ISODIAMETRY, VARIANCE, AND REGULAR SIMPLICES
FROM PARTICLE INTERACTIONS
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ABSTRACT. Consider a collection of particles interacting through an attractive-
repulsive potential given as a difference of power laws and normalized so that
its unique minimum occurs at unit separation. For a range of exponents corre-
sponding to mild repulsion and strong attraction, we show that the minimum
energy configuration is uniquely attained — apart from translations and ro-
tations — by equidistributing the particles over the vertices of a regular top-
dimensional simplex (i.e. an equilateral triangle in two dimensions and regular
tetrahedron in three). If the attraction is not assumed to be strong, we show
these configurations are at least local energy minimizers in the relevant deo
metric from optimal transportation, as are all of the other uncountably many
unbalanced configurations with the same support. We infer the existence of
phase transitions.

The proof is based in part on a simple isodiametric variance bound which
characterizes regular simplices: it shows that among probability measures on
R™ whose supports have at most unit diameter, the variance around the mean
is maximized precisely by those measures which assign mass 1/(n+ 1) to each
vertex of a (unit-diameter) regular simplex.
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1. INTRODUCTION

The energy of a collection of interacting particles with mass distribution du(z) >
0 on R” is given by

(11) ew = [[ W= yduta)duty).

assuming the particles interact with each other through a pair potential W (zx).
Normalizing the collection of particles to have unit mass ensures that p belongs to
the space P(R™) of Borel probability measures on R".
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Our goal is to identify local and global energy minimizers of Ew (1) on P(R™),
for power-law potentials W = W, g where

(1.2) Wy = |z|*/a  and
(1.3) Wy () :=Wu(x) —Ws(z) a>8>-n

is of attractive-repulsive type a > f3; here « is the exponent of attraction, 5 is
the exponent of repulsion, and we have chosen units of length so that W, s is
minimized precisely on the unit sphere |z| = 1. The Lennard-Jones potentials [28]
fall into this class, including («, 8) = (=6, —12), except that we will be concerned
almost exclusively with power laws having positive rather than negative exponents,
particularly those in the mildly repulsive triangle o > 5 > 2 investigated by the
quartet and trio composed of Balagué, Carrillo, Laurent and Raoul [2] and Carrillo,
Figalli and Patacchini [9] respectively. The term mildly repulsive reflects the fact
that W flattens out around the origin (and the Hausdorff dimension of the support
of the minimizer decreases [2]) as 8 increases. We shall be particularly interested
in the behaviour of the problem on the boundary of the mildly repulsive triangle:
this consists of three lines which we call the hard confinement limit o = 400, the
centrifugal line B = 2 and the null line o = 3, on which the energy is identically
zero. (The line a@ = 2 is also distinguished; for reasons explained below we call it
the centripetal line even though it lies outside our triangle of interest.)

Our first result concerns behaviour near the hard confinement limit. For each
B > 2, if « is sufficiently large it asserts the energy is uniquely minimized
on P(R™) by measures p which equidistribute their mass over the vertices of a
unit-diameter regular simplex. This confirms a phenomenon which has often been
observed in dynamical simulations [1] [2] [3] |15] yet has largely defied explanation.
Apart from results in one-dimension due to Kang, Kim, Lim and Seo [25] and their
references, the best understanding to date of this mildly repulsive phenomenology
comes from work of the quartet [2], who established that local minimizers vanish
outside a countable set, and the trio |9], who gave a geometric restriction on the
shape of this support which translated into a bound on the number of points it
contains in the case of global minimizers, and which we can now replace with its
sharp value n + 1 at least in the range of validity of our results.

The behaviour we describe is very different from what happens when the re-
pulsion is stronger [20] |[19]: when S € (—n, 2], the functional admits spheri-
cally symmetric critical points given by densities if either « or g is even [11] or if
a < 0 [14]; some of these are conjectured to be global energy minimizers — a con-
jecture which has been proven at the point («, 8) = (2,2 —n) where Newtonian re-
pulsion competes with centripetal attraction by Choksi, Fetecau and Topaloglu [14],
and which follows from the convexity established by Lopes [30] in the larger rec-
tangle (a, ) € [2,4] x (—n,0) whose left boundary is the centripetal line. Even in
two dimensions a wide variety of behaviours interpolating between this regime and
ours has been reported by, e.g., Kolokolnikov, Uminsky and Bertozzi with Sun [27]
and with von Brecht [41]. Very recently, the analogous problem has been studied
under an incompressiblity constraint imposed by a uniform bound on the density
of p [8]: Frank and Lieb [21] established the presence of a phase transition as the
bound is varied; it is in this context that the work of Lopes is set. A few subsequent
developments concerning nonlocal interaction energies can be found in Frank and

Lieb [22] and Delgadino, Yan and Yao [17].
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Much of the interest in minimizers of the functional stems from the fact that
it is a Lyapunov functional [13] |9] for the self-assembly or aggregation equation [33]
o
ot
modeling dissipation-dominated dynamics for a large number of particles interacting
through the pair potential W; see e.g. [12] and the references there. Families of local
energy minimizers of therefore form stable manifolds for the dynamics .
The shape of W has been chosen so that it is energetically favorable for particles to
try to position themselves at unit distance apart, to the extent this is feasible given
the large number of particles. Dynamics analogous to have been proposed as
models for the kinetic flocking and swarming behaviour of biological organisms [33]
[35], self-assembly and condensation of granular media [39] and nanomaterials |23],
and even strategies in game theory [4].

