A synthetic null energy condition®

Robert J McCann'

Abstract

We give a simplified approach to Kunzinger & Sdmann’s the-
ory of Lorentzian length spaces in the globally hyperbolic case;
these provide a nonsmooth framework for general relativity. We
close a gap in the regularly localizable setting, by showing consis-
tency of two potentially different notions of timelike geodesic seg-
ments used in the literature. In the smooth psuedo-Riemannian
setting, we show Penrose’ null energy condition is equivalent to
a variable lower bound on the timelike Ricci curvature. This
allows us to give a nonsmooth reformulation of the null energy
condition using the timelike curvature-dimension conditions of
Cavalletti & Mondino (and Braun). Although this definition is
consistent with the smooth setting, it proves unstable relative
to the notion of pointed measured convergence for which time-
like curvature-dimensions conditions are known to be stable. We
illustrate this instability using a sequence of smooth weighted
Lorentzian manifolds-with-boundary that satisfy it, yet converge
to a disconnected pair of timelike related points that violate it in
the limit.

From both the mathematical and physical points of view, a nons-
mooth theory of gravity which relaxes or replaces the smooth manifolds
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required by Einstein’s relativity appears highly desirable, as detailed
e.g. in [25] and its references. The relationship between such a the-
ory and Lorentzian geometry is analogous to the relationship of metric
[18] or metric measure [66] geometry to the classical theory of smooth
Riemannian manifolds. Several key steps in this direction have already
been taken. Striking among them are the axiomatization of a theory of
Lorentzian length spaces and sectional curvature bounds by Kunzinger
& Sédmann [44] (foreshadowed in Kronheimer & Penrose [43], Anders-
son & Howard [6] and Alexander & Bishop [2]), and the development of
a theory of the Einstein equation and timelike Ricci curvature bounds
in this setting by Cavalletti & Mondino [24] (foreshadowed in work by
Mondino & Suhr [52] and myself [49]). By focusing our attention on
globally hyperbolic, regularly localizable spaces we are able to give a
simple introduction to this theory, and clarify the equivalence between
different notions of timelike geodesics proposed in [44] and [24] [49] re-
spectively. In this setting we are able to indicate how to eliminate the
dependence of the theory on an auxiliary metrical distance; compare also
to the alternative synthetic frameworks proposed by Minguzzi & Suhr
[51] and Mueller [53]. Moreover, we resolve a question raised by Caval-
letti & Mondino [25], by giving a nonsmooth reformulation of Penrose’
null energy condition (and its weighted variants) — based on an equiv-
alence we show in the smooth setting — of the null energy condition to
a variable lower bound on the timelike Ricci curvature. Although tech-
nically straightforward, this development is significant both because the
null energy condition is expected to be satisfied by all forms of matter
(unlike the strong energy or timelike convergence conditions [21]) and
because in its smooth incarnation, the null energy condition plays a cen-
tral role in the Penrose singularity theorem [58] and sequella surveyed
in [46] [47].

Although the weak and strong energy conditions are both well-known
to imply the null energy condition, it is worth emphasizing that a vari-
able lower bound of either sign on the timelike Ricci curvature or — when
the Einstein field equations are satisfied, the stress-energy tensor — also
implies nonnegativity of null Ricci curvature hence the null energy con-
dition. Various theorems which rely on the null energy condition, such
as the Penrose singularity theorem [39] [58], Hawking’s monotonicity
of area [38], Galloway’s null splitting theorem [31], and its consequences
such as toplogical censorship [28] therefore also hold under local timelike
lower bounds on either the stress energy tensor or the Ricci curvature.

This manuscript is structured as follows. In the first section we give
an alternate description of key concepts from Kunzinger & Sdmann’s
synthetic geometric framework [44], focusing on the globally hyperbolic,



regular(ly localizable) case. Our signed time-separation function ¢ plays
a central role: it captures both causality and chronology, while the non-
negative function ¢_ := max{—¢,0} of [44, Remark 2.9] captures only
chronology. We clarify the relations between different notions of timelike
geodesics found in the literature, focusing on their continuity or potential
lack thereof, and propose a new notion of affinely parameterized light-
like geodesic. We also note the auxiliary metric distance function d of
[44] becomes redundant in the setting of globally hyperbolic Lorentzian
length spaces, optionally regular as in Remark 14. In Section 2 we recall
how timelike lower Ricci curvature bounds were imposed on such a space
by Cavalletti & Mondino [24], and some subsequent enhancements by
Braun [14] [15]. In the final section, we propose a new nonsmooth null
energy-dimension condition, and show it is consistent with the classical
(and Bakry—Emery) null energy conditions in the setting of smooth (pos-
sibly weighted) globally hyperbolic Lorentzian spacetimes. This answers
a question of Cavalletti & Mondino [25]. Like their timelike curvature
dimension condition upon which it is based, our null energy condition
has structural consequences to be explored in [17], including inequali-
ties and needle decompositions of the volume similar to those used to
proved a Hawking type singularity theorem in [25]; however, unlike their
timelike curvature dimension condition, it is unstable in the sense that
it need not hold even for a limit of smoothly weighted manifolds that
satisfy it.

1 An alternative approach to Lorentzian length spaces

Our theory is set in the Lorentzian (pre)length spaces of Kunzinger &
Samann. We begin by providing an alternative description of that set-
ting, which at a slight cost in generality, simplifies and streamlines the
theory by encoding all causality relations in a version of time-separation
function ¢ modifed to take both signs [49]. Reversing the traditional
sign of this function allows us to use the same definitions of, e.g., length
and geodesics, for the time-separation ¢ as for a metric space distance
d. With this convention the ranges of ¢ and d become complementary
except on the diagonal. We use boldface and italics to distinguish those
definitions which have global importance from those which are used
merely locally or are less central in the present manuscript.

On a set M, a time-separation function will therefore refer to
a function ¢ : M? — [—00,0] U {oco} satisfying ¢(z,z) < 0 for all
x,y,2z € M plus the triangle inequality

Uz, z) < l(z,y) + Ly, z) if max{l(z,y),l(y,z)} < 0. (1)

These axioms together imply ¢(z,x) € {—o00,0}, though we shall
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often assume ¢~'(—o0) is empty, in which case {(z,x) = 0, and the
triangle inequality holds even when max{{(z,y),l(y,2)} = oo. They
also imply that the negativity and nonpositivity sets M2 = {¢ < 0} and
M2 = {¢ < 0} of £ both denote transitive relations < and < between
members of M, with < being reflexive (i.e. a pre-order) as well. The
points of M are interpreted as spacetime locations or events, and the
sign of ¢(z,y) determines whether or not it is possible for information to
pass from x to y: we say x lies in the causal past of y and write x <y
if £(x,y) < 0; we say z lies in the timelike or chronological past of y
and write z < y if £(z,y) < 0. In either case we say y lies in the future
of x. For each point x € M, one denotes the timelike and causal futures

by
I (z) == {(z,") " *([~00,0)) and J*(x) := l(x,-) ! ([~o0,0])
and the pasts by

I (y) = £(y) " (([=00,0)) and J™(y) := £(-,y) ™" ([~00, 0]).

In Remark 14, we describe how the globally hyperbolic Lorentzian length
spaces of [44] recalled below are uniquely determined by their time-
separation function, even if the Lipschitz curves within them are not.

If for all z,y € M, the time-separation function also obeys the anti-
symmetry condition

max{{(z,y),{(y,z)} < oo if and only if x = y, (2)

then the induced relations M2 C M2 are antisymmetric (so < is a
partial-ordering) and the pair (M, ¢) becomes an example of a causal
space (M, <, <) in Kronheimer & Penrose’ terminology [44] [43] (but
slightly less general because, e.g., if the relations come from a time-
separation function then they enjoy the push-up property that = <
y << zorzr <y < zimplies z < z). This antisymmetry can always be
achieved by replacing events © € M with equivalence classes J(z, ), as
the next lemma shows, analogously to the standard quotient construc-
tion in positive signature [18]. Antisymmetry holds automatically in the
globally hyperbolic causally curve-connected spaces introduced below,
where each equivalence class turns out to consist of a single element.

Lemma 1 (Antisymmetry via quotienting) Given a time-separation
function £ on M, denote x ~ y if and only if max{l(x,y),{(y,x)} < 0.
This defines an equivalence relation on M. Setting

U(z,9) = Inf {(z,y) (3)

T

defines a time-separation function ? on the equivalence classes T := {y €
M |y ~ x}. Moreover, { satisfies (2) on the quotient space M := M/ ~.
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Proof. This proof relies heavily on the fact that ¢(z,y) < oo implies
l(x,y) < 0. The relation x ~ y is clearly symmetric. Transitivity follows
from the the triangle inequality (1); reflexivity follows from ¢(z,z) < 0.
To establish the triangle inequality for /¢, it suffices to assume there
exist * € T,z € Z, and y ~ ¢ € g such that max{l(x,y),(y,2)} <
00; otherwise there is nothing to prove. Assuming this existence, since
l(y,y") <0 the triangle inequality implies

Uz, 2) < Ux,y) +L(y,y) + LY, 2)
U(z,y) + Ly, 2);

taking infima over x € ¥,z € Z and y, 3 € gy yields the triangle inequality
for ¢.

