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Definitions: C-analytic and x-analytic
Def: Closed set X C U C C" is C-analytic if it is locally V/(fi,..., fn)
={ze€C": fi(z) = ... = fm(2) = 0} with each f; locally analytic.

Def: Locally closed X C U in C" is x-analytic if X = [ ] X/ with each
0<<r

XJ C-submanifold of U, dim¢ X/ =j, and X/ ¢ [ ] X*;dimc X :=r.

0<k<r

Remark: If r < n, then X is nowhere dense in U, since it is so locally.

Fact 1: C-analytic = x-analytic;
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Idea: Express C-analytic X as RegX LI SingX where RegX is r-dim
C-manifold and r = dim¢ X. It can be done with SingX being a
C-analytic set. Define X := SingX. Then, dim¢ X1 < r. Apply above

to X1 . By repeating above, we can get X = X" UX™1U---uUX° . (]
Riemann Extension Theorem: U C C" open and X analytic in U. Say
f is analytic on U\X so that Vx € X, f is bounded in some nbhd of x.

Then, f extends to an analytic function on U.
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Other Preliminaries: To be proved in next talk
Weierstrass Preparation Thm: Let f € C{x}, x := (x1,...,x,) and
assume £(0,x,) = x?(a + xpg(x,)) where a € C*, g € C{x,} analytic.
Then, 3lu € C{x}, u(0) #0 and a; € C{x1,...,xy,-1} = C{x},

1 <i<d with a;(0) = 0 so that f = u(x? + a;xd™1 + .- + ay).
Weierstrass Division Thm: f from above. Vg € C{x}, 3lh € C{x}
and b; € C{X} so that g = hf + (bixd~1 + - + by).

Hilb. Basis Thms. C[x]| and C{x} noetherian rings: ideals are fin. gener.
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Mumford’s Lemma: Let f : X — Y be CY map of locally compact
spaces. Let y € Y and assume f1(y) is compact. Then 3 open nbhds
UC X,V CY of f}(y) such that f(U) C V and f|y : U — V proper.
Resultant: VP, Q € S[w] for S ring, res(P, Q) := det(Res(P, Q)) € S

where Res(P, Q) : Polgeg -1 % Polgeg p—1 — POlgeg P4deg @—1  and
(F , G) — FP+GQ

Poly C S[w] with f € Poly of deg < d and a basis of w/, j € N.
Evaluation ev, : S 5 f — f(a) € C commutes with resultant as a map.

For P, Q € C[w], res(P, Q) =0 < {w € C: P(w) = Q(w) =0} # 0.

Changho Han (2014) Chow’s Theorem January 9, 2014 5/18



Chow’s Theorem: Projective C-analytic = C-algebraic
as a beautiful Cor of Main Theorem: C-analytic "<=" *-analytic
Proof (Chow): Denote 7 : C"1\{0} — CP" the usual projection.

From Fact 1, given X C-analytic then it is x-analytic. Then

CX =7 Y(X)U {0} C C"*!, is x-analytic. Main Theorem implies CX is

C-analytic. Then, near 0 (€ U), CXN U is V(f,...,fx). and each
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fi(x) = >_, fi r(x), where f; , is homogeneous polynomial of degree r.

Hence, V|A| <1, Vx° € CX N U, 0 = (Ax°) = 32, A7fi (x°) and

Vf € C{x} = f(Ax°) € C{A}. Therefore, Vx° € CX all f; ,(x°) =0, and

we can reduce to finite list due to: CX is locally V(... fi,,...) .

By Hilb. Basis Thm, it is zero set of finitely many polynomials. U

Now, the proof of the Main Theorem:
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Main Thm via Main Step = Projection Lemma

Proof: Induction on dim X =r, X = X" U X/, X’ x-analytic, dim X’ < r.
Projection Lemma: 7 : C"t% — C" projection. X C U C C"*¥ analytic.
m|x : X = V C C" proper. Then, 7(X) C V analytic and 7|x finite-to-1.
Proof: By induction on k. Factor 7 into C"tk % k=1 2, CP Then,
7|x proper = m1|x : X — Uy := m1(U) € C"*=1 proper, so m1(X) C Uy
analytic, m1|x finite-to-one. Also ma|. (x) : m1(X) — V proper, so the

assertion is true. Suffices to prove base case when k = 1.
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Vy eV, XNnnYy)c Unm1(y) C C compact analytic == X N7~1(y)

is finite, so 7|x is finite-to-one. Say {p1,...,pm} = X N7 1(y). Then,
Jy € Vi C V open with X N7 }(Vy) = CJ U; for p; € U; disjoint open
sets, X; := X N7~1(V1) N U; disjoint. Sulf:Filces to show 7(X;) analytic.
Say y =0, and Xy = V(f1,...,f,) € Up with f; € C{xq,...,xn41}. By

Weierstrass Preparation and Division Theorem, we may assume

d-1

§ : _ d—1

ﬂ-_ n+1+ aIXn—I—l’ i_ b n+1
=1

where ay, by € C{x1,...,xn},a/(0) =0.
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Application of Resultant to Complete the Proof:

With w = xp41, res(fi, tofp + - - - + tpfp) = Z t“Ry, Ry € C{x}.
|a|=d

Now choose V; C V small that a, b;, R, converge in Vi, and

y € V1 = all roots of fl(y,xn+1) =0in Up. Set U := Uy 071'_1(\/1).

Lemma: 7(XNU)=V(...,R,,...) C V1.