The fact that the minimizers we describe break the rotational symmetry of the
functional already suggests that the problem is unlikely to yield to the usual
convexity or symmetrization techniques from the calculus of variations [26] [31] [5]
[10]. Instead we extend the definition (1.2)) to & = 400 by setting

Wy (z) = aan;O W (x)

(L4) V- (nVW ),

so that
(1.5) Weo plx) := {

and work perturbatively around this hard confinement limit, for which we analyze
the minimization problem

1.6 in & , >a>8>2
(16) yoBiR, EWep ), 0z a2 f2

—Wa(z) if |z <1,
+oo if |z| > 1,

by comparing it to the corner case (a, ) = (00,2) where hard confinement meets
the centrifugal line. Such an approach to the more repulsive regime g < 0 with an
incompressibility constraint was also suggested by Burchard, Choksi and Topaloglu
[8], and subsequently pursued by Burchard, Choksi and Hess-Childs in parallel with
the present work [7]. What distinguishes the centrifugal (respectively centripetal)
line is that, for probability measures p € P(R"™) with second moments, the elemen-
tary calculation

(1.7 Eunlp) = [ lolPduta) = 5 = Var(u),
(1.8) where X(p) := / xdu(x) is the barycenter of p,

shows that the repulsive (respectively attractive) term in the energy reduces to the
variance of p around its mean, as in e.g. [14]. Moreover, the variance (1.7]) becomes
a linear (as opposed to quadratic) function of p when restricted to measures

(1.9) Po(R"™) :={pn e P(R") | /Rn |z|2du(z) < +oo and x(u) = 0}

with center of mass at the origin; this restriction costs no generality since the ener-
gies are invariant under rigid motions of p. The contribution of the variance
to the total energy leads to a term in the Euler-Lagrange equation (found
e.g. in [32] [2] for our problem) representing a force either towards or away from
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the center of mass — depending on whether we are on the centripetal or centrifugal
line — and growing linearly with the distance. This is precisely analogous to the
force which appears in a pressureless model of rotating stars (or in a centrifuge) in
n < 2 dimensions; see [32] and its references. The analogy breaks down if n > 3,
since our force pulls towards a point rather than an axis of rotation, but the use of
the terms centrifugal and centripetal continues to be justified by their Latin roots.

The corner case («,3) = (00,2) corresponds to maximizing the variance of pu
around its center of mass subject to a constraint on the diameter of the support
spt © € R"™, meaning the smallest closed set containing the full mass of p. The
maximum is attained if and only if u equidistributes its mass over the vertices of
a reqular, unit diameter n-simplex. As an appendix explains, this characterization
of the simplex follows from (and is equivalent to) an old theorem of Jung [24].
Unaware of Jung’s theorem, we developed a linear programming and convex-duality
based proof of this characterization in a companion work [29], originally circulated
together with the present results in a single manuscript.

Notice this variational characterization of the simplex already exhibits symmetry-
breaking: although the objective functional and its domain are invariant under
rigid motions of p, its extremizers fail to be invariant under either translations or
rotations (see figure . Nevertheless, the extremizers are unique apart from such
rigid motions. The usual convexity and symmetrization techniques from the cal-
culus of variations do not easily accommodate optimizations which break symme-
tries [26] [31] [5]. This characterization plays a key role in the proof of our first
main result, whose formulation relies on the following definitions:

Definition 1.1 (Simplices). (a) A set K C R" is called a top-dimensional simplex
if K has non-empty interior and is the convexr hull of n + 1 points {xo,x1,...,2n}
m R™.

(b) A set K C R"™ is called a regular k-simplex if it is the convex hull of k+1 points
{zo, 21, ...z} in R™ satisfying |x; —x;| = d for somed >0 and all0 <i < j <k.
The points {xo,x1,...,2x} are called vertices of the simplex.

(¢) In particular, it is called o unit k-simplex if d = 1.

Remark 1.2 (Regular n-simplices K C R" are top-dimensional). A regular n-
simplex with sidelength d = \/2 is linearly isometric to the following standard sim-
plex in R*+!

n+1
(1.10) A" :={a = {ay,....,ans1} €[0,1]""" | Z a; =1},

i=1
which can be verified by simple induction on dimension. We shall use this fact
tacitly throughout.

We can now state our main results.

Theorem 1.3 (Mild repulsion with strong attraction is minimized uniquely by
the unit n-simplex). Fiz 8 > 2. For all a € [3,00) sufficiently large, a probability
measure [, MINIMIZES if and only if it is uniformly distributed over the vertices
of a unit n-simplez.

The following corollary reframes this theorem:
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(a) spt(p) in R% (B) spt(p) in R®.

FIGURE 1. Support of the optimizer p in Theorem

Corollary 1.4 (Phase transition threshold). For each > 2 and n € N, there is a
minimal value aan = aan(B) € [B,00) such that: for each o > aan, a probability
measure 1 minimizes (1.6]) if and only if p assigns mass 1/(n + 1) to each vertex
of a unit n-simplez.

Proof: For each § > 2 and n € N, a minimal aa» € [3,00] having the stated
property obviously exists. Theorem [I.3] asserts it is finite: aan < c0. QED

Remark 1.5 (Existence of phase transitions and future directions). When («, 8) =
(4,2), a result of Lopes [30] implies that Ew, ,(1) is a convex function of u. As a
consequence, it must possess at least one spherically symmetric minimizer, hence
aan(2) > 4. This establishes a phase transition by showing that the intervals
[2,aan (2)] and [aan(2),00] both have non-empty interiors. It would be interesting
to understand more about the properties of the threshold function aan : [2,00) —
[2,00), and the behaviour of solutions when « is at or below the threshold, and
similarly of the threshold o%S for strict local energy minimization when 3 = 2
introduced at Corollary[[4 We leave such questions to future research.

Our second main result concerns local energy minimizers in the Kantorovich-
Rubinstein-Wasserstein do, metric from optimal transportation, whose definition is
recalled at below. This is the relevant metric on P(R™) for particles moving
at bounded speeds, as noted by one of us in [32], and for the present problem by
the quartet [2].

Theorem 1.6 (All distributions over unit simplex vertices are ds-local energy
minimizers). Fix « > 8 > 2 and any measure i € P(R™) whose support spt i
coincides with the vertices X = {xo,...,xn} of a unit n-simplex, ordered so that
the m; := fi[{x;}] are non-decreasing.
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. m?2 min{n,2} .
If 8 >2o0rifa>2+ om0 then there exists v > 0 such that each

p € P(R™) with doo(p, t) < 1 satisfies Ew,, , (1) > Ew,, 5 (it), and the inequality is
strict unless p is a rotated translate of ji.

Since the group of rigid motions has dimension M, this theorem provides

2
an uncountable number of w - dimensional manifolds (parameterized by the
positive masses my < ... < m, assigned to each vertex of the simplex) which must
be stable under the dynamics . This both predicts and explains the dynamic
formation of unit simplex configurations observed in simulations throughout the
mildly repulsive regime o > 8 > 2. As in one-dimension [25], the intuition behind
this result is that the configurations described by the theorem are critical points
due to the flatness of the interaction potential W, g(z) at the origin and at unit
distance from it; they are stabilized by W, g’s lack of uniform concavity at =0
in combination with its radially uniform convexity at |x| = 1 and the geometry of
the unit simplex.

