Dror Bar-Natan Talks LesDiablerets-1508

Okq0)

Work in Progress o
wePi=http://www.math. toronto.edu/~drorbn/Talks/LesDiablerets-1508/

Polynomial Time Knot Polynomials, |

E k brains, only run linear time algorithms, and there’s stilbawe
don’t know. Anything we learn about things doable in lingard is truly va-
luable. Polynomial time we can in-practice run, even if weehto wait; these
things are still valuable. Exponential time we can play witht just a little, and

attention. Values further diminish and the aesthetictitggophical bar fur
ther rises as we go further slower, or un-computable, or A5 intrinsically
infinite, or large-cardinalish, or beyond.

exponential things must be beautiful or philosophicallynpelling to deserve

Abstrant.The value of things is inversely correlated with théfeta-Associativity 211 212 213 gl Runs.
computational complexity. “Real time” machines, such as®u I‘[w, {t1, t2, t3, ts}. azi az a;z 62 .{h;1, hy, h3, hs}] ;

-
=

b1 b2 @3
(8 // mig,1 // maz,1) = (8 // ma3,2 // myas1)

lTrue

frue _, R3 . divide and conquer

{Rms; Rmgy Rpyy // Migs1 // Mess2 // m3ess,
=N

Rpg; Rmpg Rmzs // myg,1 // mas,o // m3es3}

are also definable propertles) Faster is better, leaner is meang

. . ) _ . 1 hy h, hs 1 h;
| will explain some things | know about polynomial time knatlynomials and 5 5
explain where there’s more, within reach. t T, 0 0 t T,
(v- )Tangles | | | | { b, T2 1 g ||y, T2 1
Ll T2 T3 T2 T3
Tl — T2 —_— — Tl — T2 ty - -1+T3 -1+T3 ts -1+T3 -1+T3
| ’ | | | Ly T T3 _ L _ N T _ T2 T3 __ _ L ___ __ ___
z = Rmy,, 1 Rmy7 Rmgs Rmy, 11 RP3g 5 RPg, 13 RP14,9 RP10,157
al b e jc Polz=z // my1, {k, 2, 16}];
T == T R
WhyTangIes? | 11-T%+Ti2—T——8T1+4T2 3 by
e Finitely presented,. (meta-associativitymg®/ma°® = mtéc// m’) R |
e Divide and conquer proofs and computations. UeT,
e “Algebraic Knot Theory": IfK is ribbon, ch7
ﬁ ﬁ Lo | . g
Z(K) € {clx(0): cli(0) = b i Ton S Closed Componentdhe Halacheva trace tsatisfiesmg?// tre =
U U 2 a
(Genus and crossing number‘ tr|V|a| ol ribbon K e mP3//tr. and computes the MVA for all links m t‘he atlas, but

dqmam is not understood:

Theorem 1. 3! an invariantz,: {pure framedS-componen
tangle$ — T'o(S) = Rx Msyxs(R), whereR = Rs = Z((Ta)acs) is
the ring of rational functions i® variables, intertwining

wiw2 | S1 Sy

t tre ,ua) | S
cla 0 = 9
S|y = u=l-a | E+y0/u ;
Halacheva,
tre [Tlo_, A_]] := Module[{ot, o, ¥, /

@ o) (Bt Ay \/V\/

(3 2)= (%5257 757 ) e eame (

\ \
w(l-a), E+¥*6/ (1-a)] // I‘Collect] /\ﬂ/\
(8 // Mgy /7 tx1) = (€ // My1s1 // trs1) cly: trivial example

nbbon

Weaknessese mE® and tg are non-linear.e The productwA is
always Laurent, but my current proof takes induction witpa@
nentially many conditionss | still don’t understand ; “unita-
rity”, the algebra for ribbon knots/ \Where does it come from

w1|Sl w2|82) L

) S1 |Ar 0,

(51|A1 Sz | A S; ‘01 A

w|la b S

ala B 0 m® (Hel ¢ S )

bly 6 € T.7 T LC vy+ad/u €e+00/u J,

— lalb ™ e | S g+ E+yb

Sle v 2 =1-p8 ¢ +ay/u Yo/
1la b

andsatisfying(la; aXb,bXa)i i%; all 1-T#
b|o T

v-Tangles. >R /‘R3L/) Ey &

In Addition e The matrix partis just a stitchi
formula for BurayGassnerl[D, KLW, CT].
e K — w is Alexander, mod units.

