salary is that wage per worker
(resp. student) multiplied by the number of workers (resp. students) they have.

If v is proper (see definition 2.1.1) and lower semi-continuous (see definition 2.1.2), the supremum
will be attained in (4.8) and (4.9). If v is convex and non decreasing in both variables and u is proper,
the supremum will be attained in (4.10).

Let

U := max {Vy, Um, V¢ } -

By (4.6), feasible wage functions, v, satisfy v > v,,, and v > v, and by (4.7), v > v so v > .

We will eventually prove that v is the optimal wage a.e., i.e. the wage of an adult is the maximum
of the wage he would get as a worker, manager or teacher.

We show that for a fixed cognitive skill level k, there exists a cutoff communication skill 7j(k) such that
individuals with communication skill lower than 7j(k) will be workers and individuals with communication

skill higher than 7(k) won’t be workers. First, we show the following:

Lemma 4.2.1. Let k € [0,k]. If there exists an n € N such that adults with skill (n,k) are necessarily
managers i.e. vy (n, k) > max { vy (n, k), ve(n, k) } then 0, (k) > 0.

Similarly, if there exists an n € N such that adults with skill (n,k) are necessarily teachers i.e.
ve(n, k) > max { v, (0, k), vm (1, k) } then (k) > 0.

Proof. We prove the result of wage of managers, the proof is the same for wage of teachers. Setting
(N, w) = (M, m) = (n, k) in (4.6), we get that v(n, k) > 0 for all ;. Therefore, if there exists an 7
such that (nx, k) are managers and it follows from Theorem 4.5.5 that v, (nx, k) = v(ng, k) > 0. The
result then follow from the fact that vy, (nk, k) = prnetm (k). O
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Proposition 4.2.2 (c.f. [27, Proposition 3]). For each cognitive skill k € [0,k), there exists a cutoff
value fi(k) € N such that individuals with communication skill n < (k) will be a worker and almost

every indiwidual with communication skill n > 7(k) won’t be a worker.

Proof. Fix k. Suppose for all n, every individual with skills (n, k) is a worker, then we pick 7j(k) = 7.
Suppose there exists an 7 such that individuals with skill (7, k) can be managers. By the envelope

theorem and (4.8), as we assumed by, to be twice differentiable, %vw(n, k) = 0. Using (4.9), we get

%vm(r], k) = —prom (k). Putting together those two derivatives and the fact that pr, > 0 and o,,(k) is

non-negative, we get

a% (Va1 K) — v (1, K)) = —prn (k) < 0.

Therefore vy, (n, k) — v (n, k) is a decreasing function of 7, so there exists 7, (k) such that

('Uw(ﬁ, k) — vm(n, k)) (Mm (k) —n) = 0.

with equality if and only if n = n,, (k).
Now, if for all n every individual with skills (n, k) is a worker or a manager, we pick (k) = n, (k).
Suppose there exists an 1 such that individuals with skill (7, k) can be teachers. We can mimic the

previous argument to get an n:(k) such that

(v (n, k) — ve(n, k) (ne(k) — ) > 0.

with equality if and only if n = n.(k). If there is no individual with cognitive skill £ that are manager,
we pick 7(k) = m (k). Otherwise, 7j(k) = min {n, (k), n:(k)}. O

By definition, v,,, v, and v; are suprema so Lemma 2.1.6 allows us to find pointwise a.e. bound for
their derivatives. The next two lemmas use those bounds to prove that the optimums u and v will be

convex and non-decreasing in both variables and supermodular.

Lemma 4.2.3 (Structure of the benefit from education function). Let v : K — R be conver and

non-decreasing in both variables with v(n, k) > limsup,_,; v(n, k), Then the student payoff u defined by

1
u(n,a) = sup cbp(ze(n,a;ne,t)) +v(ze(n, a;ne,t)) — ——v(ne, t)
(ne,t)ER PEM

is also convexr and non-decreasing in its second variable on K, supermodular and satisfies

ﬁ au(avzb7 a) > by + lnnlf avgz k)’

(1 _19E)2 821(;(;727 a) > bl + lnnlg %7
W st and

Tulna) P*v(n, k)

> cby, + inf ————
anoa = e il o
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pointwise a.e.

Proof. The proof mimics the proof of [13, Lemma 5, second claim]. Because v is convex in k and convex

and piecewise linear in 7, it is twice differentiable a.e. on K. Therefore, we first assume v € C2(K). Let
f(Lv an, t) = CbE(ZE(Lv a; 1, t)) + U(ZE([’a a1, t))

For each fixed ¢ (resp. a), and fixed 7, ¢, f is convex and non-decreasing as a function of a (resp ¢). As

dzL
52 =1 — 0p, we have,

fa(L7a;777t) = (1 _QE) Caak bE([’7k) + 86]€ U(La k)
k=zf (¢,a;m,t) k=zf (¢,a;m,t)
% fa( t) 9
all, a3, / . v
Jaln b > - ,
1—9E 7CQE+lnf 8k(777k)
Similarly,
faa(n7a;ntat) i . 21}
> —_— .
(1-0g)? — cbp + inf ok? (n, k)

The bounds for f,, f,, and f, , are found similarly. It then follows from Lemma 2.1.6 that the same

bounds are true for u(n, a).

If we don’t suppose v is C?(K), we can approximate it uniformly on compact subsets of K by C?

functions v* satisfying the same hypotheses as v. We get that

fi(na a; ntat) = CbE(ZE(nv a; ntvt)) + Ui(ZE(U»a;Ut»t))

converge to f uniformly on compact subsets of A x K \ {(a, k) } and

_ . 1
u'(n,a) = sup f'(n,a;n,t) — v (1, 1)
PEMNt

(e, t)eR
converge uniformly to u on compact subsets of A. So w inherits the same Lipschitz and local semi-

convexity bounds as u® in the distributional (and hence pointwise a.e.) sense. O

Lemma 4.2.4 (Structure of wage functions). Let v : K — R be convexr and non-decreasing in its second
variable, and non-decreasing, convex and piecewise linear in its first variable and supermodular with

v(n, k) > limsupy,_zv(n, k). Then vy m ¢ are positive, non-decreasing and convex in the second variable

on the subset of K where they represent individuals. Their mazimum
0 := max { Uy, U, s }

is non-decreasing and convex in the second variable on K, piecewise linear in their first variable, and
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satisfy

> min{ (1 — 0p)by, npLbLby, penibe | by + inf é1)(77, k)
(n.k) Ok

_ ) 82
—m > min {(1 — )27, (0.)*npLbY, pemib?, (ch + 1nf) 952 v(n k))} and

W > min{O,pLﬂLb’L,HEpE (CbE + 1nf (9]{3 ( k‘))}

pointwise a.e.

Proof. To prove this claim, we follow the idea of the proof of [13, Lemma 5, third claim]; that is we will
prove that, on the subset of K where they represent individuals, vy, /m/t are piecewise linear in their first
variable, non-decreasing, convex in their second variable, and supermodular, by finding lower bounds on

their derivative.

Let’s begin with v;. Because v is convex in k and convex and piecewise linear in 7, it is twice

differentiable a.e. on K. First we suppose v € C2(A). As in Lemma 4.2.3, we set

f(e,a;me,t) = cbp(zp(e, a;ne,t) + v(zE (L, a;n, t)).

Then we have

ve(ne,t) = pEME < sup f(e,a;me,t) — u(hd)) :

(t,a)€A

Note that
f n =0

0
fo =05 az (25 (0, a5 4, 1))

ak e(n.k

(mk)=zg(t,a;n:,t)

> 0g (ch + 1nf ok (n,k‘))

2 321)
foe = 93 akg 8k2 (ZE(L a; 77t7t))
(n,k):z;s(b,a;m, )
zeg ch+ mf akg( ,k)).
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So again by Lemma 2.1.6, we have that:

avt(ntvt) 8
A IRVERN
5 2 Oppen: | by + mf (%( nk) |,

62Ut(77tat) v

_— > f
oot > OrpE (ch + in { or (n,k)) , and

0%vi(n, ) 9 0%v
—pa > 0% pEn: <ch + mf oIz (n k))

a.e. Finally,

Qumt) _ < sup f(, a3, t) — Wﬂ))
(

67775 L,a)€EA

— Ut (77t7 t)
Tt

which is positive if we are on the subdomain of K where individual can be teachers because in that case,
by Lemma 4.2.1, vy > 0.

If v is not twice differenciable, we can approximate it uniformly on compact subsets of K by C?

function v’ satisfying the same hypotheses as v. We get that

fi(Lva;nvt) = CbE(ZE(Laa;ntvt)) + Ui (ZE(Lva;ntvt))

converge uniformly to f on compact subsets of A x K \ {(d,l_c)} and we can define from it v} that
will converge uniformly to v; on compact subsets of A. So v; inherits the same Lipschitz and local

semi-converxity bounds as v} in the distributional (and hence pointwise a.e.) sense.

Now consider v,, and v,,. Let

J (M, Wi Ny m) = br (20 (N, W3 M, M)

and rewrite

Voo (M, w) = sup  f(Nuw, W; Pm, m) — V(M M)

(77777, 7m) nnpr

(Mw,w)

U (Mm, M) = NmpL ( sup  f (N, W; N, m) — v(nw,w)> :
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As

fnw =0=fy,.
fuw =01~ 9L>bL(zL(77wa Ww; Mm,m)) > (1—0r) b,
fuw = (1= 01)6} (22N, w; Ny m)) > (1= 01)°b]

fm =10r b, (ZL(nun Nm, M )) >0 bL
fmm 9 b”(ZL(nuMw N, M )) 26‘ bllln
using Lemma 2.1.6, we get
Oy,
Zw -0
an (n,w)

v, Om (7,0
oy () =L ( sup f (1w, w;n,m) —v(nw,w)> _ tm(m.m)
n (Nw,w) n

which is positive if we are on the subdomain of K where individual can be managers because in that

case, by Lemma 4.2.1, v,, > 0 and Bg;]” (n,m) > 0. Taking more derivatives, we have:

82’Um an
87’] (nmv ) = 07 %(’r]’wvw) 2 (1 - aL)b/Lv
m
0%y, v,
awg (nwa ) 2 (1 - HL) L» %(nmnm) 2 eanpr/L;
(’92vm 82'Um
8,’7 om (nm’m) 2 0Lpr,L’ W(nm,m) > 9%77mPLQZ

Thus, v is increasing and convex in both variables and supermodular and its partial derivatives satisfy
the appropriate bounds.

O

Note that by being piecewise linear in 7, v is also piecewise convex in 1. We will prove later that v
is in fact globally convex in 7.

In Proposition 4.2.2 we strengthen the argument from [27], which give, for fixed cognitive skill,
conditions on the communication skill to be a worker or not. The next proposition studies, for fixed
communication skill, the relationship between an individual’s occupation and his or her cognitive skill.
Note that as we fixed communication skill, this is equivalent then studying the one dimensional problem

[13]. Therefore, this proposition is equivalent to [13, Proposition 7].

Proposition 4.2.5 (Specialization by type; the educational pyramid). Supposeu: A —- R, v: K - R

are conver and non-decreasing in k and satisfy v = max { vy, Um, V¢ } where vy m ¢ are defined by (4.8),

(4.9) and (4.10).

1. If

b (1 —6p)k+ 605k~
prnfr > (1 —0r) sup A ; ) Lh7) (b)
keK bL(gEk)
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then for fized communication skill, the cognitive ability of all workers’ types is weakly below the

one of all managers’ types.
2. If
-/
pENEby > by max{prn0.,1— 6.} (a)
then for fixed communication skill, the cognitive ability of all teacher types is weakly above the

cognitive ability of all manager and worker types.