Remark 1.7 (Limiting cases and self-similar aggregation). Theorem|[1.6with (8,mg) =
(2, n%_l) shows the configurations of Theorem, remain deo-local energy minimiz-
ers for all a > 4 if n > 2, and for all @ > 3 if n = 1. For n = 1, versions of
both theorems were proved in Kang, Kim, Lim and Seo [25] (see also Fellner and
Raoul [18]) along with examples showing in what sense the bound on « required by
Theorem is sharp; c.f. Remark[[.5 Studying aggregation with purely attractive
power-law potentials, Sun, Uminsky and Bertozzi showed that blowing-up solutions
can be transformed using similarity variables into solutions which now appear to
interact through an attractive-repulsive potential on the centripetal line B = 2. For
n > 2 they then analyze linear stability of two stationary states for the rescaled
dynamics — (a) the uniform spherically symmetric shell, and (b) the uniform dis-
tribution over the vertices of a unit simplex — to obtain that (a) is linearly stable
precisely in the range o € (2,4) and (b) in the range o > 4 [37]. At its end, their
paper raises the questions of whether these solutions are nonlinearly stable, and
whether they are global attractors. Theorem sheds considerable light on both
questions: it asserts that (b) is indeed nonlinearly stable when « > 4, but that it
cannot be a global attractor since there are also other nonlinearly stable solutions
(corresponding to mo # my, ).

Remark 1.8 (More general potentials). It is natural to expect that the techniques
and results of this paper can also be extended to certain more general families of
potentials which need neither be power-law, spherically symmetric, nor even have
attractive-repulsive form globally. In particular, the statement of Theorem en-
sures that the same configurations remain de-local minimizers for all potentials
W which agree with W, g in a neighbourhood in R™ of radius 2r around the
n?+n+1 displacements {x; —x Yo<i,j<n Telating vertices of the simplex; the method
of proof also shows a similar result should hold for any C?-smooth radially sym-
metry potential W(z) = w(|z]) with w'(0) = w'(1) = 0 < w"(1) and w”(0) not
too negative. Similarly, for any C?-smooth family of radially symmetric potentials
WH(x) = w*(|z|), we expect an analog of Theorem to hold for \ sufficiently
large, if the limit w™ 1is attained in a suitable sense and satisfies

—r? ifr<i1
(1.11) wer)y>{ L=
+oo ifr>1
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with equality holding at r =0 and r = 1.

The paper is organized as follows. Section [2| recalls our variational characteri-
zation of the unit simplex from [29] and shows the same configurations uniquely
minimize the hard confinement limit o« = 400 of the mildly repulsive energy .
Section |§| introduces the notion of I'-convergence with respect to the metrics d;, on
probability measures, and contains a series of preparatory estimates for Section [4]
which establishes the presence of d..-local minimizers throughout the mildly repul-
sive triangle a > 8 > 2 and extends the characterization of global minimizers from
the hard confinement limit to all sufficiently large values of the attraction expo-
nent a. Key estimates of Section [3] are based on first variation, whereas those of
Section [4] are based on second variation. An appendix demonstrates the equivalence
of the variational characterization of the unit simplex found in our earlier work [29]
to a classical result of Jung [24].

2. MINIMIZING MILD REPULSION WITH HARD CONFINEMENT

In this section we show that on the entire halfline f > 2 with & = 400 — corre-
sponding to mild repulsion with hard confinement — the measures which minimize
the energy are precisely those which achieve the minimum at its endpoint
(o, 8) = (00,2). At this endpoint, minimizers are given by the variational charac-
terization of the unit simplex proved in our earlier work, which generalizes to higher
dimensions n > 1 of a result proven for n = 1 by Popoviciu [34]:

Theorem 2.1 (Isodiametric variance bound and cases of equality [29]). If the
support of a Borel probability measure p on R™ has diameter no greater than d,
then Var(p) < 5%5d?. Equality holds if and only if pu assigns mass 1/(n + 1) to
each vertex of a regular n-simplex having diameter d.

Another proof of this theorem and its relation to Jung’s work [24] are discussed
in Appendix [Al Recall that Pyo(R"™) denotes the set (1.9)) of probability measures

with second moments and vanishing mean.

Corollary 2.2 (Mild repulsion with hard confinement is minimized only by unit
simplices). Fiz o = +00 and B > 2. Let i € Po(R™) be a measure which equidis-
tributes its mass over the vertices of a unit n-simplex, and fix any measure u €
Po(R™) which is not a rotation of fi. Then Ew,, ,(1) > Ew,, 4(1). Thus the mini-
mum is uniquely achieved by translations and rotations of fi.

Proof: Fix any measure p € Po(R"™) which is not a rotation of i, and assume
diam[spt u] < 1, since otherwise . , (1) = +00 and the inequality holds trivially.
Since 8 > 2 and |z| < 1 imply W g(x) > 2W4 2(z) and equality holds when
|z| = 1, the uniqueness claim of Theorem asserts

ﬁgWooyg(:U) > 2EWOC,2 (,LL)
> 25Wm2(ﬂ)
= ﬁng,ﬁ ([1’)

Since &y, , is invariant under rigid motions and its minimizers have bounded di-
ameter [9] (or see (3.11)) below), this shows only £ and its translations and rotations
attain the infimum (|1.6)) QED
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3. MINIMIZING MILD REPULSION WITH STRONG ATTRACTION

We now turn to the question of extending this characterization of energy mini-
mizers to the large finite values of the attraction exponent « in the mildly repulsive
triangle o > 8 > 2. Recall minimizers i, of are known to exist |14] and to
satisfy the Euler-Lagrange equation

(3.1) px Wag(x) > Ew, 4(1), with equality holding p — a.e.
where
(3.2) (nx W)(x) := . W(z —y)du(y),

5
see e.g. |32] [2] or Lemma 2.3 of [9]; our normalization ;V“'B = 2ux W differs from
theirs by a factor of two. It is not hard to extend this to the hard confinement case
a = +00. Setting

(3.3) M := a;;gl;ni)ngwooﬁ and My := M NPy(R"),

our strategy is to show a I'-convergence result for the & — +o00 limit, which implies
as in [6] that any sequence of centered minimizers pq, g € Po(R"™) must approach the
n(n—1)/2 dimensional manifold My of minimizers for the limiting problem identified
in Corollary 2:2] Proposition [3.5] shows in what sense the associated potentials
Va8 = pa,g ¥ Wo g converge subsequentially to some V 5. This combines with
the Euler-Lagrange equation to imply all of the mass of ., g must eventually
lie in a small neighbourhood of spt fi,, for some fi, € My as a corollary.

