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Use the Weyl character formula to prove the Kostant multiplicity formula

Am V), = 3 () @kpfw(h+p) — (u+ p)
weWw
where A € X, and p lies in the convex hull of the Weyl orbit of \.
(In fact, it is pretty easy to see that this is just a reformulation of the Weyl
character formula.)
Let A, i, v be dominant weights. The tensor product multiplicities cf,, are
the multiplicities of V(v) in V(A) ® V(p). In other words,

V) @ V() =@V

Use the Weyl character formula to prove the Steinberg tensor product for-
mula
oy = Z (1)) dim V(i)v+p—wirte)
weWw
(Hint: let S %, denote the right hand side of the above equation. By consid-
ering characters, it suffices to show that

> S5 = XaXu

Using the Weyl character formula (as given in equation (4) in the notes),
let us write x) = Ax;,/A,, where

Ay = Z (_1>l(w)ew)\

weWw
Multiplying both sides by A,, it suffices to show that

A)\—f—pX,u = Z SKMAV'FP

Prove this last equality by Weyl invariance and by checking the coefficient
of e¥™” on both sides.)
The “leading term” in the Steinberg tensor product formula is dim V' (), —».
Prove (without using the Steinberg formula or the Weyl character formula)
that
chp < dim V(p), .
1
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(Hint: Note that cf, is the dimension of the space of N-invariant vectors of
weight v in V(A) @ V(u).)
(2) Let A = (Aq,...,\,) be a dominant weight for GL(n), Ay > --- > A,. Let
= (41, tn1) be a dominant weight for GL,,_;. We say that p < X if

M > A > 2>y > A,

Use the Weyl character formula to prove the following

Mler. . =BV

B<A

(Hint: One approach is to use the Weyl character formula to show that the

characters of the left and right hand sides are the same.)
(3) Let ¢ € I. Use the fact that s, Ry = R, \ {o;}U{—a;} to prove that (o), p) = 1.
(4) A dominant weight A is called minuscule if («,\) < 1 for all positive coroots

aV.

(a) Find all minuscule weights of SL,, and SOs,,.

(b) Show that A is minuscule if and only if the weights of V(A) is the Weyl

group orbit of A.
(c) Interpret this last statement in terms of the restriction map

L(G/B,L(\)) = T((G/B)", L(\))

(5) Print out some paper with the root lattice of GL3. (For example you can
download some from http://incompetech.com/graphpaper/triangledots/.)
this lattice paper draw the weight multiplicity diagram for the representation
V(6,4,0) (so that the lattice on the paper corresponds to the set (6,4,0) + @,
where @) is the root lattice). It should look like a hexagon with side lengths
2 and 4, with 1s along the boundary of the hexagon, 2s one step in from the
boundary and the rest of the interior lattice point labelled 3.

From part of the paper which you did not use, cut out a unit hexagon. Now
place your hexagon on top of your weight multiplicity diagram, so that the
vertices of the hexagon line up with points of the lattice. Notice that for almost
all positions of the hexagon, the alternating sum of values at the vertices of the
hexagon is 0. Explain this fact using the Weyl character formula.