Proof: V(z,z,11) € XN U, then Vt;, fi(z,xnt1), D tifi(z, Xn+1) have

common root X1 = Zp4+1, o resultant is 0. Thus, R,(z) =0 Va.
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Say, z° € Vi and R,(z°) = 0 Va, then f1(2°, xp41), D tifi(2°, Xn+1)

have common root Vt. Say aq,...,aq roots of f1(z°, x,4+1). Call

W= {t € C"1: 3 t;fi(z°,) = 0}. Then W; is a vector space, and
UW; = C"~1. Hence, W; = C"! for some j. Therefore, (z°, a;) root of
all fi's, so that it is in X N U'. [ |
This proves the projection lemma with 7(X) = V(...,R4,...) locally. N

Cor: dim7(X N U’) = dim X since 7 is finite-to-one, cf top of page 15.

Changho Han (2014) Chow’s Theorem January 9, 2014 11 /18



Direction (to project along) Lemma and an application
Recall: X" U X’ C U open, X’ C U closed analytic, X" C U\X’ analytic.
Lemma: 0 € U C C" open ball, X", X as above, 0 € X', X"U X" # U.
3 complex line / C C" through 0 and a ball U; 5 0 in U so that

X'0nln U ={0}, X" NIN U is countable with the only limit point O .
Proof: Say p € U\(X"UX’). Say I = (p). p & X'nI C UN1I analytic, so
countable, discrete. Set U; s.t. X' NINUy ={0}. X"/l cC (UinH\X

analytic, so is countable set possibly accumulating at X’ N /. Shrink U; .1
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Summarizing Outcome of Main Steps

With X" U X’ as above, we project along / from Direction Lemma.

By Mumford's lemma, set 0 € U C Uy C Us.th. 7: (X"UX)NU, = V

is proper where 0 € V € C"1, 7(U,) C V. By Projection Lemma,

(i) Y1 :=7n(X'NnUz) C V analytic, mx/ny is finite-to-one.
(ii) Yo := m((X" N U2)\7"1(Y1)) C V\ Y1 analytic, 7 finite-to-1 over Yj .
(iii) 7((X"U X")N Uz) = Yo U Y1 C V similar properties to X", X', U .

(iv) Vy € V, 77 1(y) is countable.
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Locally Biholomorphic Projections 7 : X" U X' — V C C"
Keep projecting till 7 : (X" UX')N U, — V C C" is proper and surjective.
Proof: 7 is regular with analytic image (image of of dimension < r).

If dim < r, then X N U> = countable union of sets of dim < r, ?! |
7(X') = Y1 C V analytic, 7(X"\7~%(Y1)) = V\ Y1 C V open and dense
X"\7~1(Y1) C X" open and dense. Also, V/\Y; connected, as Y; = m(X’)
is analytic of dim Y; = dim X’ < r = dim V (as 7 is finite-to-one on X’).

T =T x\ 1wy X\771(Y1) = V\ Y1 proper, finite-to-1 btwn r-mflds.
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Vz € X"\n~1(Y1) fixed, say ti,...,t, local coordinates around z. Then,

O(x1,. -y Xr)
J(z) = —/—""— "~
&)= 3w, n)
is Jacobian of 7 on z with x coordinate on Us (so m(x) = (x1,...,x)).

J(z) # 0 < 7 locally biholomorphic at z. Then, By € X"\7~1(Y;) (where
7 is not locally biholomorphic) is locally analytic V/(J) € X"\7~1(Y1).

By Projection Lemma, B := m(By) is analytic in V\Y;.

Since dim V(J) < r, dim B < r, so V\(Y1 U B) connected and dense

in V, so X"\7~}(BU Y1) is dense in X"\7~1(Y1) .
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m: X\7m(Y1UB) — V\(Y1UB) is locally biholomor.
between 2 manifolds of dim = r, finite-to-1. This is a covering map. Want
to show: X7 C 771(V) C C" analytic. Say d is the number of sheets of
covering 7. Pick linear function L on C". Let V\(Y1 UB) 3> y — ai(y)
be the elementary symmetric function of L(x;)'s with distinct x; € 771(y).
All xj(y) are locally analytic = each aj(y) is analytic. Also, properness of
7 : X" — V implies a;'s are bounded over K\ (Y1 U B) for any compact K

Riemann Extension Theorem implies a; extend analytically to V . Then
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Fi(x) := L(x)? — ay(m(x))L(x)97 + - - - 4 (=1)%a4(7(x)) is analytic

on 7 1(V). Since F, =0 on X"\77 (Y1 UB), FL, =0o0n X".

Claim: X7 = V(...,F,...) .

Remark *. (n—r—1)d+1of Lin (C")* with L, = 0 would do.
Proof: Let x € 7~ 1(V)\X" C C", let y = 7(x) and let y = lim yj,

vk € V\(Y1UB). Then, 7= (yx) N X \7 (Y1 UB) is {x},...,x{} and

since  : X© — V proper, choose subsequence of (yy) where Iimkx,’( = xJ.

Then, x) € X7, so x # xJ. Pick L so that L(x/) # L(x) Vj (key for *).
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End of Proof of Main Theorem

Then, L(x}),...,L(x7) all roots of t9 — a1 (yi)td =L + -+ (=1)9ag(yk).
L(xY),...,L(x9) are the roots of t9 — aj(y)t9™ L + .- + (=1)%a4(y).
Therefore, Fi(x) = L(x)? — a1(y)L(x)¥ L +--- + (—=1)9aq4(y) # 0. This
shows that V/(...,F,...) C X". The other inclusion is trivial, so that
Xr=V(...,F.,...), but we need all L € (C")*. (Using Remark *, we

only need (n—r —1)d + 1 of F's.) But since C{x} is noetherian we

can choose Ly, ...,L,, so that X' = V(F,,...,F,) . O
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