MVA, mod units.
e The fastest Alexander algorithm | know. e :
e There are also formulas for strand deletlon

F"olyak & T. Ohtsuki
reversal, and doubling. @ Heian Shrine, Kyoto

e Extends to and more naturally defined gwiatangles.

| Letl = CA=X). ThenAY =

e Every step along the computation is the invariant of somethi

e Fits in one column, including propaganda & implementatiop_

woen( ><>Qmﬂ |
()51 R

=CA
[T17/1™Y =*universalt{(Dg)®S" =

- YY

2o (=Y [N

Fine print: No sources no sinks, AS vertices, internallycticy deg= (#vertices)2.
ikely Theorem.[EK, En] There exists a homomorphic exp3

(Also IHX)

Implementatiorkey idea: wep/Demo

((U A_ ((I )) PN T /2 Tlw1, 217 T(w2_7 227 *=Tlwi*wz, 21+22]; ~— ~ ~
’ ab, h‘,x,e - [Tle., A]] := Module[(a, By ¥,6,6,€,9,¥,8, 1},
((L)a/1 = Z aabtahb) | aBe Oty hyA Oy, A Op A
________________ 1 [7{ 6 €| =]0kn,A Otm, A O, A /. (t|h),,=0;
[Collect[T[«~ , 2 ]] := T[Simplify([«], | -2V [ Oy, A gl
Collect[?, h_, Collect[#, t_, Factor] &]];
N | Yy+ad/u e+é6/u
[Format [T[« , A 1] ::Module[(s M}, | r[(u-l—/i)a/, (t:k,l)A(dHo(w/u E+uf8/u)‘(h“1)]
s = Unionﬁcases[!‘[u, 2, b|t), = a, ] |
M = Outer|[Factor|[dy,c,, 1] &, S, S]; | /o {Ta> Ty Tp>Te} // rc°lle°t];
M = Prepend[M, t.& /@ S] // Transpose; L 11-T, .
M = Prepend[M, Prepend[h. & /@ S, ]]; RPa» = r[l’ {ta, ). (0 T, )'(h“’ hb)] ’
M // MatrixForm]; Rm., :=Rp, /. T.>1/T.;

sion (universal finite type invariand): VI — A". (issues suppresseq

Too hard!Let’s look for “meta-monoid” quotlents
The w Quotient

e X

N

its

AN-

A" = UFL(S)® = CWS)) |
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Workin Progress oPglynomial Time Knot Polynomials,

Theorem 2[BND]. 3! a homomorphic expansion, aka a f

momorphic universal finite type invaria@ of pure w-tangleg
= log Z" takes values iffL(S)S x CWS).

zis computablez of the Borromean tangle, to degreeBN]:

TUITE 3

+ cyclic colour
permutat|ons
for trees

0

+3

GCOODBDC -

Nice, but too hard

(I have a fancy free-Lie calculatoris€3/FL

Propositior{BN]. Modulo all re-

lations that universally hold for\

the 2D non-Abelian Lie alge- $
[u, V]

fefinition. (Compare BNS, BN]) A | The Abstract Contex
meta-monoidis a functdvl: (finitesets, ~—~ -~~~ ~"~"~"~""""~

injections)-(sets) (think ‘M(S) is quantunGS”, for G a group)
along with natural operations M(S;) X M(S;) — M(S1 LU Sy)
wheneverS; NS, = 0 andm@®: M(S) — M((S\{a, b}) u {c})
whenever # b € S andc ¢ S\{a, b}, such that

meta-associativity: mé°/mé¢ = mp°/mg®
meta-locality: mg2/md® = mie/mg®
and, withe, = M(S — S u {b}),
meta-unit: e,/mE® = Id = g,/mb2,

