; /Te ;Sht up in a covariant manner t give.
i equatlons for a neutrino. The photon

1. - Introduetibn.

Recent experimental evidence (!) in support of two kinds of neutrino seems
to have revived interest (*) in the neutrino theory of light proposed long ago
by DE BROGLIE (3) and JorDAN (%). Both these authors tried to explain the
‘photon as a combination of two neutrinos of essentially the same kind. PRYCE (%)
~and TOUSCHEK ef al. (*) have shown that in Jordan’s theory the photon must
be longitudinally polarized.

The object of this paper is to show how an antisymmetric tensor of rank 2
can be split up in a covariant manner to give rise to two « different » 2-com-
ponent Weyl’s equations. The photon can then be thought of as a combi-
nation of two such neutrinos.

(") Note added in proof. ~ An analysis simular to the present work has also been
proposed by S. K. Bose and N. Biswas at the Tata Institute for Fundamental
Research. I am indebted to Dr. Bose for sending me a preprint of his work.

(*y G. DaxvreY, J. M. GatLLarp, K. Gouyriaxos, L. M. LEDERMAN, N. MISTRY
M. Scawarz and J. STEINBERGER: Phys. Rev. Lett., 9, 36 (1961).

(3) 8. A. Bruomax: Nuovo Cimento, 27, 751 (1963).

(?) L. o8 BrogriE: Compt. Rend., 195, 536 (1932); 197, 1377 (1932).

(*) P. JorpaNX: Zeits. Phys., 93, 464 (1935).

{(*) M. H. L. Pryce: Proc. Roy. Soc., A 165, 247 (1938).

(¢) I. M. BARBOUR, A. Bierri and B. F. TouscHEK: Nuovo Cimento, 28, 452 (1963).
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2 A THEORETICAL BASIS FOR TWO NEUTRINOS [661]

2. — Two neutrinos.

Consider an a«mis;\\'nn‘n,e‘rri(‘- tensor jﬂ; _i_n Minkowski space-time, We shall
use co-ordinates a v, (==Y, 2, del), p==10208304, 80 that the mietvie Tensor is

d,.+ and consider «m]v proper Loreutz transformations

4
By o Ay
1
det g == o 1,
Under (1) 7, tvansforms as
{2} 'f,zzi o fz‘ui o 2,103(35 Jae-

Consider the dnal of Tse

3) "o e

{

where ¢, . is the completely antisvmmetric Levi-Civiia svmbol. Then one

#2353
can write

ED) f S S 1 — §*
(‘i’ -Igz.) - ".‘(]5112 j/z},) Q(f/,'). j;:}) N

The first termn ix self-dual and the secomd anti-self-dual. The abhove decon-
position is an invariant process. That is, the self-dual Gatti-xelf-dual) pavt is
transformed again into a self-dual fanti-self-dual) part under (Ll This is e
only for proper Lorentz transformations.

Consider now a selt-dual antisvimetrie tepsor fose do for awhich

[t Iims only three independent components, which we denote by . b, o,
Written out in tull ¢ (D) 2ives according 10 {3y

T N
{(t5) hejy, =1, .
O fo— oy

[t ixuseful to see how the r}mw independent components Cranstorn under {(1).
It is clear that 1 i 7,:; =0 —¢* is an invariant. ., b o transtorm there-
fore t‘n“tlmgmmliy. 1.

' Silu‘ e Jan
h 1 = . . bl

[

1]
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3y
v

where 4, (4, k=1, 2,3) ix an orthogonal matrix. One can compute 4 al2,,)

using (2) and (6):

Uyyog

HygWygq = Ky Ayy —

Alx)

gy = Ay Uga —

Lgy%yy —

Lo Fyp  Agglyg = Xy Agy —

Hasys

A%y

Agq&ya

Hag@yp = Ky Xgg = Aggllyy — Uy %4
Agallyn  Lagllys = Hgallyy = Uyyyy
Xy Aag 1= Hyallay = Ayy2yy — X4y
Qyayy + Aygllyy — Dyyag — Lgallyy
UyyOyg = Lgallyy ~— Uggllyy — Naglyq

