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ABSTRACT. We rigorously study the resonant tunneling of fast solitons through
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1. INTRODUCTION

1.1. Earlier results and heuristic discussion. In the last few years, there has
been substantial progress in rigorously understanding the effective dynamics of
solitons for the nonlinear Schrédinger equation (NLS) in the presence of external
potentials and perturbations, both in the “classical” and “quantum” regimes.
If the soliton moves in a slowly varying external potential, or in the presence
of a small (even nonlinear) perturbation, the long-time dynamics of the soliton
center of mass is approximately that of a classical particle in an external potential
corresponding to the restriction of the perturbation to the soliton manifold, plus
error terms due to radiation damping,[1]-[5], [7]-[9],[13]-[15]. On the other hand,
for solitons with high velocity, we expect that the dynamics will be dominated by
quantum effects, such as soliton splitting due to scattering from a delta-potential
for the cubic NLS equation in one dimension, [15], or the blind collision of two
fast solitons for the generalized nonlinear Schrodinger equation in the presence
of an external potential, [4].

In this letter, we study the phenomenon of resonant tunneling of fast solitons
through large potential barriers for NLS equations in one dimension. Since the
soliton is exponentially localized in space and the potential barrier is compactly
supported, the effective time of interaction between the fast traveling soliton and
the potential is short. One expects that linear effects dominate in the interaction
regime. Resonant tunneling is well-known in linear scattering theory, and refers to
a situation where the reflection coefficient vanishes at certain energies of incoming
waves. One expects to have an analogous phenomenon for nonlinear systems in
special limiting regimes. We make this intuition mathematically precise and prove

that this effect indeed occurs.
1
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For the sake of concreteness, we consider resonant tunneling for solitons of NLS
equation with Hartree (nonlocal) nonlinearity and in the presence of a repulsive
double delta-potential. We also discuss general assumptions for nonlinearities
and potentials for which our results hold.

The main ingredients of our analysis are the symplectic structure of the soli-
ton manifold for the study of the effective dynamics of solitons in the pre- and
post- collision regimes, as developed in [4], see also [8, 13, 1], and the linear scat-
tering theory together with Strichartz estimates in one dimension to study the
interacting regime, [22].

The organization of this paper is as follows. In Section 1.2, we discuss a concrete
example where our analysis is applicable, namely the Hartree NLS equation with
a double-delta potential. For the sake of completeness, we recall in Section 2
basic results on scattering theory and NLS equations. In Section 3, we present
the effective soliton dynamics in different regimes, both close and far away from
the potential, which sets the stage to prove the main result, Theorem 1. We finally
discuss general conditions on the nonlinearity and on the external potential for
which our analysis holds in Section 4.

1.2. The model and statement of the main result. In this section, we
discuss the main result for the case of Hartree nonlinearity and double delta-
potential. Our result holds for more general nonlinearities and other potentials,
such as a box potential.

Consider the nonlinear Schrodinger equation given by

(1) i0pp = Hip + f(1),

where H = Hy + V is the interacting linear Hamiltonian, Hy = —%8:%, Vs a
(time-independent) external potential, and f is a focusing Hartree nonlinearity

of the form

(2) f@) = (W [y
We assume that W is negative, spherically symmetric, and decaying at spatial
infinity with

Welf 2<p<oo.
Under this assumption, the NLS equation admits solitary wave solutions when
V = 0. In particular, there exists an interval I C R such that, for all u € I, the
traveling wave

(3) uo(t) — emt-l—i'y-i-iv(:c—a—vt)nu(x —a— UT,),
where
o= (a,v,7,1) €ERXxRx[0,271) x I.

Here, 1, is a positive, spherically symmetric function solving the nonlinear eigen-
value problem

(50 + 1+ ) = 0.
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Furthermore, 7, € L*(R) NC?(R), and 7, o e VFl as |x| — oo, see for example
[6, 21]. For the sake of concreteness, we consider first the case of scattering from
a repulsive double delta-potential V, which is given by

(4) V=q0(x+1)+dx—=1).