Since the if part of the antisymmetry (2) is already established, we
turn to the only if claim. Therefore, assume max{{(%,7), (7, %)} < oo
for some #,§ € M. Then there exist z ~ 2/ € # and y ~ ¢/ € § such
that ¢(z,y) < 0 and £(y/,2") < 0. Now the triangle inequality implies

IN A

Uy, z) < Ly, y') + Ly, 2") + (2", 2) <0

hence x ~ y and ¥ = y as desired. m

A path ¢ : A — M defined on some interval A C R is said to
be causal if {(c(s),0(t)) < 0 for all real parameters s < ¢ in A; if the
inequality is strict the path is said to be timelike, whereas if equality
always holds it is said to be lightlike or null. In the non-smooth theory,
it is convenient to take causal paths to be future-directed by convention.
In contrast to the curves we shall presently introduce, no limit on the
roughness of paths is assumed; when we want to emphasize this poten-
tial lack of continuity, we call them rough causal paths. The (-length
(or Lorentzian length) of a causal path o : [a,b] C R — M is defined
by

_SUP{Z€ o(si—1),0(8:)) | N € Nyja=159< 81 <...<sy=Db};
(4)

its magnitude represents the amount of time a particle ages while travel-
ling this path. The triangle inequality yields Ly(o) € [¢(o(a), o (b)), 0], in
contrast to the conclusion Ly(o) € [d(o(a), (b)), oo] which holds when
a metric distance function d > 0 is substituted for ¢ in (4). For non-
compact intervals A we define L,(0) using an increasing sequence of
compact subintervals whose union is A. To disambiguate several dis-
tinct definitions of ¢-geodesic which appear in the literature [44] [49] [24]



we define (timelike) ¢-paths to be those o : [0, 1] — M satisfying

l(o(s),0(t)) = (t = 5)l(a(0),0(1)) € {0,+00}  VO<s<t< 1;( |
5

they are affinely parameterized with respect to proper time by conven-
tion. Since Ly(c) = £(o(0),0(1)), the triangle inequality shows as much
time elapses following o as along any other causal path with the same
endpoints. We say (M, () is a timelike ¢-path space if each pair of
timelike related points © < y are the endpoints for some ¢-path 0. We
follow [24] by defining (M, ¢) to be timelike nonbranching unless there
exist a pair of distinct /-paths o # ¢ which coincide on an open interval,
Ol(s) = F|(s,r) for some 0 < s <t < 1, where o|p denotes the restriction
of o to B C [0,1].

Except in the smooth setting [49], it is not obvious whether ¢-paths
enjoy any continuity properties. However, in the (nonsmooth) globally
hyperbolic regular Lorentzian geodesic spaces described below, Corol-
lary 6 proves they have a Lipschitz continuous reparameterization.

We call a metric space (M,d) equipped with its metric topology
and a time-separation function ¢ a metric spacetime. Kunzinger &
Samann call a metric spacetime in which /_ = max{—/¢,0} is lower
semicontinuous a Lorentzian prelength space (or LPLS hereafter). In an
LPLS, M2 is open. They say (M, d, () is causally closed iff M2 is closed
(and locally causally closed if each (z,z) € M? admits a neighbourhood
U x U in which M2 is closed). Like them, we reserve the term causal
curve for a nonconstant causal path which is locally Lipschitz continuous
with respect to d, and timelike curve for a causal curve which is also a
timelike path. They use the term rectifiable (hereafter (-rectifiable) for a
causal curve o with nonzero proper time elapsing along each subsegment:
i.e., Ly(¢) < 0 for the restriction & of ¢ to each non-degenerate interval
la,b] € A. We call a causal curve ¢ (-minimizing if it minimizes
L,(o) among all causal curves which share its endpoints. The metric
length Lg(o) of any path o : [a,b] — X is defined analogously to (4)
but with d in place of ¢, and the path is said to be d-rectifiable if
L4(6) < oo for the restriction ¢ of o to each compact interval [a, b] C A;
or equivalently, if o is BV, in (M,d). Apart from countably many
points, any d-rectifiable path o in (M, d) can be arclength reparametrized
monotonically as a 1-Lipschitz map ¢ : B — M defined on a certain set
B C R. Fixing s € A, the countably many omitted points correspond to
jump discontinuities of the monotone functions ¢ € [s,00) = Lq(0|anjs)
and t € (=00, 5] = L4(0|anp,s)- The absence of such jumps is equivalent
to the continuity of the path ¢ along with connectedness of the domain
B of 7.



Similarly to [44] we call a metric spacetime (M, d, ¢) non-totally im-
prisoning if (i) each compact subset enjoys a uniform bound on the
d-lengths of the causal curves it contains; we call it globally hyper-
bolic if, in addition to being non-totally imprisoning, (ii) each causal
diamond J(z,y) := J*(z)NJ~ (y) is compact; we call it K-globally hy-
perbolic if, in addition to being non-totally imprisoning, (iii) J(X,Y) :=
JH(X)NJ~(Y) is compact for each compact X, Y C M, where J*(X) =
UzexJE(z). In the context of the Lorentzian length spaces recalled
below, Burtscher and Garcia-Heveling have shown global hyperbolicity
becomes equivalent to the existence of a Cauchy time function or sur-
face [19]. We deviate from Kunzinger & Sdmann’s terminology by saying
(M,d, () is causally curve-connected if v < y with = # y implies the
existence of a causal curve from z to y, and timelike curve-connected
if x < y implies the existence of a timelike curve from x to y.

Lemma 2 (On d-rectifiability of causal paths) If a causally curve-
connected space (M, d, 0) is KC-globally hyperbolic, then each compact sub-
set X C M admits a uniform bound on the d-length of all (rough) causal
paths o : [0,1] — X it contains.

Proof. Since K-global hyperbolicity yields compactness of Y = J(X, X)
from that of X C M, non-total imprisonment provides a bound Cy on
the lengths of (continuous, d-rectifiable) causal curves in Y. To derive
a contradiction, suppose L4(o) > Cy for some rough causal path o :
[0,1] — X. Asin (4) (but with d replacing ¢), there is then a partition
0<s9g<s; <---<sy <1 for which

Z d(o(si-1),0(s;)) > Cy.

It costs no generality to assume o(s;—1) # o(s;) for each i € {1,..., N}.
Causal curve-connectedness then yields a (d-Lipschitz) causal curve &;
connecting o(s;_1) to o(s;). This segment lies in Y, since its endpoints
lie in X. As in (4), Ly(6;) > d(o(si-1),d(o(s;)). Concatenating these
segments therefore yields a (d-Lipschitz) causal curve of length L(&) >
(Cy — the desired contradiction. m

Remark 3 (d-arclength parameterization of causal paths) Under
the stated hypotheses, Lemma 2 asserts any causal path is d-rectifiable,
hence admits at most countably many discontinuities (and a 1-Lipschitz
reparameterization, if continuous).

A causal curve o : [0, 1] — M will be called an ¢-curve if L,(0) =
((c(0),0(1)); by the triangle inequality, any ¢-curve is {-minimizing. An
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M2 -geodesic space will refer to a metric spacetime in which each pair
(z,y) € M2 is linked by an (-curve. Motivated by 3.16-3.18 of [44] we
define:

Definition 4 (Regular Lorentzian geodesic space) A Lorentzian
geodesic space refers to a LPLS in which each pair (z,y) € M2 with
x # vy is linked by an (-curve. A metric spacetime will be called regular
if no £-minimizing curve o with £(c(0),0(1)) < 0 contains nonconstant
lightlike subsegments. After reparameterization to eliminate any inter-
vals of constancy, such (-minimizing curves become timelike.

We can now address the continuity of /-paths:

Lemma 5 (Continuity of (-paths) Let (M, d,{) be a Lorentzian geodesic
space in which (_ is continuous and all causal diamonds J(x,y) are com-
pact. Assume no (-curve o with ¢(c(0),0(1)) < 0 has nonconstant null
subsegments. Then each (-path o in M is continuous; c.f. (5).

Proof. In a regular Lorentzian geodesic space with /_ continuous and
compact diamonds, suppose {(z(s),z(t)) = (t—s)T forall0 < s <t < 1,
where T' = ¢(x(0), z(1)) < 0.

We show left continuity of z(-) at 0 < s < 1. Recall J(z(0),z(s))
is compact, while for ¢ € (0, s) chronology of the path implies z(t) €
I(z(0),z(s)) C J(x(0),x(s)). As t approaches s from below, x(t) there-
fore tends to a subsequential limit p~ in the compact set J(z(0), z(s)). If
p~ = x(s) the left continuity of z(-) at s is established, so we assume p~ #
x(s). The continuity of ¢_ implies £(x(0),p~) = sT = £(z(0),z(s)) <0
(and similarly ¢(p~—, x(s)) > 0 — which becomes an equality since p~ €
J(2(0), z(s)) was noted above). Concatenating the ¢-curves joining z(0)
to p~ and p~ to xz(s) yields a causal curve ¢ from x(0) to x(s) with
Lorentzian length ¢(z(0),p™) + ¢(p~,x(s)) < sT = £(x(0),z(s)). This
contradicts the triangle inequality unless ¢(p~, x(s)) = 0 and & is an
(-curve with timelike separated endpoints that contains a null segment.
Since the latter would contradict the regularity assumed of (X, d, ¢), we
conclude the left continuity p~ = z(s) must hold.

