UNIVERSITY OF TORONTO
Faculty of Artsand Science

APRIL-MAY 2010 EXAMINATIONS
APM351 Y1Y Differential Equationsin Mathematical Physics

Examiner: Professor Almut Burchard

Time: 3 hours. No calculators or other aids allowed.
Please tryall six problems; total 100 points.

1. [20pts] Consider thevave equation

Uy = CClygy O<z<l1l,t>0,
u(0,t) = u(1,t) =0, t>0, 1)
u(z,0) =0, u(z,0) =sin®(rx), O<z<l1.

Hint: Separate variables, and use the triple-angle forgiufe) = i(?) sinf — sin 36).
(b) Use theenergy method to show that the solution is unique.

2. [10pts] What is achar acteristic surface for the wave equation,, = ¢c>Au onR"? Why are
characteristic surfaces important?

3. [20 pts] ConsiderBurger’s equation u; + uu, = 0 for z € R, ¢ > 0 with initial condition
_ 1=z, —1<a<l,
u(@,0) = { 0 otherwise
(a) Write down the characteristic ODE.

(b) Sketch the characteristics in the-plane for0 < ¢ < 2. Also sketch the solution(-, t)
attimest =0, 0.5, 1, 1.5, 2.

When does a shock form? Use the Rankine-Hugoniot condibidetive an equation for the
shock. (You need not solve this equation explicitly, butt'ymake your sketches qualita-
tively correct.)

(c) Does your solution satisfy Lax’s entropy condition?d3le explain!
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4. [20pts] We have defined thEourier transform of an integrable function oR™ by
fla)= [ et fa)do,

(a) Express the Fourier transforms of the following funeian terms off(k):
translation:r, f(z) = f(z — v), scaling:o, f(z) = f(x/a).

(b) Use the fact that the Gaussiafr) = e~"7I” satisfiesj = ¢ to compute the Fourier

transform ofh(z) = |z|2e~ 7P,

(c) Prove that the Fourier transformofz) = [, f(v)f(y — ) dy is nonnegative.

5. [10pts] (a) Define the deltdistribution § on the real line, and briefly explain its meaning.
(b) Find the first, second, and third distributional deiiv@bf f(z) = max{1 — z2,0}.

6. [20pts] Fore > 0, consider the functional

1 T 1
Z(u) = 5 / / e~tE (euf +u2) dadt .
o Jo

(a) Suppose that minimizesZ among all smooth functions with given boundary conditions.
Derive a PDE fon..

Remark: This is theEuler-Lagrange equation for Z. Note thate = 0 yields the heat
equation.

Let u. be the solution of your PDE from (a) with initial and final catnahs
u(z,0) =0, wu(z,T)=sin(27z),

and Dirichlet boundary conditions
u(0,t) =u(l,t) =0, 0<t<T.

Fore > 0, it is known that this problem has a unique solutian which is smooth and
satisfies the same maximum principle as Laplace’s equatiobma dimensions (you are not
asked to prove this.)

(b) Ase — 0, doesu. converge to a solution of the corresponding problem for that h
equation? Does such a solution even exist? Discuss thisioués view of the appropriate
maximum principles.
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