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Introduction

The Johnson-Lindenstrauss Lemma was first introduced in the paper ”Ex-
tensions of Lipschitz mappings into a Hilbert Space” by William B. Johnson
and Joram Lindenstrauss published 1984 in Contemporary Mathematics.
The Theorem is as follows.

1. Johnson-Lindenstrauss Lemma
FirO0<e<1,letV={x;:1=1,..M} CR™ be a set of points in R™

Ifn > Slog M then there exists a linear map A : R™ — R™ such that for all

i F

[A(z:) — A(z;) |l

s = 4|

1—€e<

<l+e

The Theorem states that after fixing an error level, one can map a collec-
tion of points from one Euclidean space (no matter how high it’s dimension
m is) to a smaller Euclidean space while only changing the distance between
any two points by a factor of 1 +€. The dimension of the image space is only
dependent on the error and the number of points. Given that the dimen-
sion is very large, one can achieve significant dimension reduction, which has
applications in data analysis and computer science.

There are two proofs that use applications of Gaussian distributions. One
will use the Gaussian concentration inequality for Lipschitz functions, and
the other will use the comparison inequalities called the Gaussian Min-Max
Theorems.

Both proofs have the same probabilistic approach: Prove that the prob-
ability of a linear map satisfying the conditions of the theorem is positive.



This is done in the following way: Construct a random matrix from R™ to
R™ which is an m by n matrix where the entries g;; are independent standard
Gaussian variables.

gin ---9im
G=|: : where g;; are i.i.d standard Gaussian variables.

gn1 -+ -Gnm

Then the random matrix maps the difference of two points, and the image
will be Random Vector which follows a Gaussian distribution. From there,
the two proofs branch off:

The first will use the Gaussian concentration inequality on Lipschitz
functions to provide an lower bound on the probability that the distance
between any two points changes by only a factor of 1 & €. The lower bound
will be dependent on n, ¢, and M. The dependence on M will come from
having to compare all possible pair of points. Thus by choosing n nicely, the
lower bound will be strictly greater than 0 proving that the probability of
there existing such a map satisfying the lemma is positive so there must exist
such a map.

The second proof will calculate the expectation that the maximum
change in distance is less than 1 4 € and the minimum change in distance
is greater than 1 — e. Then, by defining two random bilinear forms and
comparing their expectations with the min-max theorems, the result follows.

1 Proof by Gaussian Concentration

We have our random Gaussian matrix G. Denote y = Gx. y is the image of
the linear map G at a point x € V. Computing y explicitly,

g11 - -91m T

Im1 - -Gnm Tm

_gllx1+ <o+ 91imITm

_gnlwl‘{’ s InmTm
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If we apply the random linear map G to two points x”, 29 € V, then to
prove the Johnson Lindenstrauss Lemma, we want

P(va?,z? €V i (L=e)|s” — 29 < |ly” — ¢l < (1 + ¢)[|l2” — 2%]]) > 0.
(1)
This shows that there must exist a linear map that satisfies the Johnson
Lindenstrauss Lemma.
To set up (1), we investigate y. By the stability property of the sum
of i.i.d Gaussian variables, y is a Gaussian random vector where the y; are
independent Gaussian random variables with mean 0 and variance Y., 7.

g1 m
y=q | | whereg,...g,areiid ~ N(0, Z z3).
In i=1

Thus we can say that

y=ql|z|z,2=(21,...,20) , zj are iid ~ N(0,1).

Now we repeat the above calculation to two different vectors z? and x4
in V and obtain y” and y?. Their difference has a distribution expressed as

yP —y? =4 ||2¥ — 27| 2

Taking Euclidean norm on both sides, we have an expression for the
distance between two points in the lower dimensional space:

1y = 2l =a ll2” — 27/ z]]. (2)

We want to calculate the probability that this distance is within a factor

of 1+ € of the original distance. That is, we want to calculate the expression
P((1 = e)fla” — 27 < [ly" — vl < (1 + e)f|a” — 27]). (3)

To do so, we use the Gaussian concentration bound for Lipschitz func-
tions.

Lemma 1. Consider a Lipschitz function F : R™ — R such that for some
L>0,
[1F(z) = Fy)ll < Lllz =yl for all z,y € R™

Let g = (gi)i<m be a standard Gaussian vector in R™. Then for anyt > 0,
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P(|F(9) ~ EF(9)]| > 1) < 2ep (—ﬁ)

For the proof, refer to Section 7 of Gaussian Distributions with Applica-
tions. [1]

To apply the lemma, we need a Lipschitz function. The next two lemmas
show us that the norm function is a Lipschitz function.