To verify convergence of minimizers to minimizers, we show the strong attrac-
tion problems I'-converge to the hard confinement problem as @ — oo in the
Kantorovich-Rubinstein-Wassestein metric dy from optimal transportation [40]. Re-
call:

Definition 3.1 (I-convergence). A sequence F; : M — R on a metric space
(M,d) is said to T'-converge to Foo : M — R if (a)

(3.4) Foo(p) < liminf F;(p;) whenever d(p;, ) — 0,
71— 00
and (b) each p € M is the limit of a sequence (u;); € M along which
(3.5) Foo(p) > limsup F; ().
1—+00

The main virtue for us of this concept is that it implies argmin,, F; cannot have
accumulation points as ¢ — oo outside of argmin,,; Fi, [6].
For 1 <p < +o0 let

PR = (e PRY)| [ Jadu(o) < o)

denote the probability measures with finite p-th moments; let Po(R™) denote
the probability measures with bounded support. For pu,v € P,(R"™) define the
Kantorovich-Rubinstein-Wasserstein metric

3.6 d := inf X-Y

(3.6) p(pv) = inf | e,

where the infimum is taken over arbitrary couplings of random variables X and Y
whose laws are given by p and v respectively. For p # oo the distance dj, is well-
known to metrize narrow convergence (against continuous bounded test functions)
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together with convergence of p-th moments on P,(R"), e.g. Theorem 7.12 of [40].
Fixing p = 2 hereafter, we endow Py(R"™) C Po(R"™) with the metric ds.

Lemma 3.2 (I'-convergence to hard confinement). Let o > > 2. The functionals
Ew, 5 [-converge to Ew,, , on (P2(R"),d2) as a — co.

Proof: The construction step is straightforward: assume p € P2(R™) has
diam[spt 1] < 1 since otherwise there is nothing to prove, and set p, := p for all
a. Since W, 3 converges uniformly to Woo g on |z| < 1, it follows that Ew, ,(u) —
Ew.. 5 (1) as desired.

To show the ‘lower semicontinuity’ part of I'-convergence, suppose

0= lim do(fta,ftec) and L :=liminfEw, ,(pa) < +o0
a— 00 o—r 00 7

since otherwise there is nothing to prove. Choosing a subsequence «; along which
Ew., 5 (ta;) — L, we claim
(3.7) C = limsup &w, (Ka,) < +00.
1— 00

We assume the p,,, have compact support (uniformly in 7) without loss of generality,
since the general case follows by approximation; i.e. applying the estimate from the
remainder of the present paragraph to the normalized restrictions of {uq,}; to a
large ball Br(0), and then passing to the limit R — co. Now for o > 8 > 2 Jensen’s
inequality yields

(ﬁgWﬂ (:u))l/ﬂ < (agWa (M))l/a7
whence )

gwaﬁ Z 5Wa — B(Ozgwa)ﬁ/a.

Since f/a < 1 this implies the desired bound follows from our hypothesis
Ew., s(ta;) — Li in fact C < C, where C = C(a,$,L) is the unique positive
number satisfying L = C' — (aC)?/*/3.
Having established (even for sequences of measures with noncompact sup-
port), split W = W< + W~ into a short-range and long-range part using
<~ W(x) ifjz] <1,
(3.8) W=(z) := { W) clse.

so that both parts are continuous and W< is bounded. Since [WS| < 1/a — 0 as
a — 00, we obtain

(3.9) limsup &y > (fa,) = C < 00

i—00
from (3.7). Since W (2)/W7 (z) — 0 on [z| > 1 as a — oo,
(3.10) limsup Eyy> (fta;) =0
71— 00 2
follows. Thus diam([spt po] < 1 and (3.10) also implies

gWoo,ﬁ (/JOO) = g*Wﬁ (:uOO)
= lim 57Wa (Mozi)
11— 00

<L
as desired. QED
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Let wag(r) := 7%/a — rP /B be the potential on R, for which W, s(z) =
We,p(|x]). Let Ro g = (%)a%ﬁ be the unique R > 0 for which w, g(R) = 0, and
note Ry 3 N\ 1 as a — oo. A second variation calculation by the trio yields the
following diameter bound, Lemma 2.6 of [9]:

(3.11) diam[spt u] < Ro g if p € argminé&y, ,.
P(R") '
Corollary 3.3 (Narrow convergence of minimizers to unit simplices). Fiz 8 > 2.

Given € > 0, taking o sufficiently large ensures that each pop € argmin&y, ,
Po(R™)

satisfies dg(ﬂa76,M0) < ¢ where My is from (3.3).

Proof: The set of measures i € Py(R"™) satisfying the diameter bound diam[spt ] <
Rg g = lima\ g Ra,p < 0o and with barycenter at the origin is well-known to be
do-compact, e.g. [40]. Since a > 3 implies Ry 3 < Rg g, the corollary becomes a
standard consequence of the I'-convergence shown in Lemma [3.2] and the diameter
bound as in Theorem 1.21 of [6]. QED

This corollary implies that for « large enough, most of the mass of a minimizer
o3 lies near the vertices of a unit simplex (and is approximately equidistributed
amongst the n+ 1 vertices). In view of the Euler-Lagrange condition the next
proposition and its corollary improve this statement to assert that all of the mass
of jiq,p lies near the vertices of a unit simplex. They rely on the following lemma
concerning the potentials of the conjectured optimizers on the higher dimensional
generalization 2 C R"™ of Reuleaux’s triangle:

Lemma 3.4 (Unit simplex potentials are minimized only at vertices). Fiz § > 2.
Let X = {xg,21,....,xn} be the set of vertices of a unit n-simplex A™ C R", and
Q:= ﬂ?:o Bi(z;). Define V:QCR" = R by

(3.12) Viz) = —Z|a:—3:i|6.
i=0

Then (a) X = argming V' and (b) when 8 =2 then V' has no local minima outside
X.