Here, ¢ > 0 is the “height” of the potential barrier, and 2/ is its “width”. For such
a potential, we know that the resolvent Ry ()\) := (H — A*)~! is meromorphic in
A € C with no poles for ImA > 0, see, for example, [18]. Moreover, for A € R\{0},

(H = \)u =0
has unique solutions ey (z, \) satisfying

et L R(N)eTM 4 < —]
(5) ex(z,\) = { () )

T(\)etAr, +z > 1
Here,
_,l'e—2il)\ 1 + 64@'[)\ +ig(1 — 64@'[)\
R(A) =¢ 2( ( : )2 q4(il)\ 2 )
A2+ 2iAq — ¢* + e*q
)\2
TN = .
(V) A2 + 2i\q — g2 + eilAg?
Note that
(6) TP+ [RNV)? =1, NeR,

which follows from the unitary character of the linear evolution. Furthermore, if
Ao is such that

(7) tan(2lM\g) = —Xo/q,

R(X\g) = 0, and resonant tunneling occurs. In the NLS equation, the role of the
wave number A is played by the velocity, which is assumed to be large.

We are interested in the scattering of a fast soliton from the potential barrier.
We make the following assumption on the initial condition, which corresponds to
a state that is close to a traveling soliton,

(8) ’QD(O) = Ugy + Wo,

where o = (ag, Vo, Y0, o) € R X R x [0,27) x I and wy is a fluctuation that we
will take to be small in L? norm. Without loss of generality, we consider the
scattering setting where ag < 0 and vy > 0.

The following result holds for the above potential and nonlinearity. The same
result holds for a more general potentials and nonlinearities, see Section 4.

Theorem 1. Consider the nonlinear Schréidinger equation (1), with nonlinear-
ity (2), potential (4), and initial condition (8). Suppose that ||wo| > = O(vy!)
and that the resonant condition (7) where X is replaced by vy is satisfied with
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1 =0(yh), ¢ =0(vy'). Then, for vy sufficiently large, there exists positive
constants C, a,, B and ¢ that are independent of vy, such that

Hw(t) — U, (t)||L2 < C(Uo—ﬁ + e—é(\ao-ﬁ-vot—l\+|ao+vot+l|))’
uniformly in the time interval t € [0, % + alog vg).

In other words, for special values of vy, ¢ and [, the fast soliton tunnels through
the potential barrier. For different values with vy > 1, ¢ > 1, the soliton typically
splits into two wave packets, see Lemma 3 below, and also [15] for an elegant
discussion of soliton splitting from a delta potential for the cubic NLS equation
in one dimension. The use of the L? norm (as opposed to norms in the energy
space H') is crucial to have estimates that are uniform in vy, [4].

2. MATHEMATICAL SETTING

2.1. Linear dynamics.

2.1.1. Scattering. We recall in this subsection some basic results of linear scatter-
ing theory, see [18]. For A € R\{0}, the generalized eigenfunctions e, appearing
in (5) are given by
ex(z,N) = e — Ry (\) (Vo).
The resolvent can be expressed in terms of the generalized eigenfunctions,
1
Ry(AN)(z,y) = m[&r(% ANe-(y,\)O(z —y) + ex(y, Ne—(z,\)O(y — z)],

where © is the Heaviside step function. Furthermore, we have the spectral de-
composition

S —9) = o / TN (ex (@ Ner 00 + ez Ne_ (3, V)
and
0 Hy)= o / AN N (e (2, \er (o0 + e (2, e (7 ).

Here, = stands for complex conjugation.

2.1.2. Decay and Strichartz estimates. We now discuss decay estimates involv-
ing U(t,s) := e *=9H the propagator corresponding to the linear dynamics
generated by the interacting Hamiltonian H. For V given by (4),
5
/dm VIO + fal)7 < 00, 7> 2.
It follows from the work of [22] that
C

Ul(t, s A —
10 M) < =y
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for 1 < p < 2. Here p/ is the conjugate of p, i.e., % —I—Z% = 1. Earlier results in

higher dimensions appeared in [16].
The above decay estimate implies that Strichartz estimates hold, see [20, 10],

and also [17, 11, 19]. We say that a pair (q,r) is admissible if % =1 — 1 with

r € [2,00]. For every ¢ € L*(R) and every admissible pair (¢q,r), the function
t — U(t,0)¢ belongs to LY(R, L"(R)) N C(R, L*(R)), and the estimate

1U(,0) )l acry < Clldllzz, Vo € L*(R),

where C' is a constant depending on ¢ holds. Consider I C R containing the
origin. Let J C T such that 0 € J, where ~ denotes the closure, and let (7, p) be
an admissible pair, with f € L7 (I, L#'(R)). Then, for all admissible pairs (¢, ),
the function

te@AO:Addwﬁﬁ@eL%LUﬁnmaiﬂ@m,

such that
(10) 1@ sl racr,ery < Cllfll v 1,10y

where C' is a constant independent of I and depends on ¢ and ~ only.

