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Kakeya sets K ⊂ Fn, F-finite field, |F| = q.

Def. K Kakeya if ∀ direction x ∈ Fn ∃y ∈ Fn s.th. the line

Ly ,x = {y + t · x |t ∈ F} ⊂ K .

Thm. |K | ≥ Cn · qn, Cn := C (n) (does not depend on q !).

Def. K is (δ, γ)-Kakeya set if ∃ subset L ⊂ Fn s.th. |L| ≥ δ · qn

and ∀ direction x ∈ L ∃ y s.th. |{y + t · x |t ∈ F} ∩ K | ≥ γ · q.
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The size of (δ, γ)− K sets

Main Prop. K is (δ, γ)-Kakeya, d := bq ·min{δ, γ}c − 2 =⇒

|K | ≥
(
d + n − 1

n − 1

)
= #of monomials ∈ F[x1, · · · , xn] of degree d .

Proof (next 4 pages). If otherwise:

|K | <
(d+n−1

n−1
)
.
lin.alg .
=⇒ ∃ homogenous g ∈ F[x1, . . . , xn] \ {0},

deg(g) = d and ∀x ∈ K , g(x) = 0.

K ′ := {c · x |x ∈ K , c ∈ F} ⊂ {g(x) = 0}, since g(cx) = cdg(x).

3 / 8



Claim 1: ∀y ∈ L, g(y) = 0 ⇐= L as on page 2, i.e.

∀y ∈ L, ∃ z ∈ Fn s.th. |{z + t · y |t ∈ F} ∩ K | ≥ γ · q ≥ d + 2.

Proof: =⇒ ∃ a1, · · · , ad+1 ∈ F \ {0}, s.th. z + ai · y ∈ K .

Put wi := a−1i · z + y so that wi ∈ K ′ =⇒ g(wi ) = 0.

Then if z = 0 =⇒ g(y) = 0 and if z 6= 0 =⇒ wi 6= wj for i 6= j

=⇒ univariate gy ,z(t) := g(y + t · z) has d + 1 zeros (roots)

=⇒ gy ,z ≡ 0 =⇒ g(y) = 0.
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The Beautiful Shwartz-Zippel Lemma:

f ∈ F[ −→x ], deg(f ) = d > 1 =⇒ |{x ∈ Fn|f (x) = 0}| ≤ d · qn−1.

Pf. Say n ≥ 2, d < q. Let g + h := f , g homogenous, deg(g) = d

and deg(h) < d ; p ∈ Fn \ {0} s.th. g(p) 6= 0. Split Fn into qn−1

parallel lines {x + t · p|t ∈ F} and denote fx ,p := f (x + t · p)

=⇒ deg(fx ,p) ≤ d , fx ,p 6≡ 0 (since coeff. of td is g(p) 6= 0).

=⇒ |{t ∈ F|fx ,p(t) = 0}| ≤ d=⇒|{x ∈ Fn|f (x) = 0}| ≤ d · qn−1.

5 / 8



Claim 2: ∀ε > 0, |K | ≥ Cn,ε · qn−ε.

Claim 1: L ⊂ {x ∈ Fn|g(x) = 0}. Since d = bq ·min{δ, γ}c − 2

=⇒ d/q < δ plus |L| ≥ δ · qn =⇒ ?! with the Beautiful S-Z.

=⇒ |K | ≥
(d+n−1

n−1
)

as claimed. �

Corollary of Main Proposition for δ = γ = 1:

|K | ≥
(q+n−1

n−1
)

= 1
(n−1)!q

n−1 + On(qn−2) ≥ Cn · qn−1.

A product of Kakeya sets is also a Kakeya set =⇒|K |r ≥ Cnrq
nr−1

=⇒ |K | ≥ Cn/r · qn−1/r =⇒ ∀ε > 0, |K | ≥ Cn,ε · qn−ε.

6 / 8



Proof of: |K | ≥ Cn · qn. If otherwise =⇒

∃ K , |K | <
(q+n−1

n

) lin.alg .
=⇒ ∃ P ∈ F[ −→x ] \ {0}, deg(P) ≤ q − 1,

s.th. P|K ≡ 0. Set P =:
∑q−1

i=0 Pi , Pi is homogenous, deg(Pi ) = i

=⇒ ∀y ∈ Fn ∃ b ∈ Fn s.th. P(b + ty) = 0, ∀ t ∈ F.

P(b + ty) is of deg ≤ q − 1 in t =⇒ P(b + ty) ≡ 0 for all t

=⇒ coeff. of tq−1 is 0 =⇒ Pq−1(y) = 0.
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Proof that |K | ≥ Cn · qn continued:

y ∈ Fn was arbitrary =⇒ Pq−1 ≡ 0

=⇒ inductively, Pq−2, . . . ,P1 ≡ 0.

=⇒ P = P0 = 0 i.e. P ≡ 0, contradiction.

Conclusion:

|K | ≥
(
q + n − 1

n

)
=

1

n!
qn + On(qn−1) ≥ Cn · qn. �
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