Lemma 2.

[v]| = SUP{Z av; el = 1} forveR™

Proof. The > comes from the Cauchy-Schwarz Inequality. For any « with
o =1
[{e, 0} | < [lexl[[]]

For the <, take o = 7%-. Then (o, v) = ||v]| O

Lemma 3. Let A be a bounded set in R™. Consider the function F': R™ — R
defined by
F(z) = sup(a, x).

acA
Then F is a Lipschitz Function.

Proof.
| F(z) — F(y)ll = || Sup<a,x> - Sup<a il
= || Sup(allﬁ + o Q) — sUp(aiyr + - A Y, ||
acA a€A
S ” Sup(al(xl - yl) +oe am<xm - ym))”
:sup||(a1( )+"'+am(xm_ym))|’
acA
< sup [|a[[lz — ]
acA

So from (2) we express | z|| as

F(z) = 2] = sup{zazzl}

llefl=1
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which is a Lipschitz function. The bounded set we take the supremum
overis A ={a € R™ : |la|]| = 1} and so the Lipschitz bound we use is L = 1.
By Gaussian Concentration

P(] =l =Elz] | =) <2e /% (4)

We manipulate (4) to obtain a lower bound for (3). We take the comple-
ment to switch the inequalities in (4).

P(] 2l —Elzll | <t) <1—2e7"/%

We notice that E||z|| is a constant term so we can perform a change of
variables t = €E||z||.

P<1_E<M<1+e> <190
~ E[lz]] T =

By multiplying the equation inside the probability by ||z? — 2|

Ay 2 (E[z1)?2
P ((1 -l - o) < B < (v oper - xqu) > 1 g SO
z
(5)
However this is not exactly the probability we want to calculate. We
want to compare ||zP — z?|| with ||y? — y?]| , not ”:'JEPT_;"‘CIH. In order to get rid
of the denominator term E[[z||, we alter the linear map G by dividing it by

the constant E||z||. Formally, define G as
1

G=—0G.
Ellz|
Then if we let § = Gz,
- 2P — 29|
9 =9 =4
E| ]

Repeating all the calculations that led to (5), we have that

2 E|z|)?

P = e)ll” — 27 < [|g" = 9] < (L + e)f|2” —27]]) = 1 —2e7

Let us pretend that our original linear map G took into account the
denominator E||z|| to obtain the lower bound for (3)
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2@z |n?

P((1=e)flz” =2 <" =yl < A+ ¢)fla” —29) = 1 =275 . (6)

To go from (6) to (1), we have to consider the probability for any two
points in V. To do so, we consider the complement of the event and use
the union bound. We reformulate (6) into set notation by letting A, be the
event that

(1= e)fl" — 2 < ly" = Il < (1 + )l|l2” — 27| occurs.

To calculate the probability that every pair of points satisfies the inequal-
ity, we are calculating the probability of the intersection of all the A,,’s. Ex-
plicitly we are calculating P(NA,,) where the intersection is over all possible
choice of pairs in V. To do so, first notice that

_E2@|z|?
4

P(A,,) >1—2e
Then by taking the complement,

2 2
_ 2 (®l=zD
4

P(AL,) < 2e

M
Notice that there are M points in V' so the number of pairs is 5 ) < M2
Thus by the union bound P(AU B) < P(A) + P(B), we have that

P(UAS) <2 (Z\f ) e P

By DeMorgan’s law, UA]Eq = (N4,,)°

_E2@z?
4

P((mqu)C) < M?e
Take complements again to obtain

@]z |)?

P(NAy,) >1— M?e 1

This is exactly a lower bound for (1):

2 2
e (E] 2D
4

P(Va? 27 € V : (1—€)[|a"—a"|| < [lyP—y?|| < (1+€)lla"—2?]) = 1-M7e”



Finally, to satisfy (1) and complete the proof, we need the condition that

€2 z 2
1— M?e~ D > 0. This condition will lead us to the minimum dimension
of the codomain. Calculating

1 _ M2e*52(mf“)2
1 €
log(75) > — 7 (E|12])”.

8
(E||Z||)2 > 2 log M.

The condition we need to satisfy is (E|z]])? > Slog M. We use the
fact that E||z|| > k+y/n where k is a constant and n is the dimension of the

random vector z. Soif n > f—g log M, where c is a constant, then the condition
2 2
(|12

1 — M?e~— 4 — >0 is satisfied. Therefore, if n > f—; log M, we have that

P (Ve x? e Voo (1= e)fla? — 2 < [ly” — ¢ < (1 + )] —27) > 0

so there must exist a linear map G that satisfies

Vol xt e Voo (1= e)lla” — 29 < [|Go(2”) — Go(z)|| < (1 + e)fla” — 27|,

This completes the proof.