Proof. (b) Assume 8 = 2. It is clear that V is strictly concave in int(§2) so has
no local minima there. Like the boundary of the simplex A", which is a stratified
space whose strata consist of the relative interiors of unit simplices of all lower
dimensions, the boundary of €2 is a stratified space whose strata consist of open
pieces of round spheres of different radii and dimension; in both cases the zero
dimensional strata coincide with the vertices X of A™. The strategy of our proof is
to show strict geodesic concavity of the restriction of V' to each of the strata of 0%,
which ensures that V' cannot admit local minima except at the zero-dimensional
strata.

Given z* € 9Q \ X, we will show V cannot attain a local minimum at x*. By
rearranging the indices if necessary, there is k € {1,2,...,n — 1} such that

(3.13) " —a;] =1fori=0,1,....,k — 1,
(3.14) O<|z* =z <lfori=kk+1,..,n
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Recall that the simplex AF~! := conv{zo,...,7;_1} has radius r,_; := 1/’“—‘;;

take the origin to be its center %Zf;ol x; without loss of generality. We claim the
intersection of spheres

(3.15) S={zeR"||Jz—z]=1 fori=0,1,....k — 1}

lies in the subspace of R™ orthogonal to A*~! and is in fact the intersection of
this subspace X := [A¥~1]+ with the sphere of radius R = 162%1 centered at the
origin.

Let us establish this claim before completing the proof of the lemma. For each
0 <i<j<k-—1, the pairwise intersection

o -2 =1 = |z — x|

lies in the hyperplane through the origin orthogonal to ; — x;; this implies S C .
At each point z € S, it follows that the vectors {x—xi}fgol are linearly independent.
The implicit function theorem then shows S to be a manifold of dimension n — k.
(It cannot be empty since z* € S.) For x € S, Pythagoras yields
o O = o — ol — 0 —moP =13, = "L _ g2
2k

whence S C ¥ N JBR(0). Since both compact manifolds have the same dimension
and the larger of the two is connected, this inclusion becomes an equality and
establishes the claim.

Now S is a round n — k dimensional sphere containing x*, xg, ..., x,,. Moreover,
shows z* lies in the relative interior of the n — k dimensional manifold-with-
boundary S N 9dQ. Choose any constant-speed geodesic curve ~y(t) valued in S with
~v(0) = z*, and let j € {k, ...,n}. We find

d? 5 d?
-5 O =zt =225 2 (t)
dt?|,—o ! dt? |,
= —2z;-7"(0)
>0,
where the inequality follows from the facts (i) that —"(0) is a positive multiple of
x*, hence is a linear combination with positive coefficients of {zy, ..., z,} and (ii)
z;-x; > 0foralli =k,...,n (which follows from the fact that (é;—c,é;—c) = } for

the standard simplex in R"*! using ¢ = (%, e %, 0,...,0) in place of the origin).

When 8 = 2 this shows the function ¢t — V(v(t)) is strictly concave around ¢ = 0,
hence V' cannot attain a local minimum at z*, thus proving (b).

(a) Now suppose 3 > 2. For each x € Q and z; € X we have |z — 2;/% < |v — 7,
and the inequality is strict unless |z — z;| € {0,1}. Thus

V(z) 2= |z —aif
i=0

and the inequality is strict unless x € X, where Remark has been used. Part
(b) implies that this lower bound is minimized precisely on X, hence the same
conclusion follows for V. QED
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Proposition 3.5 (Convergence of potentials). Fiz 8 > 2. Given r > 0, taking «

sufficiently large ensures for each o g € argmin&y, , there exists i € My such
PU(R")
that all minima of Vo3 = pa,g * Wa g lie within distance v of spt fi. Moreover,

da (e, ft) = d2 (g, Mo)-

Proof: Fix [i € My and define X := sptji = {zo,...,%,} and its (open) r-
neighborhood

X, = U B, ().

i=1
Given § € R, define

n
Qg = ﬂ Bl+5(.’bi).
i=1
Note Q) is a strict convexification of A™ := conv(X) sharing the same “vertices”,
and Q4; are slight enlargements and reductions thereof.

By the rotational symmetry of the problem, it suffices to restrict our attention to
those minimizers i g € argming gny Ew, , for which da(pia,g, Mo) = dy(piap, ft)-
The narrow convergence shown in Corollary [3.3] implies that given € > 0, taking a
large enough ensures that all such minimizers satisfy

1 < €
n+1 n+1
for each z; € X. Notice )y is precisely the set where Vo g := i+ W g is finite, and
the latter is strictly concave on g, being a sum of n + 1 translates of —Wjg. The

proof of the proposition requires estimates for the convergence of V, 3 = i, g*Wa, 3
to Vo, in three different regions:

(3.16) | a8 (Br(zi)) —

Exterior estimate: Given § > 0 and R < oo, taking a large enough ensures
Va3 > R on R™\ Qs.

Proof of exterior estimate: For each y € R™ \ Qj there is x € X such that
|z —y| > 1+ 6. Note that wq (1) := r*/a — 7 /B3 converges uniformly to infinity
on [1+4/2,00) as @ — oo. Now given € < 0/2, taking « sufficiently large ensures

that e, g(Be(z)) =~ n%rl within the error e. This implies, taking « larger if necessary,

/ Was(y —2)du(z) > 2R for all y with |y —z| > 1+4.
Be(z)

On the other hand, since W, 3 > —1/2 we have v * W, 3 > —1/2 on R for any
nonnegative measure v with v(R™) < 1. Hence we get

/ Wa sy —2)du(z) > 2R —1/2 for all y with |y — x| > 14 6.

Since this estimate holds for each x € X, the exterior estimate is established.

Boundary estimate: Define A := U}_jA;, where A, is the compact neighbourhood
of x; € X given by the intersection of spherical annuli

Ai = Ai(8,6") == [ Bigs(;) \ Bi—s ().
J#i
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\____—/

FIGURE 2. Relevant regions for the estimates.