A similar argument shows right continuity of z(-) at s € [0,1) to
establish the continuity of (). =

Combining Lemmas 2 and 5 (which provide finite d-length and conti-
nuity respectively) yields a corollary whose conclusion (i) seems impor-
tant for the constructions proposed by Cavalletti & Mondino [24] [25],
and has also been exploited (and credited to us) by Braun [14] [15] in
his study of timelike geodesics and curvature dimension conditions. Its
converse (ii) follows from regularity (which implies the ¢-minimizers in
question are (-rectifiable, hence timelike) as in Corollary 3.35 of [44].
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Corollary 6 (Relation of /-paths to (-curves and /-minimizers)
If 0_ is continuous on a KC-globally hyperbolic reqular Lorentzian geodesic
space, then:

(i) Every (-path becomes an (-curve (hence (-minimizing) after a con-
tinuous increasing (not necessarily Lipschitz) reparameterization.

(i) Conversely, any (-minimizing curve with timelike separated end-
points becomes an C-path after a similar reparameterization.

Remark 7 (Generality) If globally hyperbolic and regular, the Lorentzian
length spaces of Kunzinger € Samann that we reintroduce in Lemma 10
below satisfy the hypotheses of Lemma 5 and Corollary 6. Those of the
lemma are more general since, as {-minimizers are assumed to exist,
the lemma doesn’t require a limit curve theorem to hold; in particular,
we don’t expect the hypotheses of Lemma 5 to imply M is non-totally
imprisoning. Moreover, Lorentzian length spaces are modelled on open
manifolds, rather than manifolds-with-boundary: they require 1= (z) # ()
for each x € M. For this reason, a Lorentzian length space cannot be
compact, whereas the lemma and its corollary apply equally well to com-
pact and noncompact spaces.

For the spaces of Corollary 6, we have shown that (a) ¢-paths, (b)
(-curves, and (c) (-minimizers with timelike separated endpoints differ
from each other only by continuous reparameterization. The advantages
of (a) relative to (b) and (c) are that (i) proper-time parameterization
plays a crucial role in formulating synthetic timelike sectional [2] [44]
and Ricci [49] [52] [24] curvature bounds; and (ii) it depends only on /,
not on d nor the topology it metrizes. As we shall see in Example 17,
not all metric spacetimes of interest display the equivalence of (a) (b)
and (c); noting [15] we therefore define:

Definition 8 (/-geodesic) In a metric spacetime (M, £, d), an (-geodesic
will refer to an €-path which is d-continuous.

Clearly this definition does not depend on d, except through the
topology d induces. While (b) and (c) also make sense for curves with
lightlike separated endpoints, we can extend Definition 8 to such paths
by first setting

TGeo’ = TCeo' (M) := {0 € C([0,1], M) | (5) holds} (6)

and then defining the causal (-geodesics CGeo’(M) to be the closure of
TGeo(M) in the space C([0,1]; M) of continuous paths metrized by

d>*(o,5) := sup d(o(s),a(s)). (7)

s€[0,1]
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The continuity of /_ required by Lemma 5 implies o € CGeo®(M) satis-
fies

Uo(s),0(t)) = (t— s)l(a(0),0(1)) eR  VO<s<t<l1.

Thus o € CGeo’(M) is a timelike £-path unless it is constant or null; in
the latter case we call o a lightlike £-geodesic, reserving the unmodified
term (-geodesic for timelike ¢-geodesics.

Remark 9 (Affinely parameterized null paths and role of d) Like
TGeo' (M), the set CGeo' (M) depends on d only through the topology it
defines (since the topology induced by d* on C([0, 1], M) depends only on
the topology of M induced by d). For the globally hyperbolic Lorentzian
length spaces introduced below, this topology is uniquely determined by
¢, as described in Remark 14. For smooth globally hyperbolic spacetimes
(i.e. Lorentzian manifolds satisfying Definition 21), apart from con-
stant curves the set CGeoe(M) consists precisely of those causal geodesics
affinely parameterized over [0, 1] whose relative interiors contain neither
conjugate nor cut points [9]. This justifies the interpretation of lightlike
(-geodesics as the nonsmooth analogs of affinely parameterized smooth
null geodesics — a notion which seems to have remained absent from
the nonsmooth literature until now.

Heuristically, Kunzinger & Samann’s Lorentzian length spaces are
metric spacetimes (M, d,¢) in which each time-separation {(z,y) is a
sharp lower bound for the Lorentzian length of all causal curves starting
from z and ending at y; (it is obviously a lower bound by the triangle
inequality). In this setting, they proved a nonsmooth Avez-Seifert theo-
rem, asserting that any globally hyperbolic Lorentzian length space is a
Lorentzian geodesic space. In the absence of regularity or global hyper-
bolicity, the technical definition of a Lorentzian length space (here-
after LLS) becomes cumbersome. We can instead characterize globally
hyperbolic Lorentzian length spaces by the following lemma; in its state-
ment the chronological relation < plays a more conspicuous role than
the causal relation < emphasized in prior formulations. Note we re-
tain our signed time-separation function ¢ (which induces both relations
< and <) instead of the more cumbersome notation (M,d, <, <, (_)
of [44].

Lemma 10 (Globally hyperbolic Lorentzian length spaces) Let (M,d, /)
be a globally hyperbolic metric spacetime. Then (M, d, () is a Lorentzian

length space if and only if (i) it is a timelike curve-connected and (ii)

M?2 -geodesic space, in which (iii) I (x) is non-empty for allz € M, (iv)

(1 (00) is open and (v) {_ := max{—¢, 0} is continuous and real-valued

on M?>.
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Proof. If a globally hyperbolic metric spacetime (M, d, ¢) is a Lorentzian
length space, then it is a locally causally closed, causally and timelike
curve-connected (i), localizable LPLS in which the bound ¢(z,y) on the
Lorentzian length of causal curves from x to y is sharp [44, Definitions
3.1, 3.16 and 3.22]. Non-emptiness (iii) of /%(z) is a requirement of lo-
calizability. Theorems 3.28-3.30 of the same reference then establish (ii)
and (v). Lemmas 1.5-1.6 of [24] now combine to imply causal closedness
(iv); c.f. Remark 12.

Conversely, if a globally hyperbolic metric space (M,d,¢) satisfies
(i)—(v) it is a (i) timelike curve-connected (v) LPLS, and causally closed
by (iv). The triangle inequality shows the ¢-length of any causal curve
connecting z to y dominates ¢(z,y). For x < y, (ii) asserts this bound
is attained. The remaining requirements of an LLS are that (M, d, ¢) be
causally curve-connected and localizable. Recall x < y are connected
by (i) a timelike curve and (ii) an f-curve. We combine (ii)—(v) with
global hyperbolicity to argue any distinct x < y are also connected by
an (-curve. Since ¢(z,y) < 0 was handled above, we need only con-
sider ¢(x,y) = 0. In this case there exists z € I (y) by (iii) and, since
l(y,z) <0, an f-curve o connecting y to z by (ii). For each i € N let o;
denote the ¢-curve connecting x to o(1/i). Globaly hyperbolicity implies
compactness of J(x, z) and also yields a uniform bound L,(0;) < C. Let-
ting &; : [0, 1] — X denote the reparameterization of o; proportionally
to its d-arclength, the generalized Ascoli-Arzela theorem yields a uniform
subsequential limiting curve 0., connecting = to y which has d-Lipschitz
constant C' and, by (iv)—(v), is causal. Since L,(c) > {(x,y) = 0 for any
causal path joining x to y, while 0 > L;(6) from causality, it follows
that 7, is an {-curve.

The localizing neighbourhoods and continuous time-separation func-
tions required for localizability are constructed as follows: given x € M,
(iii) yields * € I*(x). The diamond U, := I(x~,x") is an open neigh-
bourhood of = by (v). It is contained in the compact set J(z~,z"),
hence admits a uniform bound on the d-length of all causal curves in
U, by global hyperbolicity. The restrictions d’, ¢ of d,¢ to U, x U,
make (U,,d',¢') an LPLS by (iv)—(v) which also imply the continu-
ity of .. Any y € U, admits timelike curves connecting it to z¥.
This implies I*(y) N U, is nonempty. The preceding paragraph also
shows any y < z in U, are connected by an f-curve g, in M. Since
7 LYy < 0x(s) <z << at for all s € [0,1], this ¢-curve lies in U, as
required. m

Remark 11 (Causal closedness, time-separation semicontinuity)
Note causal closedness (iv) becomes equivalent to the lower semicontinu-
ity of the time-separation function ¢, given continuity (v) of £_.