2.2. NLS equation and the soliton manifold. We recall some basic proper-
ties of the NLS equation (1), see for example [21, §].

The phase space for the NLS equation (1) is chosen to be H(R,C). The space
H' has a real inner product (Riemannian metric)

(u,v) = Re/dx uv
for u,v € H'(R,C). ' On H', one can define a symplectic 2-form

wm@:m/mm:mm.

The Hamiltonian functional corresponding to the nonlinear Schrodinger equation
(1) is

(1) () =1 [ 0wido+ 5 [ VIR + Fw),
where F(¢) = [ W x |¢|*|¢]%. Using the correspondence
H' «—— H'Y(R;R) ® H'(R;R)
¥« (Rey) Imy)

it e—s J,

IThe tangent space at an element v € H' is T, H' = H*.
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1\ . .
where J = _01 NE the complex structure on H'(R;R?), the nonlinear
Schrodinger equation can be written as

at?/f = JH(/(@b)

() = / dr (Reu Tmu) @fj) 7

w(u,v) = / dr (Reu Tmu) (2 ‘01> <§§Z)

The Hamiltonian Hy is conserved, and it is invariant under global gauge
transformations, Hy (1)) = Hy (). The associated conserved quantity is the
mass m(¢) = 3 [dx [¢]>. The assumptions on the nonlinearity imply that
d,m(p) > 0. It follows that 7, is a local minimizer of Hy—¢() restricted to
the balls B, :== {¢ € H' : N(¢) = m}, for m > 0; [12]. They are critical points
of the functional

(12) Eu0) = 1 [ do (00 + 2010P) + F0)

where = p(m) is a Lagrange multiplier.

Furthermore,

2.2.1. Nonlinearity. The Hartree nonlinearity given in (2) is in C*(H', H™1).
From a direct application of Holder’s and Young’s inequality, we have that for
WeLrR), p>2 r=2e 0o,

1 f(ug) = f(uo + )| < Cllv]|Le,
and

1f (o +v) = flug) = f'(ug)vll 22, < Cllol7s

Ltz
where C' depends on ||W||» and [Jug || 2.

2.2.2. Soliton Manifold. We define the transformation 7, by
Gy 7= Tyt = €00 — ),
where v,a € R and v € [0, 27). The soliton manifold is
Mg = {no == TopyMy, 0 = (a,v,7, 1) € R xR x [0,2m) x I}.
The tangent space to the soliton manifold M at n, € M, is given by
T, M = span{ Ly, Eg, Ey, E},
where
By = 0. Tu00mula=0 = —0uny; Ey := 0yTooyMuly=0 = i1,
Ey = 0,TowoNu|v=0 = i2m,; Eg == 0.,
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In the following, we denote by
(13> €1 = _8w7 € = ’i.flf, €3 ‘= 7'7 €4 = a}h

which, when acting on 1, € M,, generate the basis vectors {es7s}a=1,... 4 Of
7,, M. The soliton manifold M inherits the symplectic structure from (H', w).
For o = (a,v,v, 1) € R x R x [0,27) x I, the matrices

Q, = P,J 'P, € T) M, x T M,

where 7,* M is the cotangent space at 7, and F, is the L?-orthogonal projection
onto 7, M, define the induced symplectic structure on M. Explicitly,

Q|1 1, + = {w(€atlo, €570) }1<a,6<4
0 —m(p) 0 —vm'(u)
(14 o B A R
om/ () —am/ () —m’(p) 0

which is invertible if m/(u) > 0.

2.2.3. Group structure. The anti-selfadjoint operators {e, }a—1... 4 defined in (13)
form the generators of the Lie algebra g corresponding to the Heisenberg group
H3, where the latter is given by

(aa v, 7) ' (CL,, 'U,> ’}/) = (a”> 'U”> ’y”)a

with " =a+d, v =v+v,and vy =+ +~v+ %va’. Elements of g satisfy the
commutation relations

(15) [e1, e2) = —es,
and the rest of the commutators are zero. This group structure has been noted

in [13].