For small §,8" > 0, we claim taking « sufficiently large ensures

(3.17) min V, g > —26 + mln Voo,
Qs\A Q0\A
Proof of (3.17): Decompose fiq. 3 = pir + fir into its restriction p, to X, and its
complement. Taking « sufﬁciently large ensures [i,.[R"] < § according to (3.16).
Decompose Wa,p = W s+ w2 5 into its short range and long range parts as in
, hoticing W> > 0. Let T 6 Q(s \ A. Observe that for sufficiently large «,
o.p(x) = x)

a,(i’*ﬂaﬁ)

(
)

Y

ﬁ * fla,p)(T)
ooB*lu’T (@) + (Weop * fir) ()
ﬁ * pp)(x) — /2 since Wo_o,/a > —1/2 and fi,.(R") <9,

)
)

= ﬂ x [1)(x) — & for a large enough by Corollary
(y)

Y]

Y

(
W
=W
W,
W,
(

Vv

OQﬁ*,u)y —26 for some y € Qg \ A,

since W p is 1-Lipschitz, and for each x € Qs \ A, there exists y € {9 \ A such
that [z — y| < § (see figure [2). Taking the infimum over y € Qg \ A and then over
x € Qs \ A yields the desired inequality -

Interior estimate: V, g converges uniformly to Voo g on Q_s» for each §" > 0.

Proof of interior estimate: Take § > 0 small (e g. 6 < 0”/8), and recall that for
sufficiently large o we have pqa, 5(Bs/2(7)) ~ n+1 for every x € X by (3.16). The
diameter bound (3.11)) then implies, taking « larger if necessary, that

spt(Ha,p) C Qs.

Note that for every x € Q_s» and y € 5, we have |[z—y| < 1—§"/2. Recall wq, g —
Woo g uniformly on [0,1] as o — co. These facts, plus the narrow convergence of
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fa,p to fi from Corollary [3.3} imply
max |Vo,5(x) — Voo,(2)]

ZL’EQ_(;//

— 1 |(Was # r0)(0) = (Woo, #)(2)

< max |[(Wa,p = Weo,p) * pia,p) (@) + max |(Weo g * (fta,s — 1)) (%))
x€Q_s5n rEQ_s5m

<e€

for « sufficiently large, given € > 0. This proves the interior estimate.

Now we prove the proposition. Given r > 0, take §,d’ > 0 sufficiently small that
A= A(6,0") C X,. Recall that the limiting potential Vo g is continuous and strictly
concave on (g, +0o outside, and attains its minimum value w = V, g(zo) precisely
on X by Lemma Notice f(¢') = mingy\a Vio,s is independent of § > 0 and
increases continuously with ¢’ > 0 from f(0) = w. Take § smaller if necessary so
that 2§ < f(¢§’) — w. For « sufficiently large the boundary estimate yields
(3.18) frzrélir;1 Va,p > w.

The interior estimate guarantees that by taking 0” sufficiently small and « suffi-
ciently large, we can make ming_,, Va,g as close to w as we please — less than
(3.18) in particular. Taking o larger if necessary ensures the values of V, g outside
Qs are all larger than (3.18)). In this case the minimum of V,, g can only be attained
in AC X,. QED

Corollary 3.6 (Optimizers vanish outside some neighbourhood of a unit sim-
plex). Fiz i € My, B > 2 and r,e € (0,1/2). If « is sufficiently large and
p € argming gny Ew, , with da(p, i) = da(p, Mo) then Y, u(By(x;)) = 1 and
|p(Br () — ﬁ' < 57 for each x; € spt fi == {xo,..., Tny1}.

Proof: The estimate was verified in the course of proving Proposition
which also asserts that the potential V' := p x W, g is not minimized outside of
X, = Ugespt 4 Br(z). But the Euler-Lagrange equation established by the
quartet and trio shows that p vanishes outside argming. V' C X,.. Since r < 1/2

implies that X, is a union of n 4 1 disjoint balls, we conclude ), u(B,(x;)) =1 as
desired. QED

4. IDENTIFYING LOCAL AND GLOBAL ENERGY MINIMIZERS

This section is devoted to the proof of our two main results, Theorems |1.6| and
which identify d.-local energy minimizers throughout the mildly repulsive
triangle a« > 8 > 2 and characterize the global energy minimizers for large a in
this range. The key to both results is the following localization theorem based on
second variation, which allows us to improve on the conclusion of Corollary [3.6] Its
proof consists of a comparison showing that if the support of measure p lies in a
sufficiently small (say r > 0) neighbourhood of the vertices X of a unit n-simplex,
then for each = € X, the energy of 1 can be reduced by concentrating all of its mass
in B,(x) at the center of mass of the restriction of u to this ball. This is done by
establishing a uniformly convex lower bound for the potential W at its minimum
in B, (x), which allows us to estimate the local variance to be zero for any local
energy minimizer p, hence all of its mass there to concentrate at a single point.
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A byproduct of this same argument shows the points form a top-dimensional unit
simplex. Thus there are d..-local energy minimizers p concentrating all of their
mass on the vertices of a unit simplex (and the mass is nearly equidistributed in
the case of a global energy minimizer). For the latter case, a comparison with facts
we have already proved then allows us to remove the adjective ‘nearly’.

Theorem 4.1 (Energetic localization of mass to a unit simplex). Fix m, >
coomy >mgy > 0 with Y ymy, =1, 8* > 8> 2, and the set X = {zg,21,...,2,} C
R" of vertices of a unit n-simplez. If 0 < p < mgms/m?2 and
. B* +2(8* = B) + p~ ' min{n,2} ifB=2,

then there exists 1 = r(8*,5,p,n) > 0 so that the following holds: if @ > «
and pi, i € P(R™) with doo(t, 1) < v and Ew, (1) < Ew, ,(f1), and if fi vanishes
outside X but m; = fi[{z;}] > 0 for eachi =0,1,...,n, then p is a rotated translate
of fi.

Proof: First assume 5* > 8 > 2 and a > o = 05+ 2(8* — ) and 0 < p <
momy /m?2 and set 2 := o* — B*. For r > 0 small enough (to be determined later,

and independently of «), let u, i € P(R"™) satisfy all the hypotheses of the theorem,
so that

(12) = m,
1=0

Let u; be the restriction of u to B, (x;). For r < 1/2, the hypothesis do (p, i) < 7
implies p;(R™) = m; and pp = >0 -

Let us abbreviate W = W, g3 and w = w, g, and consider the energy difference
F(u) = Ew(p) — Ew(t) < 0 (which is non-positive by hypothesis). With ¢,j =
0,1,...,n we observe

n

(43) F=Y [ St W+ Y [[ (¥ =) = w)dns @it
e

i=0
Let v; := p;/m; be the normalization of p;. Since 8 > 2, given any € > 0 there
exists 7 = r(€) > 0 such that W(z) > —e|z|? in B,.(0). Hence for every i,
(4.4 [t Wydns = =mie [ |12 = avs()in)
= —2m?eVar(v;)
where Var(v;) is the variance (1.7) of v;.
Since a > «*, the computation
[Wa,5(s) — wa,8(1)] = [war () = war p(1)] = Waar (5) = Waar (1)
>0

shows wq, (%) — wa,5(1) to be a non-decreasing function of a. Noting wy. 4(1) =
o — B> 2n > 0, taking sp > 0 small enough (depending on a* and 8 but not «)
yields