Rygyg 1 Kagyq — Ugalhyy == Ay dlyy

For a special Lorentz transformation given by

t O
i 0
o ¢
i A . nr o
{ ‘

()

Ay

0

0

Now a self-dual (or an anti-self-dual) antisyvmmetric tensor cannot describe

an o electromagnetic field becanse in that case there shouwld exist
No

A, = (A.7D) such that f = ¢ 4

r—— (
A 2 i

A ;

a4 veetor

such vector with  three real

components and one nmaginary can exist if s were to be self-dual becanse (6)

would then imply that

which violates reality conditions,

W6



4 77 A THEORETICAL BASIS FOR TWO NBUTRINOS

; “:C(')nsiderfhmi*ever the following 4-component quantity (*)

aw Y = :

and set fo, = d,p,— &,
Since foi is self-dual the first equation of (6) gives

S R — B e A in
fiz T O U0 = gy — 10, = fas -

Multiplying by i we get

(11) a]% + ’82(['1 _ (‘:3‘{3 -+ Iza(fg = 0.
Similarly the second equation of (6) gives
Jon = 10y, + Cotpy = Catpr — 10y, = fia -
Multiplying by —i we get
(12) 81?2‘ i 229"2 + 23‘}«"1 ":F%a‘/"x == ),

The third equation of (6) gives again (12)

s ~ ~ iR N gw
731 T Oy e Gy T POAy = Lyt ]24 X
or
~ . v~ 5 : -~ . .-~
Oy = 0ty = Cypy U,y = (),

Thus the condition (6) for a self-dual antisymmetric tensor together with (10)
give two eqs. (12) and (11) for ¢, and ¢,, which by introducing the Pauli
matrices

0 1 00— 1 0
(13) gy = . ()‘2 == ( ) R o= ( ) .

(*) See Appendix.
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and
¥

q} P
@a

can be combined into one single equation
(14) (048 + 10)g = 0,

which is nothing but Weyl’s Z-component neutrino equation.

“We thus see that the 2-component neutrino can also be completely de-
scribed by a self-dual antisymmetric tensor behaving very much like the
electromagnetic field tensor.

What about the anti-self-dual case? Tt is possible to follow a similar
procedure in the case of an anti-self-dual antisymmetric tensor for which

- %
(15) fa=—1%,

v

1.6,

’ fou = §a s
(16) f;; i f:1 3
I fia = ]/ga .

I one considers just the arrangement of the tensor indices it is possible to
pass over from the set (16) to (6) by one single interchange of the indices,
.4, one and three. So we consider now the following quantity

. 3 M ¢ 00 12 e 1
and set this time f,, = ¢4, — 0,97 .
However (16) combined with (17) do not give again exactly the same set
of eqs. (11) and (12) because the co-ordinate indices now get interchanged.
Thus f;, =13, givex

(18) ?l;{fl o “’2,:%: b Cyype F 764}(1 = 1)

864



6 A THEORETICAL BAS1S FOR TWO NEUTRINOS [665]

and fl =1, gives
— Cojfs— 10y, -+ Cafy — P03y = 0 :
which on multiplication by i gives (18) again. And f7, = fs: gives

-

4032’] — (:221 — (:4;‘{’2 — ']-(/ll2 i () .

Multiplying by —i we get

(19) — 81‘.,2 + ‘7"82%1 e ZaZl -+ 71'842’2 =),
Introducing

, 1 0 YA -, , 0 1
20) g, = O, == R g, = R
( ' 5 2 , 3

U -— 1 P 0/ 1 0/
=",
'\ZZ/’

(18) and (19) can he combined into

(21) (036, = iEa)y = 0,

whieh differs from (14) only in the respect that the set o, differs from a. only
. v . - !
by the interchange of the mdices one and three, Ag gy result we have for the 0,8

L 4

0,0, =~ ig,

) 7
(22) 0,04 = — ig,

i ) A
030y = — 10,
We note a few algebraic broperties of »® and p*. We have

Y= By,

where
() —q 0 1]
) 0 {) {
B =
0 0 ) 7
) 0 -9 0

£65
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and

where
0 0 0 1
0 Q 1 ]
0 1 0 0

=
=
l

0 0 i
’}l powind
’ i 0 0 0
1) — 0 U;
Also
V)(‘ i ("{I}a .
where
S0 0 0 i
0 0 i )
(' ==
(§ — 0 0
) 0 0 {

3. — Photon.