2.2.4. Zero modes. The solitary wave solutions transform covariantly under trans-
lations and gauge transformations, i.e.,

EL(TaOOTOO“/n,LJ =0

for all @ € R and v € [0,27). Here, the prime stands for the Fréchet derivative.
There are associated zero modes of the Hessian,

1
(16) Lui= =50+ o+ L',
associated to these symmetries. In particular,
(17) ily Ty, My — T, M,

with (i£,)?X = 0, for any vector X € T, M.
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2.2.5. Skew-orthogonal decomposition. We define
Yi={o=(a,v,7,pu) € RxRx[0,27) x I},
and let
Y= {0 = (a,v,7,1) € R x R x [0,27) x Iy, with Iy C I\OI bounded}.
We consider the neighbourhood Us C H! defined by
Us :={¢ € H', sup [[¢ — no||2 < 3}
oex0

We have the following proposition, whose proof follows from an application of
the Implicit Function Theorem, [4].

Proposition 1. For b < 1, there exists a unique mapping
o(-): Us = X
such that

(18) Y = No(y) + w,
and w(w, X) =0, for all X € T,y Ms.

The group element T,,, € H? is given by

me — e—aaz VT ot

It follows from (15) that 7, a_v}YYT wy € g1 Y € g. Furthermore, from the transla-
tional invariance, we have that w (7T, u, Thyv) = w(u,v), for u,v € L?. Therefore,

Proposition 1 implies that
w(w,Yn,) =ww',Y'n,) =0,
for all Y € g, where Y' = T YTy, € g, w' =T, w, and 0y = T} 1.

avy avy
3. EFFECTIVE DYNAMICS

We decompose the dynamics into three regimes. For 3,6 € (0, 1), we let

8
to=0 1 =%l
Vo

tQZW, t3=t2—|—ﬁlogv0.

The pre-collision regime corresponds to t € [tg, t1], the collision regime to t €
[t1,t2], and the post-collision regime to t € [to,t3]. Below, we will show that
nonlinear effects dominate in the pre- and post- collision regimes, such that one
can neglect the external potential since the potential is compactly supported
and the traveling wave is exponentially localized in space, while the dynamics is
almost linear in the collision regime due to the high velocity of the soliton, or
equivalently, short time of interaction. The same decomposition was used in [15],

except that in the latter reference, Strichartz estimates are used to control the
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dynamics in all three regimes and the inverse scattering method is applied for
the post-collision regime. Here, we only use Strichartz estimates in the collision
regime, and we apply the skew-orthogonal projection onto the soliton manifold
in the pre- and post- collision regime.

3.1. Nonlinear regime. The analysis in this subsection applies to the pre- and
post- collision regimes. We discuss first the post-collision regime. A similar result
holds for the pre-collision regime, which is simpler.

3.1.1. Reparametrized equations of motion in the post-collision regime. Suppose
that the solution at time ¢t = t5 has the form

(19) ¢(t2) = TNoy + ws
where g9 = (ag + vota, Vo, Y0, fo), and that ||wsl|2 = O(|vg|™®), for some a > 0.

Lemma 1. Consider the NLS equation (1) with initial condition (19), and as-

sume that, for t € [ta,t3], Y(t) € Us, 6 < 1. Then, for vy > 1, the parameters
o = (a,v,7, 1) satisfy the equations

(20) Bia = v + O(||w]]22 + ge=1)),
(21) O = O(|wlf7z + ge <)
22 01 = o+ + Ol + ge~4),
(23) O = O(|[wlfz + qe~¥),

for some constant £ > 0 independent of vy.
Proof. We first find the equation of motion in the center of mass reference frame,
i.e., for

=T v =e """z +a).

avy

Using the skew-orthogonal property 1, we have

(24) u=n,+w, w= T;)}Yw,
where
(25) w(w', X) =0,

for all X € 7, M, and

[v(t2) — wol, |a(te) — ag — vota|, |p(t2) — pol, |v(t2) — 0| = O(vg®).
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We define the coefficients

c1 = 0w — v,

1
(26) Co 1= —5@1),
1 1
C3 = b — 5112 + 5815@@ — Oy,
(27) ¢y = —Op.
Note that
(28) e N2 (2 + a) = OPu + 2ivdu — v*
(29) T f(Y(x + a)) = f(u).
Differentiating v with respect to t and using (1), (27)-(29), we get
3
1
(30) O = —i((—5 2+ pu— f(u) + Y _ catatt — iVyu,
2 a=1
where V,(z) = V(z + a). In other words,
3
(31) O = —i€),(u) + Y _ catatt — iV,
a=1
where &, is defined in (12). Recall that
5;/1,(77!1«) = 07
which implies
(32) & (u) = Lu(w') + Nyu(w'),
where .
L= (=500 + p+ f'(ma) = €L (ny)
and