Wa,5(5) = Wa,p(1) = war p(s) = wa= 5(1)

>n(s—1)% on [1—sp,1+ sg].
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Now define ((z) := (|z]—1)?. Since |z; —z;| = 1, for r small enough that z; € B, (;)
and z; € B, (x;) implies ||z; — z;| — 1| < s¢, we have

(4.5) S5 [ W= 2) = wi))dus )t

i=0 j#i
n
> nmomy ZZ// C(zi — 2)dvj(z)dv; (z;).
i=0 j#i
To estimate the integrand, let y; := Z(v;) be the barycenter (1.8) of v;. Let
v = 2 — Uiy Avgj =0 — vj, NGy = ‘ZZ:Zj‘, etc. Then

|Azij| = \/|Ayij|2 +2{Ayij; Avig) + | Avig|?
= |Ayi;| + (Agij, Avi;) + O(|Avg,|?)
whence |v;| < 2r, |Av;;| < 4r, and ||Ay;;| — 1] < 2r imply
C(Azij) =(1Ayij| — 1)* + 2(|Ayiz| — D)(AGiz, Avig) + (Adiz, Avgg)?
+O0(r|Av;]?)

(4. [ casantzan ) = (80,1 - 1°
b [ [ (@05 8033 + OG0l 2

here the error term does not depend on any parameters except through its argument.
From Av;; = v; —v; we compute

//(Ail?z‘j»Avij>2dVi(Zi)de(Zj) :/ (Agig, vi)*dvi(zi) + /<Ai/ij’vj>2de(Zj)
and

Z/<A:l)oj,’00>2dl/0(,20) = /<1}0,A01}0>d1/0(2’0)

where the matrix Ag is given by

n
= lvo =yl lvo — il
In case y; = x; for all j = 0,1,...,n, a direct calculation using a scaled copy

of the standard n-simplex (1.10) in R™*! shows Ay has 1/2 as an eigenvalue of
multiplicity n — 1 and 2! as a simple eigenvalue. In this case 4y > Id / min{n, 2}
in the sense that the difference of the two matrices is non-negative definite, where

Id is the n x n identity matrix. More generally, |y; — «;| < r for all j, from which

it follows that Ao > 200 1d. Thus

- ) Var (1)
(4.8) ;/(Ayoj,v())Qduo(zo) > Wlon}(l +0(r))
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and

ZZ// Ay”7AU1j dVZ(ZZ)dVJ(ZJ) = Ifll—;{?l 2} ZV ar Vl

=0 j#i

Noting also
/ |Avyj[*dvidv; = Var(v;) + Var(v;),
from (4.6) we deduce

ZZ//C Az;;)dvi(z;)dv;(z;)

=0 j#i
| 2+O(r
i Ayij| —1)°
22 i) 2} Var() + 3 (1| - 1)
J#i
Recalling ([4.5)), choose A < m and take r > 0 smaller if necessary (depending
on \) to obtain

S [[ o) - w0 z)

i=0 j#i

> nmomy Z AVar(v;) + Z(|Ayw| —1)%,
i=0 j#i

where the new constant absorbs the O(r) term. With (4.3)—(4.4) this gives

(4.9) F(u) > nmomy Z (A— n—)Var vi) + > (|Ay;] - 1)?
i=0 Jj#i

For 0 < 2e < nAp, choosing r small enough (depending on (a*, 8, p) and our choice
of (A, €)), validates the above arguments, forcing the coefficient of Var(y;) in the
summation above to be positive for all i. Now since F(u) < 0 by assumption,
this leads to the conclusion Var(v;) = 0 and |y; — y;| = 1 for each distinct 4,j €
{0,1,...,n}. Thus

(4.10) = Z m;dy,
=0

and the barycenters y; form a unit n-simplex. We infer p is obtained from [ by a
slight translation and/or rotation, in view of Remark This concludes the case
8> 2.

Now suppose 3 = 2. In this case, no matter how small > |z| > 0 is, we will not
have W (x) > —¢|x|? unless € > 1/2. However, we may take e = 1/2 in the preceding

min{n,2}
2

argument. To compensate, we will need np > % > , or equivalently

min{n, 2}
P .

This follows from our choice (4.1)) of a*. Now the foregoing argument implies the
same conclusion. QED

(4.11) Mm=a— B>
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As a first application, we show that all measures on the vertices of a unit n-
simplex are strict doo-local energy minimizers in the following sense.

Definition 4.2 (Strict d.-local energy minimizer). Given o > > 2, a measure
fo€ P(R™) is a strict do-local energy minimizer of Ew,, , if there exists r > 0 such
that deo(p, 1) < v implies Ew, , (1) > Ew, ,(it), and equality holds only if p is a

rotated translate of fi.
Theorem follows directly from:

Corollary 4.3 (All distributions over unit simplex vertices are d..-local energy
minimizers). Fiz m, > --- > m1 > mg > 0 summing to one, §* > > 2, o, and
r as in Theorem and the set X := {xg,21,...,2,} C R"™ of vertices of a unit
n-simplex. If i € P(R™) satisfies , then o > o* implies [i is a strict doo-local
minimizer of Ew,, , on P(R™); i.e. there exists r > 0 such that rotated translates of
o uniquely minimize Ew,, , among measures j1 € P(R™) satisfying doo (p, f1) < 7.