3. Suppose
by (1—6r)z" +6rk)
penfE > prnfL sup
- OS:}Sk pLﬂeLb'L(GLZJF) + C%bE(n, Z+)

and (b) holds, and

f(La a; e, t) = u(L7 a) + v(nta t) - CbE(ZE(Lﬂ a;ne, t) -v (ZE(Lv a3, t))

PEN:

vanishes at some (1,a;n;,t) € A x K where v (2g(1,a;n,t)) = vy, (ZIE(L,G,; nt,t)). Then for fized

N,
v > Uy, for (ne, k) where k > t.

In words, no manager (or worker) can have a higher salary than a teacher of managers.

4. 1If
npele > 1, (d)

then any student’s cognitive ability will be weakly below his or her teacher’s cognitive skill and

strictly below if

either ¢ >0 or npplp > 1 (e)
and (d) holds.
5. If
either ¢ > 0 or %v(-, 07) >0 ()

then conditions (d) and (e) imply that any teacher of type (n, k) will have at most finitely many
academic descendants d(n, k), i.e. a teacher of teachers of teachers... will eventually reach a
teacher of managers or a teacher of workers which will end the teaching chain, except if v is not

differentiable in k at (n, k). Moreover, we have

0 0 0
&Ut(ﬂo, ko) =pEnofe (CakbE(ﬂla ki) + pembe (CakbE(ﬂz, ko) + pEn20E ( a

0 0
<+ pENI-10E (CakbE(ndy ka) + %U(nda kd)))))
1—(penfp)?

d .
) e rEMIBCbE(1, 0%ko) + (penfE)” Frv(n,0%ke) if penfs # 1
degpbe(n, 0%ko) + grv(n, 0%ko) if pemfE =1

Note 4.2.6. Condition (a) requires that the impact of teachers (which depends on pg, g, Bg and n)
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is greater than the impact of workers (which depends on 05, and by ) and than the impact of managers
(which depends on pr,, 01, B, and n).

Condition (b) forces the best worker to have a lesser impact on the production of the labour market
than the worst manager.

Condition (c) is a weaker condition than (a) which ensures that some teachers have more impact
than everyone in the labour market.

Condition (d) ensures that a teacher teaches at least one student and condition (e) makes this strictly
more than one student or puts the benefit from education bg in the objective functional.

Condition (f) ensures that the benefit from education bg is in the objective functional or that the

wage function of adults is strictly increasing at cognitive skill O for any communication skill.

Proof of Proposition 4.2.5. The proof mimics the proof of [13, Proposition 7]. By Lemma 4.2.4, vy, /m /¢
are convex in k, hence one-sided differentiable and two-sided differentiable a.e. At points where they are

differentiable, Lemma 2.1.6 allows the following estimate:

%’l}w(n,k) = (1—9L)bIL ((1—9L)k+9Lm) (4.11)
%vm(n, k) = prnorby (1 —0p)w + 0Lk) (4.12)

0 0 0

i, k) = pend 7‘ b (1, k) + — k
8kvt(n ) = penf (Cﬁk k=(1=05)a+05k (1 k) + ok k:(kaE)aJreEkU < ))
where m,w € [0, k] and (1,a) € A are the maximisers of (4.8), (4.9) and (4.10) respectively.

1. To show that a worker’s cognitive skill lies weakly below any manager’s cognitive skill, we prove
that v,, — v, is strictly increasing in its second variable (cognitive skill). As this function is
non-negative for all (n,,, m) managers and non-positive for all (1,,, w) workers this will show the

claim.

0
We have that %vm(n, k) is minimal when w = 0 in (4.12) so its minimal value is
prnOLby (OLk),

and —-v,, is maximal when m = & in (4.11) so it maximal value is

ok

(1 =0 (1 —0L)k™ +0Lk) .

Now because of assumption (b) we have

0
—Um(n, k) > prn0rb(0Lk)
ok

> prnfpby (0Lk)

> (1—0r)sup by, (1 —0r)kbg; k™) by (b)
keK

0
> .
> akvw(mk)

2. We will show that
—ve(n, k) > max { —— Uy, =
kvt n,k) > ma kvw, kvm .
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0
It is harder to get an estimate of i because of its dependence on v. If a student of cognitive

skill a; is taught by a teacher of cognitive skill kg, it will have cognitive skill
k‘l = (1 — HE)al + HE]CO

as an adult.

So,
gv( ko) = 0 cib( k)—i—iv( k1) (4.13)
ok t\";,Ro) = PENVE ks E\T, k1 oky N, k1 .
> pEQGEcQGE as v is increasing in its second variable
> by max {pr7fr,1— 0} by (a)

0 0
> max {akvm(m, ko), %vw(m, ko)} ,

3. Assume that a teacher of type (1:,t) teaches a student of type (¢, k) who becomes a manager of
type (nm = t,m) = zp(, a;n, t).

We have that v > v, with equality at (1,,, m), thus,

0 . 0 N
%v(nm,m )Z%vm (vm,m )

Now we have:

0 0 0
%vt(m,ﬁ) > pemife (CakbE (M, m™) + R0 (nm,m+)>

0 _
> penfe (cakbE (nm7m+) + pLnm O] (zE(w7m+))) for a w € [0, k)

0
> pEnfE <68kbE (1m, m™) + primbLb], (9Lm+)>

> pLﬁﬁLb’L ((1 - GL)m_ + 9[,%) by (C)
Now (b) implies that for a fixed 7, m is weakly above the cognitive skill of any worker. Thus,

0
%/Um(ntvt) < prnfby (1 —6r)m™ +6.t)

< pLT_]eLb/L ((1 — F)L)m* + GLt) R

which gives us

9 L0
il >
akvt("?tat ) > 8kvm(m’t)

and the convexity of v; and strict convexity of v, (see proof of Lemma 4.2.4) imply that

0 0
— >
8kvt(nt’k) - akvm(ntvk)

for k > t.
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So ve(1r;-) > vm (e, -) on (¢, k).

4. By (4.13) and (d) for a student (¢,a) who will become an adult of type (¢, k) with teacher (n,t)

we have:

0 0 0
Suulist) 2 bl k) + (k)

0
> — .
zZ akv(ﬂa, k)

If nppfr > 1 the first inequality is strict and if ¢ > 0 the second inequality is strict, so we conclude

that any student’s cognitive ability will be below his or her teacher’s cognitive skill.

5. Start with a teacher (1o, ko) with students type (t1,a1) who will become adults of type (n1, k1 =

2L (11,a13m0, ko)). If a student decides to be a worker or a manager, there is nothing to prove.

If a student becomes a teacher, we’ll denote (72, az) the type of his or her students. Similarly, as
long as the next generation are teachers they have type (0, kn = 25 (tn, @n; Mn—1,kn—1)) and their

students have type (tn41, Gni1)-

We claim that there exists a finite d such that the students of type (14, aq) choose to become workers
or managers. Suppose not to get a contradiction. Then the teachers’ cognitive skills k;y1 < k;
converge to some ko, € K. Their communication skills n; form a positive sequence. Then, taking
the limit in (4.13) gives:

0 . 0 0
Zliglo% (Uiaki):iliglopEnieE< ok —be (i, ki) + T (77“1%))-

Rearranging the terms, and noting that v = v; in this case, we get:

0
b (i, ki) .

Jm (1 o) o z

5" ve (03, ki) = Z_llrgo pEnf9EC

If (d) holds, the left hand side is < 0 and the right hand side is > 0. Adding condition (e) and (f)
gives that one of those inequalities is strict. As v; and bg are strictly positive, the strict inequality still
holds in the limit. This is a contradiction and we conclude that the sequence (7, k;) terminates at a

finite d. By iterating, we get:
3v( ko) 0 8 be(m, ki) + 0 cgb( ko) + 0
okt Mo, Ro) =PETNOVE 8k5 M, K1 PEMUE ok EN2, K2 PENUE

8 0
“+ PENI— 19E< A be(na, ka) + o (nd,kd))>)>
1—(ppnoe)?

d .
o) s PEMIBCEbE(n, 0%k) + (penfE)” Srv(n, O%ko) if prnfn # 1
dC%bE(ﬂ, edEk‘o) + %’U(ﬂ7 Q%ko) if pEﬂeE =1
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4.3 Perturbed problem

In section 4.5, we’ll try to find conditions for problems (4.2) and (4.5) to have (unique) solutions. To
do so, we will minimize the dual problem LP, under the additional hypothesis that v is convex and
non-decreasing in both variables and supermodular, following the strategy of Erlinger et al [13]. These
hypotheses and lemma 4.2.3 imply that v is strictly non-decreasing, strictly convex in both variables and
strictly supermodular'. Having non-decreasing wage functions in both variables is a natural hypothesis
as it means that an increase in a skill variable never corresponds to a decrease in wage. Supermodularity
means that an increase in one variable increases the impact of the other variable. That is, the wage of an
individual with higher cognitive skill is augmented more with an increase in his or her communication

skill than that of an individual with lower cognitive skill.

The technical reason to assume these hypotheses is to force the feasible functions to be in a compact
space, allowing us to extract limits from minimizing sequences. We then show that these additional

constraints on v are non-binding for our problem.

Note that if u and v are convex in each of their variables, they can only be discontinuous by having
a decreasing jump on the bottom or the left side of K (on (0,n) for n € N or on (k,n) for k € [0,k))
or an increasing jump on the top or the right side of K (on (k,n) for n € N or on (k,7) for k € [0,k)).
If w and v are also increasing the first discontinuity is impossible and if they are lower semi-continuous,

the second discontinuity is impossible.

To prove that the extra conditions stating that v is convex and non-decreasing in both variables and
supermodular are non-binding, it is necessary to control our functions u,v on the full domain A, K not
only on spt o and spt & (where k = zg g€ is the unknown distribution of adults). Our original problem
doesn’t control the value of v and v outside the support of @ and k. Moreover, as v is non-strictly
supermodular and non-strictly convex in its first variable (in fact it is piecewise linear), we can’t prove

directly that it is supermodular and convex in its first variable.

To solve these problems, we introduce a perturbed version of the dual problem.

LP,(0):= inf 6(u+v), +/ u(t, a)a(de, da) (4.14)
(u,v)EF5 A

where

1
(V) 4 = @/Avdﬁ

denotes the Lebesgue average of v over A, and Fj is the set of (u,v) = (ug+wu1,vo+v1) which differ from
bounded continuous functions ug, vy by functions uq,v; that are non-decreasing in the second variable,
such that

1
’U(’I]wﬂU) + oL U(Umam) >br (ZL(nw7w§77m7m)) +6 (nww + 77121; + nm) (4153)
1
s v(ng, t) +ule,a) > csbp (zp(t, a;m4,t)) + v(zp (e, a;ne,t)) + oy, (4.15b)
t

similar to the non-perturbed problem?.

INote that u and v don’t have to be jointly convex.
2Note that cs might depend on ¢ if we want. For example, ¢ = 0 can be approximated with cs — 0, when § — 0.
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These problems admit primal problems:

LP*(§) := max / (csbe (z6(t, a;me, t) + ony ) e(de, da; dny, dt) (4.16)
(e,M€EGs JAxEK

+ / ~ br (ZL(nwa W3 Nim s m)) +4 (nww + 77721; + nm) )\(dnwy dw; dnpm, dm)
KxK

where G5 is the set of pairs (¢, \) > 0 such that:

A € 1)
TiuA+m — |+ —— | = zpupe+ —L 4.17a
R <pmg> o <pEn2> AR T (4.178)
)

We'll use f = f (N, W, N, M) = Nuw + 12, + 1y for the function that multiplies & in LP*(§).

4.4 Strong duality

We now want to show that LP,(6) = LP*(5). We first need the following lemma:

Lemma 4.4.1 (Endogenous distribution of adult skills). Fiz a Borel measure a >0 on A. If e >0 on
A x K is such that m y€e = , then for each ij — An € (1,7) and k — Ak € (0, k), the measure k = zg e,

where zg is defined in section 4.1, satisfies:

k(dng, dk) < / a(dn,, da).

