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Enticement

Want ‘geometric desing.’ of X ⊂ M, i.e. φ : M ′ → M with

Sing(X ) = Sing(φ) and ‘lifted’ X ′ := cl(φ−1(X \ SingX )) nonsing.

This talk: algebraic desing., i.e. det(Jφ) · (IX ◦ φ) locally monomial

and φ a composite of blowings-up with nonsing. centres

Remark. (Process of) algebraic desing. =⇒ (Weak) geometric desing.:

Stop blowing up when invext
I constant on resp. X ′ ⊂ M ′

invext
I constant on X ′ =⇒ X ′ nonsingular
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Year 0. Effect of blowing-up revisited: ‘maximal contact’ N
N0 := M ⊃ U0 3 a ; IX = (f ) ; F (a) := {(f , µa(f ))} ; ν1(a) := µa(f ) =: µ1(a)

(in gen., F (a) := {(f , µf )} e.g. IX := (f1, . . . , fk) , µfi
:= min

j
µa(fj))

F (a) is chosen s. th. ν1(·) at a ∼ F (a) , i.e.

{x : ν1(x) = ν1(a)} =: Sν1
(a)

‘stably’
= SF (a) := {x : µx(f ) ≥ µf , (f , µf ) ∈ F (a)}

∃f∗ ∈ F (a) s.th. µa(f∗) = µf∗
=: d =⇒ ∂d f∗

∂xn
d

(a) 6= 0 (after lin. tran)

Passage to codim 1, same as Slide 6 of Talk 1 (in year 0, F0(a) := F (a)) :

N1 :=

{
∂d−1f∗
∂xn

d−1
= 0

}
; G1(a) :=


(

cf ,q :=
∂qf

∂xn
q

∣∣∣∣
N1

, µf − q

)
:

0 ≤ q < µf ,

(f , µf ) ∈ F0(a)


Ex. In year 0, f = x2

3 − x2
1x3

2 at a = 0 ; N1 = {x3 = 0} ; G1(0) = {(x2
1x3

2 , 2)}
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Year k . Set-up
a =: ak 7→ ak−1 7→ · · · 7→ ai 7→ ai−1 7→ · · · 7→ a0

Mk

σk−→ Mk−1

σk−1−→ · · ·
σi+1−→ Mi

σi−→ Mi−1

σi−1−→ · · ·
σ1−→ M0 := U0

ν1(ak ) = ν1(ak−1) = · · · = ν1(ai ) < ν1(ai−1) Eold for ν1
:= {Hj}j≤i

(σi bl.-up with centre Ci−1) Hi := σ−1
i (Ci−1) (index ‘lifted’ to Mk)

F (ak) = F (ak−1)′ := {(f ′ := y
−µf
Hk

(f ◦ σk) , µf ′ := µf )} for (f , µf ) ∈ F (ak−1)

N1(ak) = N1(ak−1)′

G1(ak) = G1(ak−1)′


k ≥ j > i

E 1(ak) := {H ∈ Eold for ν1
: ak ∈ H} ⊂ E (ak) , s1(ak) := #E 1(ak)

E1(ak) := E (ak) \ E 1(ak)
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Year k . Set-up cont’d. inv1.5(ak) := (ν1(ak), s1(ak); ν2(ak))

µ2(ak) := min
(g , µg )∈G1(ak−1)

(
µak−1

(g)

µg

)
=: ν2(ak) +

∑
H∈E1(ak )

µ2H(ak) , where

µ2H(ak) := min
(g , µg )∈G1(ak−1)

order to which yH factors from g

µg

, IH = (yH)

F1(ak) := (∗) ∪ {(D1(ak) , 1− ν2(ak)} , where D1(ak) :=
∏

H∈E1(ak )

y
µ2H(ak )
H

and (∗) := {(D1(ak)−µg · g , ν2(ak) · µg ) : (g , µg ) ∈ G1(ak)}

Consequently inv1.5(·) at ak ∼ F1(ak)

E 2(ak) := {H ∈ E
old for inv1.5

: ak ∈ H} ⊂ E1(ak) , s2(ak) := #E 2(ak)

E2(ak) := E1(ak) \ E 2(ak)
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Year 0. νr ,E
r , sr , Er at a defined recursively