2 Gaussian Min-Max Comparison

The Gaussian Min-Max Comparison Inequalities are the Slepian’s and Gor-
don’s Inequalities.

Lemma 4. Slepian’s Inequality Let X (i) and Y (i) be two Gaussian vectors
such that
E(Y (i) = Y(i)* > E(X (i) — X(i))?

Then
EmaxY (7)) > Emax X (7)



Lemma 5. Gordon’s Ineqaulity Let (X (i,7)) and (Y (i,7) be two Gaussian
vectors such that

Then
Eminmax Y (4, j) < Eminmax X (i, j)
7 J 7 J

The proofs can be found in Chapter 9 of [1], but here is a short sketch of
both proofs. First, give a smooth approximation of the max function (or min
max function). Then make an interpolation between X and Y and show that
the function is increasing (or decreasing) by differentiating using Gaussian
integration by parts.

We will use these two lemmas to prove the Johnson Lindenstrauss Lemma.
First let us set up what we would like to prove and where the inequalities
come to prove the Johnson Lindenstrauss Lemma. Define T as

T:{M:i%j} ; where z;,z; € V.

T is a subset of less than M? points on the n-dimensional sphere. The
advantage of using 7" will be that to prove the Johnson- Lindenstrauss lemma,
all we need to show is that there is a linear map G such that

1—e<||Go(t)]| <1+e€ VteT.
We can express this as
< ] >1—ce.
max [ Go(t) | < 1+ min [Go(t)]| > 1— e (7)

Of course the minimum is less than the maximum, hence we rewrite (7)
as

e < mi < <
1—€e< %17{1||G0(t)|| < I?EaTXHGO(t)” <l+e

As long as minger |Go(t)|| < 1 (which is not a problem as we can always
scale our matrix by a constant), we can further rewrite (7) as



maxier [|Go(t)]| _ 1+

minger ||Go(t)|] — 1 —€
and even further as
(1+e€) |
— <
max || Go(Dl = {7 ip I Gol = 0 (8)

So if we show (8) then we are finished. Notice that if we are under our
random matrix set up GG from before, then we can see

(
ax |G ()| —
r?eTX“ @l (1 —€) ter
as a random variable. The probability space where this random variable
is defined on are n by m matrices. We can consider the expectation of this
random variable

(1+e€) )
Ao mplcl

and if the expectation is less than 0, then there must be a matrix Gg
which satisfies (8). Thus, we are left to show that

Emax [|G(@)] ~

1 —e <Emin|G@#)|| < Emax ||G(t)]| <1+
teT teT

To prove the lemma, we will provide bounds for E miner ||G(¢)]| below
and E max,cr ||G(t)|| above by using the Gaussian min-max inequalities. We
will compare [|G(t)|| to a Gaussian vector for which the bounds on its mini-
mum and maximum are easy to compute. Then we give conditions for which
the bounds will be satisfied. Let us get started.

We use the same linear map G as in the previous proof. We repeat it
here:

gir - -9im
G=|": : gi; are i.i.d ~ N(0,1).
gn1  ---Gnm
We map any point ¢ = (t1,...,t,) € T. The image will be G(t).



gu ---9m| |t guti+ -+ Gimtm
Gt)= | : : =1 :

Define two Gaussian bilinear forms: Let t € T', v € B™ the unit ball in
R™ and let {h;}i_,, {g;}72, all be iid ~ N(0,1)

X(tu) = (Gt),u) =Y ) gijtau; Y(tu) =Y thi+ Y ug;
i=1 Jj=1

i=1 j=1

These can be found in example 3 of Chapter 10 in [1], where a,b = 1 and
U = B™ The m-dimensional unit ball.

We can motivate the definition of X (¢,u). From Lemma 2 in the previous
section, if we maximize over v € B™, then we are calculating ||G(¢)||. Then
by taking the minimum, over ¢ € T" and taking the expectation, we have that

E min max X (¢,u) = Emin [|G(t)]|.
teT ueB teT
Similarly,
Emaxmax X (t,u) = Emax |G (¢)]|.
teT weB teT

So if we show that the conditions for lemma 4 and 5 are met for X (¢, u)
and Y (¢, u), then we can give bounds for E minser ||G(¢)|| and E maxer [|G(2)]]
as

Eminmax Y (t,u) < Emin [|G(¢)|| < Emax ||G(?)|| < Emaxmax Y (¢, u).
teT ueB teT teT teT ueB
(9)

Checking that X (¢,u) and Y (¢,u) meet the conditions of the Slepian’s
and Gordon’s Inequalities is tedious and will be left until the end. Let us
continue with (9).

