
Chapter 5 
1, Find the following limits. 

ii) 
2
8lim

3

2 −
−

→ x
x

x
 

 solution: 

 

( )( ) ( )
124444lim2limlim

42lim
2

422lim
2
8lim

22

2

2

2

2

2

2

3

2

=++=++=

++=
−

++−
=

−
−

→→→

→→→

xxx

xxx

xx

xx
x

xxx
x
x

 

iv) 
yx
yx nn

yx −
−

→
lim  

 solution: 

   

( )

( ) 1
1

0

1
1

0

1

1

0

1

1

0

1

lim

limlimlim

−
−

=

−
−

=

−−

→

−

=

−−

→

−

=

−−

→→

===









=

−









−

=
−
−

∑∑

∑
∑

n
n

i

n
n

i

iin

yx

n

i

iin

yx

n

i

iin

yx

nn

yx

nyyyx

yx
yx

yxyx

yx
yx

 

vi) 
h

aha
h

−+
→0

lim  

 solution: 

   

( )( )
( )

( ) ( )

( ) aaaaha

ahaahaahah
h

ahah
ahaaha

h
aha

hh

h
hh

hh

2
11

limlim
1

lim
11limlim

limlim

00

0
00

00

=
+

=
++

=

++
=

++
=

++
=

++
++−+

=
−+

→→

→
→→

→→

 

3, In each of the following cases, find a δ  such that ε<− lxf )(  for all x satisfying 

δ<−< ax0  

ii) 1,1;1)( === la
x

xf  

solution: 

 εεεε xx
x
x

x
lxf <−⇔<

−
⇔<−⇔<− 1

1
11)( , since xx ≤−− 11 , 

then, ( )
ε

εεεεε
−

<−⇔−<+−⇔−−<−⇐<−
1

1111111 xxxxxxx  



.)(,0,
1

1

xallforlxfthenaxiflet

xax

εδ
ε

εδ <−<−<
−

=∴

−=−Q

 

iv) 0,0;
sin1

)( 2 ==
+

= la
x

xxf  

solution: 

 εεε ⋅+<⇔<−
+

⇔<− xx
x

xlxf 2
2 sin10

sin1
)( , since 1sin1 2 ≥+ x ,  

then εε <⇐⋅+< xxx 2sin1  

 
.)(,0,

0

xallforlxfthenxiflet

xxax

εδεδ <−<<=∴

=−=−Q
 

vi) 1,1;)( === laxxf  

solution: 

εεεε ⋅+<−⇔⋅+<+⋅−⇔<−⇔<− 111111)( xxxxxxlxf  

since 11 >+x , then εε <−⇐⋅+<− 111 xxx  

.)(,0,

1

xallforlxfthenaxiflet

xax

εδεδ <−<−<=∴

−=−Q
 

13. Suppose that  and that lim)()()( xhxgxf ≤≤ )(lim)( xhxf
axax →→

= . Prove that  

exists, and that 

)(lim xg
ax→

)(xlim) h
ax→

(lim)(lim xfxg
axax →→

== . 

 Proof: 

 Let’s consider two new function T )()()()()()( xfxgxTandxfxhx −=′−= , since 

, then we know: )()()( xhxgxf ≤≤ 0)()(, >′>∀ xTxTx . 

On the other hand, 

( ) 0)(lim)()(lim0)(lim)(lim)(lim)(lim =⇔−⇔=−⇔=
→→→→→→

xTxhxfxhxfxhxf
axaxaxaxaxax

 

from the definition of limit we know,  

for εδδε <−⇒<−<∃>∀ 0)(0,,0 xTaxthatsuch oo   (1) 

since )()(0)()(, xTxTxTxTx ′>⇒>′>∀ , from (1) above, we know 

for εεδδδε <−′⇒<−⇒<−<=>∀ 0)(0)(0,,0 xTxTaxthenlet o , which 



means . 0)(lim =′
→

xT
ax

( ))()(

lim0)(

xfxg

x

a

ax→

−

⇔=′

lim
→ax

0)( >xg sin

)(lim =
→

xg
ax

1sin)(lim =
→ x

xg
a

0)( <xg

Then, 

( ) ( )
[ ] )(lim)(lim)(lim)(lim

)(lim)(lim)()(lim0)()(lim

xfxgxfxf

xfxfxfxgxfxgT

axaxaxx

axaxaxax

→→→→

→→→→

=⇔=+⇔

=+−⇔=−
 

Since we already knew )(lim)(lim xhxf
axax →→

= , then Q.E.D. 

21.  

a) Prove that if , then 0)( =xg 01sin)(lim =
→ x

xg
ax

. 

Proof: 

If , )(1sin)()(111sin111 xg
x

xgxg
xx

≤⋅≤⋅−⇔≤≤−⇔≤  

Since 0)(lim =−
→

xg
ax

, applying the result of problem 13 above, we know: 

0
x

 

If , )(1sin)()(111sin111sin xg
x

xgxg
xx

≥⋅≥⋅−⇔≤≤−⇔≤

0

, 

same as , we got )(xg > 01sin)(lim =
→ x

xg
ax

 

If , then 0)( =xg 00lim1sin0lim1sin)(lim ==⋅=
→→→ axaxax xx

xg  

Q.E.D. 

b) Generalize this fact as follows: If 0)(lim =
→

xg
ax

 and Mxh ≤)(  for all x, then 

 0)()(lim =
→

xhxg
ax

Proof: 

If ,  0)( >xg

)()()()()()( xgMxhxgxgMMxhMMxh ⋅≤⋅≤⋅−⇔≤≤−⇔≤  

Since 00)(lim)(lim =⋅=⋅−=⋅
→→

MxgMxgM
axax

, applying the result of problem 13 

above, we know: 

0)()(lim =
→

xhxg
ax

 

If ,  0)( <xg

)()()()()()( xgMxhxgxgMMxhMMxh ⋅≥⋅≥⋅−⇔≤≤−⇔≤ ,  



same as , we got 0)( >xg 0)()(lim =
→

xhxg
ax

 

If , then 0)( =xg 00lim)(0lim)()(lim ==⋅=
→→→ axaxax

xhxhxg  

Q.E.D. 

37. We define to mean that for all N there is a ∞=
→

)(lim xf
ax

0>δ , such that, for all x, if 

Nax <−<0 δ xfthen >)(, . 

a) Show that 
( )

∞=
−→ 23 3
1lim

xx
 

Proof: 

 
( )

( )
N

xx
N

N
x

1331
3

1 2
2 <−⇔−>⇔>

−
 

( )
N

x
thenxifthatsuch

N
Nfor >

−
<−<=∃∀∴ 23

1,30,1, δδ  

According to the definition, 
( )

∞=
−→ 23 3
1lim

xx
 

b) Prove that if 0)( >> εxf  for all x, and 0)(lim =
→

xg
ax

then 

∞=
→ )(

)(lim
xg
xf

ax
 

  Proof: 

  
N

xg
N
xfxgxgNxfN

xg
xf ε

<⇐<⇔⋅>⇔> )()()()()(
)(
)(

 

  Q  0)(lim =
→

xg
ax

  from the definition, 
N

xgaxifthatsuch εδ <<−< )(,0, 0δ∃ 0  

  N
xg
xfaxifthatsuch ><−<∃∴
)(
)(,0, 00 δδ  

  Q.E.D. 