Ex. In year 0, ν2(a) = µ2(a) = 5
2 ; F1(a) := {(x2

1x3
2 , 5)} ∼ {(x1, 1), (x2, 1)}

To N2 : N2(a) = N1(a) ∩ {x2 = 0} ; G2(a) = {(x1, 1)} ; F2(a) = G2(a)

inv1.5(a) = (2, 0; 5/2) ; inv2(a) = (inv1.5(a), 0)

To N3 : N3(a) = N2(a) ∩ {x1 = 0} = {a} ; G3(a) = ∅ = F3(a)

invI (a) = (inv2(a); 1, 0;∞) .

Year k : Last νr+1 =∞ or 0. If ∞, bl.-up with centre SinvI
(a) = Nr

Ex. In year 0, σ1 : M1 → M0 with C0 = {a}
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Year 1. ‘New’ for inv0.5 and ‘old’ for inv1.5 exc. div.
Ex. In year 1, M1 := BlC0

(U0) ⊃ Ui ; yexc = yi , H1 = {yexc = 0}

b := 0 ∈ U1 ; σ1|U1
: x1 = y1 , x2 = y1y2 , x3 = y1y3

f1 := f ′ = y2
3 − y3

1 y3
2 =⇒ ν1(b) = ν1(a) = 2 =⇒ H1 ∈ E1(b) ; inv1(b) = (2, 0)

Year k : ‘Account for’ exc. hypersurfaces (similar to Slide 15 of Talk 1)

H ∈ E1(ak) (‘new for inv0.5’) : In def. of F1(ak)

H ∈ E 2(ak) (‘old for inv1.5’) : F s
1(ak) := F1(ak) ∪ (

⋃
H∈E2(ak )

{(yH , 1)})

inv2(·) at ak ∼ F s
1(ak)
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Years 1 and 2. Case invI (a) = (. . . ; 0)

Ex. In year 1, N1(b) = {y3 = 0} ; G1(b) = {(y3
1 y3

2 , 2)} ; ν2(b) = 3
2 =⇒ H1 ∈ E 2(b)

D1(b) = y
3/2
1 ; F1(b) = {(y3

2 , 2 · 3
2)} ∼ {(y2 , 1)} ; F s

1(b) ∼ {(y2, 1), (y1, 1)}

To N2 : N2(b) = N1(b) ∩ {y2 = 0} ; G2(b) = {(y1, 1)} = F2(b) = F s
2(b)

Recursion:
increase codim (∗−1)

−−−−−−−→ N∗(ak)→ G∗(ak)→ D∗(ak)→ F∗(ak)→ F s
∗(ak)

increase codim ∗
−−−−−−−→

Ex. In year 1, invI (b) = (2, 0; 3
2 , 1; 1, 0;∞) ; C1 = {b}

Year k : invI (ak) = (. . . , 0)
Talk 1
Slide 9
=⇒ SinvI

(ak) = ∪JZJ , where ZJ is component of SinvI
(ak) ,

J := {H ∈ E (ak) : H ⊃ ZJ} , ZJ = SinvI
(ak) ∩

⋂
H∈J

H
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Year 2. Case invI (a) = (. . . ; 0) continued
Ex. In year 2, 0 =: c ∈ U12 ; σ2|U12

: y1 = z2z1 , y2 = z2 , y3 = z2z3 ; f2 = z2
3 − z3

1 z4
2

E (c) = E1(c) = {H1 ,H2}, Hi = {zi = 0} ; N1(c) = {z3 = 0} ; G1(c) = {(z3
1 z4

2 , 2)}

invI (c) = (2, 0; 0) because D1(c) = z
3
2
1 z2

2 =⇒ F s
1(c) = {(D1(c), 1)}

SinvI
(c) = (SinvI

(c) ∩ H1)
⋃

(SinvI
(c) ∩ H2)

Year k : Subsets of Ek := {Hj}1≤j≤k can be totally ordered

Take Ck := ZJ (ak ) for J(ak) := max{J : ZJ is a component of SinvI
(ak)}

Ex. In year 2, C2 := SinvI
(c) ∩ H1
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Effect of blowing-up (Slides 6–8 & 10–11 of Talk 1) shows