11



Remark 12 (K-global hyperbolicity) Any globally hyperbolic Lorentzian
length space is K-global hyperbolic by [24, Lemma 1.5] [50], and Lorentzian
geodesic by [44] (or the proof of Lemma 10). Thus every continuous
causal path admaits a Lipschitz reparameterization by Remark 3.

Remark 13 (Regular Lorentzian geodesic spaces) In a reqular met-
ric spacetime, Lemma 10(i) follows from (ii). Thus a globally hyperbolic
reqular Lorentzian geodesic space in which € is lower semicontinuous and
(_ is real continuous, is an LLS if and only if (iii) of the same lemma
holds (because Lorentzian geodesy implies (ii), while the semicontinuity
properties of £ imply (iv)-(v) by Remark 11). Thus the main difference
1s that a smooth manifold with nonempty spatial boundary might be a

globally hyperbolic reqular Lorentzian geodesic space, but it cannot be an
LLS.

Remark 14 (Equivalence of topologies and independence of d)
Kunzinger € Samann discuss three topologies on a metric spacetime: the
Alexandrov (or order) topology, which is coarsest topology A containing
the diamonds {I(x,y) := I"(x) N I~ (y)}zyem, the chronological topol-
ogy, which is the coarsest topology T containing the cones {I*(x)}zen,
and the metric topology D. In an LPLS these are ordered A C T C D.
They call an LPLS strongly causal if all three topologies coincide. The-
orem 3.26 of [44] shows that that a globally hyperbolic LLS is strongly
causal, and that a strongly causal LLS is non-totally imprisoning. Since
strong causality and compactness of causal diamonds are purely topolog-
ical properties, it follows that if (M,d, ) and (M,d', () are Lorentzian
length spaces in which the metric topologies D and D' coincide, then
global hyperbolicity of one implies global hyperbolicity of the other. Simi-
larly, in a K-globally hyperbolic Lorentzian geodesic space (or by Remark
12 in a globally hyperbolic Lorentzian length space) Lemma 2 shows reg-
ularity becomes equivalent to the assertion that every continuous causal
path o satisfying Ly(o) = €(0(0),0(1)) < 0 is free from nonconstant null
segments. Thus we arrive at the notion of a globally hyperbolic (reqular)
Lorentzian length space which does not depend on d at all, requiring only
metrizability of the chronological topology; compare [50] [51] [53].

2 Synthetic timelike Ricci curvature bounds

We shall often be interested in metric spacetimes (M, d, ) which are (a)
regular (b) KC-globally hyperbolic (c¢) Lorentzian geodesic spaces having
(d) ¢ lower semicontinuous and (e) ¢_ = max{0, —¢} continuous real-
valued. Such spaces differ from globally hyperbolic regular LLS’s only
in that I*(x) can be empty for some # € M, thus encompassing some

12



manifolds with spatial boundary and facilitating heredity of (a)-(e) by
compact subsets. We shall also assume the topology is (f) separable and
(g) complete.

Definition 15 (Causal geodesic space) Metric spacetimes satisfying
(a)-(g) above will be called causal geodesic spaces for brevity, or
proper causal geodesic spaces if (h) boundedly compact.

They seem a natural setting for Cavalletti & Mondino’s formulation
of synthetic timelike lower Ricci curvature bounds, which we now recall
along with refinements due to Braun. A slightly more restrictive alterna-
tive would be to work on closed Lorentzian geodesic subsets of (a’) regu-
lar (b”) globally hyperbolic (¢’) Polish Lorentzian length spaces, in which
case Remark 14 shows we can discard d entirely and assume only com-
plete separable metrizability of the topology generated by {I*(x)} e

2.1 Lifting the geometry from events to fuzzy events

Given a metric space (M, d), let P(M) denote the set of Borel probability
measures on such a space, and P.(M) C P(M) the subset of measures
with compact support. We can think of u € P(M) as representing a
fuzzy point (or in the metric spacetime setting, a fuzzy event). Given a
Borel map G : M~ — M™ between two metric spaces (M=, d*) and
p~ € P(M™), we denote by ut = Gup~ € P(M™) the measure defined
by ut(B) = p~(G7Y(B)) for all B € M™*. Letting 77 (z~,2%) = 27
denote the projection from M~ x M™ onto its left and right factors, we
define
D(u=p) ={y € P(M™ x M) | myy = p*}.

Given p € [1,00), the p-Kantorovich- Rubinstein- Wasserstein distance d,
between p* € P(M) defined by

1/p

b= it ([ dwgraren) ®)
YL (ptn=) \J pm2

is well-known to be a metric on P.(M) provided (M,d) is Polish (i.e.

complete and separable), as we henceforth assume. In this case the

infimum defining d,, is attained. The completion of P.(M) with respect

to d, consists of the measures P,(M) C P(M) having moments up to

order p, and d, is well-known to metrize narrow convergence (against

continuous bounded test functions) plus convergence of these moments

[65]. Moreover, (P,(M),d,) is Polish [4].

In a causal geodesic space, we set
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FS(M?”) = {’Y S F(ILL,I/
Fe(p,v) :={vel(n,v

)
)
for pr,v € P(M). A measure v € P(M?) is called causal if y[MZ] =1
and timelike if y[M2Z] = 1. Given ¢ € (0,1], we define

| V[MZ] =1}
[ VMZ] =1}

1/q
)= it = ([ i) )
vel< (p,v) X2

as in [27] [49] [24]; apart from the causality restriction v[M2] = 1,
this is analogous to (8). Although p ® v € T'(u,v), it is possible that
I'<(u,v) = 0; when this is the case we set {,(u,v) = +o0o0. In [27]
[49] [24] it is shown that ¢, satisfies the triangle inequality (1). When
w,v € P.(M) have compact support and I'<(pu,v) # 0, from the con-
tinuity of /_ we find ¢,(u,v) € (—o0,0] and the supremum (9) is at-
tained; for attainment we use the fact that M2 is closed (by Remark 11
and (c)-(d) of Definition 15) to ensure I'<(u~, u*) is compact in the
narrow topology (of convergence against continuous bounded test func-
tions). It is then easy to see that ¢, is a time-separation function on
P.(M), and the induced causality relations on P.(M) are independent
of ¢ € (0,1]. Moreover, (P.(M),¢,) is a timelike ¢,-path space. By con-
trast, the next remark shows (P.(M),d,, ¢,) cannot be an LPLS for any
0<g<1<p<oo.

Remark 16 (The ¢-time separation is not semicontinuous) Neither
¢, nor min{l,,0} can be d,-upper semicontinuous: when ly(fio0,v) < 0,

it is easy to construct narrow limits j1; — peo for which £,(pj,v) = oo by
making small perturbations of s that violate causality by being located

in the future rather than the past of v.

It is also easy to construct examples of {,-paths which are neither
d,-continuous nor timelike nonbranching; the following example helps
motivate Definitions 8 and 18.

Example 17 (Discontinuous, timelike branching /,-paths) Fix the
standard coordinates on two-dimensional Minkowski space M = R?. Let
((z,y) = —|gy — z,y — x)|*/? denote the standard time-separation func-
tion (extended as +00 unless y is in the future of ) and d(z,y) = |z —y|
the Fuclidean distance in the chosen coordinates. Then x(t) = (t,5)
and y(t) = (t,t) are timelike and lightlike geodesics respectively, with
0(x(s),y(t)) = 400 for all s,t € [0,1]. Given 0 <r <1 set

A1) = y(0) if t €[0,7),
(1) ifter1].



The measure u(s) = 1[0u(s) + 0x(5)] 15 an Ly-path which fails to be weakly
continuous. Varying 0 < r < 1 also shows (P.(M),{,) fails to be timelike
nonbranching.

Let I = I'(u~, ™) denote the set of measures that optimize (9),
and 'L (u=, put) = (TN« (™, uT). To exclude cases where this inter-
section is empty, we recall the following definition [24] which synthesizes

49, §7]:

Definition 18 (Timelike ¢-dualizability) In a proper Lorentzian pre-
length space, we say (u=, ™) € P.(M)? is timelike g-dualizable (by )
if (i) by(p, 1) € (—00,0) and (ii) v € T (™, u*). We say (u=, ")
is strongly timelike q-dualizable if, in addition, (iii) there is a measur-
able (—0)9-cyclically monotone set S C M2 Nsptlp~ @ pt] such that
veT<(pu,ut) is by-optimal if and only if v[S] = 1. To be (—€)9 cycli-
cally monotone means every sequence ((x;,v;)):2, in S satisfies

J J

Z(—é(xi, yi)? > (—l(z1, ;) + Z(_€<xi>yi—l>)q
=1 1=2
for each j € N, with the convention (—o0)? = —o0.

Essentially, timelike ¢-dualizability implies existence of a timelike
optimizer (i.e. T'% (™, u™) is non-empty), whereas strong timelike g¢-
dualizability implies all optimizers are timelike: T'? C T« (™, ).

