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Lecture 4: The Hamiltonian framework for
hydrodynamics. Conservation laws.

e

Msp
Let M

,
C.) be a Riemannian mfd ,

↳ µ - volume form↳ Consider the Lie group
G-- Doffp.CM)={ 4£Difflm) I e*p=µ} of volume
preserving doffeom 's . Its lie algebra is

.

G-- Lie (G) =Veotµ(M)={ retreat / ↳pro and MOM}
divergence -free vector fields tangent to OM .



is naturally identified with
9¥ MCM)/dr°(µ)a[u]={ utdf-IV-f-CT.MS}
(all 1- forms modulo exact

toosets of 1-formsgµbg=o
The pairing is

* ""

< can> :-. serum
M

The Lie algebra action : is
g¥%

' Lois
adrw = Luv

The coadjoint action is [ I

adI[U]= -Lulu] divito



"PI " the pairing of 1- forms
and treat . fields /iie . ou & Ve

is nondegenerate , while<dot, Vectprcm)> = 0, since

cdfir7-fCivdf7pr-f@vljp-ff.Lu µ = 0
M M M

o
"

Exes check for M with boundary

the group adjoint and •adjoint action is geometric,
i.e. changing coordinates in vect . fields and 1-forms
by a volume- preserving differ 'm : Ady v = y*v

Adtytu] =y*[u]

while the pairing is invariant (change word 's in integral) .
QED

.



Rm_ The inertia operator corresponds to the E-energy:
F-(v) =L < v. Iv> =L fmlv,↳µ . Hence

I : vector → hydro
it ↳ [ Irb]

'

i - e ' ÑoVb(w)=(v.W)
wered- (M)

Here v → v1> is the Riemannian metric isomorphism .

It sends adÉf to aco-Ed?

(Indeed ,
8 Vb = * div µ =D )

The Hamiltonian function on the dual space is
H([U])=tz< [a)fu] > = F- (v) for u=vb



Then the Euler - Arnold equation
,
i.e

the Hamiltonian egin for HCLUD and the
Lie - Poisson structure on Vectplt is
in = ad

*

I-1mm , i.e.0 [u] = - Liu] for
v14

t

Here [u] c- Ñ/dr° (M)
For a representative 1-form u c-N

.

All = - Lrutdf on qu + ↳ U = df →
the Euler equation dirt Drv = - TP ,

once we use the Riem . metric identification



A variation: Infinite conductivity equation

Excite : Prove the identity
↳ ( vb) =@ + tzd (v.v)

.

It implies that the metric identification sends
0+4 + Lru = df for u=vb to dirt Orr = - Tp

for p= tzcv, v) - f

Det the equation of infinite conductivity in IRS is

{Art ☐or + v ✗B = - op where B is
dir N= 0

,

✗ Lorentz force
a fixed magnetic field , v - velocity of the electrongas



Proof this eqh is equivalent to the Hamill . eg 's
on g*=RYdd° CRY q[u] = - Liu-12] , where
U=V

"
, [u] c-Ryder. and ✗ c-NAR 's) is defined by

d2= - ippr modulo df c- dÑ
.

PI-ex-e.ir : Prove the relation of VXB and Lrt .

Rm_ It is equivalent to 0+[4+2] = - Liu -12] ,
i. e. it is Hamiltonian for { Kp on gt and the

"shifted " Hamill . f
'

n H([u])=£f([u+x], Eu -12dm .

IRB



Generalizations: Semi-direct product groups

⇐
.

F- (3) = SO (3)KRS ,
motions of Euclidean 1123

Composition of maps ✗↳ Ax-16 gives the

group product (Az.bz) • (A , ,b,)=(AzA , , Azbill2)
thin (Vishik -Dolzhansky 1978) the Euler efh for eat-

and a quadratic Hamiltonian 1-1=-12 (EaiMit -2 cijpipj
gives the Kirchhoff equations + E- bijlpimjtpjm:))

{ in = mxw + pxu for (p.m) c-eE)p•= pxw



Similarly, for the magnetohydrodynamics (MHD) eq 's
Ozu + Our =@d B) ✗ B - op in IRS

✗ Lorentz force{ 0+13 =- Lu B B- magnetic fielddir V =div B -0

(on a unit charge with velocity j in the magn . field B )
acts the Lorentz force jx B , while j=cw¥B - Maxwell 's eg' n
Thur (Vishik-Dobzhansky, Holm- Keepershmidt, Marsden -Ratiu-Weinstein, . .)
The MHD eq 's are Hamiltonian on §

* for the group
É = Diffµ (M) KVed-p.CM)

with respect to the right- inv
EtoE- metric and { & EU] = - Liu] -145lb]have the form 0+13 = - Lu B for

u = Vb
6 = Bb



Def The vorticity 2 - form is defined as
w := du e- ICM) for u = vb for a manifold M

of any dim
'

n
.

