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Differential forms on C*>* compact n-dim manifolds M :
PofU: 3¢ € C¥(M), S, 0i(x) =1, Supp(éi) C K € V; 5 R

(Vi coord. nbhds), e.g. fi(K;) ={|y| <1}, M=J; f;_l({M <1})
then 1;(x) := exp(L/(|fi(x)[? — 1)) and ¢; := i/ >_; i will do.
k-forms: w € QX(M) , w(p) € NS(T,M)* | ie. w(p): (ToM)* — R
antisymmetric and linear in each T,M , e.g. do(p) : T,M > v — %(p) ,
or (w1 Ao Awg)(ve, ...y vi) i= det(wj(v;)) for wj € (ToM)*, vie T,M

Smooth f: M — N induce maps Df,, : To(M) — T¢p)(N) , e.g. via
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Jacobian Matrices in local coordinates, and * : QX(N) — Qk(M) via
(F*w)(p)(vi, ..., vk) := w(f(p))(Df(v1), ..., Dfp(vk)) . For U C R" and
n-form w = gdxy A ... Adx, let [,w = [, gdx...dx, . For f : U — M and
Supp(w) C f(U) we let [, w:= [, f*w, provided that map f preserves
orientation, i.e. linear maps Df,, : Tp(U) — T¢(,)(M) send positive frames
into positive frames. For an n-form w on M let [,,w = fozl Sy diw
Def: O(M):=(A(0OM) , O(OM)), where nf(OM) is the outward normal

to smooth boundary OM of M , relates orientations of the latter two.
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Stoke's Thm for oriented M with boundary OM smooth.
Theorem: For an (n — 1)-form w on M holds [, dw = [, ,w , where
d:w — dw is additive with d(gdx;, A ... A dx; ) == dg Adxi A ... A\dx;, .
Ex: f[a p df = f f'dt = f(b) — f(a) = fa[ T (Fund. Thm of Calc.)
Conventions: V coord. charts, if V N IM # () we choose coord. so that
OM = {x1 =0} ; set dxy A.[j. Adx, = dxi A ... Adxj_1 AdXjp1 A ... Adx,
Proof: WLOG assume that our coordinate charts V' are nbhds of cubes

Q= {xjo <x < X}}lggn with x{ = i and interiors ‘covering' M\ OM ;

Vitaly Smirnov (2013) De Rham Theorem a la Whitney. Part 1. February 25, 2014 4/18



that OM U intQ D Supp(w) and w := g(x)dxy A .. A dx, , with "int"

short for interior. Then g =0V (j,i) # (1,0) , where i =10r 0,

7
and dw = (—1)j_lg—fjdx1 A...Ndx, . Let K:= Supp(w) .

Case 1: j#1lor KCintQ . Then [;,w=0 and [,dw=
fQ(—ly—l%dxl...dxn = (17 [, g—fjdxl...dx,, = 0 use FundThmCalc.
Case2: j=1, KNOIM # 0 = w,, = g(x), _,dx2 A ... A dx, and

|x1:0

Jodw = Jq 5Edxa.dxn = = [(, oy 8(X)dxaedxy = [pow . W
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Poincare Lemma for Contractible Manifolds.

Poincare Lemma: Assume M is contractible, i.e. 3 pp € M and map
H: MxR — M s.th. H(p,0) =po , H(p,1) =pV¥pe M ; w € QK(M) .
Then dw =0 iff 3 3 s.th. df =w (in words: w is closed iff it is exact).
Proof: With 7 : MxR > (x,t) = x € M, w € QK(M) set & := H*w
=wi+dtAn; w1, nhavingnodt = wy,_ =0and wip—; =w .

For {Viti<i<k—1 C TpM let g(p,t) :=n(p, t)(V1 ,..., Vk-1)

and | : QK(MxR) — QXY (M) s.th. (I&)(V , ..., k1) := [y g(p, t)dt .
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Sublemma: &), —&),_, = d(/@) + I(d©) . Proof: Suffices to show

Case 1: w; = de,‘1 N oA dX,'k = dwy = Bt Fdt A C/X,1 VAN C/X,'k + dyw1 ,

I(wl) =0and/ dwl fol CI’I’)C]'X,1 A dX,'k = (wl)“t:l — (wl)“t:O .

Case 2: n = fdx; N...\Ndx;_, = —I(d(dtAn))=I(dtAdn)=
Salfy Zdt)dsa Adsiy, A A dxi_, = d[([5 fdt)dxi, A ... A ds, ]
= d(/(dt An)) , which completes the proof.

Since dw=0=do=0and dueto &, , =wand®,, =0

Poincare Lemma with 5 := & follows from our sublemma. H
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Simplices, Complexes and Triangulation of Manifolds M .
Simplex 0 = vp...Vim, v € R" is {x :x=>_bjv;,b; > 0,> b =1} .
Face of o is a simplex spanned by a subset of vertices of o . Complex K is
a collection of simplices s.th. 1) o € K = faces of ¢ are in K ;

2) 0,7 € K = oNrisface of 0 and 7 . Ordering vertices orients o .

Fact: Manifolds admit triangulation T(M) , i.e. 3 homeo. 7 : K % M
s.th. Vo € K 3 coord. nbhd. V D 7(c) s.th. f~Lon is affine in o .

¥, := R-vec. space of r-chains A=, a;07 ; cochains € X' := xdual
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Boundaries, Coboundaries, Chain Complexes.