We shall also need to consider probability measures on ¢-geodesics
TGeo, sometimes called dynamic transport plans or simply plans. Re-
call that the space C([0, 1]; M) of continuous paths in M with the uni-
form metric (7) is Polish if (M,d) is. When M is a compact causal
geodesic space, then TGeo’ NC([0, 1]; M) is o-compact, since [15, Corol-
lary B.7] shows {0 € TGeo’ N C([0,1]; M) | —£(c(0), (1)) > r > 0}
to be compact (and uniformly equicontinuous) for each r > 0. De-
note by OptT Geog(u, v) the set of measures n € P(TGeo) for which
(e X e1)xn € T'“(p,v): these are examples of optimal plans; here
e, 0 € C([0,1]; M) — o(t) denotes the time ¢ evaluation map. Braun’s
Proposition B.9 [ibid] uses measurable selection techniques to show that
when (p,v) is timelike g-dualizable (so that timelike optimizers exist),
each v € I'. (p1, v) is induced as v = (eg X e1) 1 for some n € OptTGeofI.
As in Cavalletti & Mondino’s Proposition 2.32.7 [24], s € [0,1] +—
ps = (es)xn is then an ¢ -path, narrowly continuous (against bounded
continuous test functions), and d;-rectifiable, hence an /¢,-geodesic in
(P(M), di, b,

15



Lemma 19 (On /,-geodesics in (P.(M),dy,¢,)) Fiz ¢ € (0,1] and
let (M, d,?) be a causal geodesic space and n € OptTGeog(u, v) for some
w,v € Po(M). Then s € [0,1] — us := (es)xn is an ly-path, narrowly
continuous, and di-rectifiable:

Proof. 1. For 0 < s <t <1 we have

[q (pass pue)|* = / [£(a(s), o (t))|*dn(o)

TGeo
(- s) / 0z, y)|%d(eo, 1) 7

= (t = 5)*y(p0, p)[*
0

V

by the definition of OptTGeog(po,ul). Using the ¢-th root of this to
estimate

gq(“Oa ,ul) S gq(;“Omus) + KQ(Msa,ut) + g(I(,uta ,Ul)

shows all these nonstrict inequalities must be saturated, so (fts)sefo,1] is
an {4-path.
2. Letting f € C(M) be continuous and bounded yields

lim / fduo=1im [ f(o(s))dn(o)

st TGeot

= /fdut

by the dominated convergence theorem and the continuity of /-paths
(Lemma 5).

3. In a causal geodesic space, compactness of Z := J(X,, X1) follows
from that of X; = spt u;, and there exists a bound B on the d-length of
causal curves in Z. Letting 0 =ty < t; < --- <t; = 1 be an arbitrary
partition,

Zdl z 1 <Z/ z z 1>>d77( )

Geo?

< /Ld(a)dn(a)
< B.

Taking the supremum over partitions yields Ly, (1) < B as desired. m
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Remark 20 (Relating timelike ¢-dualizability to {,-geodesics) Fiz
a proper causal geodesic space (M,d,0). If ug,p1 € P(M) are time-
like q-dualizable — so that v € T (uo, 1) exists — we have just ar-
gued that there exists an l4-geodesic (fu)icion) with . = (ey)un and
v = (eo x e1)yn for some n € OptTGeo,(uo, p1). Similarly, when
Do, 1) = T'(po, 1) for some pio, pu € Pe(M)— as when (o, p11)
are strongly timelike q-dualizable — each v € T (o, 1) arises as v =
(eo X €1)un from somen € OptTGeog(uo, p1); this induces a dy-Lipschitz
U,-geodesic py = (er)un in (P.(M),dy,4,) by Lemma 19. In the strongly
timelike g-dualizable case one might expect all {,-paths to arise in this
way, but a proof of this conjecture remains elusive unless we assume com-
pactness of the closed set CGeo(J(X, X)) in the uniform metric (7) for
each compact subset X C M (in which case a dyadic optimization can be
iterated and a limiting measure 7 on CGeo®(J(spt o, spt p1)) eatracted
as in Theorem 2.10 of [4], with v = (eg % e1)xn € 'Y (o, 1) optimizing,
hence timelike).

2.2 Smooth versus metric-measure spacetimes

The other major ingredient which goes into defining synthetic lower Ricci
curvature bounds is a reference measure m on (M,d). A metric space-
time (M, d, ¢) equipped with a nonnegative Borel measure m is therefore
called a metric-measure spacetime or m.m.s.t. We call (M,d, ¢, m)
a measured causal geodesic space if, in addition (M, d, ¢) is a causal
geodesic space and m assigns finite mass to bounded sets.

Definition 21 (Smooth spacetimes) We call a smooth, connected,
Hausdorff, time-oriented, n-dimensional Lorentzian manifold (M™, g) of
signature (+ — ... —) a (smooth) spacetime.

Results of Nomizu, Ozeki [57] and Geroch [33] show that any smooth
spacetime is second countable and that its topology is metrized by the
distance dz induced by some complete Riemannian metric g. The proto-
typical example of a proper causal geodesic space (and also of a proper
globally hyperbolic regular LLS) therefore consists of a smooth spacetime
endowed with its usual causality relations and time-separation function
7 = {_ induced by g, under the additional assumptions that there are no
closed causal loops and for each x,y € M the causal diamond J(z,y) is
compact (corresponding to global hyperbolicity). We call such an object
a smooth globally hyperbolic spacetime.

Remark 22 (Nonunique geodesics of measures on manifolds) On
a smooth globally hyperbolic spacetime (M™,g) with 0 < q < 1, timelike
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q-dualizability of (jo, p1) € Pe(M)? and absolute continuity of pg or piy
with respect to voly imply existence of a unique 1 € P(TGeoe) such that
e = (et)gn is an Ly-path from pg to py. This is because strict con-
vezity of the Lagrangian in the timelike region allows the duration and
direction separating jio-a.e. event from its partner to be extracted from
derivatives of the solution of the dual linear program to (9) [49, Theo-
rem 7.1]. Taking derivatives poses obvious challenges at the light cone
and in the nonsmooth setting [10]. When timelike q-dualizability fails to
be strong, uniqueness may fail the broader class of measures P (CGeoz)
on causal (rather than timelike) (-geodesics, as the following example
illustrates.

Example 23 (Mixed timelike and lightlike translations) Fiz the
usual coordinates (x', z%) on the plane M = R? and consider the Minkowski
metric gi;de'ds? = dxi — da3, Fuclidean metric ;;dz'ds? = dx? + da3,
and associated time-separation function { = {,, distance d = dj, and
area element voly. For T > 0, consider p € P.(M) and its time trans-
late v = Fip by F'(z',2%) = (¢' + T,2%). Using v := (id x F")yp
as a trial measure in (9) gives l,(p,v) < =T. Moreover, we claim that
equality holds, meaning F* is an {,-optimal map; when T is sufficiently
large (so p and v are g-separated), this claim follows from [49, Theorem
5.9] by constructing explicit dual potentials u(z) 4+ v(y) > (—l(x,y))?
on spt[u X v] which produce equality v-a.e. For smaller T it then fol-
lows from Corollary 5.9 of the same reference. Thus translation by
any timelike future-directed vector in Minkowski space is {y-optimal. To
show translation by any future-directed null vector is also {,-optimal re-
quires an additional argument. Let GT(z',2?) := (2! + T, 2> + T) and
w = GLp. Using the trial measure v := (id x GT)yp shows €y(p, w) < 0;
again we claim that equality holds. To verify this, consider the family
of Minkowski metrics g¢ = (g + €g) having wider light cones but con-
verging to g = ¢° as € \, 0, and their time-separation functions (¢ < /.
Notice Gr represents a timelike translation hence (g -optimal map for
all € > 0. Thus (5(n,w) = TV2e < Ly(p,w) < 0 tends to zero as
€ \( 0, hence {y(p,w) = 0 as desired. For T" > 0 large enough that
i and w have disjoint support, there will be also be {4-optimal maps
other than G, including one which is order-reversing instead of order-
preserving along the (right-moving) lightlight geodesics in M = R?. This
is analogous to the better known nonuniqueness of optimal measures
attaining dy (p, w) (which cannot be resolved without adding some require-
ment of monotonicity in the direction of transport [30]). Now imagine
p = lp () + 1p.(z) to consist of a uniform measure on the disjoint
union of two far apart Euclidean balls centered at £z = (0,+R) with
r <1< R. ForT > 2r we find the optimal measure between p and
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v = Fi(1p,(—s) + GL(1p,()) is non-unique, consisting of the timelike
translation FT on the first ball, and either the lightlike translation GT
or any of the other optimal options previously asserted to exist on the
second ball.

Definition 24 (Bakry-Emery, smooth m.m.s.t., N-Ricci curvature)
When equipped with its Lorentian volume dm = dvoly a smooth globally
hyperbolic spacetime becomes a measured causal geodesic space. We may
instead choose to equip (M", g) with a volume given by a smooth weight
Ve C>(M)

dm(z) = e”V @ dvol,(z),

i which case it becomes an example of a smooth metric-measure
spacetime, also known as a Bakry-Emery spacetime (in honor of [8]).
Associated to the weight and a parameter N € (—oo, 00| is a modification
of the Ricci tensor, known as the N-Ricci or Bakry-Emery tensor [22]

1
Ric™V) .= Ric + D*V —
N —n

DV @ DV (10)
we require V = const if N =n.