Year k : invI (ak) = (. . . ; vr (ak)) ; Dr−1(ak) =
∏

H∈Er−1(ak )

y
µrH
H

Case 1: vr (ak) =∞ =⇒ SinvI
(ak) = Nr (ak) =⇒ invI decreases (‘above’ ak)

Case 2: vr (ak) = 0 =⇒ SinvI
(ak) = ∪JZJ =⇒ invI decreases after at most finitely

many blowings-up ‘controlled’ by the numerator of
∑

H∈Er−1(ak )

µrH

(Just as in Talk 1 : decrease of |Ω| with r = 2)

In each year: pass to higher codim. until Case 1 or Case 2 holds
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Proof of invariance — main technique in an example

Ex. M := U := A2 ; f := f0 := xp
2 − xq

1 , p ≤ q ; 0 =: a ∈ U

Show µ2(a) = q
p is invariant

U0 := U × A1 ; γ0 := {a} × A1 . For j ≥ 1 , γj := ‘lifting’ of γj−1 to BlCj−1
(Uj−1) , where Uj

is coord. chart containing γj(0) =: Cj

In U1 : x1 = y1z , x2 = y2z , z = z =⇒ f1 = yp
2 − yq

1 z(q−p)

After k such blowings-up, fk = yp
2 − yq

1 z(q−p)k in Uk

S(fk , p) = {y := (y1, y2, z) : y2 = 0 , µy (yq
1 z(q−p)k) ≥ p}
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Proof of invariance — continuation

Hk := ‘Last exc. hypersurface’ = {z = 0}

‘Invariant’ question: Is Hk ∩ S(fk , p) nonsing. of codim. 1 in Hk?

Yes ⇐⇒ (q − p)k ≥ p ⇐⇒ (q
p − 1)k ≥ 1

If ‘yes’, Hk ∩ S(fk , p) coincides with {y2 = 0 , z = 0} =: Ck,0 ; Uk,0 := Uk

In Uk,1 , y1 = v1, y2 = v2z , z = z =⇒ fk,1 = vp
2 − vq

1 z(q−p)k−p
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Proof of invariance — conclusion

After s such blowings-up, fk,s = vp
2 − vq

1 z(q−p)k−ps in Uk,s

S(fk,s , p) = {v := (v1, v2, z) : v2 = 0 , µv (vq
1 z(q−p)k−ps) ≥ p}

Hk,s = {z = 0} . Ask the same ‘invariant question’:

Yes ⇐⇒ (q − p)k − ps ≥ p ⇐⇒ (q
p − 1)k − s ≥ 1

i.e. q
p = 1 + sup

k,s with ‘Yes′

s+1
k Done
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Globalization via invext
I (ak) := (invI (ak) , J(ak))

General fact: Sinvext
I

(ak) = ZJ(ak ) , i.e. is nonsingular

(We used this to show “algebraic desing. =⇒ (weak) geometric desing.”)

In year k , Mk Compact =⇒ invext
I takes on maximum value invext

I (Mk)

Choose as ‘global’ centre Ck := S
invext

I (Mk )
:= {y ∈ Mk : invext

I (y) = invext
I (Mk)}

Nonsingular locally =⇒ nonsingular
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Algebraic desing.: det(Jφ) · (IX ◦ φ) locally monomial in yHj

(i). From Talk 1: By construction, ∀j Cj has ‘normal crossings’ with exc. divisors Ej

(ii). After fin. many blowings-up := φ , max
M′

inv0.5 = 0 ⇐⇒ IX ′ loc. gen. by invertible f

(i) and (ii) =⇒ (IX ◦ φ) loc. monomial in yHj
(up to an invertible factor)

Say φ := σ1 ◦ · · · ◦ σq , where σj is bl.-up with centre Cj−1 := {x1 = · · · = xmj
= 0}

σ1|U1
: x1 = yH , xi = yiyH (1 < i ≤ m) , xi = yi (i > m) =⇒ det(Jσ1

) = ym−1
H

By Chain Rule and multiplicativity of det , det(Jφ) =
∏

1≤j≤q

det(Jσj
) =

∏
1≤j≤q

y
mj−1

Hj

with (i) =⇒ Done
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