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Lecture 3 The Virasoro algebra and 
the KdV equation.

"

.

Def the Virasoro algebra Vir __ Ved-(5)④ R is
the vector space of pairs Caveat . field, a number)
with the commutator fate a

[AW, a) , (gob)]÷=Kfg* - f-g) end, §fÑg•a)DX)
for any Lfo, a), (go, b) c- Vir . Here 0 :=%
Run The bilinear form elf, g) : = If"g ' G)DX
is called the Gelf-d-t-udsz-coy.de



Romi It is skew -symmetric , ccf, g) = - ccg, f) and-

satisfies the couple identity :_zc([f, g], D=0,which is equivalent to 8 f
, g,h

Vir being a Lie algebra .

Note : a
,
b c- IR are in the center of Vir

⇐ vir is a central extension of Vectis" )
Rm_2 There exists a Virasoro - Bolt group
wir = Drift (5) ✗ R with the multiplication
( 4
,
a) o (4

,
b) = (404, tzfg.bg/Yo4Ydheg4 ' ) .

Here 4 c- Diff (5)
,
4 (×) =✗ + periodic , 44×1>0 ✗

f 'n



Def
.

Fix the E- energy quadratic form on Vir algebra:
F- (FADO, a) : =L ( f f 4×1 dxta) and equip

slthe Virasoro group with the right - inv. Rieman
.

metric
consider the corresponding geodesic flow on the Vir

group .

Thin (Ovsienko - K . 19871 The Euler - Arnold equation
corresponding to the geodesic flow for the right - in var .
E- metric on the Virasoro group is a 1-param . family of
the Korteweg - de Vries eq's : +3uu '+ eu "1=0
on a time - dependent
function u on S1

.

Otc = 0

Here the constant c is a udepth " of the fluid .



PI
.

the dual space space Vir* can be identified
with {(UH@xp

,
c) I UE (51)

,
e EIR }

Indeed
,
the pairing is

< Lucy@xj, c) , (f-G) 0 , a) > := fgiucx-fcxdx-a.eeLet's find adt :
< adYfqayCUCdxT.4gCgQbt7-eCu@x54.adao.a, 189 b)>
= ( (u@✗5,4

,
[Cfd ,a), Cgd,b)] > =< (uldxi, c),¢fg'- f'g)d. If "g'd✗)>I

= fiulfg '- f'g) dxtcfgf
"

g 'd✗ = - f)
'
+ uf'+ d- "1) gdx& If 't u 't

Thus ad¥qa,( tedx? c) =-Keef't ulf +cf "')@H? 0)



the E- inner product defines the " identity "
inertia operator II : vir → vir*

(no
,
a)↳ Cudd? a)

Plug -this into the Erler-Arnold equation in = ad¥-1mm
Here m=(uldx)? c)

☒
"

m = GO
,
c) /⇒ 0+40×5,4=-63uu4cu"D@xJ, 0)

⇒ {9-4+3444 cu"=o* = °
t the kdv equation QED

-



Ease : The Hl - inner product on Vir

Egp (V0 , a) :={(f(✗v4 p@5) dxt a2)
S '

leads to the Euler -Arnold equation
✗ (0+4+3441) -p (EU

"
+ Zulu "+ uu "1) c- cu "1=0

Note : 2--1,13=0 → E- metric
,
Kd Vegh

2--13=1 → Hl- metric
,
Camassa - Holm eglh

2=0,13--1 → til - metric , Hunter- Saxton eg
'
n

Here I := ✗ - pot



Rin Nole : for g-- Vect (5) = { food I f- c-c-(5)3

adfolgd ) =@g
'
- f

'

g)0=4,180) , while for
9
*
= QD (5) = { ucx)@xp 1 u c-0(5)4

ad¥, udÑ= -12 ut
'

+ u 't )(dxP= - Lf, Uld
✗12

Exes cheek the signs by using the pairing
< go , ucdxj> = Sgudx and relation Lf, < go, u@xJz=o
in the example f- D= ¥ , go -14¥ , Uldxi-_✗2@x5



RI It is convenient to identify the dual vir*
as vir *= { ( ucxkdxi.cl} = { eat a a) fee (5)

,

CER},
the space of Hill 's operators . Here 8 :=dd÷
Then the trace of the monodromy matrix for
cÑ+ucx) is a Casimir function .

One can

classify Virasoro coadjoint orbits in these terms .

Rm_
.

KDV
,
CH

,
HS are not only Hamiltonian ,

but also bihaniltonian systems .



Ruin the Virasoro coadjoint action is a "reparametrization "

of the Hill equation . Namely, for a solution y
for (dqÉtucxDy 1×3=0 the Virasoro action is
it
'
: ycx) ↳ ylecxD @

'GI"? Then the Virasoro ADY
action on the potential ucx) is
ucx) → yr ,Yin → gie, gie → +Yids ñ=Ad¥u

potential of solutions change
et of parameter 9

'
"

Tait Ucx)
of Hill's eg.lu

This action doesn't change the monodromy of Hill 's
eqln ⇒ hlu) :=tr(Mon (¥*tuc×D) is a Casimir on Vir?



Step aside: Bihamiltonian structures

Def
.

Two Poisson structures { 3. and { }, on a mfd M

are compatible (or form. a Poisson pair) ifall their linear
combinations { 30-1×43, are also Poisson structures .

Rug
.