2.3 Synthetic timelike convergence conditions

Let 1 > 0 be a Borel measure on a metric-measure spacetime (M, d, ¢, m),
and assume p vanishes outside a set S of finite m-volume. If u is abso-
lutely continuous with respect to m, we define its Boltzmann-Shannon
relative entropy by

H(p|m):= /M ;l—;ilog %dm, (11)
setting H(p | m) = 400 otherwise. Notice H(u | m) > u(M) — m(S)
has a well-defined value in (—o0, 00| since slogs > s — 1.

For K € R and N > 0, recall a function A : R — RU {400} is said
to be (K, N)-convex if: h is upper semicontinuous, Domh := {s € R |
h(s) < oo} is connected, h is semiconver (meaning s € R+ h(s) + As?
is convex for A\ > 1 sufficiently large), and

W'(s) ~ (W () > K

holds throughout the interior of Dom & in the distributional sense [29].

On a smooth globally hyperbolic spacetime one obtains my char-
acterization [49] of Case [22], Woolgar & Wylie’s timelike lower N-
Ricci curvature bounds [68]; see also Mondino & Suhr [52], Cavalletti
& Mondino [24], and the proof at the end of this section addressing the
case 0 < NV < n.
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Theorem 25 (Timelike curvature-dimension bounds) Let (M",g)
be a smooth globally hyperbolic spacetime, 0 < q < 1, K € R and
let vol, denote the Lorentzian volume measure. Fiz N € (0,00] and
dm = e Vdvol, for some V.€ C>®(M). Suppose (i) for any strongly
timelike q-dualizable (o, p1) € Po(M)?* having finite entropy, there is a
measure ) € P(TGeo") such that p; = (e;)4n is an L,-path from g to
along which H(u; | m) is a (KT?, N)-convex function of t € [0, 1], with
T = ||L¢|| 2y as in (4). Then (i) the same statement holds if we drop
the adjective ‘strongly’. Moreover, either of these statements is equiv-
alent to (i) N > n and Ric™Y)(v,v) > Kg(v,v) for every timelike
veTM.

Unlike property (iii), properties (i) and (ii) of Theorem 25 make sense
in a metric-measure spacetime independently of whether or not it pos-
sesses any manifold structure. Motivated by this characterization (and
by developments in positive signature, such as [48] [61] [62] [29]), Caval-
letti & Mondino defined a family of timelike curvature dimension condi-
tion as follows: given parameters (K, N, q) € Rx(0,00)x(0,1), a proper
measured causal geodesic space (M, d, ¢, m) satisfies TCD{ (K, N) if and
only if property (ii) of Theorem 25 holds; it satisfies a weaker variant
wTCDg (K, N) if and only if (i) of the same theorem holds. Here TCD
stands for timelike curvature dimension with the superscript e de-
noting the entropic variant defined using the (logarithmic) Boltzmann-
Shannon entropy (11) as in Erbar, Kuwada & Sturm [29] and McCann
[49] instead of the N-Rényi (power law) entropy used by Lott & Vil-
lani, [48], Sturm [62], Braun [15], etc. They go on to show such spaces
have many remarkable properties, such as timelike Bishop-Gromov and
Brunn-Minkowski inequalities. Moreover, they show a version of the
Hawking singularity theorem remains true in wTCDg (0, N) spaces. Si-
multaneously and independently, a nonsmooth analog of Hawking’s the-
orem was proven in positive signature by Burtscher, Ketterer, Woolgar
and myself [20]: in a CD(K, N) space, we show that any mean convex
set obeys an explicit bound on its inscribed radius, and in RCD(K, N)
spaces we are able to classify the cases of equality.

For Lorentzian manifolds, convergence notions analogous to Gromov-
Hausdorff convergence have been considered since works of Noldus [54]
[56] [55] and Bombelli [13]. Sormani and Vega [60] showed how a time
function on a smooth spacetime generates a (so-called null) distance
which topologizes the manifold so that Gromov-Hausdorff notions of con-
vergence of spaces can then be applied. This approach has been further
developed by Allen and Burtscher [3], and extended to Lorentzian length
spaces by Kunzinger & Steinbauer [45], who explored its compatibility
with sectional curvature bounds. These notions of convergence depend
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on the Lorentzian metric and time function alone, and not on a refer-
ence measure. In contrast, Cavalletti & Mondino introduced a notion
of pointed-measured convergence for metric-measure spacetimes,
and show the set wTCD{ (K, N) contains all such limits of TCD{ (K, V)
spaces [24]. More precisely, they say a sequence (M;,d;, £;, m;) of mea-
sured causally geodesic spaces with x; € M; for all j € N N {oo} con-
verges to a limiting measured causal geodesic space (Mo, doo, Loo, Moos Too)
if and only if the entire sequence embeds d-continuously and /-isometrically
into a proper causal geodesic space (M,d,¥), so that d(zj, o) — 0
and m; — my weakly against continuous compactly supported test
functions. This is modelled on one out of several equivalent notions
of convergence in positive signature [34]; in a doubling space all are
equivalent to Gromov-Hausdorff convergence. Distinct but related vari-
ants of Gromov-Hausdorff convergence have been proposed for bounded
Lorentzian metric spaces by Minguzzi & Suhr [51] and using a functorial
approach by Mueller [53]; however they involve synthesizing nonsmooth
Lorentzian geometry in different ways. Minguzzi & Suhr also show that
their notion of convergence preserves sectional curvature bounds formu-
lated through triangle comparison.

Cavalletti & Mondino do not show either TCD{ (K, N) or wTCDg (K, N)
to be closed for their notion of convergence. Rather, given a pair of time-
like g-dualizable measures (ud°, 15°) in the limiting space, they extract
the required optimal plan 7™ € P(CGeo’*) as a narrow limit of opti-
mal plans 77 € P(TGeo%) of timelike g-dualizable pairs (), 4#) in the
approximating sequence of spaces. For 7 to vanish outside TGeo’ as
desired requires strong timelike g-dualizability of (ug°, ©3°); while such
a limit can be approximated by timelike g-dualizable pairs (,ué, M{), it
is not clear that the timelike ¢-dualizable of these pairs can be taken
to be strong. For measured causal geodesic spaces which are timelike
non-branching however, Braun showed that, as in the smooth case [49],
the weak and strong variations of the TCDj condition coincide [15]. In
fact, Braun goes further by showing the strong and weak variations co-
incide on a somewhat larger collection of spaces which do not branch
too much, as quantified by his ¢g-essentially timelike nonbranching
condition introduced in analogy with Rajala & Sturm’s [59]. Under
this condition, he also shows the Boltzmann entropy can be replaced by
the N-Rényi entropy in the definitions of TCDy, provided the notion
of (K, N)-convexity is modified using appropriate distortion coefficients.
In contrast to the RCD condition from the positive signature theory,
no stable variant of the TCD condition has yet been identified that im-
plies the space is timelike nonbranching [26] or even g-essentially timelike
nonbranching [59] as in [5] [35].
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Since existing literature does not seem to address the case 0 < N < n
of Theorem 25, we close this section with a proof which covers that case
while illustrating the power of the above-mentioned techniques.

Proof of Theorem 25. Clearly (ii) implies (i), so let us turn to the
implication (i) = (ii).

Assume (iii) holds; then N > n. If N > n, the implication (iii)) =
(i) follows from Corollary 7.5 of [49]. On the other hand, if N = n then
V = const by hypothesis; in this case Ric™") = Ric™*%") so applying
the preceding sentence with N = n + € and then taking the limit € 0
yields (ii) as desired.