1

/[U—AUaU]X[E—AkJ_C] [ﬁ—AW»ﬁ]X[a—keE Ak,d]

Proof. The proof mimics the proof of [13, Lemma 14, first claim]. First note that
k([ — Anyn) x [k — Ak, k]) = e (25" ([7— An,n) x [k — Ak, K])) -

We have that (1, a;n;,t) is in 2" ([7 — An,n] x [k — Ak, k]) if and only if

Na € [ — An, 7]
and
k— Ak < zp(na, a;mi, k)
=(1—0g)a+0gk
<(1—-0g)a+0gk
_ 1
= a>k— Ak.
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So

k([ — An,n] x [k — Ak, k]) =€ (b_l ([7 — An,n] x [k — Ak, k]))

Se({[n—An,n] « [k— 1_16EAk,k” xz‘()

:a([n—An,n] X [k’— : 19EAk,kD.

O

Lemma 4.4.2 (Endogenous distribution of adult skills with disintegration theorem). Fiz a Borel mea-
sure o > 0 on A. Let oy, be the disintegration of o with respect ton. If e > 0 on A x K is such that
g€ = a, then for each kE—Akc(0,k), k= zpy€ we have:

[ mpan< | ey (d)
[k—Ak,k] [a— L~ Ak,a)

-6y

where Ky is the disintegration of k with respect to n.

Proof. The proof follows the proof of [13, Lemma 14, first claim]. The disintegration of a measure is the

conditional expectation, so

#(n, dk)
K (dk :/ _—
/[E—Ak,l_c] (k) h—ak) Jg w0, dE)

As £ is a probability measure, so are its marginals. So || & #(n,dk") = 1 and the result can be proven the

same way as Lemma 4.4.1. O

We can now prove one side of the duality for the perturbed problems. This inequality is usually

straightforward to prove, but in this case, we need to show that v € Ll(/_L ZEHE).

Proposition 4.4.3 (Easy direction of duality for unbounded functions). If Borel measures (e, \) € G
and Borel functions (u,v) € Fs are such that u € L'(A, a) and ud,v§ € L'(A, L), then

a(u) + 6 (u+v), > e(csbp(b) +0m) + A (br(zn) +6f)

provided v € L' (A, zpye).
If a satisfies the doubling condition

[ amdg<c o(n, da) v € [, 7] (4.18)
[a—Aa,a] [a—1Aa,a]

then v € L*(A, zgye).

Note that it makes sense to assume that u € L' (A4, ) and ud,vé € L'(A, L) in order to ensure that
LP,(6) is finite. Note also that Proposition 4.4.3 implies that

LP.(5) > LP*(6).
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Proof of Proposition 4.4.3. The proof follows the proof of [13, Proposition 8]. Take two pairs (e, ) and
(u,v) satisfying the hypotheses. The stability constraint in education sector (4.7) implies,

1
u(t,a) — csbp(zp(t, a;n:,t)) — 0ne > v(ze (L, a;5me, 1)) — Mv(m,t)
t

on Ax K. Integrating over €, we get

/ <v(zE(L, a;mg,t)) — ! v(ny, t)) e(de, da; dny, dt)
AxK PETMt
S/ (U(L, a) — csbr(zg(t, a;m:,t)) — (577t)e(db, da; dny, dt) (4.19)
AxK
= / u(e, a)m ye(de, da) — €(csbp(2p) + on¢)
A
0

:/Au(b,a) (a + |A|/$|A> —€(csbp(2p) + ) by (4.17D)

=a(u) + (6u) 4 — €(csbp(zE) + 0nt).
Adding (6v) (and noting that K = A) we get:

a(u) — €(csbp(zr) + omy) + 6 (u+v) 4

1
> (6v) o + / <U(2E(L, a;ng,t)) — v(nt,t)) e(de, da; dny, dt). (4.20)
AxK PEM
Also, by integrating v over (4.17a) we have:
U(Uka k) .
(0v) o + [ v(n, k)zpye(dn,dk) — e(d, da; dny, dk) (4.21)
K KxK PETk

_ / (e KA (dige, dk; dig, dm) + / (i KN (i, duws i, dk)
x K

K RExEK PLTk

1
:/ (v(nw,w) + v(nm,m)> Adn , ws dijm, m)
KxK PLIm
2/, ] (bL(ZL(nw,w;nm»m)) + 6f)A(dnw,w;dnm,m) by (4.15a).  (4.22)
KxK
If v € L'(A, zgye), (4.20) equals (4.21) and we conclude that

a(u) + 6 (u+v), > elcsbgozg +0n:) + A(bp oz +6f).

Now we must show that (4.18) implies that v € L*(A,zg4e). We supposed that (u,v) = (ug +
uy,vo + v1) differ from bounded continuous functions ug € C(A), vy € C(K) by functions that are
non-decreasing in the second parameter uq,v;. Suppose, without loss of generality, that vy is strictly

increasing in the second parameter.

Suppose that « satisfies (4.18). Using the layer cake representation, we have:

[ Ryt ) = / "k [or (g, 00)] d.

K
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Let vy *(y,00)1 be the lowest 7 such that there exists a k such that vy (1, k) > y and let k& = vy (y, 00) ()
be the lowest k such that vy (n, k) > y. We have

/ (i )
(vi " (y,00)1,71] Y [(v  (y,00) (n) K]

i (dh) g (dn)

K [Ufl(y, oo)] =

\

[

Il

(v1 ' (y,00)1,71] /[v1 ! (y,00)(n),k]

/ b () ()
(i (y,00)1,7] J [k=(k—vi " (y,00) () k]

IN

/ oy (dk)my K (dn)
(w1 (9,00)1,7] OESIONE]

IN

ty (dk) 1 yo(dn)

"-’1 yoo 1"7 /a 1= GE k Ul (y OO)(”]))J‘?}

Qy dk T O d
/[(Ull(y,oo)lﬁl] ~/{a (k vy (y,oo)(n)) ] ( ) # (77)

IN
Q
=

2d18

where the first inequality follows from Lemma 4.4.2, the second from the fact that m4x = m 40, and
the third from (4.18).

Letting d = W > 0, we get

1 —In(1-6p)
K [o7 H(y,00)] <O e / oy (dk)my g a(dn)
(1 (y,00)1,7) [(v7  (y,00) () ,a]
=C mfxl]st) [vl’l(y,oo)] )
Setting s = ¢ in (4.15b), we have that
-1
Mm@kq@@kﬂﬁm+ﬁg—wW$%

SO

pen—1
u(n, k) > ———v(n,k
) PEN (n:%)

\

I

S
=S

3
=
=

Thus, considering u; and v1, we have

pEN—1

ur(n, k) =
1( ) PEN

(Ul (777 k) + 90(777 k)) - UO(% k)

As vy and ug are bounded, we conclude that there exists a constant ¢ such that

pen —1
Ul(ﬁv k) > — (Ul (777 k) + C) .
PETN
Setting
pen—1

ic’
PEN
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we have that

So
—n(1-0g) [ 1
[ ortm Bty < 5 [ alor (g, 00)dy
K 0
_ omnagte) / 1 (1a @) (e, da)
A
o 1
< e / —U1(Na, a) — ca(dn,, da)
ic
—In(1—6p) 1 _
—(C mz * (c’ / w1 (Na, a)a(dng, da) — ca(A))
A
< 0
because u; € L1(A,a) and a(4) < . O

To prove the other side of the duality, we will use the duality theorem Lemma 2.4.1.

Theorem 4.4.4 (No duality gap). Fizd,cs >0,0<0p<1,0<0,<1,7>n>1anda= k>0. Let
A=K =[n,n) x [0,k) and let a be a Borel probability measure on A satisfying the doubling condition
(4.18) at a. Define zg,zr, bg,br, as in section 4.1. Then the optimal values of the primal (4.14) and
the dual (4.16) problem are the same;

LP*(§) = LP.(9).

Proof. Following the proof of [13, Theorem 18], we will apply Lemma 2.4.1 with

A=C(A) & C(R)
B=C(Ax K)o C(K x K).

So

where T'(X) is the set of Borel measures on X. Define,

0s :C(A)®O(K) = RU{oc0}
(u,v) = 6 (u—+v), +/Au(7]a,a)a(d77a,da),
o5 :T(A)oT(K) - RU{x}

i - 6 6
s O (1,v) = <a+ 5L, ‘K‘mK)
400 otherwise,
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and

¢5: C(Ax K)® O(K x K) > RU {00}

0 if @(1a, a;nr, k) > csbe(2E(Ma;s a;nx, k) + 0ne
(@,) and (1w, W; Nm, m)) > br (2L (N, W; Mm, m)) + 6 f
400 otherwise,

¢t T(Ax K)®oT(K x K) > RU{o0}
(,2) H{ €(csbp(b) +n.) + A (bp(z1) +0f) ife<0and A <0

+00 otherwise.

It is easy to check that ¢5 and ¢5 are indeed the Legendre transforms of @5 and ¢s.

Now let

V(s ) + 5= 0 (1, )

u(t, a) + 2v(n, t) - w(w(wwt)))
PLMm

H (Z) ((ey a3 e, ), (N, W M, M) ) = (

€ 771#6
H* = L 5 \2 L2
A AT+ (anz) + (pEnz) T RFE#¢

Once again, it is easy to show that

()00 )

73

To apply Lemma 2.4.1, we need to show that ¢s is continuous and real-valued at some point in

H(Dom ¢s). Let (u,v) € Dom @s. We have that u,v € L'(A,L£4) and v € L'(A, ), which means
that LP,(d) is finite. Moreover, ¢5(H (u,v)) = 0 if (u,v) are feasible for LP,(d). So the conditions are

achieved because the conditions of being feasible and finite for LP,(d) are open and there exists such a

pair; for example,
(u,v) = (csbg (0, k) + b (k) + 6 (7k + 7* + 27) ,br (k) + 6 (7k + 7* + 7).

Now Lemma 2.4.1 tells us that

inf u,v) + ¢5(H (u, v
e s(u) + s (H ()
= max  —pi(H (6, ) — di(—e, —N).

N (e, M) ET(AXK)BT (K x K)

By definition of @5 and ¢, we have that

inf u,v) + ¢s(H (u,v
(u,w)EC(A)BC(K) @6( ) (bé( ( ))

B inf 0 {utwv +/“ ,a)a(dn,, da).
(u,w)EC(A)DC(K) { >A i (Na> a)a(dng, da)
H(u,v)1>c5bp (b)+6n;

H(u,v)2>br(z0)+5f
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Then using the definition of H we get that

inf u,v) + ¢s(H (u,v
(u,v)EC(A)BC(K) 305( ) ¢6( ( ))

= inf B d{u+wv —l—/una,aadna,da
(u,w)eC(A)BC(K) < >A A ( ) ( )

u(Lva)'f',,E%tU(m,t)—v(zE(Lvamtyt))ZcébE(b)-Hs??t

V(N W)+ 52— 0(7m,;m) >br (2)+6 f

PLMm
> LP.(9)

the inf in LP,(J) is taken over a larger class of functions.

Simillary, we have that:

—GE(H (6, N) — i(—€, —A
(e,,\)eF(AIxnI%?(@F(RxR) w5 (e, ) = d5(=e,=A)
_LP*(5).

So LP*(§) > LP.(6), and equality follows from Proposition 4.4.3.

We now use duality to identify conditions for optimality.

Corollary 4.4.5 (Characterizations of optimality). A pair of non-negative feasible measures (e, \) € Gs
maximizes the primal problem LP*(0) if there exists feasible (u,v) € Fs satisfying the hypothesis of
Proposition 4.4.3 such that

a(u) + 6 (u+v) , = e(csb(b) +on) + X (br(zn) +9f).

