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Differential forms on C∞ compact n-dim manifolds M :

PofU: ∃ φi ∈ C∞(M) ,
∑

i φi (x) ≡ 1 , Supp(φi ) ⊂ Ki b Vi
fi→ Rn

(Vi coord. nbhds), e.g. fi (Ki ) = {|y | ≤ 1} , M =
⋃

i f
−1
i ({|y | < 1})

then ψi (x) := exp(1/(|fi (x)|2 − 1)) and φi := ψi/
∑

i ψi will do.

k-forms: ω ∈ Ωk(M) , ω(p) ∈ Λk(TpM)∗ , i.e. ω(p) : (TpM)k → R

antisymmetric and linear in each TpM , e.g. dφ(p) : TpM 3 v 7→ ∂φ
∂v (p) ,

or (ω1 ∧ ... ∧ ωk)(v1, ..., vk) := det(ωj(vi )) for ωj ∈ (TpM)∗, vi ∈ TpM

Smooth f : M → N induce maps Dfp : Tp(M)→ Tf (p)(N) , e.g. via
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Jacobian Matrices in local coordinates, and f ∗ : Ωk(N)→ Ωk(M) via

(f ∗ω)(p)(v1, ..., vk) := ω(f (p))(Dfp(v1), ...,Dfp(vk)) . For U ⊂ Rn and

n-form ω = gdx1∧ ...∧dxn let
∫
U ω :=

∫
U gdx1...dxn . For f : U → M and

Supp(ω) ⊂ f (U) we let
∫
M ω :=

∫
U f ∗ω , provided that map f preserves

orientation, i.e. linear maps Dfp : Tp(U)→ Tf (p)(M) send positive frames

into positive frames. For an n-form ω on M let
∫
M ω :=

∑k
i=1

∫
M φiω .

Def: O(M):=(~n(∂M) , O(∂M)), where ~n(∂M) is the outward normal

to smooth boundary ∂M of M , relates orientations of the latter two.
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Stoke’s Thm for oriented M with boundary ∂M smooth.

Theorem: For an (n − 1)-form ω on M holds
∫
M dω =

∫
∂M ω , where

d : ω 7→ dω is additive with d(gdxi1 ∧ ... ∧ dxik ) := dg ∧ dxi1 ∧ ... ∧ dxik .

Ex:
∫

[a,b] df :=
∫ b
a f ′dt = f (b)− f (a) =:

∫
∂[a,b] f (Fund. Thm of Calc.)

Conventions: V coord. charts, if V ∩ ∂M 6= ∅ we choose coord. so that

∂M = {x1 = 0} ; set dx1 ∧ ..̂j .∧ dxn := dx1 ∧ ...∧ dxj−1 ∧ dxj+1 ∧ ...∧ dxn

Proof: WLOG assume that our coordinate charts V are nbhds of cubes

Q := {x0
j ≤ xj ≤ x1

j }1≤j≤n with x i1 = i and interiors ‘covering’ M \ ∂M ;
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that ∂M ∪ intQ ⊃ Supp(ω) and ω := g(x)dx1 ∧ ..̂j . ∧ dxn , with ”int”

short for interior. Then g|
xj=xi

j

= 0 ∀ (j , i) 6= (1, 0) , where i = 1 or 0 ,

and dω = (−1)j−1 ∂g
∂xj

dx1 ∧ ... ∧ dxn . Let K := Supp(ω) .

Case 1: j 6= 1 or K ⊂ intQ . Then
∫
∂Q ω = 0 and

∫
Q dω =

∫
Q(−1)j−1 ∂g

∂xj
dx1...dxn = (−1)j−1

∫
Q

∂g
∂xj

dx1...dxn = 0 use FundThmCalc.

Case 2: j = 1 , K ∩ ∂M 6= ∅ ⇒ ω|∂Q = g(x)|x1=0
dx2 ∧ ... ∧ dxn and

∫
Q dω =

∫
Q

∂g
∂x1

dx1...dxn = −
∫
{x1=0} g(x)dx2...dxn =

∫
∂Q ω . �
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Poincare Lemma for Contractible Manifolds.

Poincare Lemma: Assume M is contractible, i.e. ∃ p0 ∈ M and map

H : MxR → M s.th. H(p, 0) = p0 , H(p, 1) = p ∀p ∈ M ; ω ∈ Ωk(M) .

Then dω = 0 iff ∃ β s.th. dβ = ω (in words: ω is closed iff it is exact).

Proof: With π : MxR 3 (x , t) 7→ x ∈ M , ω ∈ Ωk(M) set ω̄ := H∗ω

= ω1 + dt ∧ η ; ω1 , η having no dt ⇒ ω1|t=0
= 0 and ω1|t=1 = ω .