LClaim. Pure virtual tangleBVT form a meta-monoid.
" [Theorem.S I'o(S) is a meta-monoid angy: VT — This a
morphism of meta-monoids.
Strong Conviction.There exists an extension bf to a bigger
meta-monoid ;1 (S) = I'o(S) xI'1(S), along with an extension ¢
o 10 Zg1: PVT — T'gq, with

I'1(S)=VeV?2eVReS3V)®2  (withV = Rg(S)).
Furthermore,upon reducing to a single variable everything
polynomial size and polynomial time.
FurthermoreT'gy is given using a “meta-2- cocyc,bglb overly”
In addition tomg® — mP, there areRs-linear me: Fl(S U
(a,b}) — I'1(S U {c}), a meta-right-actio®: I'y(S) x [x(S) —

bra and after some changes-of-
variable, 2" reduces ta@,.
Back to v — the 2D “Jones Quotient”.
(= 45 o dsh &
¢ - @ N © A
Contains the Jones and
Alexander polynomials,

U U The OneCo Quotient.

= 0, only one co-bracket is allowed.
¢ ﬂ\ Everything should work, and everything is being work
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...yet
still too ha¥d'

Likely related to ADQO]

“swinging”

r

—+

@D
slice knot that mighit not

be ribbon (48 crossings).

7 M1(S) Rs-linear in the first variable, and a first ordeifférential
' operator (oveRs) p2°: To(S U {a, b}) — T'y(S U {

(G0, Q)R = (Zo// M2, (¢, o)/ e + dof/E")
ardsmz®, o, andp2®. The “ribbon element”.
exam
a ribbon Singularity  a clasp singularity a
ties”, but no “clasp singularities”. A “slice knot” is a knat
Conjecture Some slice knots are not ribbon.

What's done?The braid part, with still-ugly formulas.
1c’
A bit about ribbon knots A “ribbon knot” is a knot that can b
S3 = 9B* which is the boundary of a non-singular disk B
ox-Milnor. The Alexander polynomial of a ribbon knot is al

c}) such that
What's missingA lot of concept- and detail-sensitive work to
i <ag
presented as the boundary of a disk that has “ribbon sing
very ribbon knots is clearly slice, yet,
ays of the formA(t) = f(t) f(1/1). (also for slice

oF

T):

er,

Comment. Math. Hel67 (1992) 306-315.
I I'm slow and feeble-minded.

, “God created the knots, all else in
. topology is the work of mortals.”

Leopold Kronecker (modified)
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Dror Bar-Natan: Talks: LesDiablerets-1508: FreeLie‘ Demo see especially weB/FLD, wep/WKO4, and wep/PP.
Loading, initializing variables, setting default degree to 6. Meaningless calculations.

(The Mathematica packages FreeLie and AwCalculus‘ are at wef/WKO4).
path = "C:/drorbn/AcademicPensieve/";

SetDirectory[path <> "2015-08/LesDiablerets-1508"];

{b[F, G], tr«[F]}

Get[path <> "Projects/WKO4/FreeLie.m"]; {LS[O, O, _i XYY, —— XYY Y, 0 XXXYY - ﬁ XRXYVY Y-
Get[path <> "Projects/WKO4/AwCalculus.m"];
x=ILWe"x"; y=1LWe"y"; u=LWe"u"; —— 1

XYy XYy _ 1 XX XYY Y
$SeriesShowDegree = 6; 1440 720 XXY XY~ 3.0 XYY VY laz0
Freelie' implements / extends 1 1 Ix XYy XY ES y

+ .« ..
) ) ) 2880 2880 ' !
{*, +, x*, $SeriesShowDegree, (), J, =, ad, Ad, adSeries, AllCyclicWords,