Proof. The proof follows the proof of [13, Corollary 9, first claim]. Let €, A > 0 be a pair of feasible
measures on A2. Let (u,v) be feasible be such that

a(u) + 6 (u+v), = €e(csbp(b) +0n:) + A(br(2) +0f). (4.23)
By Proposition 4.4.3,
€(csbp(b) +0me) + A(br(2) +0f) < LP*(0) < LP.(0) < a(u) + 0 (u+v) 4.

So by (4.23), we have equality everywhere and (¢, A) are optimal for LP*(4), while (u, v) are optimal for
LP,(0). O

Corollary 4.4.6 (Characterizations of optimality). Let (u,v) € Fy, satisfying the hypothesis of Propo-
sition 4.4.3. The pair (u,v) minimize the LP.(0) if and only if there exists non-negative (e,\) € Gs
such that

() + 6 (u+ v) 4 = e(csbi(®) + om) + A (br (1) + 61)

Proof. The proof follows the proof of [13, Corollary 9, second claim]. The proof for the necessary

condition, for (u,v) to be minimizers, is identical then the proof of Corollary 4.4.5.
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For the sufficient condition, we know from Theorem 4.4.4 that LP*(6) = LP,(5). Suppose (u,v) is
optimal, so a(u)+ 0 (u+ v) , = LP,(6). Then the result follows from Lemma 4.5.4 (existence of optimal

measures). O

The next corollary shows that the constraints attain equality a.e.

Corollary 4.4.7 (Characterizations of optimality). Suppose (e, \) € Gs and (u,v) € Fj, then we have
that
a(u) + 6 (u+v), = €e(csbp(b) +on) + A(br(zn) +6f)

if and only if e(f) = A(g) = 0, where

v(ne, t
f(La a; T]tat) = U(L7a) + g;tn) - C5bE(ZE(L,CL; ’ ntat)) + 677t - U(ZE(L7a;77t7t)) Z 0
t
and
90 03 ) = 00,0 + 22 (o 5 0)) = 6 2 0.

Proof. This proof follows the proof of [13, Corollary 9, third claim]. We note that €(f) = 0 is equivalent
to the equality in (4.19) from Proposition 4.4.3, and A(g) = 0 is equivalent to equality in (4.22) from
Proposition 4.4.3. So,

a(u)+ 60 (u+v), = e(csbg(b) +dn) + A (br(21) +df)

is equivalent to both of those inequalities being in fact equalities, and the result follows. O

4.5 Existence of solution

The following lemma allows us to take converging subsequences, which will be essential when we prove

that the infimum is attained.

Lemma 4.5.1 (Compactness for wage functions — adults). Let v; : K — [0,00) be a sequence of convez,

non-decreasing in both variables and supermodular functions satisfying for all i:

2

for a.e. n € N, dg, such that k) > g, (k) for a.e. k € [0,k);

0
wvi(ﬂ,
2

for a.e. k€ [0,k), 3gi such that %vi(n,k) > gx(n) for a.e. n € N;
n

2

0
—; > .e.
and 8nakvl(77,k:) > g for ae. (k,n) € K

where 0 < g, g,/x and gr € L}, ([0,7)), gy € L},.([0,k)). Then
o for allm, {vi(n, )} admits a subsequence { v, (n,-) } which converges pointwise to a limit v, (-):

Vk € [0, k) llim v, (0, k) = vy (k)
— o0

which is real valued on [0, k,), and infinity on (k,, k), and



CHAPTER 4. MULTISECTOR MATCHING PROBLEM WITH TWO DIMENSIONAL SKILLS 76

o for all k, {v;(-, k) } admits a subsequence {v;,(-, k) } which converges pointwise to a limit vy(-):
VneN llim vy, (n, k) = v (n)
—00
which is real valued on [0,7y), and infinity on (7, 7).

Both limit functions are in fact the same:

Convergence is uniform on compact subsets of
[0, inf ;) x [0, inf k,,).
7

Moreover, the bounds
82
s oe i, 4) 2 gy (K)
32
a2
62

ok >

(n,k) > gr(n)
(nk)=yg
still hold in the sense of distribution.

As v is convex in both variables, but is not necessarily jointly convex, we need to fix one variable

and take the limit for the proof.

Proof of Lemma 4.5.1. The proof follows the proof of [13, Lemma 11, First and Second Claim]. We
prove the first bullet point. The proof of the second is identical.

Fix n. By the fundamental theorem of calculus, we have:
: o
vi(m, k') = vi(n,0) + | -vi(n, k)dk, (4.24)
0

0
as v; are convex in k, and —wv;(n, k) are non-decreasing in k for all i. Thus, we can use Helly’s selection

ok
0
theorem to get a subsequence with converging non-decreasing limit %vn(k).
By choosing a further subsequence, we prove convergence of v;(n,0) towards v,(0). If no such

subsequence exists, we let v,,(0) = oo and we can conclude with l~cn = 0. Otherwise, we can choose

k, € [0, k] such that %vn(k) < oo if k < k, and %vn(k) = oo for k > k.

~ 0]
For k' < k,,, Lebesgue’s dominated theorem with %vn(k’) as the dominant allows us to pass to the
limit in (4.24) to obtain a limit v, (k).
As mentioned above, the proof of the second bullet point is the same.

The fact that v, (k) = vi(n) = vo(n, k) follows from fixing (1, k) and taking a subsequence to get

convergence for v,, and vg. The limit has to be the same.
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To see that convergence is uniform on compact subsets of
[0, inf ;) x [0, inf ky)
n

we need to apply the fundamental theorem of calculus twice to write

U'(/k/)*v‘(o O)—|—/n,a v( 0)+/k/av'( k)dk | d
i\, = v;(Y, . o1 i\1; ) akﬂh n

and apply Lebesgue dominated convergence twice.
Now we prove that the bound ,
s 1. K) 2 gy (k)
holds. Note that the bound 52
@vi(m k) > gy (k)

holds in the distributional sense, i.e.

kﬂ
/0 Ry, ) — F(k)gy (k) dk > 0

for each smooth compactly supported test function 0 < f € Cg°([0,ky]). Since f, f” are bounded,
v;(n,-) is also bounded on [0,k,). Therefore, we can use Lebesgue’s dominated convergence theorem
again to conclude that the inequality survives the limit.

The bound on the second derivative with respect to 7 is proven the same way.

For the cross derivative bound, the proof is the same, but the integral is over K and the function
f:K—R. O

Lemma 4.5.2 (Compactness for wage functions — students). Under the same hypothesis as Lemma
4.5.1, if kyy > 0 then for fixed n, the function:

1
ui(n,a) = max cbg (2p(n, a;ne,t)) +vi (260, a;ne,t)) — e (N, t)
t

(me,t)EK
diverges for a > k,, as i — oo along the converging subsequence of Lemma 4.5.1.

Proof. The proof follows the proof of [13, Lemma 11, third claim]. If a > k,, there exits a k < k,, such
that 23, (n, a; e, k) > kyy. For this k, cbg(z5(n, a;ne, k) < 00, Voo (2E(n, a; e, k)) = 00 and veg (4, k) < 00,

so ug(n, a) = oo. O

Corollary 4.5.3 (Convergence uniform from below). Suppose we have a sequence of functions v; : K —
[0,00) satisfying the hypotheses of Lemma 4.5.1 that converge t0 voo.
Suppose that for a fized 0, voo(n,-) is real valued for k € [0, k,) and infinite for k € (k,, k). If

lim veo(n, k) < 00
k—k,
k<ky

then
0 <liminf inf w;(n, k) —vee(n, k).

i—00 ke[0,ky)
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If

li =
B, v ) = o0
k<k,

the sequence grows uniformly, i.e. for all ¢ < 0o, i’ < oo large enough implies
V; (777 k) Z c

for all k > ko — & and i > .

il

Proof. This proof follows the proof of [13, Corollary 12]. Fix ¢ and take &’ < k,, such that v (n, k") >
Voo (1, k) — 0/2. Take i to be large enough, so that

vi (1, k') > veo (0, k') — 6/2
> Voo (1, Ky ) — 0.
So for all k € [K', k),
vi(n, k) > voo(n, k) — 6

because v; (7, -) is monotone. Thus the inequality lim inf; o v;(n, k) —veo(n, k) > 0 holds for k € [, k).

For k € [0, k'] the conclusion follows from the fact that convergence is uniform for compact subset of

[0, Ky).-
It
lim veo(n, k) = o0,
k—kp
k<kny

for ¢ < oo, take i’ large enough that v, (kg — %,) > ¢ and then take i’ larger if necessary to ensure

V; (ko - l) > ¢ for all 4 > /. Monotonicity of v; for all ¢ conclude the proof. O

il

Lemma 4.5.4 (Existence of optimal measure). For fized §, c¢5 non-negative and 0g, 01, pg, pr positive,
0r,01 € (0,1), a a Borel probability measure on A, then there exists feasible measures €5 > 0 on A x K
and \s > 0 on K x K mazximizing the perturbed problem (4.16).

Proof. This proof follows the proof of [13, Lemma 17]. To prove the existence of maximizer, we show

that the objective functional is continuous and the feasible set is compact and non-empty.
e Since bg o zg and by, o z, are continuous, the linear functional to optimize (4.16) is continuous.

e The continuous functions C'(A x K) on the compact square A x K equipped with the supremum
norm ||-||  form a Banach space. Borel positive measures on A x K are equivalent to non-negative linear
functional on A x K by the Riesz-Markov-Kakutani representation theorem. These functionals are in the
dual of C(A x K). As the €’s are probability measures, they have unitary norm. As the \’s are positive
measures with norm between pn and pi) they are contained into a cylinder. By the Banach-Alaoglu
theorem, they form a weak-* subset in the dual of C(A x K).

By definition of weak-* topology, a sequence ¢; converge to €, if and only if the integral ¢, (f) converge
to €xo(f) for all f € C(A x K).
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Suppose (€, A) € Gs. Then we have

f(’r]7n7 m) .
/I_( (f(nw,w) + e ) AN, W3 N, M)

= ; _ St €(e, a; an a

00wt [ (ertamn - L) aim a (417a)
/ [t a)e(dr, da; dny, dt) = [ f(r, a)a(de, a) + (fo) 4 (4.17b)
AxXK A

for each f € C(A). Thus, G5 is compact.

e We need to prove that G5 is non-empty. Suppose € concentrates on the diagonal as follows:

e=(1x1)y <a+£(§A)£|A>.

Then the marginals of € are equal to zgp4e because z2g(¢,a;t,a) = (¢, a):

= =Kk=1z —a—i—iﬂ )
7T1#6—7TQ#6— = E#E— [,(A) A)-

In this case, it is obvious that (4.17b) is satisfied. Taking

1
- 1 é
A1, ks m2s k2) = Ty PEL e(m, k13 mo, ko) + [ (I x 1)y (L(A)L|A>

p LM LM

ensures that (4.17a) is satisfied too. Thus G; is non-empty. O

Theorem 4.5.5 (Existence of minimizing wages). For fized A = K, 0,0, satisfying conditions of
section 4.1, « satisfying (4.18) and null on sets of Hausdorff dimension one, the infimum of the dual

problem (4.5) is attained by functions (u,v) satisfying v = max { vy, U, vs } on K, and

uw(t,a)= sup cbp(b(r,a;m,t)) +v(b(e,a;m,t)) —
(ne,t)eK PEN:

v (77t7 t)

on A, where vy, /e are defined in section 4.2. Moreover, u,v are continuous, conver in their second

variable, non-decreasing in each variable, supermodular and, real-valued on N x [0,a).

Proof. The proof follows the proof of [13, Theorem 13].
Existence of optimizer for fixed § > 0, ¢s > 0.