Ny(w') = f(n +w') — f(n.) + f'(u) (W)
Substituting (24) and (32) into (31), we obtain
4

(33) o' =(—iLl, + Z Cata — 1Vo)w' + N, (w') + Z CaCally — PVl
a=1 a=1
To obtain the equations of motion for a,v,y and p, We project Eq. 33 onto
7,, M using the skew-orthogonal property.
We have

(34) &g(iw/, X> = &gu(iw/, 8“X> + <i8tw/, X> = 0.
Substituting the expression for d,w’ given by (33) in (34), and the fact that
(35) e =—eq,a=1,--+,4,

«
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we have

4
L', X)+ Z CatoW', X) + (Vow', X) + (iN,(w'), X) + (i aneam, X)+

(36) W) =0

Some of the terms in the above equation cancel due to the zero modes of the
Hessian. It follows from (17), that

= Z',CMX S %MMS if X € ,];mMsa
and hence
(L' Xy = (0, L£,X)=—w(w,X')=0.
Together with (35) and (36), this yields
(37)
4 4

D cawlean, X) =(Vanu, X) + Y _ cq lieqw’, X) + (Vow', X) + (iN, (w'), X).

a=1

We now estimate each term appearing in the right-hand-side of (37) with X =
egu, 3 = 1,---,4. Due to the exponential localization in space of the soliton
profile and the fact that the potential is compactly supported, we have that

WVacanlzs = 0lae5), 3= 1,:++ 4,
and
X2 = legmalls = O(1), B =1, 4
||eaX||L2 - ||6aeﬁnu||L2 — O(]_), C]{’/B = 1’ e ’4.
Hence, Holder’s inequality, and the fact that V' is real yield the estimates
(Vi XD = [{1s5 VaX)| = O(ge1)
[(Vaw!, X)| = |, VaX)| < [[Vaegny, [zl 22 = O(ge™8 || ).
We also have from Holder’s inequality that

4 4
1> o fieaw’, X)| =) caliv, ea X
a=1 a=1
< Oleffw'|l

where |c| := max,—1..4|cs|. Now, it follows from Section 2.2.1 and Holder’s
inequality that

[(iNu(w'), X)| = O(|[w'[|Z>).

We hence obtain the estimate

el < C(lw'l[Z2 + ge™¢)
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for some C and £ > 0. Note that
[w'l| 22 = [lw]| 2,
and hence the claim of the lemma. O

3.1.2. Control of the fluctuation. We now control the L?-norm of the fluctu-
ation w using conservation of charge, the skew-orthogonal property, and the
reparametrized equations of motion.

Lemma 2. Consider (1) with initial condition (19). Suppose the hypotheses of
Lemma 1 hold. Then, for vy > 1

sup [/ (#)[|72 < Cluo| 2,
te[tl,ﬁlogvo]

for some constants C > 0, 3 € (0,1).

Proof. From the conservation of the L2-norm of the solution,

[0 = [l 2,
and the skew-orthogonal decomposition (Proposition 1), we have
(38) 101172 = llwlZe + 0w 122 = 61172,

where we have used
<w7770> = —W(waiﬂo) = 07
and

171l 2 = [l 2
Differentiating (38) with respect to ¢, and recalling that m(u) = 1||n,]|%., we get

2
(39) Oellwllzz = —20u1.0,m (p).

Now, (23) implies that

(40) |Orps D) < C(ge*1 + [|wl|Z2).
Together with (39) and the Duhamel formula, this yields

t
(41) w3z < C(e w72 + q/ ds ect=)g=8laly,
0
For times t < Cv§, € € (0, 1), we know from (21) that
(42) v(s) > covo,
for some constant ¢y > 0, and hence

CL(S) > ag + vots + coups > 1.
This yields

t
/ ds =980 < O 5 (0,1).
0
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Together with (41), we get the estimate
1

(43) w22 < Cge=8%8 + —e ),
Yo

for some positive constants C' and ¢ that are independent of vy. Choose 7 < %.

For to <t <ty + 7, (43) implies
sup [|wl?. < Cug®/>.
te[0,7]

We have the following proposition, which follows from Lemmas 1 and 2.
Proposition 2. Consider (1) with initial condition (19). Then, for vy > 1,
sup [[¥(t) — e, (t)[|22 < Cvg®,

te [t2 7t3]

for some C and & > 0.