2 XXV XYY VVY XXVY XYXY XYVY AAAY
AllLyndonWords, AllWords, Arbitrator, ASeries, AW, b, BCH, BooleanSequence, CWS | - %I ﬁl 180 + 30 - 360 - 180 + 240 - 240 - 1440
BracketForm, BS, CC, Crop, cw, CW, CWS, CWSeries, D, Deg, DegreeScale, _ EXXXY XXXYY _ XXVX 2XXYYY XY XYVY IYYVY
DerivationSeries, div, DK, DKS, DKSeries, EulerE, Exp, Inverse, j, J, JA, 5040 6720 1120 945 336 6720 10080’
LieDerivation, LieMorphism, LieSeries, LS, LW, LyndonFactorization, Morphism, X:;QG{O - XT§4:V - X::ZO X:;;{ZV 131)5)(0\[8); Y + }1{68}(; -
New, RandomCWSeries, Randomizer, RandomLieSeries, RC, SeriesSolve, Support, t, Ty SRR RIS TEY T - v
tb, TopBracketForm, tr, UndeterminedCoefficients, aMap, I, ¢, A, O, A, —, A}. 3780 - 840 + 5040 + 2240 6720 + 60480 ' ]}
FreeLie' is in the public domain. Dror Bar-Natan is committed to Al . . . : ﬁ/l
implemented: n rivations in general n
support it within reason until July 15, 2022. This is version 150814. ( $0 p cme ted a/l a d de ations ge cral, tb’ € a d
. . . - . N
- morphisms in general, div, j, Drinfel’d-Kohno, etc.)
AwCalculus® implements / extends

{x, %%, =, dA, dc, deg, dm, dS, dA, dn, do, E1, Es, hA, hm, hS, hA, hn,
ho, RandomElSeries, RandomEsSeries, tA, tha, tm, tS, tA, tn, to, T, A}.

The [BND] “vertex” equations.

AwCalculus® is in the public domain. Dror Bar-Natan is committed to

support it within reason until July 15, 2022. This is version 150814. L k )
- . SETIR ) and _u .
BCH[x, y] (* Can raise degree to 22 %) )\\ )\\ \ !
T yz T vz % 0 x P y z Y i y

Y

IS|®+7, 2, L xxy + L+ Xyy, T xXVYy, a=LS[{x, y}, as]; B=LS[{x, y}, Bs];
S - 2 ¥=CWS[{x, y}, ¥sl;

1 — 1 == 1 = ] V=Es[(x>a, y-B), ¥l;
— T XX XXY + " XX XYY + - XXYYV+ XY XYV +
720 180 180 120 Kk =CWS[{x}, ks]; Cap=Es[(x->LS[0]), x];

Rs[a_, b_] := Es[(a—-> LS[0], b- LS[LW@a]), CWS[0]];

ﬁ XXY XY - 720 XYY VY, 7XX1X4ZO 3]6-0 XX XYY y+ R4EqQn = V** (Rs[x, z] // dA[x, x, y]) = Rs[y, z] **Rs[x, z] *»*xV;
— UnitarityEqn =
ﬁ KXY XYY + % XXXV XY - x—?—}oﬂ, .. (V% (V//dA) = Es[(x »LS[0], y-LS[0]), CHS[0]]);
CapEqn = ((V* (Cap // dA[x, x, y]) // dc[x] // dc[y]) =
KV Direct. (Cap (Cap // do[x, y]) // de[x] // de[y]));
(F=1S[{x, y}, Fs], G=LS[{x, y}, Gs]}; Fs["y"] =1/2; Bs["x"]=1/2; Bs["y"]=0;
SeriesSolve[{F, G}, SeriesSolve[{a, B, ¥, k},
(A~ R4Eqn) A UnitarityEqn A CapEgn];
Al (LS[x +y] -BCH[y, x] = F-G-Ad[-x] [F] +Ad[y] [G]) /\ ™, x}

divy, [F] +divy[G] =

. . ng: In degree 1 arbitrarily setting {«s[x] - 0}.
2 try[adSeries[-2'-, x][u] +adSeries[-21-, y][u] - ? rrarty et 9 ksbg > 03
2 e3d-1 e3c-1 : In degree 3 arbitrarily setting {as[x, y, y] - 0}.
adSeries [ :dd 17 BCH[x, y] ] [u] ] ] ; Series : In degree 5 arbitrarily setting {as[x, x, x, y, y] - 0}.
edd_

al:stop:

{F, G} (* Can raise degree to 13 x)

Further output of Series exArbitrarilySetting will be suppressed during this calculation. >>