For {~vi}1≤i≤k−1 ⊂ TpM let g(p, t) := η(p, t)(~v1 , ..., ~vk−1)

and I : Ωk(MxR)→ Ωk−1(M) s.th. (I ω̄)(~v1 , ..., ~vk−1) :=
∫ 1

0 g(p, t)dt .
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Sublemma: ω̄|t=1
− ω̄|t=0

= d(I ω̄) + I (d ω̄) . Proof: Suffices to show

Case 1: ω1 = fdxi1 ∧ ... ∧ dxik ⇒ dω1 = ∂f
∂t dt ∧ dxi1 ... ∧ dxik + dxω1 ,

I (ω1) = 0 and I (dω1) = (
∫ 1

0
∂f
∂t dt)dxi1 ∧ ... ∧ dxik = (ω1)||t=1

− (ω1)||t=0
.

Case 2: η = fdxi1 ∧ ... ∧ dxik−1
⇒ −I (d(dt ∧ η)) = I (dt ∧ dη) =

∑
α(
∫ 1

0
∂f
∂xα

dt)dxα ∧ dxi1 ∧ ... ∧ dxik−1
= d [(

∫ 1
0 fdt)dxi1 ∧ ... ∧ dxik−1

]

= d(I (dt ∧ η)) , which completes the proof.

Since dω = 0⇒ d ω̄ = 0 and due to ω̄|t=1
= ω and ω̄|t=0

= 0

Poincare Lemma with β := I ω̄ follows from our sublemma. �
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Simplices, Complexes and Triangulation of Manifolds M .

Simplex σ = v0...vm, vi ∈ Rn is {x : x =
∑

bivi , bi ≥ 0,
∑

bi = 1} .

Face of σ is a simplex spanned by a subset of vertices of σ . Complex K is

a collection of simplices s.th. 1) σ ∈ K ⇒ faces of σ are in K ;

2) σ, τ ∈ K ⇒ σ ∩ τ is face of σ and τ . Ordering vertices orients σ .

Fact: Manifolds admit triangulation T (M) , i.e. ∃ homeo. π : K
onto→ M

s.th. ∀ σ ∈ K ∃ coord. nbhd. V ⊃ π(σ) s.th. f −1 ◦ π is affine in σ .

Σr := R-vec. space of r -chains A =
∑

i aiσ
r
i ; cochains ∈ Σr := Σdual

r .
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Boundaries, Coboundaries, Chain Complexes.

∂r−1
∑

i aiσ
r
i :=

∑
i ai∂r−1σ

r
i =

∑
i ai

∑r
j=0(−1)j(v0...v̂j ...vr ) for σri :=

(v0...vr ) , defines boundaries map ∂r−1 : Σr → Σr−1 and ∂r−1 ◦ ∂r = 0 .

Coboundaries map ∂∗r−1 : Σr−1 → Σr is dual to ∂r−1 . Finally, due to the

Stokes Thm Intr (ω)(
∑

i aiσ
r
i ) :=

∑
i ai

∫
σr
i
ω defines ‘homomorphism’ of

complexes Ωr (M)
Intr→ Σr , i.e. the following diagram is commutative:

...→ Ωk−1(M)
dk−1→ Ωk(M)

dk→ Ωk+1(M)→ ...

↓ Intk−1 ↓ Intk ↓ Intk+1

...→ Σk−1
∂∗k−1→ Σk

∂∗k→ Σk+1 → ...
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Elementary Forms provide a right inverse to Intk .

Definition: St(σ) =
⋃
σ∈F (τ) int(τ) , F (τ) = faces of τ .

O := {St(qi )} is open cover of M ; ∃ part. of unity {φi} subord. to O .

Let [σ] ∈ Σk be the dual basis to the one formed by simpleces σ ∈ Σk .

Thm: Φk [qλ0 , ..., qλk ] := k!
∑k

i=0(−1)iφλidφλ0 ∧ ...î ... ∧ dφλk ∈ Ωk(M)

extended to Σk as linear satisfies: 1) supp(Φk [σ]) ⊂ St(σ) ;

2)Φk∂∗X = dΦk−1X ; 3)Intk ◦ ΦkX = X ; 4)Φ0I 0 = 1 , I 0 :=
∑

r [qr ] .

Cor: Ω• = ker(Int•)
⊕

Φk(Σ•) and Φk : Σ• → Φk(Σ•) is an isomorphism.

Vitaly Smirnov (2013) De Rham Theorem à la Whitney. Part 1. February 25, 2014 10 / 18



Proof: To begin with Supp(φi ) ⊂ St(qi ) implies 1) and

Φ0I 0 = Φ0(
∑

r [qr ]) =
∑

r (Φ0([qr ])) =
∑

r φr = 1 implies 4) .

Suffices to show 2) for X := [σ] = [qλ0 ...qλk ] . We’ll use:

(i) ∂∗X =
∑∗

r [qrσ] , where the sum
∑∗

r is over qr s.th. (qrσ) ∈ Σk+1 ;

(ii) ∀ qr in ∗∗ , i.e. (qrσ) 6∈ Σk+1 , holds ∩0≤i≤kSt(qλi ) ∩ St(qr ) = ∅

⇒ ∩0≤i≤kSuppφλi ∩ Suppφqr = ∅ . Both proved in the Appendix.