Finally, we obtain the implication (i) == (iii) by considering the two
ways in which (iii) can fail. If Ric™") (v, v) < Kg(v,v) for some timelike
v € TM, Theorem 8.5 of [49] implies (i) cannot hold. It remains to show
0 < N < n also causes (i) to fail. A direct proof could be constructed by
interpolating between any absolutely continuous measure o supported
in the timelike past of a Dirac measure 1 using techniques of [49], but to
do so would be tedious except in the special case X, = (R7, €, vol) of R"
equipped with its usual Minkowski metric € and volume. In that special
case, one finds the relative entropy along the ¢,-path ps = (1 — s)4p0
takes the form h(s) = H(us | vol,) = h(0) —nlog(l—s),s0if 0 < N <n
then T
_W(s) __n (1- n )

N (1—s)? N

diverges to —oo as s — 1. This shows X, ¢ wTCD(0, N) for all 0 <
N < n. On the other hand, for any fixed point the dilations X, :=
(M™, N?g, A\"e~Vdvol,) of a smooth metric-measure spacetime around a
fixed point z € M"™ converge to Minkowski space X, as A — oo in
the pointed measured sense of Cavalletti & Mondino (with the additive
normalization V(z) = 0). If X; € TCDj(K, N) satisfies (i) for some
N >0 and K € R, then X, € TCD{(K/A\?, N) and the stability result
[24] described above yields X, € wTCDg (0, N). But this produces the
desired contradiction to 0 < N <n. m

h//(s)

3 A synthetic null energy condition

A successful non-smooth theory of curvature bounds should have three
properties: (a) consistency (b) stability and (c) consequences. Consis-
tency means that it should reduce to the classical notion in the smooth
setting. Stability means it should be preserved under suitable limits.
Consequences means it should have interesting implications. Like its
progenitors in positive signature [48] [61] [62], Cavalletti & Mondino
have shown their timelike curvature dimension conditions have versions
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of all three.
Let us now turn to an open question highlighted in [25]: to find a
nonsmooth version of the null convergence condition (NC):

Ric(v,v) > 0 whenever g(v,v) = 0. (12)

Since G(v,v) = Ric(v,v) for all null vectors v (irrespective of cosmolog-
ical constant), if Einstein’s field equation G = 87T holds then condition
(12) becomes equivalent to the null energy condition (NE),

T(v,v) >0 whenever g(v,v) = 0. (13)

Although it is tempting to try to answer this question by developing
a theory of measure transportation along the lightlike geodesics from
Remark 9 (analogous to the timelike transport theory of the previous
section), many technical challenges arise. Somewhat surprisingly, we
are able to cirmcumvent these difficulties using a different approach,
based on the following smooth theorem that we now establish in general
pseudo-Riemannian signature:

Theorem 26 (Null bounds imply non-null bounds locally) Let (M™, g;;)
be a smooth pseudo-Riemannian manifold with a continuously differen-

tiable tensor field Fy; satisfying F'(v,v) > 0 for all null vectors v. Then

for each compact subset Z C M there is a constant C'z € R such that

F(p,p) > Czlg(p,p)| for allp € T.M with z € Z.

Proof. Without loss of generality, take F' to be symmetric and assume
¢ is not Riemannian (since the Riemannian case is standard). Then
(M™, g;;) admits a complete Riemannian metric g by results of Nomizu
& Ozeki [57] and Geroch [33]. Let S denote the subset (p,z) € TM of
the sphere bundle satisfying g(p, p) = 1, and decompose S = S, US_US,
into timelike, spacelike and null-vectors. By 2-homogeneity, it is enough
to establish the desired bound for all (p, z) € S\ Sy with z € Z. Choose
an infimizing sequence (p;, z;) € S\ Sy for the ratio

F.(p,p)

rip,2) = 19:(p, p)]

subject to (z; and) z € Z. We claim the limit

Cy = lim r(p;,z;) = inf r(p,z
7= Jimr(ps,2) = inf o r(p,2)
is finite. To derive a contradiction, assume C'; = —oo. A (nonrelabelled)

subsequence (p;, z;) converges to a limit (v, 25) by the compactness of
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Z and the fibres of S. Since r(p, z) takes continuous real values on
S\ Sp, our assumption Cz = —oo implies the denominator must become
vanishly small, hence vy, € Sy (i.e. is null). To estimate the ratio
r(p, z), we shall Taylor expand its numerator and denominator, after
first choosing smooth coordinates (z1,...,2z2,-1) = (X, z2,-1) on the
sphere bundle S in which (v, 2s) becomes the origin x = 0 and S
becomes the boundary of the halfspace Ri”_l locally. These coordinates
exist because transversality of the intersection of the sphere bundle with
the null bundle guarantees Sy is a smooth submanifold of S [37, §1.5],
so any local choice of coordinates on Sy may be extended to the desired
coordinates on S using the signed distance to Sy (induced by restricting
the Sasakian extension of § to S C T'M). To avoid interrupting the flow
of ideas, we postpone verifying the claimed transversality to the end of
the proof.

The metric g,(p,p) takes opposite signs on S, and S_, hence only
the last of its 2n — 1 partial derivatives can be non-vanishing on 6Ri”_1;
it is strictly non-vanishing by the non-degeneracy of g. The numerator
F.(p,p) is non-negative on 8R3r”_1 by hypothesis. Taylor expansion on
S\ Sp around Sy therefore shows

oF
Ton— X,O + o(|xoy—
o agy) = F@ 5 P17, (X, 0) +ollrana)
’g($)| (X,0)+O(|{E2n_1|)

Ton—1 OTan—1

tends to a limit C; > —|52221(0)] as @ = (X, w9p1) € R*71\
{z2,_1 = 0} tends to the origin along the original minimizing sequence.
This contradicts Cz = —oc.

It remains only to verify the claimed transversality of S = {g(p,p) =
1} and L = {g(v,v) = 0} \ Ops, where 0y, is the zero section of TM.
Since ¢ and g are both nondegenerate, the implicit function theorem
shows S and L are both smooth hypersurfaces in 7M. To show they
intersect transversally, it is therefore sufficient to show at each point
(v,2) € So = SN L, the 2n — 1 dimensional tangent spaces S, ) (to
S) and L, ) (to L) do not coincide, for then their sum must have full
dimension 2n. Thus it is enough to show that the n — 1 dimensional
tangent spaces S, to the ellipsoid SNT, M and L, to the nullcone LNT, M
are distinct. But this follows from the fact that v 4+ S, lies outside the
ellipsoid, hence contains no ray through the origin of T, M, whereas L,
contains the lightlike ray {Av | A € R} through the origin and v. m

Corollary 27 ((NC) versus variable timelike lower Ricci bounds)
Let (M™, g;j) be a smooth pseudo-Riemannian manifold with a continu-
ously differentiable tensor field F;;. Then F(v,v) > 0 for all null vectors
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(v,2) € TM if and only if: for each compact subset Z C M

F
C’g = inf inf (p.p) > —00
€2 g.(p.p)>0 g(p, p)

Proof. One direction follows directly from Theorem 26. We'll show the
contrapositive of the other: if C{Tz} is finite then F'(p,p) > C’{Tz}g(p,p) for
all p € T,M with g.(p,p) > 0. The same extends to null v by continuity,
so CL > —co implies F(v,v) > 0 for all null v, as desired. =

Remark 28 (Weighted null energy vs weighted Ricci bounds) On
a smooth Lorentzian manifold (M™, g;;) with weighted volume dm(z) =
e‘V(x)dvolg(x) and N # n, the previous corollary applied either to F' =
Ric or

F = Ric™Y) = Ric + D*V — DV @ DV

-n
shows non-negativity of the (weighted) Ricci tensor in null directions is
equivalent to a local lower bound on the (weighted) Ricci curvature in
timelike directions. Alternately, by applying the corollary to the stress-
energy tensor F' = T, we see that the null energy condition (NE) is
equivalent to a variable lower bound on the stress-energy in timelike di-
rections.

Motivated by this equivalence in the smooth setting, we can define
the null energy condition in a metric-measure spacetime as follows:

Definition 29 (Synthetic null energy conditions) Given N > 0 and
0 < q <1, a proper measured causally geodesic space (M,d, ¢, m) satis-
fies NCL(N) if and only if for each compact Z C M, there exists Kz €
R such that J(Z,Z) satisfies TCDg(Kz, N). Similarly (M,d,{,m) €
wNCL(N) if and only each compact Z C M there exists Kz € R such
that J(Z, Z) satisfies wTCDy(Kz, N).

Remark 30 (Alternate definitions and equivalences) One can also
define (M,d,l,m) € (w)NCg*)(N) if and only if for each compact Z C
M, there exists Kz € R such that J(Z,Z) € (w)TCDEI*)(KZ,N). Here
the reduced timelike curvature dimension condition TCD, (K, N) and
TCD,(K,N) C TCD,(K,N) are defined by slightly different distorted
convexity requirements of the N-Rényi entropy along £,-geodesics [15].
Ezxperience with positive signature [61] [62] [7] [29] suggests the more
restrictive variant, although harder to work with, is required to obtain
sharp constants in geometric inequalities such as the time-to-singularity
in the Hawking theorem. When (M,d, ¢, m) is (q-essentially) timelike
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nonbranching, Braun [15] establishes the equivalence of the reduced and
entropic variants to each other and to their weak versions (wTCD; =
TCD; = TCD" = wTCD") and hence the corresponding variations of
NC,. The case N = oo is discussed in [14]. The equivalence of the
above conditions to the sharp variant TCD, (and independence of these
notions on q < 1) remain to be shown, though their positive signature
analogs are known [23] [1].

Informally, we say a metric-measure spacetime satisfies the null con-
vergence condition if and only if it satisfies timelike lower Ricci curvature
bounds locally, or equivalently, if and only if it satisfies a variable lower
bound on its timelike Ricci curvature. This already sheds much light on
our desiderata (a) consistency (b) stability and (¢) consequences. Con-
sistency is almost for free:

Theorem 31 (Consistency with the null energy condition) Let (M™,g)
be a smooth globally hyperbolic spacetime, 0 < ¢ < 1, and let { and vol,
denote the Lorentzian time separation function and volume measure. Fiz

N € (0,00] and dm = e Vdvol, for some V € C>®(M), and a com-

plete auxiliary Riemannian metric g on M™ which induces a distance

d. Then the following are equivalent: (i) (M,d,{,m) € wNC;(N) (ii)
(M,d,¢,m) € NCZ(N) and (iii) N > n (with V = const as usual in case

N =n) and every null vector (v,z) € TM satisfies

Ric™V) (v, v) > 0.