- XY 71X XXV T2 XVyY X N
¥ L= T — e B — Bs|(®-1s[0, -, o, - + Bev o,
15| ¥ = 1% -l v xwv o+ x % + L% { 24 5760 5760 1440
{ 5 6 ! o4 YYor T80 Yy 30 Yy 360 YY Y
1 1 1 _31xxx xX 3lxxx X _ 83xxXVy _ 31xXVX _ 31x XXV XV
_ XKXRKVY + — X XV + XV RXVY + — XXV XV — 967680 483840 967 680 725760 645120
720 Yy 240 yyy 240 ¥ Yy 720 ¥ ¥ — J—
13X XV 101XV X v 527X XVYV XY _ XYYy
Faa b Fa —_— 24192 145152 4 A
XY , XXX XX _ XXX X + 13xx X + 1 XXY XYY + 920 51520 5806080 60480
1440 5040 1344 15120 840
R ToLs|[E O_E g xx®Y 1 oo, 1 oo _xxxXY
— = = ——T — Y [ 2’ 127 7' 5760 720 YY * 550 2YY ¥y 7680
X XKV XY XX VAY + XYV X + X X X _ XYy
PR
3360 6720 1260 1680 10080 XX RV _ XXV X _ XXX XXV + 23 XXX XV _ 13xxXVy _ XXV X
— 3 — 3840 6912 ' 645120 483840 161280 22680
e 1 — 1 [ 1 =
Ls|0, 5, = X - XXXy + = XX + = X PR R
T2 24 XYY T35 Y * 10 VY * g0 XYY Yy — — — — =
41xxx—‘x—y+xx— yy+x—yﬁ y+71xx—yx—‘_x—y YYY ]
1 — — 1 — 1 580608 15120 12096 483840 30240 ' ’
-—— XXX + == XX + —— XYy X + = XXy XY -
720 Y¥ o0 YY Y 540 2Y XYY * 95 Y=y CWS[O _X XXy | XXyy | XYY XVYY
" 48’ 7' 2880 2880 5760 2880 " 7
%y e = o o o oo — - Y — Y. — Y _ - Y _
X , ZEEREEY XXX X AXRXYVY | XAV X e P 120960 120960 120960 120960 241920 120960
1440 10080 2016 1890 1120 5040 TR TETTTY TR TETTY e T
120960 120960 362880 120960 241920 120960 ' H'
XRXYVYVY VY 1 XYY XY

—_—— X X P XVY XX REXK HXHIXK
+ = XY X + - - 22 e
2520 840 Y Xyyy 1260 5040 ' ]} CWS[O’ 96 ' 0, 115207 0, 725760 ' ]}
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From V to F to KV following [AT].

logF = A[V]I1] // do[{x, y} - {y, x}];

. ead_1
logF // EulerE // adSer:.es[ , logF, tb]

ad

1 —_— 1 — 1 —_—
- X XX + — X X + — X
180 Y+ % YY * 550 *YY Vs

<?9LS[%, =, LFyy,

1 — 1 — 1 e 1
- == XXX + == XX + == XY X + == XXY XY -
720 YY * 9. YY Y+ o0 2Y XYY + 555 yxy
X XXX XXV XXX X 13 XX XVV Y 1 —_——
- + =— XXV X +
1440 ' 5040 1344 15120 840 yxyy
X XXV XY XXV XY XY XXYVY XY _ XYV VY
3360 6720 1260 1680 10080 " T’
— %y 1 — 1 r— 1 jr— 1
- LS|0, %Y, = % - XXXy + —— XX + = X
y T oa YYr =360 y 120 YY * 750 YY Y
- xxx - x % A + e XXV XY -
720 YY * o4 YY Y+ o0 2Y XYY *+ 558 y =y
X , XXX XX _ XXX X + XX XVVY + XXYy X + X XX X +
1440 10080 2016 1890 1120 5040
XXV 1l = XRXVY XY X
EXYVYY | 2 %V X + -
2520 ga0 XY XYY Y 1260 5040 ]>

®s[2, 1] = &s[3, 1] = @s[3, 2] = 0; Solving for an associator @.
®s[3, 1, 2] =1/24; &=DKS[3, &s];
SeriesSolvel&,
(§0[3,2,1] = -3) A
(B % $001,23,4] 44 50[2,3,4] £ 30012,3,4] 44 §c[1,2,34])];

% (» Can raise degree to 10 )

SeriesSolve:ArbitrarilySetting : In degree 3 arbitrarily setting {®s[3, 1, 1, 2] » 0}.
SeriesSolverArbitrarilySetting : In degree 5 arbitrarily setting {®s[3, 1, 1, 1, 1, 2] -» 0}.