The same result holds for ¢ € [to, 1] (pre-collision regime).
3.2. Almost linear regime. This regime corresponds to t € [ty,ts].
Proposition 3. At resonance, and for vg > 1, there exist constants C' > 0 and
83,0 € (0,1) such that

||1P(t1 + 8) o ucro(tl + 3)||L2 < C(l1/4 +14+ q—l +U0_B 4 6—5(\ao+vot—l\+|ao+vot+l|))
uniformly in t € [ty, ta].

Proof. We divide the proof into several steps.

Step 1. We start by estimating the L? norm of the difference between the lin-
ear interacting evolution and the true solution. The Duhamel formula and the
unitarity of the linear evolution imply that

t1+s -, , ,
e M) = ot + 9)laa = | [ s IW ot + )Pl + )
t1

Using the Strichartz estimate (10) and the fact that W € LP, p > 2, we have

t1+s -,
| / ds' e W s [ (it + ") P (8 + )| 2
t1

< OW * |i(ty + 8) Pt + )|

1 2p
L2 ([0,s];LP+2)

< Cs |W o [o(t + &) *0(t: + )| 2

Lo ([0,s);LPT2)

for some constant C' > 0. Applying Holder’s inequality yields

W st + P+, S IW Il + )l o

< Ol
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where we have used the fact that charge is conserved in the last inequality, i.e.,
|0(t)]| 2 = |[1o]| L2 for all £ € R. Therefore,

. 1
(44) le™ b (t1) = Pts + )l zqostize) < Cs[[voll72

uniformly in vy > 0.
Step 2. Recall that as the soliton quits the pre-collision regime,

1/1(t1) = uoo(t1> + w(tl)
Using the Minkowski inequality,
(45) le™ ()2 < [le™ Mgy (t1)ll22 + [[w(t)|| 22,

where we have used the fact that ||e™*Hw(ty)||p2 = |w(ty)|| 2.
Step 3. We now investigate the linear evolution of the traveling solitary wave.
We have the following lemma.

Lemma 3. Under the resonance condition, we have
(46)
e g (1) = T'(vg)e " Hou, (t)) + R(vg)e Hou, (t1) + Ei(s) + Ey(s) + Es(s),

with
IB: ]|z < C(I+4q7"), supp(Ey) € [I,00),
| B2 < C1*, supp(By) € [—1,1],
|1 E3(s, z)[|2 < Ce™8,

for some constant C' that is independent of vy.

Proof. We use the spectral decomposition of the linear evolution in terms of the
generalized eigenfunctions ey. Let ¢ be an arbitrary function in L' N L? with
support in (—oo, —[). It follows from (5), (6), and (9) that

¢ M Blocr = T IFTHRG)(—) + €0 ).
and 4 . R .
e P|yoy = e FTHT ) (2) + Ei (s, 1),
where

Ei(s,x) = = /0 T e Mg (=N Re(T(A)R(N)O(x — 1)

™

and F~! stands for the inverse Fourier transform.
The linear evolution of ¢ in the whole space can be expressed as

(A7) e B Hp(z) =e S FHTH)(2)0(x — 1) + e Mo F1(R) (—2)O(—x — 1)
+ e_iSHOQS(a:)@(—:E -0+ El(s, x) + Eg(s, x)

where
Ey(s,z) == e *Hop(x)(O(x +1) — Oz — 1))

represents the contribution between the two delta potentials.
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We now apply this decomposition to the solitary wave u,,(t1), centered at

distance of order —v3 away from the origin and exponentially localized. From

(47), we have that

(48)

ey, () (x) =e *H F Ty, ) (2)O(x — 1) + e *H FY(Rig, ) (—2)0(—x — 1)
+ e_iSHOUO—O(l')@(_'I _ l) + El(sa [L’) —+ EQ(S, l’) + E3($> $)a

where

(19)  Bi(sa)=- / TN N (5) (“ A Re(T(E(A)O( — 1),
(50) Ey(s,) = =My (11, 2)(Ox + 1) — Oz — ).

and

(51) |Es(s,2)|| 12 < Ce™™

for some constant C' which is independent of vg. The correction term E3 comes
from the exponential decay of u, in the considered region.