Of course
∑k

i=0 dφλi +
∑

r 6=λi ∀i dφr = 0 , since d(
∑
φi ) = 0 , and

dΦk [qλ0 ...qλk ] = (k + 1)!dφλ0 ∧ ... ∧ dφλk . Using all that, we show:
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Elementary Forms: proof of property 2) .

1
(k+1)! Φk+1∂∗[qλ0 ...qλk ] = 1

(k+1)!

∑∗
r Φk+1[qrqλ0 ...qλk ] =

∑∗
r [φqrdφλ0 ∧ ... ∧ dφλk −

∑k
i=0(−1)iφλidφqr ∧ dφλ0 ∧ ...î ... ∧ dφλk ] =

∑∗
r φqrdφλ0 ∧ ...∧ dφλk +

∑∗∗
r dφqr ∧

∑k
i=0(−1)iφλidφλ0 ∧ ...î ...∧ dφλk +

∑k
j=0 dφλj ∧

∑k
i=0(−1)iφλidφλ0 ∧ ...î ... ∧ dφλk

= (
∑∗

r +
∑∗∗

r )φqrdφλ0 ∧ ... ∧ dφλk +
∑k

i=0 φλidφλ0 ∧ ... ∧ dφλk =

dφλ0 ∧ ... ∧ dφλk = 1
(k+1)!dΦk [qλ0 ...qλk ] , which proves 2) .
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Proof of 3) : Map Φk as a right Inverse to Intk .

Induction on k : k = 0 , Int0(Φ0[qi ]) · qj = (Φ0[qi ])(qj) = φi (qj) = δij

(for i 6= j since qj /∈ St(qi ) ⇒ φi (qj) = 0 , and using
∑
φi (qj) = 1 for

i = j). When k > 0 : σ 6= τ ⇒ τ ⊂ M \ St(σ) ⇒ Intk(Φk [σ]) · τ = 0

using 1) . When σ = τ let ∂σ = α+[other (k − 1)-faces of σ]. Then

∫
σ Φk [σ] =

∫
σ Φk∂∗[α] =

∫
σ dΦk−1[α] =

∫
∂σ Φk−1[α] =

∫
α Φk−1[α] = 1

with the last equality due to the inductive assumption, as required.
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Appendix: Proof of ∂∗[σ] =
∑∗

r [qrσ] .

It sufficies to show that ∂∗[σ](A) := [σ](∂A) =
∑∗

r [qrσ](A) for any

A ∈ Σk+1 . Of course if σ is not one of the faces of A then

[σ](∂A) = 0 and
∑∗

r [qrσ](A) = 0 since then simplex A 6= qrσ .

Therefore, it suffices to consider A = As := qsσ ∈ Σk+1 .

Then for all As ∈ Σk+1 holds [σ](∂As) = 1 and
∑∗

r [qrσ](As) = 1 .

Therefore ∂∗[σ] =
∑∗

r [qrσ] , as required.
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Appendix: Claim (ii) from 2) of page 11.
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Appendix: Proof of (ii) from 2) of page 11.

Assume (qrqλo ...qλk ) /∈ Σk+1 . If Z :=
⋂

0≤i≤k St(qλi ) ∩ St(qr ) 6= ∅

then set Z consists of a union of simpleces (as each St(q) is) and,

moreover, simplex τ ⊂ Z iff its vertices include all qr , qλo , ..., qλk !

But these vertices then span face (qrqλo ...qλk ) of τ . By definition of

the complex of triangulation then (qrqλo ...qλk ) ∈ Σk+1 contrary to our

assumption, i.e. Z = ∅ as claimed in (ii) . �

Denote: χ(T (M)) :=
∑n

k=0(−1)k#{σ ∈ T (M) : dim σ = k} .
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Invariance of χ(T (M)) on triangulation T (M) of M .

Fact: ker(Int•) is acyclic subcomplex of Ω• , i.e. ker(dk |ker(Intk )) =

Im(dk−1|ker(Intk−1)) , ⇒ via Cor (from p.10) that
ker(∂∗k )
Im(∂∗k−1)

∼= ker(dk )
Im(dk−1) .

Note: #{σ ∈ T (M) : dim σ = k} = dimRΣk = dimRΣk .

Thm: Euler characteristic χ(M) :=
∑n

k=0(−1)kdimR
ker(dk )
Im(dk−1) = χ(T (M))

Corollary: χ(T (M)) does not depend on triangulation T (M) of manifold.

Indeed, dimRΣk = dimR Im(∂∗k) + dimR
ker(∂∗k )
Im(∂∗k−1) + dimR Im(∂∗k−1) .

Hence χ(M) =
∑n

k=0(−1)kdimR
ker(∂∗k )
Im(∂∗k−1) = χ(T (M)) . �
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Triangulation of 2-handles:
v.= 18 , e.= 60 , t.= 40 ⇒ χ(M) = −2 .
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