Bilinearity , skew -symmetry and Leibniz are automatic
for any linear combination

.

The Jacobi identity gives an extra condition
I {{f , g .}o , h} , + {{ f, g }, ,h }.

= O Ff
, g, hO f, g ,h

It is sufficient to check for one value ✗ f-0,0, e.g. for 7=1 .
Det

.

A dynamical system in-_F(m) on M is G-hamiltonian
if the vector field F is Hamiltonian w.int

. both { 3. & { 31
of a Poisson pair .



The main example Consider g* for a Lie algebra g
and { 3

,
:={ Kp its Lie - Poisson structure , i.e.

{f , g }Lp (m) : = < [dflm , dglm] ,
m >

Fix (freeze) apt Moe g*. Associate another Poisson fr.to Mo

Def The constant Poisson bracket associated to moeg
is defined by

sympl. leaves

;m⇐§¥I{}mo {f. g} cm) : = < [dflm , dglm] , Mo >
Mo

°" ignore . leaves Proposition { }Lp and { 3m,
of { hp are compatible lfm. c- g*



PI { 3, : = { 3 + ✗ { 3m
.

is a Poisson bracket
,

since it is { Lp shifted to the pt -7m. . QED

Rm_ Symplectic leaves of { 3m
.

are the tangent plane
to Omo at me and all planes parallel to it in 9¥
(They depend on the choice of Mo)

Rinder : The Hamiltonian eqh for { } moon g*
and a Ham fin H has the form in = ad*dµ ,mmo



First integrals of bihamiltonian systems

Recall
,

that a Casimir function for a Poisson lar } } on M
is a function h such that {h,-13=0 tfc-c-Cm)

Let h
>
be a Casimir function for { 3, = { 3. + ✗{3in M,

i.e. { ha , f }✗ =D tfc-Crm ) tx .

Expand h> = hot ✗he + Khat . . . , hi C- (M )



Thin ( Magri , Lenard 19781
Functions hj , j= 0,1 , . . . are Hamiltonians of a hierarchy
of bihamiltonian systems . In other words,
thj generates a Hamiltonian rect. field Xj w.int . { 3,
( i.e. Lxjf : = { hj ,f}, f) , which is also Hamiltonian
for the other bracket {}☐with Hamilton function - hje ,
lie . Lxjf =- { hj+ , ,f }. ) . Other coefficients hi , i=j
are first integrals of the field Xj
Rm_ In other words , hj for j=0,1, . . . are in involution
w.int

. both { }
,
and { 41 , i.e. {hi

,hj }E- 0 for 1<=91
and Hi,j

PI Use the definition of the Casimir condition for ha



D= {ha ,-1 }a={hot ✗ hat . . . > f- Tota {hotnhet. . . -131
At Iifa? . .

we obtain : { he ,f3o= 0 a)

{ he ,-11 + { h. ,f },=o (2) kfECTm)
{ hz

,
-1 }
,

+ { he ,f}, = 0
(3)

then
(e) ⇒ he is Casimir for I }o 's

(2) ⇒ Hamilton field✗• for { he,f}1=L%f= - {he ,f}o , etc.
To see that { hi

, hj},<=o , ⇐ o
,
,
, i<j we noteho A

; : i:| •j^•j+i
{hi ,hj}E - {hi , hj+io={hi- i ,hj+ , }1= - - -={hehe }F¥ED

Exercise : Prove thatfor any two Casimir h×,gµ{hi,gj}=0



Return to
'

Kdv :

thru the Kdv equation is bihamiltonian on Vir
*
.

It is Hamiltonian for { Kp and for { 3m
,

with

R€er : similarly for CH , HS eg 's mi-fzcdxi.co/EVir*KdV
A freezing pts Mo

me =£(@D?1) CH

→ me = -10
,
1) HS

{ ucicdxjY



Namely , we proved that the KDV is Hamiltonian
on Vir* for { Kp and He (a) =tfñdX (+ {a)
For a Poisson structure frozen afcuo@xyaj.vir*

is irrelevant

the Hamill
. eg
'
n for a function Fis

of (U @xp, c) = ad
*

(UoCdxjaoK-f4uof4uiftaof9@xIoJf9b1Ccf.ad* ( ucdx)? c) =- ((zuf '+ ulf +cf "')@H} 0))Cfo
,
a)

Obtain
for ui_t@xi.a. -_o : 9- (U @D? c) = - (f

'
@✗To °>← Ikdv FI kdv

Ier : For Flu@x), c) :-, fg , (Eu3- É(uyYd×
structures

dF= 8F
⇒

= (⇐ U' + cu")-2,4--9=0, a)



Plug in to the Istkdv str - ret
9. CU (dx)? a) = - (⇐ it cu ")'d⑦?o)= -uui-dkdx.io/tbeKdVeq'nagain!

Thus the KDV is Hamiltonian w.int . { 32pond { 3m .
Rin

.

Set ihlu) : = log Ctr (Mon (Fitna))) .

It is a

Casimir for { 3Lp on Vir* . Then
he
>
Cut = hgltrlmonlddf.eu#-x-D) is a Casimir for
{ Kp -I { }m

. . Expand it : h
,
= 2+2 _n=§hzn→É

"

where hi-tzfudx.hz-tfiidx.hr =¥f(us -{di5)DX, - - -

Sl
first integrals of the kdveg '

n .