Proof: First assume X = spt fi. Under the hypotheses of the corollary, if doo (1, fi) <
r but Ew, , (1) < Ew, ,(ft), Theorem asserts that p is a rotated translate of
i1, contradicting the invariance of £y, , under such symmetries. This contradiction
forces the desired conclusion: &y, , (1) > Ew, , (). If Ew, , (1) = Ew, (1), Theo-
rem asserts u is a rotated translate of fi. QED

Theorem shows that we can choose « as close to [ as we please in this
corollary unless 8 = 2, and even when 8 = 2 we need not choose a very large unless
m := min; m; is very small. When § = 2 we can reformulate the theorem as an
estimate for a phase transition threshold:

Corollary 4.4 (Centrifugal threshold for strict dy-local minimizers). Take 8 = 2,
X CR" and i € P(X) as in Theorem with the mass m; of fi at each vertex

x; in X satisfying bounds 0 < mg < mq < --- < m,. Then there exists a smallest
alfs = al¥e (mo, ..., my) > 2 such that for each a > XS, the measure i is a strict

doo-local energy minimizer. Moreover,

(4.12) alee <924 my win{n, 2}
momma

Proof: As in Corollaries and the existence of alf$ € [B,00] is obvious;
Theorem implies the bound (4.12]). QED

Remark 4.5 (Sharpness). When (8,n) = (2,1), taking mg = m < L and m,, =
my = 1—m, results of Kang, Kim, Lim and Seo [25] show the bound (4.12)) becomes
an equality ozlA"f =14 %n When f = 2 < n but mg = my,, the linear instability

found for a < 4 by Sun, Uminsky and Bertozzi [37] strongly suggests that equality

also holds in the bound alﬁﬁ(%ﬂ7 R n%rl) <A4.

A last but not least application will be to derive our main result on global
minimizers, Theorem [1.3] restated here for the reader’s convenience:

Corollary 4.6 (Optimizers equidistribute over the vertices of a unit simplex).
Given 8 > 2, taking « sufficiently large and M from (3.3) ensures

argmin &y, , = M.
P(R") ’
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Proof: Fix 0 < e = 8* — 3 < 1, let o* and r = r(ﬁ*,ﬁ,(};:){n) > 0 be as in
Theorem Taking a > o™ large enough and p € argminggny Ew, 4, Corollary
yields p vanishing outside the neighbourhood of radius r around the vertex
set X = {zo,...,2,} of a unit n-simplex, and with m; := p[B,(z;)] satisfying
|(n + 1)m; — 1] < € for each i = 0,1,...,n. The measure g € P(X) from
then satisfies doo(p, 1) < r and the choice of p ensures Ew, , (1) < Ew, ,(f1).
Theorem now asserts u is a translated rotation of fi, hence [i is also a global
energy minimizer. However, for measures v € P(R") vanishing outside X, we have
Ew, (V)= (1—- g)é‘wmﬁ (v). Corollaryshows the latter functional is minimized
precisely by translations of the measures in My =Mn Po(R™). Thus we conclude
some translate of /i (and of j) lies in My as desired, or equivalently that u[{z}] =
n%rl for all x € spt p. QED

APPENDIX A. ISODIAMETRY, VARIANCE, AND REGULAR SIMPLICES

Our variational characterization of the unit simplex, Theorem [2.1] was discovered
using convex analysis and duality in [29]. However, it turns out to be closely related
to a classical result of Jung [24], for which a modern proof can be found in Danzer,
Griinbaum and Klee [16]:

Theorem A.1 (Jung). Let K C R"™ be compact with diam(K) = 1. Then K is

_n__
2n+2°

of a unit n-simplex unless it lies in some smaller ball.

contained in a closed ball of radius ry, = Moreover, K contains the vertices

In our companion work we showed that our characterization implies Jung’s the-
orem [29). In this appendix we show instead that our characterization follows from
Jung’s theorem, so that the two results are in some sense equivalent. We are grateful
to an anonymous seminar participant for drawing our attention to Jung’s work, and
to Tomasz Tkocz [38] who subsequently observed independently from us that our
characterization could be inferred using Jung’s theorem. Let us begin with an ele-
mentary geometric result based on Lemma which concerns higher dimensional
generalizations 2 C R"™ of Reuleaux’s triangle and tetrahedron.

Lemma A.2 (On Reuleaux simplices). If A C R" is the set of vertices of a unit
n-simplex centered at z € R™ and Q := NzeaBi(x), then A = QN OB, (z) where
B,.(x) denotes the ball of radius r centered at x.

Proof. Let A = {xo,...,z,} C R" be the vertices of a unit n-simplex centered at
z = %ﬂ > x;. Any vectors yo,. .., y, in a Hilbert space H satisfy

n n
D oul+ D i wlP=mr))Y il
i=0 i=0

0<i<j<n
Given an arbitrary point « € Q := Nyea B1(z), taking y; = %_H(JJ—%) and H =R"
the identity above yields
n R
2 2
r—z|"+ = T — x|
| ™ +2 n+1 ; | il

Estimating the right hand side with Lemma (a) yields |z —z|? < 72, with equality
if and only if z € A. Thus Q C B, (z) and A = QN JIB,, () as desired. O




20 TONGSEOK LIM AND ROBERT J. MCCANN

Proof of Theorem using Theorem m The representation shows
the vertices of a standard n-simplex of diameter v/2 lies on a unique sphere of radius
rn\/2; thus the vertices of a unit n-simplex lies on a (unique) sphere of radius r,,.
Assume d = 1 without loss of generality hereafter. Any probability measure p*
which assigns mass 1/(n + 1) to each vertex of a unit n-simplex therefore has
the desired variance r2. Conversely, let u € P(R") have support K = spt u with
diam[K] < 1. Jung’s theorem then asserts K is enclosed by a sphere S = 0B,.(z) of
radius r < r,, centered at some z € R", and that r < r,, unless K contains a unit
n-simplex. The familiar computation

(A1) Var(o) + [a() = = [ lo = sPuta) < r* <1

shows Var(p) < r2. We conclude equidistribution p* over the vertices of the unit
n-simplex has maximal variance subject to the unit diameter constraint on its
support. Also, shows Var(p) < r2 unless Z(u) = 2 and r = r,. Thus u
has smaller variance than p* unless K contains the vertices of a unit n-simplex
A:={xg,...,2,} C K.

We henceforth assume Var(u) = r2, so A C K = spty and Z(u) = 2. From

Var(u) = r2 and sptpu C B, (z) we conclude the full mass of yu lies at distance
ry from its barycenter z = Z(u), i.e. K C S = 0B, (%). On the other hand,
diam(K) < 1 and A C K implies K C Q where Q := N Bi(x;). Lemma
therefore implies K = spt p C SNQ = A. Now there is a familiar bijection between
the convex hull conv(A) and convex combinations of its vertices, c.f. Remark 2.5
[29]. The only convex combination of the vertices of A having barycenter at z
assigns equal weights 1/(n + 1) to each vertex. From Z(u) = z = n%_l ST we
deduce p = # oo 0z, as desired. QED
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