We now use the fact that u,, is localized and that 9\T'(\) is of order O(max(l,q")).
Applying the mean value theorem, we have

(52) (T (v0) = T(N)uo (t:)][z2 < C (L +¢71)

for some positive constant C' > 0 that is independent of vy. Similarly,
(53) I(R(vo) = R(A))tgy (1)l 2 < C (1 +¢7).

At resonance, R(vg) = 0, and |T'(vg)| = 1, which yields

(54) 1Bl < C (I+4¢7).

To estimate E5, note that
1B2]172 = (uoy(t1), €*(O(z +1) — O(x — 1)) ugy (t1))
<77M0’ o €T (O (@ 1) = O = 1) Ty 11 o)
= (s €t s SO+ 1) — O — 1))
||77M0||L2||6 oot et hinor (O (2 4 1) — Oz — 1))y [ 12,
where ads f = [A, f]. It follows that
| Ballze < Clle-teoromn et dn(@ iz + 1) — O(a — 1)) ||
< OO +1) — O — )|
(55) < o',

where we have used the unitarity of e®d-(o+votnor gadivgzgisadn in the second line.
The claim of the lemma follows from (48) - (55). O
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Step 4. We now use the fact that the free linear evolution generated by Hj is close
to the nonlinear evolution in the absence of the external potential over a short
time interval of interaction. The analysis is almost identical to Step 1 above. We
have

. 1
(56) le™ #0ug, (1) = Uy (b1 + )|z (0,51522) < C5% |07

uniformly in vy > 0.
Step 5. Using the fact that the traveling wave is exponentially localized in space,
we have

(57) Hua'o (tl + 3)("‘)(—1‘ — l)||L2 S Ce—g\ao-{-voﬂ_”,
Similarly,
(59)  lus(ts +8)(O +1) — Oz — 1))z < G lewtmssilsfaotoos=i),

The claim of the proposition follows noting that |s| < v~ and using (44),
(45), (46), (56), (57) and (58).

[
3.3. Proof of main theorem.
Proof. Since 1,¢* = O(vy'), the main theorem follows from Propositions 2 and
3. L]

4. GENERAL NONLINEARITIES AND POTENTIAL

The resonant tunneling phenomenon described in the above example of an ex-
ternal potential in the form of double delta potential can be extended to more
general potentials and nonlinearities. In this section, we list sufficient assump-
tions for our analysis to hold. We then remark how it is applied to another simple
form of external potential, namely the box potential.

We assume that the potential V' € Lg; U Liomp, such that the resolvent

Ry (\) = (H — X?)7! has no poles for ImA > 0. Also, for A € R\{0}, the equation
(H = \)u=0
has unique solutions ey (z, \) satisfying

e (1)) = e 4 R(N)eTH2  tr < —,
ST (N )etire tr >,

for some [ > 0. The transmission and reflection coefficients T'(\) and R()) re-
spectively, satisfy the unitary condition
[TV +[RN)* = 1.
We assume in addition that 7" and R are differentiable in A € R\{0}, and
AT, [0xR| = Ol +¢7),
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where [ is a length scale that depends on the potential V, and ¢ is a measure of
the potential’s size.

The important hypothesis concerns resonant tunneling : We assume that there
exists Ag that depends on V such that R()\g) = 0.

The hypotheses on the nonlinearity are those essentially sufficient for existence
of a global smooth solution to the NLS equation as well as the existence - in the
absence of external potential - of an orbitally stable family of exponentially local-
ized solitary waves with the usual symmetries (translation, gauge transformation
and Galilean boost). For the application of Strichartz estimates, we require that
for r € [2, 00,

1f (o +v) = f(uo)l| < Cllo]l 2,

1f(ue) = f(ug) = f'(us)v|| < Cllol|7-.

Remark 1. The above assumptions are satisfied by a box potential
V(z) =q(O©(x+1) —6(x—1))

where © is the Heaviside step function. The corresponding transmission and
reflection coefficients are

4)\\/me2il(\/)\2—2q—)\)
NP2\ /XT—2g)? — (A + /N = 2q)°

2(] —2i)\l( dil\/N2—2q __ 1)
AIVN=20(\ 3T 20)2 — (A + /A2 — 2¢)?

respectively. In this case, resonant tunneling occurs when 2/ =

T(\) = —

and

R()) =

nm

\/vg—2q’
n € N.

Remark 2. We note that the case of power nonlinearity f()) = —|¢[P~1e
(p < 5) clearly satisfies all the assumptions.

for some
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