We will first study the perturbed dual problem (4.14), for 0 < § < 1 and ¢s := ¢ > 0 (or ¢5 = ¢ if
¢ = 0) under the constraints (4.15a) and (4.15b). We will add the artificial constraint that v is convex
and non-decreasing in both variables and supermodular. First, we want to prove that there exists a

minimizer.

Note that, as pointed out in the proof of Theorem 4.4.4, the pair of constant functions

(u,v) = (csbp (7, k) +br (k) + 6 (7k + 77 +20) ,br(k) + 6 (7k + 77 + 1))
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is feasible, i.e. satisfies (4.15a) and (4.15b). Thus, we have an upper bound of
§(2by, + csbp + 6 (20k + 207° + 477) ) , + / (csbp +br + 6 (Nk +7° + 2n)) a(de, da)
A

for the infimum.

Let (uj,v%) be a minimizing sequence for (4.14). Lemma 4.5.1 allows us to find a converging sub-
sequence for both functions. The function vs that is the limit is non-decreasing and convex in both

variables.

The limit (us,vs) satisfies the constraints (4.15a) and (4.15b) because pointwise limits conserve

inequalities.

The limit (us, vs) minimize (4.14) by Fatou’s lemma as follows:

d (us +vs) 4 + / us(t, a)o(de, a) < liminf § (uf + vf;>A + / ub(v,a)a(de, a)
A 11— 00 A

= LP.(6).

Properties of the optimizer (us,vs).

e By Lemma 4.5.1, for each fixed 7, there exists a k,, such that the limit vs is finite for k& < k,, and
infinite for & > k,. Because LP,(J) is bounded, k, = k. Similarly, we can prove that vs is finite for
n <7 for all k € [0, k).

e Note that

1
us(n,a) > max cbp(ze(n,a;n,t)) +vs(ze(n, a;me, b)) — Py vs (N, t) (4.26)
t

(e t)EK
is in fact an equality. If is isn’t, we can improve the objective functional by replacing us by the right
hand side of (4.26).

e Using (u,v) = (us,vs), we define (v, v, v%) := (v, Vm, v¢) and Vs := max { vy, Um, v¢ }. Because

the solution (ug,vs) is feasible, we have vs > vs.

We want to prove that vs = v5. To do so, we can prove that the function ¢ = vy — ¥s is zero on its

domain.
Consider the perturbation

oY = (1 — )\)1)5 + A\vg,

which is still convex and non-decreasing in both variables, and supermodular for A € (0,1). We will
prove that for A small enough, the pair (U5,v’\) also respects the other constraints, i.e. (4.15a) and
(4.15b), unless the continuous function ¢ = 0 in K. If this is the case, this pair improves the objective,

which is a contradiction and we conclude that vs = vs.

Noting that

v =v5 — @
=us+(1—N)¢
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we have
UA(nwvw)+ v/\(nmam) _bL(ZL(nwaw;nmvm)) =9
PLm
>V (M, w) + 05 (M, M) — br (2L (Nw, W3 Thm, m))
PLTm
A
=0f+ (1 =N, w) — p7¢>(77m,m) (V5 = vw)
>0y (s w) = SUp {bL<zL<nw,w;nm,m>> +of - va(nm,m)}
(Nm ,m)eEK PLTm
A
- )\ w - ms
+ (1 = A)o(nw, w) P &N, m)
A
=(1 = N, w) = ——¢(Nm,m) (def of v, (4.8))
PLm
L ¢(m, m)))
=P(Nw, 1-X(1 —_— 4.27
¢(77 w) ( ( - PLm PN, W) ( )
and
UA(nwvw)jL 'UA(nmam) *bL(ZL(nw’w;nm»m)) *6.]0
PLTIm
1-AX
=05 (Nw, W) + 05(Nm,m) — br.(2L (M, W; Nm,m)) — 0f — Ap(Nwy, W) + ———(Nm, M)
PLNm PLIm
Sy, O ) ) ) (4:28)
We want to prove that
0 (1w, w) + ! VXN m) = br (21 (Mos W3 Ny m)) — 6 >0 (4.15a)
PLm

to show that the constraint is satisfied for v*. If one or both of ¢(1,,w) and ¢(n,,, m) vanish, there is
nothing to prove. If both ¢(n,,w) and ¢(n,, m) are positive, we have that one of (4.27) and (4.28) is
positive taking A < 1/2.

Now to prove that (4.15b) is satisfied, observe that by adding
us(1,a) — csbp(ze (1, a;m, b))
to

v (e, t) — v (zE(L, a3, 1)

PEM:

1-A
= 175(771‘/7t) - U(S(ZE(L7a;nt7t)) + ¢(7]t»t) + )‘¢(ZE(Laa;nt7t))7
PEM PEM



CHAPTER 4. MULTISECTOR MATCHING PROBLEM WITH TWO DIMENSIONAL SKILLS 82

we get
v (e, t) 4 us (1, a) — v zE (L, a;ne, ) — csbe(2e (1 a; e, t) — 6y
PETt
ZPETI ve(ne,t) +us(e, a) —vs(ze (L, a;ne,t)) — csbp(ze (L, a;ne,t)) — ong
t
1—A _
+ 7(25(771‘.7 t) + A¢(ZE(L7 a; Mg, t)) Vs Z (%
PET

1
> ve(Me,t) — pEMe Sup {U(S(ZE(Laa§77tat))+CébE(ZE(L7a§77tat))
PET (t,a)€A

+ 6771‘/ - ’LL§(L,CL)}> + ﬁ¢(nt7t> + )‘QS(zE(L7a;77t7t))

=1 s )+ AD(z as s £) by (4.10)
PEM:
>0.

This proves that vs = v5 on K.

e We also prove that the artificial constraints forcing vs to be non-decreasing and convex in both

variables and supermodular are in fact respected in the original problem.

Similarly to Lemma 4.2.4, we can find bounds on derivatives of v5 as follows:

dvs(n, k ) . 0
% > min {(1 — 0p)by,npLOLby, pEnfe (Cab’E + (m]f) %vs(m k)) } ;
7,
0%v5(n, k , .. 02
% > min {(1 —0g)2",(00)2npLbY, pemb’ <C§b% + (mlf) 2 vs(n, k‘)> } ;
,
82"76(77 k) / / 0
— 2 > mind d, pr0Lb 0 b inf — k ;
ook = mln{ ,PLYULOL, PEVE (QSE + (17171@ 8kv6(n’ )) }7
%1‘15 > dn; and
32
677721_15 = 6

So 95 = vs is strictly non-decreasing, strictly convex in both variables, and strictly supermodular.

We now want to show that (us,vs) minimizes (4.14) if we remove the artificial constraint. Suppose

for contradiction that the objective function is lower at some other feasible pair (u,v) € Fj.

If ue C?(A), v e C?(K), then
(u,v) = (1 — s)(us,vs) + s(u,v) € Fs

also lowers the objective for s > 0. For a small enough s, v inherits the monotonicity and convexity

properties of vs, contradicting the optimality of (us,vs).

If u g C?(A), or v ¢ C*(K), we want to get the same contradiction. First, we can assume u,v

are continuous and bounded by the proof of Theorem 4.4.4. Then, we can apply the Stone-Weierstrass
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theorem to approximate u, v by uniformly smooth functions (i, 7,) such that

ut+o<ts <u+20

V<0, <V+o.

With those bounds, we have that (u,,0y) is in Fy if (u,v) is.
Using a small enough o, (4., 0, ) lowers the objective value, thus we can get the same contradiction.
We conclude that (us,vs) minimizes (4.14) in Fj.
Existence of optimizer for é = 0.

By Lemma 4.5.4, there exists €5, A; maximizing the dual problem (4.16). As LP,(§) = LP*(J), we

have
a(us) + 0 (us + vs) 4 = cses (be(b)) + A5 (br(21)) -

Lemma 4.5.1 allows us to find a subsequence (us,,vs,) that admits a limit (ug, vp) pointwise on A x K

2
< {0, iréf ﬁk> X [0, irv}f kn))

where 7, ];n are defined in Lemma 4.5.1. We will write 6 — 0 to refer to the converging subsequence.

and uniformly on compact subsets of

We want to show that k, = k for all 5. Suppose for contradiction that ky < k. Then by Corollary
4.5.3, us(n,a) — oo uniformly on a € [(k, + k), k]. As Uy /m/¢ depend linearly on 7, if us(n, a) — oo for
an 7 € [n, 7] then it diverges for all n € [, 7]. There exists an 7’ such that

n x [(k, + k), k] N K # 0.

Thus, we have a contradiction using Fatou’s Lemma as in Step 1 of the proof of this Theorem.
The fact that 7j;, = 7 for all k follows from the fact that v/, /1 depend linearly on 7.
Properties of (ug,vp). All of those properties are proven as in [13].

e We show that equality still holds in (4.26) when 6 = 0. Let

1
f5(L7 a3 M, t) ::u5(L7 CL) + pEN Ué(nta t) - Cng(ZE(L, a5 M, t)) - 6Ut
t

- IU(S(ZE([’a a; M, t))
>0.

2 32
=0 d
o, 9 at dadt
the zero set of f5, Zs is non-decreasing in ¢ and 7; and in a and ¢.

The zero set Z5 of fs is closed in AN K and

f5 <0,

Ax KNsptes CZs

by Corollary 4.4.7.



CHAPTER 4. MULTISECTOR MATCHING PROBLEM WITH TWO DIMENSIONAL SKILLS 84

Thus, for all (¢, a;m:,t) € Zs

/ es(dn®,da’; dn', dk') < / es(dn®, da®; dn', dk").
(¢,7] % (a,a]x K Ax[ne, 7% [t,k]

Equations (4.17a) and (4.17b) give us the left and right marginals of e. Expending the left marginal,

we get
/ es(dn®,da’;dnt, dk') = o ((1,7) x (a,a]) + dAtAa,
(4,7 % (a,a] x K

where At =7 — ¢ and Aa =a — a.

Expending the right marginal gives:

/ ) es(dn®, da®; dn', dk")
AX[ne, 7] % [t,k]
< peil (zege ([0, 1) % [t K]) + 6AnAt
AL ([ ) ¢ [8K]) = (0 o) (e ] % [£ K1)
< pEn (ZE#€ ([Utvﬁ] X [t,E]) + 5A77t5t>

< pg7 (a ([ntm] X {a 1 Atg ,a]) +6A77tAt> by Lemma 4.4.1.
—0g

Putting those two facts together, we get that

o ((6,7] % (a,a]) + 6AcAa < pp] <a ([m,ﬁ] x [a - f’;EaD + 6AntAt> .

When § — 0, the left hand side stays away from zero. So the right hand side is strictly positive. We

supposed that « is null on sets of Hausdorff dimension one, so.
a (i, [0,a]) = a([0,7] x @) =0

and conclude that 7, < i and ¢ < k. Thus, the supremum in (4.26) is attained inside K and thus the
equality in (4.26) still holds.

e We show that vy = ¥y on K. Taking 6 — 0 in vs = U5 gives the following:

vp = lim vs = max { limsup v}, lim sup v§", lim sup v} } . (4.29)
60 5—0 §—0 §—0

Suppose

sup wvo(n, k) < 0.
(n.k)EK

By definition (4.10) for (n, k), k < k,

Ué(na k) = PET ( sup CébE(ZE(La a;n, k)) + 677 + 05(ZE(L3 a; 1, k)) - U5(L, a)) : (430)
(t,a)€EA
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The convergence of vs is uniform, because Z}E(L, a;n, k) < k. Moreover, by Corollary 4.5.3
uo(t, a) < liminfus(e, a).
6—0

Thus, we conclude that limsups_,o vk < vf.
Similarly, we can show that limsups_,o vy < v and limsups_,ovy" < vf', so we conclude vy <
max { v¥, v, vl }. The opposite inequality follows from the constraints and we conclude that vy = .
Suppose lim,_,; vo(n, k) = oo. For fixed k € [0, k), let
k<k

Cs = sup csbp(zp(L,a;n,k)) +vs(2p(, a5m, k)).
(t,a)EA

Then Cy m Cp < 0o. Let §p be small enough that Cs5, < 2Cy. As vs diverges, us diverges too. So,
we can (by making §p smaller if necessary) have us(n,a — dp) > 2Cy for all § < §p. Thus, for § < §p the
supremum (4.30) can be restricted to a € [0,a@ — dp]. In this interval, the convergence (us,vs) — (ug,vo)
is uniform. So taking 6 — 0 in (4.30) gives lim;_, vg = vf. Similarly, we can show lims_, v:;'j/m = vz)”/m.
So we conclude vg = vy by (4.29).

e Now, we can prove that ug diverges if and only if vy does. Let k= denote the limit when k — k
and 7~ when n — 7.