Note: a- (da) = - L✓ (da) ⇐ aw + Low = 0

This is Kelvin 's law : the fluid vorticity
is transported (or frozen into) the fluid flow .

Rm_ For R2 or any surface M (dim M=2)
w = (9¥ -%⇒ dxiadxe , i.e. the 2-form W

can be identified with a vorticity function
3 8¥ -8¥. = curl v



For 1123 or any 3D mfd M with a volume form In
the 2-form w can be identified with
the vorticity vector field § by iz pi = W , i. e.

§ = |
} I 3 2 33

¥
.
¥
.
¥
. / =L:÷ - II.¥+01 , 2, 3

V1 V2 V3

The vorticity form of the Euler equation is
9-} = - Lu} or

9-w =- Low

for 3- = curl V for the curl 2-form
in 1123 for any mfd M .



Invariants of the Euler equations.

Def For 2D and any 12=1,2, . . . the quantities

hkco) =/(curl v5µ :-#1T¥ -8¥)dxidxz areM
called enstrophies .

Thm_ They are invariants (first integrals)of the
Euler equation in 2D

,
lfk -4,2, . . .

.

Det
.

For 3D the quantity
Hel ( v) :=) (v, cudv) µ is called helicity.

M



This Helicity Hel is an invariant of the Euler ef 'n
Rm_ 1 Rewrite : Hdtv) =) (v. curl µ =/(aneuu) p

m I'm
def of u=vb=L Uaiaulvµ =/Urdu

M

Rm2_ Note :

dim M#firstintgraa#%
.

No !



Tim (Ovsienko - Chekanov - Kh .
1989)

D For any 2m -
dim mfd M there exist

infinitely - many first integrals of the Euler equation
(generalized) :
Iftr) -4mF (agg) µ for any fhf

: IR → R

and u=vb
⇐ -

- Ink)=fCfIYµ =) feet
I m T "

for ftp.xk for µ⇒Ran
IR" def wig

2) For any Conti) -dim mfd M there exists the

generalize integral IW) =L uacdujm



⇐ for M =/Rant
d%

I (g) = f I. É
" " """

Vi
,
Wii, - - - Wiemizm

+ ,

Ram
"
i
""'

for wig . =%÷ -8¥,
Coy. Enstrophies in 2D and helicity in 3D

are first integrals of the Euler equation .

(Indeed , Euler trajectories ← aoadji Gots, there Casnmors are coast)

Rm_-E_xer : there are no new integrals for odd dim Man"

from Ñfmt E. Man
"
✗ [oil . (Hint : cdii.me1=0 on Ñ)

2-€ Mzmtl
1%1 M~

dÑ does not include z
⇒@ "+1=0



PI du is well-defined for the whole coset Eu] , since
d( Utdf) = du = DEU] . Then If and I are
well-defined on G*=Ñ/dR
G.g- f@tdf1nCdCutdfDm_funCdujm_fEuTndEuDmJ.M

M M
Moreover

,
their definitions are coordinate-free (no metric used)

and hence they are invariant wart . coordinate changes
⇒ they are Casimir on g*. QED

Prop-exer_ . The MHD eq 's an M3 admit
the first integral ] (v. B) = f tr, B)µ

'

(called cross-City) M



Rm_ There are more subtle invariants for [u] order,
which give more Casimir , but not in integral form .

E.g.
# of limit cycles or zeros of the vorticity field

} = curl V in 3D . They are not necessarily smooth ftp.
We'll discuss more Casimir later.

Thm_ (Kudryavtseva, Enciso- Peralta- Salas-Torres de Lizaeev, C. Yang , .. . )
Any regular d functional on Cl (also on CKF

" c- )
exact div- free vectorfields on a opt Msand invariant under
Diffµ -action is a d- f

'
n of helicity .

In other words
,

helicity is the only regular Casimir for Diffm Cms)



Equations of a barotropic fluid
M v- velocity field& p - density of a fluid or gas
(Yg)

→

9-Vt ☐vV= -f- oh (g){ Otp + divcgv) = 0 ← continuity eg 's(p is
"transported ")

Here p=h (g) is equation ofstate
Usually h (g) = e.p

'
in gas dynamics

Rin this egln is Hamiltonian on g* for
the group G =Diff (M) ☒ C-(m) with

Hamiltonian tlgfqzv.vp-plpy-uihere.pk'fD=hG)