7ti3trztoztay
5760

7tiatiatost
5760

ti13ti3ti3t
1440

DKS| O, it13t23, 0, -

0 31tj3tp3toztoztoztyy 157 ty3tiatoztoztiztss
! 967 680 1935360

31t13to3tiztoztost
387072

 31t13%13tp3tr3t03t03
483840

11t13t13%13€p3%13%p3 | 31t13%13€3%13%p3¢p3 | 83t13t13t1atoatont

290304 725760 967 680
13t13t13t13%1atpatpy | t1atiatiatiatiat
241920 60480 ’
1|2 34
—
N

The “buckle” Zg, from @. ~ |/JL ::: |
—

R = DKS[t[1l, 2]/2];

Zp = (-3)9013,2,4] 44 3011,3,2] 4% ROI2,3] 4y (&) 0[1,2,3] 4y
gol12,3,4] ;

Zp@ {4}

Ty _ 1 _ 4 1 2
DKS[ S T3, tiztes - ov Riatos+ 70 Tia tas + 75 Toa Bag,

4 L14at34%24%08
1920

Ttigtogtogt
+ 14 24 t24 t24

0 13to3to3t
! 5760

5760

t14to4t14 %34

14t34%04t34 1 t..Tiatoat
- — +
1920 13 T13 23 T23

1920 ~ 720

Ttiatiatiatss
5760

1 Tor.o_ Ttiatigatostog
ti1z3tiztiztos - +
T,0 ti3tiztiztos 760

£14%24%34%34  T14t14%14%24  L14%t14%14%3g

- L tistiatoatag +

5760 1440 1440 960
t]g tzg tzg t34 1 [ rer— tzg tzg t24 t34
- o toatostagtss - ’

5760 960

V from Zp, following [AET, BND].
(E1[Zg // oMap[l, 2, 3, 4], CWS[O0]] // T // tn* // tn3 //
hn? // hn* // ho[{3} > {2}] // to[{2, 4} » {1, 2}]) [

1]
1%LS[O, 12 o, 71112 71122 1222
24 5760 5760 1440
031111172 311117122 831171222 311727122 31111272
967 680 483840 967 680 725760 645120
13112222 , 100127222 | 5271712212 _ 122222

241920 1451520 5806080 60480 ' "]

2-51s|t, 12,0, L2 L1772 . L T722,
2 12 5760 720 720

11172 11722 112712
7680 3840 6912 '

111112 23111722 13117222 1127122 41111272
645120 483840 161280 22680 580608
112222 , 1271222 , 71112272 _ 122222 ]

15120 12096 483840 30240 7 T

The Borromean tangle.
Rs[a_, b_] := Es[(a-» LS[0], b-» LS[LW®@a]), CWS[0]];
iRs[a_, b_] := Es[(a>LS[0], b-» -LS[LW@a]), CWS[0]];
€= iRs[r, 6] Rs[2, 4] iRs[g, 9] Rs[5, 7] iRs[b, 3] Rs[8, 1];

€ // am[r, k, r], (k, 1, 3}]; é\ ,

Dol = ’ ,
Do[ = & // dm[g, k, g], {k, 4, 6}]; 1 .

Do[f = £ // dm[b, k, b], {k, 7, 9}]: /\J
(e[1].@ {5}, cr21e{5}} // Print §—

24
CWs|0, 0, 2 bgr, bbgr - bgbr + bggr - bgrg + bgrr - brgr, %95
bbgbr + bbggr + bbgrg + bbgrr + bbrbg _ 3 bbrgr + bgbrr _ 3 bggbr + bgggr _
2 2 2 2 2 2 2 2 3
bggrg + bggrr + bgrgg _ 3bgrrg + bgrrr + brggr _ brgrr + brrgr ]}
2 2 2 2 3 2 2 2 e
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