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Balloons and Hoops and their Universal Finite−Type Invariant,

BF Theory, and an Ultimate Alexander Invariant
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Scheme. • Balloons and hoops in R4, algebraic structure and
relations with 3D.
• An ansatz for a “homomorphic” invariant: computable,
related to finite-type and to BF.
• Reduction to an “ultimate Alexander invariant”.
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Examples.

Kbh(m,n).

Meta-Group-Action.
If X is a space, π1(X)
is a group, π2(X) is an
Abelian group, and π1

acts on π2.

K � hmxy
z : K � thaux:
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(“�” is newspeak for
“apply an operator”
and for “composi-
tion left to right”)

Properties.
• Associativities: mab

a � mac
a = mbc

b � mab
a , for m = tm, hm.

• Action axiom t: tmuv
w � thawx = thaux � thavx � tmuv

w ,
• Action axiom h: hmxy

z � thauz = thaux � thauy � hmxy
z .

• SD Product: dmab
c := thaab � tmab

c � hmab
c is associative.

K � tmuv
w :

• δ injects u-Knots into Kbh (likely u-tangles too).
• δ maps v/w-tangles map to Kbh; the kernel contains Rei-
demeister moves and the “overcrossings commute” relation,
and conjecturally, that’s all. Allowing punctures and cuts, δ
is onto.

Operations. Set (λ̄1;ω1) ∗ (λ̄2;ω2) := (λ̄1 ∪ λ̄2;ω1 + ω2) and
with µ = (λ̄;ω) define

tmuv
w : µ 7→ µ � (u, v 7→ w),

hmxy
z : µ 7→

((
. . . , x̂ : λx, ŷ : λy, . . . , z : bch(λx, λy)

)
;ω

)

thaux : µ 7→ µ

“stable apply”︷︸︸︷
�� (u 7→ ead λx(ū)) � (ū 7→ u)︸ ︷︷ ︸

µ�CCλx
u

+ (0;Ju(λx))︸ ︷︷ ︸
the “J-spice”

A CCλ
u example.
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I mean business!
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Meta-associativity.
mab

a � mac
a

= mbc
b � mab
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Tangle concatenations → π1 ⋉ π2.
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The Meta-Group-Action M . Let T be a set of “tail labels”
(“balloon colours”), and H a set of “head labels” (“hoop
colours”). Let FL = FL(T ) and FA = FA(T ) be the (com-
pleted graded) free Lie and free associative algebras on gen-
erators T and let CW = CW(T ) be the (completed graded)
vector space of cyclic words on T , so there’s tr : FA → CW.
Let M(T,H) :=

{(
λ̄ = (x : λx)x∈H ;ω

)
: λx ∈ FL, ω ∈ CW

}

Invariant #0. With Π1 denoting “hon-
est π1”, map γ ∈ Kbh(m,n) to the triple
(Π1(γ

c), (ui), (xj)), where the meridian of
the balls ui normally generate Π1, and the
“longtitudes” xj are some elements of Π1.
∗ acts like ∗, tm acts by “merging” two
meridians/generators, hm acts by multi-
plying two longtitudes, and thaux acts by
“conjugating a meridian by a longtitude”:

u1 u2

x1 x2

Failure #0. Can we write the x’s as free words in the u’s?
If x = uv, compute x � thaux:

x = uv → ūv = uxv = uūvv = uuxvv = uuuxvvv = · · ·

Thus we seek homomorphic invariants of Kbh!
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ǫx:

ǫu:

ρ+
ux:

ρ−
ux:

b
2 4 1

3
δ a

δ δ

δδ

Video and more at http://www.math.toronto.edu/~drorbn/Talks/Oxford-130121/ and at
http://www.math.toronto.edu/~drorbn/Talks/Hamburg-1208/
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