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Special Weierstrass Div. Thm(S.W.D.) ⇒ W.D.Thm

∀ f ∈ C{x , y} (conv. power series) and Pd(λ, y) := yd +
d∑

k=1

λkyd−k

exists Qd
f (x , λ, y) ∈ C{x , λ, y} and Rd

f (x , λ) ∈ C{x , λ} s. th.

f (x , y) = Pd(λ, y)Qd
f (x , λ, y) +

d∑

j=1

Rd
f ,j(x , λ)yd−j . (⋄)

Weier. Prep. Thm (W.P.Thm.): If f (0, y) = ydh(y), h(0) 6= 0 =⇒

exist unique {λk(x)}k , λk(0) = 0 and Qf ∈ C{x , y} s.th. Qf (0, 0) 6= 0

and f (x , y) = Pd(λ(x), y)Qf (x , y) .

W.D.Thm: Division of g(x , y) ∈ C{x , y} by f with remainder of degy < d
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Special W.D.Thm ⇒ W.P.Thm. Pick Qd
f (x , λ, y) and Rd

f ,j(x , λ)

Proof: Plug in x = 0, λ = 0 in eqn. (⋄) =⇒

ydh(y) := ydQd
f (0, 0, y) +

d∑

j=1

Rd
f ,j(0, 0)yd−j

=⇒ all Rd
f ,j(0, 0) = 0 , Qd

f (0, 0, y) = h(y) and Qd
f (0, 0, 0) 6= 0 .

Plug in x = 0 , λ = 0 in ∂
∂λi

eqn. (⋄) =⇒

0 ≡ yd−iQd
f (0, 0, y) + yd ∂Qd

f

∂λi
(0, 0, y) +

d∑

j=1

∂Rd
f ,j

∂λi
(0, 0)yd−j

⇒ ∀ j > i
∂Rd

f ,j

∂λi
(0, 0) = 0 ,

∂Rd
f ,i

∂λi
(0, 0) = −h(0) ⇒ det(

∂Rd
f ,j

∂λi
)(0, 0) 6= 0 .

I .F .Thm.
=⇒ ∃ λj(x) ∈ C{x} , s.th. λ(0) = 0 , Rd

f ,j(x , λ(x)) ≡ 0 .
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Almost W.D.Thm.(Newton Inter.):Say f ∈ C{x , y} and

pd(µd , y) :=
∏

1≤i≤d

(y − µi ) , where µd := (µ1, . . . , µd) . Then

f (y) := f (·, y) = pd(µd , y)qd(x , µd , y) +
d∑

j=1

rd
j (x , µd)yd−j (⋆)d

with qd ∈ C{x , µd , y} and rd
j ∈ C{x , µd} . (We skip writing x.)

Proof Obvious for d = 1 : f (y) = (y − µ1)
f (y)−f (µ1)

(y−µ1)
+ f (µ1) .

Let ∆1
y f (x ; µ1, y) := f (y)−f (µ1)

(y−µ1)
, (∆d+1

y f ) := ∆1
y (∆d

y )(µd ; µd+1, y) .

Note ∆1
y f (x ; µ1, y) =

∫ 1
0

∂f
∂y

(x , τy + (1 − τ)µ1)dτ ∈ C{x , µ1, y} .
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Proof of Newton Interpolation: Suffices (⋆)d ⇒ (⋆)d+1

Apply d = 1 case to qd(µd , y) with respect to y and plug into (⋆)d

qd(µd , y) = (y − µd+1)∆
1
yqd(µd , µd+1, y) + qd(µd , µd+1)

=⇒ (⋆)d+1 with qd+1(µd+1, y) = (∆d+1
y f )(µd+1, y) and

d+1∑

j=1

rd+1
j (µd+1)yd+1−j :=

d∑

j=1

rd
j (µd+1)yd−j +

d∏

i=1

(y −µi )(∆
d
y f )(µd , µd+1) .
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All Newton’s divided differences ∆d
y f (µd+1) are symmetric!