It is easy to maximize and minimize Y (¢,u) over t € T and u € B™
because Y is defined as
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Y (t,u) = (t,h) + (u,g)

so maximizing and minimizing over ¢ and u can be done separately. Ex-
plicitly, we can see that the right most term of (9) can be written as

Y () = Baglt, 1) + Erps{, ) 1)
= Emax({t,h) +El|g] (11)

We can also show that the left most term of (8), using a ”"change of
variables” trick, can be written as

Eminmax¥(t,u) = Eflg|| - Emax(t, h) (12)

we will leave the details of (12) to later. From here, we are almost finished.
To prove the Johnson Lindenstrauss lemma, all we need to do is to have

EminmaxY (t,u) > 1 —¢ EmaxmaxY(t,u) <1+e
teT ueB teT ueB

and from (11) and (12), all we need is Emax;er(t, h) < €E|g|| which is
satisfied if

n > %logM.
€

where ¢ is a constant, which is our bound on the dimension in the
condition for the Johnson Lindenstrauss lemma. n > 5logM implying
E max;er(t, h) < eEl|g|| will be left for later. This finishes the proof of the
Johnson Lindenstrauss lemma.

Let us fill in all the details:

2.1 Check Conditions for Lemmas 4 and 5

With our Gaussian vectors X (¢,u) and Y (t,u), let us show that they satisfy
the conditions for Gordon’s Inequality (lemma 5). Namely

E(Y(t,u) = Y(t,u)’ <E(X(t,y) — X(t,u))°
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and
E(Y (t,u) = Y (¢, u)* > E(X(t,u) — X', u))>

If these conditions are satisfied, then

E min max Y (¢, u) < Emin max X (¢, u).
teT ueB teT ueB

For the first condition,

n

E(X(t,u)—X(t u Zzgwtuj z ]))

=1 j=1

=D D (b = t)”
=1 j=1

=30ty - 2(tutid) + (td)?

=1 j=1
= [0 lel® + 1l l1* = 262, ) u, )
= lull* + [[w/]|* — 2(t, ¢') {u, )

and

E(Y () = Y (£ 0))* = B hilts =€) + Y g5(u; — )

—Zt2—2tt + ( +Zu — 2uju; + (uf)?

= HtH + 11 = (1) + HUH + [l = 2(u, )
= 2= 2(t, 1) + [lull + ([l = 2(u, u).

Subtract these two equations to find that
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E(Y (t,u) — Y (', u))? —E(X(t,u) — X(t',u))?
=2—2(t,t') — 2{(u,u) + 2(t, t') (u, u')
=2(1— ()1 = (u,u))
> 0.

The last inequality is a consequence of Cauchy-Schwarz on (¢,t') and
(u,u) and the fact that ¢ is on the unit sphere, w is in the unit ball.
For the second condition, let ¢ = ¢’. Then we have that (t,¢) = 1 so
E(Y(t,u) — Y(t,u'))* — E(X(¢t,u) — X(¢t,u'))*> = 0. The second condition
is satisfied trivially.

Now let us show that X (¢, u) and Y (¢, u) satisfy the conditions for Slepian’s
Inequality (lemma 4) for both indexes t and u. All of the work is actually
done when showing the conditions for the Gordon’s Inequality. If ¢ is fixed,
then we want to show

E(Y (t,u) — Y (t,u'))?* > B(X(t,u) — X(t,u'))>

We have already shown that equality holds so the condition is satisfied
trivially. If w is fixed, then we want to show

E(Y(t7 U) - Y(t/7 U))2 > E(X(ta U) - X(tlv U))2
We have already shown that

E(Y (t,u) = Y (¢, u)* — E(X(t,u) — X(¥',u))?
=2(1— (¢, t"))(1 — (u,u’)).

If we fix u = «/ in the unit ball, we have that (u,u) < 1. Thus



where the last inequality again follows from Cauchy Schwarz.
Then Slepian’s Inequality implies that

E max max X (t,u) < EmaxmaxY (¢, u).
teT ueB teT uebB

Putting the consequences of Gordon’s Inequality and Slepian’s Inequality
together, and the fact that

E min max X (¢, ) < Emax max X (¢, u),
teT ueB teT ueB

we have (8):

Eminmax Y (t,u) < Emin max X (¢,u) < Emaxmax X (¢,u) < Emaxmax Y (¢, u)
teT ueB teT ueB teT ueB teT ueB

The first inequality is by Gordon’s, and the last inequality is by Slepian’s.

