Chapter 6

1. For which of the following functions f is there a continuous function F with domain

A suchthat F(x) = f(X)for al x in the domain of f ?

X% - 4

L f(X)=

, Yes. Thereissuch afunction g(x)=x+ 2

I, f(x):m, No. Cause lim ft lim f
X

x® 0* x® 0

1. f(x)=0, xirrational . Yes, thereissuch afunction g(x) =0

V. f(x)=

o |-

x =2 rational in lowest terms, No. cause im £(x)* f(a)
q a

3. (&) supposethat f isafunction satisfying |f(X)| £ |XI for al x. Show that f is continuous

at 0.
Solution:

~|[f(x)|2 0p |f(0)30

aso |f(x)|£[xP |f(O£[)=0

\ |f(0)|=OU f(0)=0

“FOIEN O -|X £ F(X)£]X

since we know IignOM =0, Iirxréo- X)=0

from a problem which we solved previoudy, if g(x)£ f(x)£ h(x) and
I)i((gnag(x) = I)!g; h(X) , then Ixi(gna f(x)= Ixi(gnag(x) = lecgr; h(x)

\ I)i([@no f(x) =0= f (0), it's continuous at 0.

Q.E.D

(b) Give an example of such afunction f whichisnot continuousatany at O.

N

Let f(x)={
!

f

Obvioudly, it's not continuousat any Xt O

X X irrational
2 § (x* 0)

X rational

X

(c) Supposethat g iscontinuousat 0 and g(0) =0, and |f(X)| £|g(X)| .Provethat fis



continuous at O.
Solution:

sameas(a), |f(X)|E£|g()|U -|g(x)|£ f () £|g(X)|
g iscontinuousat Oand g(0) =0 U I)i(&g(x):OU I)i(&|g(x)|:Ii%l0-|g(x)|:0
\ Ixi[FDn0 f(x)=0

f()|£]900| U |f(0) £|g(0)| = Of -

\ Ii[FDn0 f(x) =0= f (0), it's continuous at O.
12. (a) Provethatif f iscontinuousat |and I)i(g)n g(x) =1, then Ixi(rR)n f(g(x)=1().

Solution:
Construct afunction G with G(x) = g(x) for x* a, and G(a) = |

legnag(x):l p Ii&G(x):l
\ I)i(gn G(x) =G(a), Giscontinuous at a.
f iscontinuousat | and Giscontinuousata. P Iigw f(G(x) = f(G(a))=f(I)

~G(X)=9g(x) for x*t ab Ii(r@n f(G(x)):Iién f(g9(x))
\ fim f(g(x) = 1)

(b) Show that if continuity a | is not assumed, then it is not generdly true that
lim 7(g(x)) = T (lim g(x)).

For example:
Let f(x)=0 for x* |, and f(I) =1, then obviously, for any al A,Ii(r@n f(x)=0

\ lim T(g(x))=0
On the other hand, f (I)i(gn g(x)) =1()=1
\ |)i(g1 f (g(X)) is not necessary to be equal to f (I)i(gn g(x)).
14. () Suppose that g and h are continuous at a, and that g(a) = h(a) . Define f (X)to be

g(x) if x3 aand h(x) if X £ a.Provethat f (X) is continuous at a

Prove:



First of all, obviously, f(a)= g(a)=h(a)

On the other hand, g and h are continuousat a P Iig1 h(x) = Ii(gn g(x) =g(a) =h(a)
X® a X® a

From the definition, we know

"e>0,%d, >0,st. for 0<|x- a <d,, |h(x)- h(a)|<e @
dso: "e>0,%$d, >0,st. for 0<|x- g <d ,|g(x)- g(a)<e (2
Let d =min(d,,d,)
from(2), for 0<x- a<d,weknow|f(x)- f(a)|=|g(x)- g(a)<e,
from (1), for 0>x- a>-d, weknow|f(x)- f (@) =|h(x) - h(a)|<e,
thatis "e€>0,$d >0, st. for 0<|x- g <d,|f(x) - f(a) <e
\ I)i((gna f(x) = f (@), itiscontinuous at point a.
(b) Suppose g is continuous on [a,b] and h is continuous on [b,C] and g(b) =h(b).Let
f(x) be g(x) for xin[a, b]and h(x) for Xin[b, C].Show that f iscontinuous

on [ad]

Prove:

Obvioudly, f (b) =g(b)=h(b)
On the other hand, g and h are continuousat b P Ii(r@rl h(x) = Iigl g(x) = g(b) = h(b)

From the definition, we know

"e>0,%d, >0,st. for 0<|x- b <d,,|h(X) - h(b)|<e (@

dso. "e>0,%d, >0,st. for 0<|x- b/<d,,|g(x)- gb)<e

Let d =min(d,.d,)

from (1), for 0<x- b<d, weknow|f(x)- f(b)=|n(x)- h()|<e.
from(2), for 0>x- b>-d, weknow|f(x)- f (b)|=|g(x) - g(b)| <e,
thatis " e>0,$d >0, st. for 0<|x- b<d,|f(x)- f(b)]<e

\ Ii[®nb f(x) = f(b), it iscontinuous at point b.



it'sobviously that f (X) is continuous at anywhere else on [a, ¢]. Q.E.D.