Proof. Clearly (ii) implies (i). To show (i) implies (iii), assume (i) holds,
so that our smooth globally hyperbolic spacetime satisfies (M, dg, {,, dm =
e”Vdvoly) € wNC{(N). Recall a set Z C M is called causally conves if
J(z,y) C Z for each z,y € Z. If y € M there exists a timelike diamond
I(z,z) containing y. Since the causal diamond J(x, z) is compact and
causally convex, we have J(z,z) € wTCDg(K, N) for some K € R by
Definition 29. Its interior I(x, z) inherits the property of being a smooth
globally hyperbolic spacetime from (M™,g). And the time-separation
function induced on I(x, z) by g coincides with the restriction of ¢,, by
global hyperbolicity and the causal convexity of I(x,z). Thus Theo-
rem 25 implies Ric™Y (p, p) > Kg(p, p) for all timelike hence all causal
p € T,M, and (iii) follows by arbitrariness of y € M.

We turn to the final implication, (iii) implies (ii). Assume (iii) holds,
so that N > n, V = const if n = N, and Ric""V'(v,v) > 0 holds for all
null (v,y) € TM. Fix a compact set Z C M. The future and past of Z
have Lipschitz boundaries according to Hawking & Ellis [39, Proposition
6.3.1]; these cover the boundary of J(Z, 7). Let X := I(Z,Z) denote
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the interior of J(Z,Z). Then X is causally convex, smooth and glob-
ally hyperbolic. Moreover Theorems 26, Corollary 27 and Remark 28
yield K, € R such that Ric™" (p,p) > Kzg(p,p) holds for all timelike
(p,y) € TX. Observe Y := J(Z, Z) is a causal geodesic space which dif-
fers from X only by the aforementioned Lipschitz hypersurfaces. Since
these hypersurfaces have vol, measure zero, any py € P.(Y) with fi-
nite entropy relative to dm = e~V dvol, must be absolutely continuous
relative to voly, hence restrict to a probability measure on X. If they
were compactly supported in X we could apply Theorem 25 to con-
clude, but since that need not be the case assume (pu_,uy) € P(Y)?
are timelike dualizable and have finite entropy. Remark 20 yields an
n € P(TGeo") generating a timelike ¢,-path p; = (e;)xn from p_ to
iy. By causal convexity, the measures y,; all vanish outside of X which
lies in the compact set Y, hence their entropies enjoy a uniform lower
bound h(t) = H(p; | m) > 1 —m[Y] > —oo. The (KzT?, N)-convexity
of h now follows from Theorem 7.4 of [49] as in Corollaries 7.5, 6.6 of
the same reference, with Remark 6.7 there yielding T := || L[ 2(;). This
shows Y = J(Z,Z) € TCD(Kz, N). Arbitrariness of the compact set
Z C M concludes the proof of (ii): M € NC{(N). =

Remark 32 (Relaxing global hyperbolicity) Global hyperbolicity for
metric spacetimes plays a role analogous to bounded compactness (i.e.
properness) for metric spaces. Since the theory of lower Ricci curva-
ture bounds can be developed for Polish rather than proper metric spaces
(with properness following if N < oo [62]), it is natural to expect that it
may be possible to replace the global hyperbolicity assumed in the forego-
ing theorems by an appropriate notion of completeness for metric space-
times [10].

Taking V' = const in (10) yields the null energy condition (12)
required for the Penrose singularity theorem [39] [58]. On compact
Lorentzian geodesic subsets of NC; (V) spaces, consequences follow from
those established for TCD{ (K, N) spaces by Cavalletti, Mondino [24]
and Braun [14] [15]. In positive signature, variable lower Ricci curvature
bounds have been studied by Sturm [63] [64], Ketterer [40] [41], and
Braun, Habermann & Sturm [16]. With Braun, we pursue the develop-
ment of an analogous theory in Lorentzian signature [17].

On the other hand, stability cannot hold in general: we cannot expect
the pointed measured limit (M, d, ¢, m, x) of a sequence (M, d, ¢, m,z); C
NC;(N) in the sense of Cavalletti & Mondino to lie in wNC{(N) (unless
one is willing to impose some independence of j on the local timelike
lower bounds K; = Kz, along the sequence). The following example
describes a sequence of smooth metric-measure spacetimes satisfying
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NCf(co) which converge to a limit that is not in wNC{(oo). While
spt m; is connected along the sequence, spt m, consists of two isolated
points, lying on the future and past boundaries of the space. Although
weights may seem exotic, they appear in physical contexts including
Brans-Dicke theory [67] and the near horizon geometry of black holes
[32]. Several possible interpretations of our example seem possible. On
the one hand, it suggests that severe topogical change may also occur
in the limit of spaces in NC{(N); this particular change cannot occur
in a limit of an analogous sequence (M, d, {,m,z); € TCDg (K, N), be-
cause stability [24] [14] of the timelike curvature condition implies Spt i,
is a Lorentzian geodesic space. On the other hand, the instability we
demonstrate may simply indicate that the combination of NC{(oo) with
the pointed measured topology do not lead to a physically meaningful
notion, since arbitrarily small perturbations can push (M, d, ¢, m, )
into NC{(c0). Perhaps a nonsmooth version of the weak energy condi-
tion

T(v,v) >0 Vg(v,v) >0, (14)

or the dominant energy condition, which augments (14) by also requiring
g(T,Tv) > 0 Vg(v,0) >0, (15)

would be more amenable to stability, since the set of timelike directions
forms an open set; here 877T,, = R, — %Rgab — K gq by the Einstein
field equation, and K € R is the cosmological constant. Both (14)—(15)
are expected to be satisfied by ordinary (but not quantum) matter, and
their combination is known to prevent information from propagating
faster than the local light speed [39]. Bernig, Faifman & Solanes’ the-
ory of pseudo-Riemannian curvature measures has potential relevance
to such stability questions [11] [12]. While the following example can be
excluded either by requiring the metric-measure spacetimes to be glob-
ally hyperbolic regular Lorentzian length spaces (thus excluding future
or past boundaries), or by insisting M., = spt m., it strongly suggests
such modifications cannot restore compactness of NC (oc) in the pointed
measured sense, even if there remains hope either for the analogous com-
pactness of TCDg (K, N) when N < oo [53] or for precompactness of
spaces satisfying (14).

Example 33 (Instability of dimensionless null energy condition)
Take M = {(z',...,2") € R" | 2! € [-1,1]} to be a closed slab equipped

the Minkowski metric gde'da’ = dai — Y"1, dx?, Euclidean metric
Gijdr'de? = 7" dx?, and associated time-separation function ( = (g,
distance d = dz, and volume vol,. Fiz the point (z',... ,2™); = 0 for

all j. Only the reference measure dm;(x) = exp(c; — V;(z))dvoly(x) will
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vary along the sequence. Taking Vj(x) = —jg(z, x) yields Bakry-Emergy
tensor Ricézo’vj) = —jga whose timelike bound from below is —7j, so
(M,d,t,m,r); € NC;(oo) if j < 0o by Remark 28. On the other hand,
choosing c; so that m; is a probability measure ensures m; converges
narrowly to mes = (6. + 0_.], because V;(xx) attains its mazima only
at z = (1,0,...,0). But (M,d, ¢, m,7) ¢ NC;(c0) since z(t) = (2t — 1)z
makes the entropy of py = 0y finite precisely at its endpoints, and
(t4e)eepo,1) is the unique Ly-path joining these endpoints because x(t) is the
unique (-path joining x(0) = —z to x(1) = z.

A very interesting open question would be to determine whether a
nonsmooth analog of the Penrose singularity theorem holds for NC{ (V)
spaces. Just as Cavalletti & Mondino’s analog of Hawking’s theorem
proves that big bang type singularities are an unavoidable consequence
of instantaneous expansion even in nonsmooth models of the universe,
so an analog of the Penrose theorem would establish that even in the
nonsmooth setting of NC{ (N ) causal geodesic spaces, null trapped sur-
faces must inevitably lead to the incomplete null geodesics signalling
singularities stemming from stellar collapse. Such a theorem has already
been established in the manifold setting with a C' metric tensor g by
Graf [36] (and for g € C™! in the earlier works that she cites). Simulta-
neously and independently of the present work, Ketterer [42] has shown
in the smooth setting that both Hawking’s area monotonicity [38] and
the Penrose singularity theorem follow from the displacement convexity
of Rényi’s power law entropy for measures on null geodesics. He has also
shown in the smooth setting that this convexity gives another character-
ization of the null convergence condition. Whether similar ideas extend
to the nonsmooth setting is an intriguing open question.
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