First, suppose that vo(n, k™) = 0o or vo(77~, k) = co. We can then show that uy = oo using a similar
argument to the proof of Lemma 4.5.2.

Now if vo(n, k~) < oo, then

UO(T}, ];ii) = sup cobg (777 (1 — HE)Igi + 0Et) + Vg (’17, (1 — GE)E7 + 9Et) —
(ne,t) PEN

S sup CobE (777 (1 — GE)]%_ + HEt> + Vg (’I]7 (1 — HE)];_ + (gEt)
(me,t)

vo (1, t)

< 00.

If vo (777, k) < 0o, then as vy = T, it is linear in 7. So vg(n, k) < oo for all n. In that case, ug(77~, k)
doesn’t diverge because by is bounded from above.

e Finally, this can be extended to K. If vg(n,k~) < vo(n, k) we can replace vo(n, k™) by vo(n, k)
without violating any constraints. It doesn’t affect the value of v, /¢ Or ug except possible by reducing

ve(n, k) and ug(n,a). Thus, it only improves the objective value. The same is true for (77, k). We can

therefore extend vy = vy to K.
O

4.6 Properties of optimal matchings

In this section, we discuss properties of optimizers for the primal (4.2) and dual problem (4.5).

First, we talk about positive assortativity of primal measures €, .

Lemma 4.6.1 (Structure of wage functions). Let by, : [0,k] — R be as introduced in section 4.1 then

J1(Mws W3 Ny M) := br (20 (N, W5 M, m)) = br (1 — O1)w + Om)
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is strictly supermodular in w, m.

Let v : K — R be convexr and non-decreasing in its second variable and supermodular. Then

fQ(La a; M, t) = U(ZE(La a; M, t))

is supermodular in a, t and supermodular in ¢, t. The supermodularity is strict if v is strictly convex

and strictly supermodular.

Proof. The proof is straightforward and mimics the proof of [13, Lemma 5, first claim]. For f;, one simply
has to take the right cross derivatives and see that they are (strictly) positive. For fs, we approximate

v by v* € C?(K) and follow the same argument. O
Lemma 4.6.2. If f(ki,k2) > 0 is strictly submodular, then its zero set Z is strictly increasing.

Proof. Suppose for contradiction that there exists p = (k1,k2) and p’ = (k{, k%), both in Z such that
k1 > K} and ko < kb. As f is submodular in k1 and ks, we have that

0> f(k, ky) + f(KY, k2) — f(k1, k2) — f(k, k)

= fk1, ky) + f (K, k) pp €7
>0 f is positive.
This is impossible and we conclude that Z is strictly increasing. O

The next lemma shows that, for a student, an increase in either the cognitive or the communication
skill results in an increase in their teacher’s cognitive skill. Moreover, an increase in workers’ cognitive

skill results in an increase in their manager’s cognitive skill.

Lemma 4.6.3. Let (u,v) be an optimizing pair for LP,. Suppose v is strictly supermodular and strictly
convez in its second variable. Let (¢, \) be the measure that maximizes LP*. Then e(t,a;n,t) is positive

assortative in ¢, t and in a, t. Moreover, NNy, w; nNm, m) is always positive assortative in w, m.

Proof. By Corollary 4.4.7, the support of € is included in the zero set of

v t
Flusasmst) = ulesa) + "0 bt asmin ) — (e (s asm, 1) > 0.
PEN
By Lemma 4.6.1, f is strictly submodular in ¢, ¢ and in a, t. So by Lemma 4.6.3, its zero set is strictly
increasing in ¢, t and in a, t. Thus, the result follows for e.
The proof for A is similar, noting that by Corollary 4.4.7, the support of A is included in the zero set

of
’U(nma m)

- bL(ZE(ﬂwwﬂ?m»m)) Z 0.
PLm

(N5 W5 Ny M) = V(N W) +

Lemma 4.6.4 (Endogenous distribution of adult skills). Let (e, A), be optimizers of LP*.
If a gives no mass to sets of Hausdorff dimension one, then there exists a function 7 : A — [0, k]

that associates a student’s type (n,a) to the cognitive skill of teachers of students of this type such that

7r71¢’2’46 =(1x7)ga.
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If € is positive assortative in its first and last variables and in its second and last variables, the function
T 1s non-decreasing in both variables.

Moreover, if a is absolutely continuous, i.e. a(i,a) = a®(v,a)dida is given by a density a® € L*(A),
then k(n, k) = k%(n, k)dndk is given by a related density k¢ € L*(K) satisfying

a*“(1.0) = (1= 02) + O ) ) w00, 1 = O)a + 0700

for a.e. (n,a) € A.

Proof. The proof follows the proof of [13, Lemma 14, second and third claim]. As

Flaim ) = ultna) + (Znt) b (bt a; e 1)) — (bt a3 )
t

is positive and is null on the support of €, we have that
0= fa(La a; M, t) = ’U/a(b, aa) - (ch + ’U)(l - eE)(lﬂ (1 - HE)a + eEt)

on the support of €. As we assume that bg is strictly convex and v is convex, we have that

- (ebs ) (0, (1 — O)a + 07 (n, )

is invertible in its second variable if we fix its first variable, where 7(7, a) is the cognitive skill of a teacher
of a student of type (n,a). Thus, 7 is a well defined function except possibly on a C!-rectifiable set of
Hausdorff dimension one, and if « is null on those sets,

124 _

Ty (1x7)pa

by Lemma 2.1.5. If € is positive assortative between its first and last variables, then 7 is increasing in
its first variable and if € is positive assortative between its second and last variables, then 7 is increasing

in its second variable.

Let f(n,a) = (n,(1 —0g)a+ 0g7(n,a)) be the adult type of a student of type (n,a). This function

is non-decreasing in both variables and pushes « forward to «.

We have that

Df(n,a) = (1 O (0.0 ) :

0 (1-0g)+ QE%T(U, a)

As 7 is increasing in its second variable, det DF' > (1 — 6g). Thus, f is invertible, with inverse g having

. . 1
Lipschitz constant at most T0g
We then have that for K/ C K,
k(K') = a(g(K')).

Taking a C!-rectifiable set of Hausdorff dimension one shows that if « is null on those sets then so is k.

Moreover, taking K’ to be an arbitrary set of measure zero shows that « is absolutely continuous if « is.
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As 7 is defined on a compact set and is increasing, it is differentiable a.e. so the formula

() = (1= 02) + 81 () ) (0. (1 = B5)a + B,

follows from a simple change of variables. O

Theorem 4.6.5 (Positive assortative and unique optimizers). Let (u,v) be an optimizing pair for LP,.
Suppose that v is strictly convex in k. The first derivative of v with respect to n is piecewise constant.
The first derivative of v with respect to k is uniquely determined. The first order derivatives of u are
uniquely determined. If o dominates an absolutely continuous measure whose support fills A then u is

unique o-a.e.

Proof. The proof follows the proof of [13, Theorem 15, fifth claim]. As v is strictly convex in k, it is
continuous in k, has one-side derivatives in k that agrees except perhaps for countably many k € K.

Moreover, we proved that
v(n, k) = v(n, k) = max {0y (k), nv(k)}

where 0(k) = max {pr0m (k), pe:(k)}. So v is piecewise linear in n. Thus it is differentiable a.e.
‘Worker Let

V(7m, M)

- bL(ZL(nuM W3 Ny m)) Z 0.
PLNm

(s W3 Ny W) = V(N w) +

The set of workers #,, has full measure on w!(spt A\). As X\ has full support on the zero set of g and

g > 0, the first order necessary condition implies g,, = g, = 0 i.e.

0
%U(nunw) - 0
%v(nw,w) =1 -0} (1 —0)w+0rm).

Because by, is strictly convex, there cannot be two such m unless v is not differentiable at (1, w). This
proves that %v is uniquely determined on 7!(spt A) N Dom %v.
Manager The set of managers k,, has full measure on 7%(spt A). As ) has full support on the zero

set of g and g > 0 the first order necessary condition tells us that

0 0
OMNm om
when g is differentiable. As g, = 0, we have that v,,, = -~. Thus v, is constant when it is

differentiable.

As g, = 0, we have

0
= prNm Oty (1 —0p)w + 0pm).

As in the worker’s case, we can conclude that %v is uniquely determined on 7!(spt A\) N Dom %U.
Teacher We can show that v,, is constant, in the same way we show that v, is constant, by
replacing g with
U(nh t)

fleasme,t) = u(t,a) + ——— — cbp(zr(t, ¢;ni, 1)) — v(zE (L, a;n, 1))
PEMt
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To show that v; is uniquely determined a.e., we use Proposition 4.2.5 (5). That proposition gives a
recursive formula for vy(n1, k1) if (n1, k1) € spt k¢ N Dom vy, and (72, k2) € Dom vg. The formula relates
vi(n1, k1) and vy (12, k2), where (11, k1) € 72(spt €) and (12, k2) is the type of an adult whose teacher had
type (11, k1). The strict monotonicity we assumed for v(n, -) ensures that (12, k2) is unique. Proposition
4.2.5 (5) then implies that the recursion ends after a finite number of students. Thus, v; is uniquely
determined.

Student By Lemma 4.2.3, u is convex and non-decreasing in k. This means that u is differentiable

in k. The first order necessary condition for f gives us

0
ua(t,a) = (1 — GE)% (csbp(t, k) +v(t, k) k=(1—05)a+omt-

As (csbg +v)g is strictly increasing in k, ¢ is uniquely determined for x-a.e. adult type. So u, is uniquely
determined for a-a.e. student type.

We don’t know if u is differentiable in ¢, so the first order condition reads £f(:*, a;n:,t) > 0, i.e.
(csbp +v), (07, (1 —0r)a+0pt) > u,(t,a) > (csbp +v), (17, (1 — 0g)a + Opt).
But as ¢sbg + v is convex,
(csbp +v), (07, (1 —0g)a+0pt) < (csbp +v), (¢, (1 —Og)a + Ost).

So,
u,(t,a) = (csbg +v), (v, (1 = 0g)a + Ogt).

Next, we prove that u is unique. Suppose there exists another minimizer (vg,ug). As the derivative
of u is unique for a-a.e. type of student, ug = u+ const. The constant must vanish because the objective

value is the same. O

When § = 0, we don’t know if v is strictly convex in either variable. By Theorem 4.5.5, v is strictly
convex in k if ¢ > 0 or pgnfg > 1 for all 5. If this is not the case, we can approximate v by forcing
cs > 0; for example, cs = §. Thus, taking the limit when 6 — 0, we know that there exists a minimizing
v which is convex. We don’t know if its derivative is uniquely determined anymore. We know that there
exists an € which is positively assortative between ¢ and ¢ and between a and ¢, but there may be other

optimal €’s.
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Appendix A

Technical Preleminary Results

In this appendix, we present proofs of prelemenary results that were too technical for inclusion in
Chapter 2.