2.2 Computing (12)
We want to show that

Emin max Y (t,u) = E||g|| — EI?aTX(t, h).
=

teT ueB

We know that, when maximizing over u and minimizing over t we can
separate the left hand side as

teT ueB

E min max Y (t,u) = Ertrél%lzltzhz + E%leagzl u;g;
i= i=

and E[|g|| = Emax,ep ) 7", ujg;. All that is left to show is

n

Emin » t;h; = —E max(t h).
S
We will use a ”Change of Variables” where we change h; to —h;. —h; is
still a Gaussian variable because the Gaussian variables are invariant under

rotation. Then

E min th = E min t( hi) = —Emax » t;h; :—Emax<t h)
teT LT 4= tel

14



because the minimum of negative values is the negative of the maximum
of the positive values.

2.3 Computing the lower bound on the dimension

We want to show that if n > 5 log M implies that Emax,er(t, h) < €El|g]|,
which proves the Johnson Lindenstrauss Lemma.

We use the fact previously mentioned in the first section: 3k s.t ky/n <

Ellgll
We will prove that Emax;cr(t, h) < 2y/logM. Thus, after some compu-
tation,

k
n > E—QlogM<:>2\/logM < cey/n

where k and c are constants. So if n > 5 log M, then

Emax(t, h) < 2v/logM < cev/n < €E||g]|
€

To show that E maxer(t, h) < 2¢/log M

n

Emax(t,h) = Emax Y th;
teT el 4=

= Emaxh, [ht ~ N <O,Zt§) = N(0, 1)}
M2
< El log (Z ehtﬁ> lmaxxi < llog <Z exlﬂ)]
p t=1 ' b t=1

M2
< —log (Z Ee/# ) By Jensen’s Inequality
t=1

— ™|

M2
= - log (Z €ﬁ2/2> because Ee? = eV 7(9)/2

t=1

= ™

= Zlog(M?3e°/?)

= —logM2+§.

3 2

— ™
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This is true for all # so minimizing the last equation 8 = /2 log M?

E t,h) < 2y/log M
max(, h) < 24/log

We have used the fact that Eed = ¢"97(9)/2 where g is a Gaussian variable.
The calculation is easy and is left as an exercise for the reader.

Conclusion

The original proof as well as the two proofs provided have all been proba-
bilistic. There is a non-zero probability that this map exists. This does not
help us in actually constructing such a map. However, over the years, dif-
ferent proofs have been provided where this map can be generated through
algorithms in randomized polynomial time, and even further work has been
done to derandomize the algorithms.

Appendix A

The final bound on the dimension relied on the fact that E||g|| > k+v/n where
k is a constant and ¢ is a standard Gaussian vector of dimension n. This
fact is not so easy and the details are contained in [2] (Thank you David
Miyamoto!). We can give a summary of the calculation here.

1 e
Blgl = g [ lele e

By switching to spherical coordinates, using a property of the beta func-
tion, and skipping a lot of calculations (all included in [2]), one can show
that

VEL(25)

L)

Elgll =

Then, one shows by induction and properties of the Gamma function that
for all n,




and finally, one can verify that there exists a constant k& such that for all
n?

n

Vn+1

kv/n <

Appendix B

There is a variant of the Johnson Lindenstrauss Lemma proven in [4] and
[5]. The difference is that they prove for all ¢ # j

(L=l — z]* < A(z:) — Al)I* < A+ @)llwi —z;*  (13)

where x;,z; € V. This is already a better linear map than the one shown
to exist in the original version of the Johnson Lindenstrauss because. By
taking square roots, the above shows that

V1 —ellz; — x| < [|A(2;) — A(zg) || < V1 + el — x|
and 1 —e<y1—ecand v1+e<1l+e.

To prove (13), the idea is the same as the first proof provided. One defines
a random matrix and proceed using concentration inequalities. However,
because the norms are squared, the middle term ||A(z;) — A(x;)||? will not
be distributed normally. It will have a chi-squared distribution which has
its own concentration inequalities. In [5], the bound on the dimension is
worse (larger), but the probability that a given map satisfies the lemma is
at least # This provides the additional claim that a map can be found in
randomized polynomial time.
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