
MAT 257, Handout 12: November 28 – December 2, 2011.

Assignment. We will finish what is left of chapter 3 in the remainder to the term. So
you should read over the material and work the exercises.

More about integrability.
It is convenient to introduce the following terminology: if A is an open subset of Rn

and f : A → R, then we say that f is locally integrable if, for every compact K ⊂ A, the
restriction of f to K is bounded, and {x ∈ K : f is discontinuous at x} has measure 0.

An alternate way to extend the definition of the integral is the following:
Let A be a bounded, open subset of Rn, and suppose that f : A → R is a locally

integrable function.
If f(x) ≥ 0 for every x ∈ A, we say that f is integrable (in the alternate extended sense) if

(1) sup
{∫

K
f : K compact and Jordan measurable, K ⊂ A

}
<∞.

And if f is a nonnegative integrable functions, then we define

(2)
∫

A
f = sup

{∫
K
f : K compact and Jordan measurable, K ⊂ A

}
.

Given an arbitrary function f , we define nonnegative functions f+, f− by

f+(x) = max{f(x), 0} =
1
2

(|f(x)|+ f(x))

f−(x) = max{−f(x), 0} =
1
2

(|f(x)| − f(x)).

Then we say that f is integrable (in the alternate extended sense) if both f+ and f− are integrable
in the sense of (1), and when this holds we define∫

A
f =

∫
A
f+ −

∫
A
f−

where both integrals on the right-hand side are understood in the sense of (2). (The
definition is motivated by the fact that f = f+ − f−.)

Some exercises (not to be handed in)

1. Assume that A ⊂ Rn is open and that f : A→ R is locally integrable.
Prove that f is integrable in the extended sense if and only if both f+ and f− are

integrable in the extended sense, and that when this holds,∫
A
f =

∫
A
f+ −

∫
A
f−.

(For this exercise, “integrable in the extended sense” means in the sense from the textbook, so that∑
ϕ∈Φ

∫
ϕ|f | converges for some partition of unity subordinate to an admissible open cover of A)

Hint: First consider the case where f is integrable in the strong sense, i.e. f is bounded
and supP L(f, P ) = infP U(f, P ). Then use a partition of unity to obtain the general case.
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2. Assume that A ⊂ Rn is open and that f : A→ R is locally integrable.
Prove that if f(x) ≥ 0 for all x, then f is integrable in the extended sense from the

textbook if and only if f is integrable in the sense of definition (1), and in addition that

sup
{∫

K
f : K compact and Jordan measurable., K ⊂ A

}
=
∑
ϕ∈Φ

∫
ϕf.

so that the two notions of extended integral agree.

3. Combine the two previous exercises to conclude that f is integrable in the extended
(partition of unity) sense if and only if f is integrable in the alternate extended sense of
definition (1), and moreover that if f is integrable in either sense (and hence in both senses)
then the two definitions of the integral coincide.

If we have completed exercise 3 (or if we are willing to believe its conclusion without
completing it), then we no longer need to distinguish between “integrable in the extended
sense” and “integrable in the alternate extended sense.”

4. In the exercise below, it is a good idea to choose the definition of integrable, and the
definition of the integral, that makes the exercise as easy to solve as possible.

a. Let
A := {(x, y) ∈ R2 : 0 < x < 1, x < y < 2x},

and define f : A→ R by f(x, y) = x−2. Determine whether f is integrable on A, and if so
evaluate the integral

∫
A f .

b. Let
B := {(x, y) ∈ R2 : 0 < x < 1, x2 < y < 2x2},

and define f : B → R by f(x, y) = x−2. Determine whether f is integrable on B, and if so
evaluate the integral

∫
B f .

5. Define f : R→ R by f(x) = x.

a. Show that for any λ ∈ R, there exists a sequence of compact sets Cn such that

Cn ⊂ interiorCn+1 for every n, R = ∪∞n=1Cn,

and in addition ∫
Cn

f = λ for every n.

b. Does it follow that f is integrable on R, with
∫

R f = λ? Why or why not?


