The slé62 Example (continues Schaveling [Sch]). H-

ere we have two formal variables 7y and 7>, we set ﬁ
. . {
Tz = T1T,, we integrate over 6 variables for each ;
edge: pii, p2is P3is X1is X2i, and x3;. Schaveling
@T;:T]_Tz; 1‘._+ :=i+1;
$r =

(CFeNormal[# +0[e]?] /.
{7(7'.5__ B B-l Tiss Xis > B-l Xiss

pis »Bpi}/.eB™/;b<0-50/.B51)&;

©vVs; :=Sequence[ps, i, P2,is P3,is X1,is X2,i5 X3,i]3
Flis__1 :=E[Sum[n, ;p,,i, {i, {is}}, {v, 3}]11;
L[K ] :=CF[L /@Features[K][2]];
vs[K 1
Union @@ Table[{vs;}, {i, Features[K][1]}]
The Lagrangian.

© £L[Xi_,; [s_1] := T3 E[CFePlus|
Doy [t (Brir = put) + %05 (Puge = Pvi) + (T3 -1) Xui (Puir = Pus®) )5
(T3-1) p3j xai (T3 Xai - X25)
€s (T3-1) pay (P2i - P25) Xs:/ (T3 - 1),
€s (1/ 2 + T3 P1i P2j Xai X2i — P1i P25 X1i X25 - P3i X3i -
(T3 - 1) P2j P3i Xa2i Xzi + (T3 = 1) P2j P3j Xai X1 +
2 pyj P3i X25 X3i + P1i P37 Xai X35 = P2i P35 X2i X35 —
T3 P2j P3j Xai X35 +
( (Ti - 1) P1j X1i (T§5 P2j X2i = T3 P2j Xa5 -
(T3 +1) (T3 -1) psj Xai + T3 P3; Xz5)
(T3-1) p3jXai (1 - T3 Pai Xai + Pai Xoj +
(r2-1))]]
©LIC [¢ 11 :=T{E[D" Xyi (Pyir =Pvi) +€ ¢ (Pai X3i -1/2)]
Reidemeister 3.

(T2-2) P2y x25)) /

©Short[
lhs = ff[i, s K1 < £ /@ (Xi,5[1] Xi+ i [1] X5+ i+ [1])
d{Vsi, VSj, VSk, VSj+, VSj+, vsk+}]
amnT;

3e
IE[7 +Ti P1,2+i 7T1,i — (-1+Tq) Tq P1,2+5 7T1,i + <<15@>>]

© phs = J'r[i, 35 K1+ £ /@ (X, [1] X0 [1] X+, 3 [1])
d{VSi, VSj, VSk, VSji+, VSj+, VSi+};
lhs == rhs
OTrue

The Trefoil.
©K = Knot[3, 1]; jL[K] d vs [K]

=9 —

a-((17373
E[-((e (1-Ty+Ti-Tp-T3 T+ T3+ T4 T3 -
T+ TiT-TiT5+T973)) / ((1-
(1-Tp+T3) (1-TiT2+T373))) )/
((1-Te+T3) (1-Tp+T3) (1-TyT,+T5T3)))

A faster program, in which the Feynman diagrams
are “pre-computed” (see theta.nb at wef/ap):

| ©Rq[s_, i_, j_1=CF[

S (1 /2 -gsis + T3 8131 8291 — B1ii 8259 - (T§ = 1) 824i 83ii +
2 8555 8311 - (1 - T3) 8251 835i — 8211 8335 - T3 B25i B335 +
81ii 8335 +
((T5-1) 8131 (T3° 8291 - T3 8235 + T5 8355) +
(T3-1) g3js (1-T38155- (T1-1) (T3+1) gaj5 +
(T3-2) g255 + 8213) ) / (T3-2) ) |5
©e[{se_, i6_, jo_}, {s1_, i1_, ji_}] :=
CF[s1 (1:9-1) (15" -1) = (157 - 1) 84,51,10 83, 50,11
( (Ti" 82,i1,i0 - B2,i1,70) - (Tie 82,51,10 - 82,51,50) ) |
OT1le s k.1 =-0/2+¢83kk;
We call the invariant computed 6:
©6[K_] :=Modu1e[(Cs, ¢, n, A, s, i, j, k, A, G, v, a, B, gEval, c, z},
{Cs, ¢} =Rot[K]; n = Length[Cs];
A = IdentityMatrix[2n +1];
Cases[Cs, {s ,1,7 }=»

(pnci, 33, cien, Gemmes (50T

A = T(-Total[v]-Total [CSTALL,1I1) /2 pat [A] ;

)l

G = Inverse[A];
gEval[& ] := Factor[& /. 8, .,z = (Gla, A1 /. T>T,)1;

z= gEval[Z:l:lEz:le[cSuku], Csik211];
z += gEval [Eﬂ R; @@ Cs[k] ] ;
Z += gEval[Zi:lr‘l[tpEk]], k1]s
B, (A/.ToTy) (A/.T>Ty) (A/.T-Ts) 2z} // Factor];
Some Knots.
© Expand[6[Knot[3, 1]]]
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® PolyPlot[@] = Graphics[{}];
PolyPlot[p ] := Module[{cr‘s, ml, m2, maxc, minc, s, hex},

s s 1=-E; t Tq1,Mi 2=-E: t To,Mi
crs = Coeff1c1entRu1es[T'; Xponsntip,flab NI N2esExponent P, 12, He01E)

{T1, Tz}]i
maxc = NeLog@Max@Abs [Last /@crs];
minc = NeLog@Min@Select[Abs[Last /@crs], # > 0 &];
If[minc == maxc, s[_] =0,

s[c_] :=s[c] = (maxc - Log@c) / (maxc - minc)];

hex = Table[{Cos[a], Sin[a]} /Cos[2x/12] /2,

{a, 27/12, 27, 27t/ 6}];
Gr‘aphics[crs /. ({x1_, x2_}->»c_) » {

If[c == 0, White, Lighter[If[c > @, Red, Blue],
0.88 s[Absec]]],

1 -1/2

e«/?/z

PolyPlot[{4 , & }] := PolyPlot[&]

&/@hex] }] ];

Polygon[[[ ].(x1+m1, X2 +m2} + #

Video and more at http://www.math.toronto.edu/~drorbn/Talks/Beijing-2407 and
http://www.math.toronto.edu/~drorbn/Talks/Geneva-2408.
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