First, we present the proof of Lemma 2.1.6.

Proof of Lemma 2.1.6. As K is compact, the sup is always attained in the definition of ¢g. Thus, it is
possible to pick an arbitrary
ka € argmax f(a, k).!
keK
First, we assume f is locally Lipschitz in a and uniformly Lipschitz in & and we prove that g is
locally Lipschitz. Let a; € A. As f is locally Lipschitz in ay, for every neighbourhood a; € U,, C A f
is Lipschitz in @ within U,, with Lipschitz constant Cy;, . Thus, for all ag € U, if g(a1) > g(az2):

lg(a1) — glaz)| = g(a1) — g(az)

sup f(a‘lv k) — sup f(a27 k)
keEK keK

S f(a‘hk(h) - f(a'kaal)
< |f(a17k(l1) 7f(a2aka1)|

< Cuy,, lar — az| because f is Lipschitz.

By symmetry, we have the same bound when g(a;) < g(a2). Thus g is locally Lipschitz, with same
Lipschitz constant as f in its first variable.

Now, as for all ay € U,, we have

‘ glar) — olay)

we get the upper bound on ¢’(a).

I This set might contain more then one point k.
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For the lower bound on ¢’ we will prove bound for one-sided derivatives:

Oarg(a) 2 Inf Oyrgla’)

g(a”) — g(a’)

> inf lim ~ p
—a

- a’EUa a//%a/ a
a''>a’
> inf lim o ko) = Fld ko)

- a’'€Uq a' —a’ a// — a/
" 7
a’ >a

As ko = argmax, f(a”, k), we have

1" _ / ,
Boegla)> inf lim L Fa) = fl@ kar)

a’' €Uy o' —a’ a// _ a/

a//>a/
> lnf llm f(a’//7 k) _ f(a/? k)
T deU, a —>a a” —a
keK a’>a’

> inf Gy f(d, k).

a'el,
keK

As f is locally Lipchitz in a, and g is locally Lipchitz they are differentiable a.e. and at their differ-
entiability point d,+ f(a’, k) = fa(a’, k) and d,+g(a) = ¢'(a). We conclude that ¢’(a) > inf f,(a’, k).
a’'el,

keK
Finally, we show that if f is locally semi-convex in a and uniformly semi-convex in k, then g(a) is

locally semi-convex. First, note that as f is locally semi-convex in a, for all @ € A for every neighbourhood

a € U, there exists a constant

Ci=— inf  fu(d, k)

keK, a’€U,
such that

fla, k) +C; |a|

is convex with respect to a in U,. Thus

2 2

a a

g(a) —|—C1u = sup « f(a, k) —i—C1u
2 keK 2

is a supremum of convex functions with respect to a in U,, thus it is convex with respect to a in U, and

we have the right bound on g”. O

Now, we present the proof of Lemma 2.2.1.

Proof of Lemma 2.2.1.  (a) Let { f; } be a sequence of real functions on K such that f; — f in the
sense of uniform convergence on compact subsets of K. Then for all 4, || f; — f||Loo([0 1)) 0 as
j — oo and therefore dg (f;, f) = 0.

Let { f; } be a sequence of real functions on K such that dx (f;, f) — 0. This means that for all 4,
||fj - f||Loo([ 1)~ 0. Let U C K be a compact subset. Then there exists an ¢ € N such that

C [0,k — 1] and we conclude that || f; — f||LQC(U) -0

2
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(b)

Suppose p; — p in the weak-* topology. Let ¢ > 0. We will separate K = K. U K_. where
K.=[0k—¢and K_. = (k—¢ k).

On K. we have
\ / Fudpi — fdu’ — ‘ / fidpi — i + fdpi — fdu‘
K. K.
< / Fodps — Fdyus] + ‘/ Fus — fdu‘ .
K. K.

The second term goes to zero as p; weak-x converges to p and f is bounded and continuous. By
(a), on K, || fi = fll oo (x.) — 0. Thus we have that

[ Vi = Sl < 15 = Pl

|uillpv

< |\fi = fllpoo (i) as fi; is a probability measure

— 0.

On K_. we have

‘/ fidpi — dp
K_.

As f; and f are uniformly bounded, the result follows from hypothesis (2.2).

< |fi|L0°(K_€) Mi(Kfe) + ‘flLOO(K_ )M(Kfe)'

€

Any non-decreasing convex function of K is Lipschitz continuous on compact subsets of K.

Consider a compact subset C' C K = [0, k) such that k — sup, .z > e. Consider a sequence { f; }
of non-decreasing, and convex functions f; : K — R bounded by b. Each f; is Lipschitz on C' with
Lipschitz constant Lipof; < 2. Then { f; } is equi-Lipschitz and by the Arzela-Ascoli theorem,

€
there exists a subsequence that converges uniformly on C.
In order to conclude that { f; } has a converging subsequence when metrized by dg, we need to have
a subsequence that converges independently of the compact subset C' C K. Let C,, = [0, ]5,%] Cc K.
For every compact subset C' C K, there exists an n such that C C C,.

First, note that as C; is compact, there exists a subsequence of { f; } that converges uniformly
on Cy. As (3 is compact, there exists a subsequence of the subsequence on C; that converges
uniformly on C5. Similarly, as C,, is compact there exists a subsequence of the subsequence on

C,—1 that converges uniformly on C,.

We will use a diagonal argument to create a subsequence of { f; } that converges on all C,. Let
fi, be the n-th element of the converging subsequence on C,,. Then for all n, { f;, };’in converges
uniformly on C,, because it is a subsequence of the converging subsequence on C,,. Therefore { f;, }

converges on C,, for all n.
O



Appendix B

Finite Time Horizon for Complete

Information Model

One way to get a solution for the complete information model (3.9) is to first consider the same problem,
for a finite time horizon. Then, (3.9) can be seen as the limit when this time horizon increases. Indeed,
(3.9) is an infinite time horizon problem. In this appendix, we introduce the corresponding finite time
horizon model.

For the finite time horizon model, we fix T € N and solve until generation 7. Let vr41 be a positive,
twice differentiable, non-decreasing, and convex function that represents the estimated wage function
for the students of the last step. We assume vy is bounded by a constant h. Let x; be an absolutely
continuous Borel probability measure that represents the initial distribution for adults. The goal is to
optimize the society’s total production over T' generations through separating adults by profession, i.e.
worker, manager and teacher, and matching workers to managers and students to teachers within a

generation. That is, we are seeking measures
T T
{ei iz and itz

where €; represents the matching between students and teachers and \; represents the labour matching

for generation i. These measures have to satisfy the following constraints:

T 46 = Q i=1,...,T 1ie. the distribution of students is known,

1 1
Mgl + ﬁﬂ'g#)\l + N?TQ#E;L =K1 i.e. the first distribution of adults is known and

1 1
TN + s Top i + Nm#ei = ZE46i—1 i=2,...,T 1ie. distributions of adults are induced.

/

The last T'— 1 constraints represent the fact that the distribution of adults for generation 7 is induced
by the education matching of generation 7 — 1.

The goal is to optimize the total productivity of the society plus the expected wage for students
of the last generation. We include a discount factor e# (take 3 = 0 to remove it) to represent the

fact that immediate gain is more valuable than future gain. Thus, the proposed finite horizon complete
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information model is:

T
Cr= sup (e‘B(TH) / vpy1 0 zpdep + Z e_ﬁi/ cbg o zgde;
AxXK

iAi)io = AxK
(e =1 (B.1)
T
+Zeiﬂz/ br, o zrdX;
i=1 KxK
s.t. T14€ = Q fori=1,...,T,
1 1 .
Wl#)\i—f— N/ﬂ'g#)\ + Nﬂg#ei:ZE#qfl fori=1,...,T,

where, € = (1 x 1)xK1.
Note that (B.1) depends on «, 3, k1, vr41, bg/r, O/ and zg .
The dual of this problem is given by:

Cih= inf /Ke k)dey (K +Ze i/ (s)da(s) (B.2)

(uivi)E
1
st ui(s) + Nvi(t) > cbp(zp(s,t) + e Pvip(zp(s,t) i=1,...,T stability of education market

+ ﬁvi(m) > br(zn(w, m)) t=1,...,T stability of labour market.
Strong duality, Cr = C7, is proven in Section B.1. Section B.2 shows that the infinite horizon
complete information model can be seen as the limit, as the number of generations increases, of the

finite time horizon model Cr.

B.1 Proof of Duality, Complete Information, Finite Time Hori-

zon

We'll prove that the optimal value for the primal is equal to the optimal value for the dual in the finite
horizon complete information model. This proof is separated into two parts. First, we will show the

standard duality inequality:
Cr < Cr. (B.3)

Then, we will show that there is no duality gap. Both proofs are adaptations of the duality proofs of
[13].

If we restrict the minimization (B.2) to continuous bounded wage functions (u;,v;) the inequality
Cr < CF is straightforward. However, it is not at all clear how to show the infimum is attained in
this class. Instead we need to establish duality in a larger class of functions to be sure the infimum is
attained, and then appeal to the asymptotic analysis of Erlinger et al to conclude the minimizer likely
belongs to the smaller class. Since the larger class includes unbounded functions, a careful argument is
needed to ensure convergence of certain integrals in the proof. Fortunately, as shown in [13, Proposition
8] the doubling condition on « (3.7) guarantees that v; € L*(K, z4€;_1), which is sufficient to establish
the inequality desired.
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Proposition B.1.1. Let A = K = [0,k), 8 >0, T € N and vry1 € L' (I_(,a). Let k1 be a Borel

probability measure on K and let o be a Borel probability measure on A. Define bp/L and zg/p as in

i

subsection 2.5. Suppose @?:1 (N.) is a feasible candidate for the primal problem Cr and @?:1 (%1) is

feasible for the dual problem C3 such that u; € L (f_l,a) for all i, v; € L* ([_(,,‘il) and v; = v§ + v}
differs from a bounded continuous function v (c for continuous) by a non-decreasing function vi (g for
growth). If v; € L (f(, zE#ei_l) fori=2,...,T+1 we have

T
e_ﬁT/ V41 © zpder + E B_Bi/ cbg o zpde;
AxK i=1 AxXK

T
—Bi
+ e / br, o zpd);
; KxK

T
g/ e_Buldm—i-Ze_ﬁi/ u;dao.
K p— A

If « satisfies the doubling condition (3.7) then v; € Lt (f(, ZE#Ei—l) fori=2,...,T.
Proof. Suppose @iT:l (\.) is feasible for the primal problem Cr and @,;T:l (%!) is feasible for the dual
problem C%. By multiplying the stability constraints for education sector by e~#¢  integrating over e;

and summing over 4, we have:
T T
o0 > g 6_51/ u;do — g e_m/ cbg o zgde;
i=1 A i=1 A

T T
. - 1
> E eiﬁ(Hl)/ Vi1 © zpde; — E efﬂl/ Nvi(t)dq(s,t). (B.4)
i=1 K i=1 K

Multiplying constraints that represent the prescribed distribution for adults’ skills by e #v; and sum-

ming them over ¢, we get:
T

T
) . 1
-8 —Bi —pBi
e Puidry + / e Plv;ozgpde;_1 — e / —;(t)de; (s, t B.5
[ etman+ Y [ = Suildals, ) (B5)

i=2 =1 AXK
T
- 1
= Z/ e_ﬁ'L <U1(w) =+ /'Ui(m)) dAz(w, m)
i—1 Y EKxXK N
T
> e Py o zpdh; > 0,
; /K><K

where the inequality follows from statibility of the labour market. Adding
/ e_ﬁvldm — e_ﬁ(TH)/ V41 © Zpder
AxXK K

to (B.4) makes it equal to (B.5). This is where we need the integrability of v; with respect to zpg€;_1.
Indeed, as (B.4) is bounded from above and (B.5) is bounded from below, if v; € L' (zp4€;—1) then

T

g 1
> e’ ¥ v (t)de; (s, t)

i=1 AxXK
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also has to be finite. Thus, we have the desired inequality:

Cy < Cr.