Or—1y a0l =Y ;ai0—10f =3 a; Z}ZO(—l)j(vo...\?j...v,) for of :=
(vo...vy) , defines boundaries map 0,_1 : ¥, - X,_1and 0,100, =0
Coboundaries map 97 ; : ¥~! — %" is dual to d,_1 . Finally, due to the
Stokes Thm Int"(w)(3>_; aiof) :==>; ai fU,-’w defines ‘homomorphism’ of

Int" . . . : .
complexes Q" (M) P8 YT e the following diagram is commutative:

e QM) 95T k(M) % QLM s ..
1 Intk—1 1 Intk 1 Intk+1
o, o;

U 3t D O s
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Elementary Forms provide a right inverse to Int*
Definition: St(c) = U,ep(r) int(7) . F(7) = faces of 7.

O := {S5t(qi)} is open cover of M ; 3 part. of unity {¢;} subord. to O .
Let [0] € £ be the dual basis to the one formed by simpleces o € ¥ .
Thm: O¥[qay, .., ga,] = kIS K (= 1) b, dpag A ooie A dipy, € QK(M)
extended to X as linear satisfies: 1) supp(®*[0]) C St(o) ;

2)DKI*X = dOK—1X ; 3)Intk o OKX = X ; 4)9010 =1, 1°:= 3" [q,] .

Cor: Q° = ker(Int*) @ ®*(X*) and & : ¥* — ®K(X*) is an isomorphism.
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Proof: To begin with Supp($;) C St(g;) implies 1) and

9010 = 0(3[ar]) = ,(6([a])) = X, 6, = 1 implies 4)
Suffices to show 2) for X := [0] = [q),...q5,] - We'll use:

(i) 0*X = >"7lqro] . where the sum > is over g, s.th. (g,0) € Ly41 ;
(i) V gr in* ,ie (g0) & Tiy1 , holds No<i<kSt(qn,) N St(q,) =0
= No<i<kSuppgy, N Suppgq, = () . Both proved in the Appendix.

Of course Zf'(:o dox, + 2,4, vidér =0, since d(3-¢;) =0, and

doX[qn,--qr,] = (k+1)Idgx, A ... Adey, . Using all that, we show:
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Elementary Forms: proof of property 2) .
@ 0 a0 = ey or O aran-an] =

S g ddrg A o Adr, — Sk o(=1) pr,dbg, A ddrg A i A dpy,] =
S G ddrg A Ada, + 327 ddg, A K o(—1) da,debag A oide. Adpy, +
Yol o dbn, A Y i o(=1) dx,dbag A i A dopy,

= (54 0 )0a,ddrg Ao A d, + kg dx,ddr, A Aoy, =

dor, A ... Ndoy, = (k+1 d®*[qx,---qx,] , which proves 2) .

Vitaly Smirnov (2013) De Rham Theorem a la Whitney. Part 1. February 25, 2014 12 /18



Proof of 3) : Map & as a right Inverse to Int* .

Induction on k : k=0, Int°(®°[q1]) - q; = (¢°[ai])(q)) = bi(q) = 0
(for i # j since q; & St(q;) = ¢i(q;) =0, and using > ¢i(q;) =1 for
i=j). When k>0: 0 #7 = 7C M\ St(o) = Intk(®¥[o]) -7 =0
using 1) . When o = 7 let 9o = a+[other (k — 1)-faces of o]. Then

J, Klo] = [, %0*[a] = [, do*Ha] = [, * o] = [ @F ] =1

with the last equality due to the inductive assumption, as required.
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Appendix: Proof of 9*[o] = > [q.0] .

It sufficies to show that 0*[0](A) := [0](0A) = >/[g-c](A) for any
A€ Xii1 . Of course if o is not one of the faces of A then

[0](0A) =0 and > 7[qr0](A) = 0 since then simplex A # g,o .
Therefore, it suffices to consider A= Ag :=qs0 € Y41 -

Then for all As € X441 holds [0](0As) =1 and 3 [q,0](As) =1.

Therefore 0*[0] = >"7[qr0] , as required.
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Appendix: Claim (ii) from 2) of page 11.

9; 4

StE)NStE)NStG,)=0

F = = £ DA
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Appendix: Proof of (ii) from 2) of page 11.

Assume (Grqx,---qx,) & Ti+1 - If Z:=Nocick Stlan,) N Stqr) # 0
then set Z consists of a union of simpleces (as each St(q) is) and,
moreover, simplex 7 C Z iff its vertices include all g, , gy, , ..., gy, !
But these vertices then span face (grqy,...qx,) of 7 . By definition of
the complex of triangulation then (g,rqy,...qx,) € k41 contrary to our
assumption, i.e. Z =1 as claimed in (ii) . W

Denote: x(T(M)) = S7_o(—1)#{c € T(M) : dim o = Kk} .
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Invariance of x(T(M)) on triangulation T(M) of M .

Fact: ker(Int®) is acyclic subcomplex of Q° , i.e. ker(dk\ker(/ntk)) =

Im(dk*1|ker(lntk*1)) , = via Cor (from p.10) that ,ﬁg?i)) = ,f(réjfz) :

Note: #{c € T(M): dim o = k} = dimgXy = dimgX* .

Thm: Euler characteristic x(M) := Zzzo(—l)kdimR% = x(T(M))

Corollary: x(T(M)) does not depend on triangulation T (M) of manifold.

Indeed, dimgE* = dimgIm(9;) + dimg ,ke(ra(? 1)) + dimgIm(0;_4) .

er(0f
Hence x(M) = >_7_o(—1)*dimg ,k(fg* 1)) =x(TM)). &
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Triangulation of 2-handles:

v.=18,e.=60, t.=40 = y(M)=-2.

a,
¢ N
p N
‘+a, ax
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a) A s,
b / A
(2= handles): g = 2 A % Yo,
v=18¢=60,t=40 \ v,
x©)=-2=2-2¢g c) Y
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