(onsider now

s

and let ],u). (’/".ltugx (',ul/,;‘, - fg;i. : ]/1)"
Then the second set of Maxwell’s equations

(24) P

A pAk T

follows sutomatically in view of (14) and (21).

-3

[t will suflice to show this juxt

(L
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or »t-'h_e"rc@s“e:y :1 We have from (25)

Fa = Balgy — ) — Bt ),

= Gyl — Ha) — 31(3,’1"““%);

fu= Oy — o) — iy + 22)y

82,’12 + aaf13+ aafu = (?Z -+ 3?, + 8:)(??1“* Xa) “58381(991 + 1) -

- aaax.(xl — ¢s) "78681(%

Since O%1=[x:= 0, the right hand side becomes

(— 8, £ S ’552}{1 + Cagy — 10,0y) 01(0yp — iazﬁ,’.x — Cola —10,fs) =0

in view of (11) and (19).
The same can be shown for =2, 3, 4.

4. — Conclusion.

We have thus shown that the photon can be considered as a combination
of two neutrines, one deseribed by (14) and the other by (21) and that the
neutrinos deseribed by (14) and (21) can be represented by a self-dual and an
anti-self-dual antisymmetric tensor, respectively. The two nentrinos will be-
have identi rally when they are free hut their interactions with other particles
may be different. The problemn of how they differ in their
to be investigated,

nteractions remains

The author wishes to acknowledge here g Samnier research grant from the
Canadian Mathematical Congress which made this work possible.

APPENDIY

We consider here the transformation properties of ¢ and %- They must
of course transform like spinors if eqs. (14) and (21) are to have an invariant
form. It is, however, not immediately clear that they do <o from the way
they are introduced in (10) and (17).

We must have (v being a vector) according to (23)

2 i invariant i.e. TaZit G22e-t §uje+ 4y ¢ invariant .
“
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‘bilinear form, Written
@¥ny invariant .
he transpose of ¢ and

1 1
(e (1 1)’

gular matrix.
et :

taking B = (47)-.
© o Let

then nA%= 4%y implies a=d and b=¢. We thus obtain a class of matrices
of the type

z” ; l N
(A1) A= '3) .
If we further impose the condition that

d@t’ 1{'1 E N A ’6)2 poems l .

f we have

petarie = %0,

with det B =1 also.

The matrices (A.1), together with the unimodularity condition form an
Abelian subgroup of O, (the group of complex 2 <2 unimodular matrices).
The product of two such matrices is again a matrix of the same class and the
unit matrix belongs to the class.

We also note that the form of y* in (10) is equivalent to a gauge condition

]

Py -+ g == 0 py - odyy— 0,
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which is invariant under t;he clas of gaug
where | satisfies the fol]owmg equ Al() ,

Bftitf=0, cm— .z«azf A
The corresponding gauge (‘onchtmn for tp
1/)§+iy>f_,‘:=0, k 1;:.-}—2% =0,
which is invariant under tahé clasy of gauve g transforma,t-iong

Y + ity =0, mg + ifxg =0.

The gau«e conditions are of course. not mva,na,nt under the CO-0r dmaie
transformations (1), but are invariant uuder those Lorentz transformations o
“for which aB=Ba and «(=Cax respeotlvely These turn out to be rotations

in the (2,, z,) and (x5, x,) planes for the self-dual case and rotatmns in the (x,, ;)
and (z,,xz,) planes for the antl-self dual case.

RTASSUNTO (%
8i mostra come un tensore antisimmetrico di ordine dne pud essere diviso in modo

covariante dando origine per un neutrino a due equazioni di Weyl a due componenti.
Il fotone pud quindi essere considerato una combinazione di due di questi neutrini,

Y Tradwsdone a cwra della Redazione.
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