To complete the proof, we need to show that the doubling condition (3.7) of « implies that v; €
Lt (A,ZE#ei,l). Suppose each v; = vf 4+ v differs from a bounded continuous function v§ (¢ for

continuous) by a non-decreasing function v{ (g for growth). As v§ is bounded, it is integrable.

The stability constraint for education markets implies that

ui(s) > e Pugy (zp(s,t)) — %vi(t) + cbp(ze(s,t))
> e Puiy (ze(s,t)) — %vi(t).

Setting s =t := k and summing over all i, we get:

T T
;ul(k) > e P (k) + Z (eﬂ - Jif) vi(k) — %vl(k:).

Thus as long as e — % >0, we get

Now, using the layer-cake representation, we get:
T T 00
Z/ v} (k)dzg yei—1(k) = Z/ Ki ((vffl [y, oo)) dy layer-cake representation
i=1 7K i=170
T oo
_ Z/ Ki [a_ (a— (v9) ! (y)) ,a] dy.
=170
Thus by [13, Lemma 14] and because « satisfies the doubling condition (3.7):
T 0o 1
g ) A g\—1 _
S [t tzspeat <3 [Tk g (- 007 ) o]

< i/ooo Cla {12; - %ﬁ (a — ()7 (y)) ,a} dy by (3.7).
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Letting d = —In(1 — 0)/1n(2) and using the layer-cake representation again, we have
T T
> / v (k)dzggei_1(k) <Y C7n0=0/G) / vd (y)da(y)
i=1 7K i=1 K
T
C- In(1-0)/In(2) 1
D /(o

T T
—e Popy + Z u; — Z vf) do by (B.6)
i=1 i=1

To prove the other inequality, we use Lemma 2.4.1.

98

Proposition B.1.2 (No duality gap). Let 3 >0, T € N, vpy; : K - R" and A = K = [0,k]. Let

k1 be a Borel probability measure on K and let o be a Borel probability measure on A that satisfies the

doubling condition (3.7). Define bg/y, and zg/p, as in subsection 2.5. The optimal value of the primal

finite horizon complete information problem Cr is the same as the optimal value of the dual finite horizon

complete information problem C7..

Proof. To prove that there is no duality gap, we will apply Lemma 2.4.1 with

!

A= EB (C(A)® C(K)),
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where I'(X) is the set of Borel measures on X. Now, we define:

¢:A—-RU{c0}
T
1= | e kYdri(k)+ ) e ’/ u;(s)da(s);
() Lo >
" A* 5 RU{0}
é i . 0 ifu,=aVvVi=1,.... T, n=riand v; =0Vi=2,...,T
i \Vi 400 otherwise;
»:B—-RU{o0}
if @;(s,t) > e Pecbp(zp(s,t)) Vi=1,...,T — 1,

é U; n 0 ar(s,t) > e PTHVur  (2p(s,t)) + e Picbg(2p(s,t))
and ¥;(w,m) > e Pbp (zp(w,m)) Vi=1,...,T

400 otherwise;

T g _gi ife; <Oand A\, <0V
Yimie Pei(cbp(zp)) + e Ai(br(2))

400 otherwise.

e P Vep (v (2))+

It is easy to check that ¢* and ¢* are Legendre transforms of ¢ and ¢ respectively.

Let

T w; 1 e_'@ivi — e Py, 1(zp(s,
(B e B

— e Bzvl( )+e ﬂlﬁvi(m)

; ( e Tur(s) + 4~ Tor (1) )

e Pop(w) + e PT 35 vp(m)

T -8
" €; € "Ti4€1
and H @ = _ _
(»: <A>> (eNﬁ Top€1 + e_ﬂm#)q + eN? 772#)\1>

T e’ﬁiﬂ'l#ei
Doy i i i -

P NT24€ T e 51771#)\1» +e Blﬁm#/\i —e Ble#ei_l

The operator H* is the adjoint of H. With this construction,

T T
infv Q¢<@( >+¢< @ v >
() )ea i=1 i=1

is the restriction to C7 where the infimum is taken over continuous functions, thus

T
Cp < l(ng_) (@ >+¢<HEB<%:>>.
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Similarly,
Cr= max —¢" (H"(Y))-9¢" (= ()
-1 ( )\11' )

To apply Lemma 2.4.1, we need to show that ¢ is continuous and real-valued at some point in
H(Dom ¢). Let @iT:l (“) € Dom . Then, v; € L*(K,k1) and u; € L'(A, a) which means that the
objective function of C7 is finite at @iT:l (%) € Dom ¢. Moreover, ¢ (H @?:1 (7;)) =0if @?:1 (%) is
feasible for C';.. Thus the conditions are achieved because the conditions of being feasible and finite for

LP,(0) are open and there exist such functions, for example:

i () — (10 +
i=1 \Y i=1 br (k)
Thus, by Lemma 2.4.1,

Cr < Cr.

O

Corollary B.1.3. Fiz ¢,0,0',N,N'. Let 3 >0, T € N, vpy; : K - R and A = K = (0,k). Let
k1 be a Borel probability measure on K and let o be o Borel probability measure on A that satisfies the
doubling condition (3.7). Define bg,;, and zg,1, as in subsection 2.5. A sequence of feasible measures
(€i, \i)_, mazimizes (B.1) if there exists (u;,v;)l_, that satisfy the constraints of (B.2) such that

T T

e AT+ e, (vry102E) + Z e P (cei(bg o zp) + Ni(bp 0 21)) = 675/11(1)1) + Z eiﬂia(u,’)
i—1 i—1

Of course, we can prove, as in Propositions 3.3.1 and 3.3.5, existence of primal and dual optimizers

for the finite time horizon model.

B.2 From Finite to Infinite Time Horizon

To represent a countable number of generations, we consider what happens when T" — oco. To ensure
that C is well defined in that case, we verify that the limit lim7_, ., Cr exists and is independent of

our choice of vry.

Proposition B.2.1. Fiz 8 € (0,1], 6,0’ € (0,1), N, N’ > 1 and a probability measure o on A. Define
zg/ and bg/r, as in subsection 2.5. For any absolutely continuous probability measure k1 € P(A) and
any sequence of non-decreasing, convex, bounded functions {vry1}, such that vpy1 < h for all T we
define:

Cr(k1,vr41) = Cr.

The limit of Cr(k1,vr+1) when T — oo satisfies
0< Thm CT(Iil,UT+1) = C(Fél) <(C <o
— 00

where C (k1) is the solution to (3.9) and is independent of {vp41} and C is independent of k1 and

{vrsa}
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Proof. Since ¢; and \; are supported on A x K = K x K = [0,k) x [0, k),
/ vra1 0 zpder < maxvrig < h as vy is bounded by h, (B.7)
AxXK

/ cbg o zpde; < cby,
AxXK

/ bLOZLd)\i SBL
KxK

Thus, by the definition of C'r and using the formula for a geometric series, for T > 1,

-8

C <he PTHD 4 —
T(K1,vr41) < he t1—op

(cbiw + 1)

_ e - -
She ’8+m(0bE+bL)<C

for C independent of k1 and vp41.

The only thing that is left to show is that the limit limp_,., Cr exists and is independent of vpyq.

To show this, we introduce a modified version of Cr:

T T
Cr= sup Ze‘ﬁi/ cbg o zgde; + Ze‘ﬂi/ br o zpd\;
(Ei,Ai)?zl i=1 AXK i=1 KxK
s.t. T14€ = Q 1=1,...,T
1 1
7T1#>\1 + ﬁﬂ'z#/\l + Nﬂ'z#fl = kK1
1 1 .
Trl#/\i+ﬁﬂ'2#)\i+ﬁﬂ'2#€i :ZE#ei—l Z:2,...,T.

First, note that Cp < Cp. Let (€7, AT, be an approximate optimizer for Cr. In this case, (er, XM,

1=

satisfies the constraints for Cr and:

T T
C,'VT = lim Ze_ﬂi/ chozEde?—l—Ze_ﬁi/ br, o zd\}
1 AXK

n—00 ;T i=1 KxK

IN

T
lim e AT+ / vp41 © zpdep + Z 67&/ cbp o zpde}
AXK A

n— 00 i=1 XK

T
+)° e—ﬁi/ by o 2L dA?
i=1 K

x K
< lim Cp = Crp.

n—oo

Thus 5; is also bounded from above. It is also increasing in 7', so limy_, é’;« exists.

Secondly, note that Cp — Cr < e BT+ Let (€7, X)L, be an approximate optimizer for Cr.
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Then,

T
Cr = lim ¢ AT+ / vr41 0 zpdep + Z e_’gi/ cbg o zpde}
AxK A

n— 00 i—1 x K

T
+Ze‘ﬁi/ br, o zr,dA}
i=1

KxK

< e AT+ | (’j\;

Thus, lim7_, o Cr = lim7_, o C”VT

As limp_, 5} exists and is independent of vy, the same is true of limp_, o, Cp. O

Now, we’ll show that the optimizers (u?

’L ? Z

vl); of (B.2) converge to the optimizer of (3.10). To do so,
we’ll use I'-convergence. First, we need to introduce some notation. We will denote the set of feasible

wages

ui(s)+NUI(t)>ch(zE(s t)+e Puiii(z(s,t))
v (w)+ ,vl(m)>bL(2L(w m))

F = {(Ui7vi)§'31

u;:A—R,v;: K—R bounded, non—dccrcasing, and convcx}

with the following metric:
doo ((uuvz)z 19 ulvvl i= 1 Ze dK Uz;uz)+dK(Uzvvz))~

Let W and W map the feasible wage functions to the real numbers:

W:F—=>R:

(ui, v)5 1+—>/ v1 k)dr1(k +Ze z-/ s)da(s);

Wr:F—=R:

(win ;)52 1»—)/ By (k)dky (k +Ze l/ s)da(s).

In the next proposition, we show that Wp Lw.

Proposition B.2.2. Let bg,; be as defined in subsection 2.5. Fiz Ng,, > 1 and ky € P*(K) and
a € P*(A). Then Wy I'-converges to W.

Proof. Let (u;,v;)22; € F. Then for any (ul,v})22, such that limr_, o (ul,v1)2, = (us,v;)$2, with

7,71 70 e

respect to d, we have ul- — u; and vl- — v; with respect to di. Therefore, from

T %)
W ((ui,0)2,) — Wr (uF wD)2) | < e fma(vr — o)+ 3 e P au; —ul)| + . e Pla(u).
=1 1=T—+1

we conclude that limp_. Wr ((uf,v])52,) = W ((u;,v;)$2,) with Lemma 2.2.1 (b). Any sequence for
(ug,v;)$2, is its own recovery sequence. Therefore, both conditions from Definition 2.3.1 (Condition (1)

(lim inf inequality) and Condition (2) (lim sup inequality)) are satisfy and Wrp Lw. O
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Corollary B.2.3. Fizc >0, 6,0 €[0,1], N,N' > 1, and k1 € L*>®°(K). Fiz a distribution for students’

abilities o with log o € L (A).
Let (ul',vT) be an optimizer for (B.2). Any convergent subsequence { (ul',v]") }zl converge to an

1Y

optimizer of (3.10).

Proof. Fix i. For all T, u} and v] are bounded non-decreasing and convex so by Lemma 2.2.1 (c),
there exists a converging subsequence in dg { (u]',v]") };Zl Using a diagonal argument, we can get a
subsequence that is converging for all i.

By Theorem 2.3.3, limy_, oo (ul!, v11) = (ug,v;)52, is an optimizer of (3.10). O
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