Proof: Induction on d and the case of d = 2 suffice:

Clearly ∆2
y f (µ3) =

f (µ1) − f (µ2)

µ1 − µ2
−

f (µ3) − f (µ2)

µ3 − µ2
µ1 − µ3

is symmetric in µ1, µ2, µ3. For induction replace f by ∆d−2
y f .

Cor All rd
j (µd) of the Almost W.D.Th. are symmetric with respect to µd :

Since pd , f and qd are symmetric in µd , so is rd
j (µd) .
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Pd(σ(µd), y) := pd(µd , y) defines Elem. symm. poly.’s

Thm 1 SPk := {hom. symm. pol. of deg. k} = σ∗(WHk) , where

WHk := {Wk : Wk(σ) =
∑

β:
∑d

j=1 jβj=k
cβσβ1

1 . . . σβd

d }

(called weighted hom. pol. of deg. k with weights wt σi = i ).

Cor 1: Every symm. formal
∑∞

k=0 Hk(µ) =
∑∞

k=0 Wk(σ(µ)), Wk ∈ WHk

Cor 2: Weierstrass Div. Thm. version with formal expansion

Q̂d(x , σ, y)|σ=σ(µ) := qd(x , µ, y) and R̂d
j (x , σ)|σ=σ(µ) := rd

j (x , µ) .
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Claim 1: ker σ∗|WHk
= {0}

Denote σ(µd) := (σ1(µ
d), . . . , σd(µd)) and σ∗H(µd) := H(σ(µd)) .

Proof: H ∈ ker σ∗|WHk
=⇒ DH(σ(µ)) · ∂σ

∂µ ≡ 0. Pd(σ(µd), µj) ≡ 0 .

Fix j and take partials ∂
∂µi

(Pd(σ(µd), µj) ≡ 0 ⇐⇒ in matrix forum

−T := −[δij ·
∂Pd

∂y
(σ(µd), µj)] ≡ [µd−k

j ] · [∂σk

∂µi
(µd)] and since

detT ≡ (−1)d ·(d+1)/2 ·
∏

i<j(µj − µi )
2 ⇒ det(∂σk

∂µi
) 6≡ 0 ⇒ σ∗(DH) ≡ 0

=⇒ inductively σ∗(DαH) = 0) ⇒ (DαH)(0) = 0 for all α, i.e.

ker σ∗|WHk
= {0} . (In fact |det(∂σk

∂µi
| ≡

∏
i<j |µj − µi | !)
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Claim 2: dim SPk = dim WHk (Note: σi ∈ SPi)

Fact 1: {σα}∑
1≤j≤d jαj=k form a basis of WHk (α = (α1, . . . , αd) ∈ Z

d
+).

Fact 2: Consider µβ , β = (β1, . . . , βd) ∈ Z
d
+ with βj+1 ≤ βj , |β| = k .

Then symmetrizations S(µβ) form a basis of SPk .

Let Ψ(α) = β, where βj = αj + · · · + αd , j ≥ 1 .

Then Ψ is one-to-one and |Ψ(α)| = α1 + 2α2 + · · · + dαd .
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W.D.Thm. (Formal) =⇒ W.D.Thm. (Convergent)

Proof: Via Thm: If σ∗G (µ) ∈ C{µ} ⇒ G (σ) ∈ C{µ} (I owe you).

⇒ σ∗Qd
f (σ) := qd(µ) , σ∗(Rd

f ,j) := rd
j ⇒ Qd

f ∈ C{x , σ, y} , Rd
f ,jC{x , σ} .

σ∗{f (x , y) − [Pd(σ, y)Qd
f (σ, y) +

d∑

k=1

Rd
f ,k(x , σ)yd−k ]} = 0 . ker σ∗ = {0}

⇒ f (x , y) = Pd(σ, y)Qd
f (σ, y) +

d∑

k=1

Rd
f ,k(x , σ)yd−k W.D.Thm(conv).

Corollary: C{x} is a UFD.

Via W.P.T. and Gauss Thm: R is UFD ⇒ R[y ] is UFD. (I owe you.)
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Resultants: Say Pd(c(λ, µ), y) := Pq(λ, y) · Pd−q(µ, y)

and let A(λ, y) := Pq(λ, y) , B(µ, y) := Pd−q(µ, y) . Note:

∑
k

∂ck

∂λi
(λ, µ)yd−k = yq−iB(µ, y) ,

∑
k

∂ck

∂µj
(λ, µ)yd−k = yd−q−jA(λ, y) .

Define linear map ResA,B(λ, µ) : (Polq−1 ⊕ Pold−q−1) −→ Pold−1 ,

by matrix ∂c
∂(λ,µ) (in basis y j) ; i.e. (F , G ) 7→ F · B(µ, y) + G · A(λ, y)

Thm. 6 ∃ a com. rt. of A(λ0, y) and B(µ0, y) ⇔ det ResA,B(λ0, µ0) 6= 0 .

Proof: Since both ⇔ 6 ∃ non-triv. sol. to F · B(µ0, y) + G · A(λ0, y) ≡ 0.

Cor. (RC) ∃ λ∗, µ∗ ∈ C{c − c(λ0, µ0)} s.th. pd(c , y) = A(λ∗, y)B(µ∗, y)
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Newton-Puiseux Thm(NP): Say f = pd(λ(x), y) , λ(0) = 0 and

V (f ) := {f (x , y) = 0} ⊆ (C2, 0) . Then

1. ∃k ∈ N and y(t) ∈ C{t} s. th. y(0) = 0 and f (tk , y(t)) = 0 ;

2. If f (x , y) is irred. in C{x}[y ] then

f (td , y) =
∏d

j=1(y − y(ǫj t)) ,

where ǫ = e2πi/d is the primitive root of ǫd = 1 .

Cor. Can describe V (f ) ⊆ (C2, 0) for f ∈ C{x , y} : WP then NP Thm.’s.
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Lemma: f (x , y) = y d +
∑d

i=1 ci(x)y d−i , ci(x) ∈ C{x} .

If for a p ∈ Z+ all x ip divide ci (x) then define di (x) := ci (x)/x ip and

g(x , y) := yd +
∑d

i=1 di (x)yd−i .

Then f is irred. ⇒ g(0, y) = (y + a)d .

Proof: Otherwise g(x , y) factors in C{x}[y ] (by Cor. RC).

Let µ0(h) be the largest int. µ s.th xµ divides h ∈ C{x}, ∞ if h ≡ 0 .

Cor. If c1(x) ≡ 0 for f as before and p = min2≤i≤dµ0(ci )/i ∈ N then
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show f is not irreducible. Followed by proof of NP 1 .

Proof If f is irred. by prev. g(0, y) = (y + a)d ⇒ a = 0, but p < ∞ ⇒ ?!

Proof of 1. in NP Thm. We may assume that f is irreducible.

By translation y ′ = y + c1/d may assume c1 ≡ 0 (then ci 6≡ 0 for some i) .

Also min2≤i≤d(µ0(ci )/i) =: p/q, where gcd(p, q) = 1 . Then q > 1 .

Since µ0(ci (t
q)) = q · µ0(ci (t)) ⇒ f1(t, y) = f (tq, y) is reducible ⇒

(induction) ∃ k ′, y(t) ∈ C{t} s.th. y(0) = 0 and f1(t
k ′

, y(t)) = 0,

so letting k = qk ′ completes the proof.
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Proof of 2 in NP Thm.

Choose k , y(t) =
∑∞

j=1 aj t
kj s.th. f (tk , y(t)) = 0

and k , k1, . . . are positive integers with no common divisor ⇒

f (tk , y) =
∏k

j=1(y − y(ǫj t))g(t, y) (Since y(ǫj t) are distinct) .

Claim: If f is irreducible then g(t, y) ≡ 1 and k = d .

Suffices to show that
∏k

j=1(y − y(ǫj t)) ∈ C{tk}[y ]. Each coefficient

of try s is a linear comb. of terms σα :=
∏

wt(α)=r

σi (µ
k)αi evaluated at

µk = (ǫ, ǫ2, . . . , ǫk), i.e. Pk(σ, y) = yk − 1 ⇒ σα = 0 unless r ∈ k · Z.
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