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Energy and helicity
M

! Let M be a simply - coin cpt . Riem . mfd
→ B - a (magnetic) rect - field on M (e.g MCIR)
✓ div B =D want

. µ =D
>
✗
-
volume form

4
onM

The energy of B is F-(B) =HBÑpµ=fµB , B) µ
Consider a volume -preserving differ 'm 4 :MO
Question Given a field B find a :=iqf E (4*13)

Is a =D or a > 0 ?



-

Motivation : B - magnetic field of a star the sun)
"frozen into " the media (platina) , i.e.

0+13 = - Lu B = - curl (v✗ B) F-

The star radiates its energy

Eton ? Will the star extinguish completely ?
(will a be positive or = 0 ?)



Tieken :

Assume that supp B = C, Ucz ,

two solid tori

E-⇒
←

F- (B) I I most orbits shrink
Indeed

, length → length/× ,
time remains the same

⇒ B → Btx ⇒ Em> F- la?
But linking prevents tori from infinite fattening,

since transformations are volume -preserving .



trop ( Arnold 1973) E (B) 7 c l Hel (B) 1
,

where Hel (B) := f ( B , curl - ' B) µ - helicity of B ,

M
and c-- CCM) . ( Note :

"

geometry # topology " )
Rm_

.
Here A- curl - ' B is a div- free vector-potential of B, i-e .

☐ ✗ A= B
,
div A =D

.

The integral is independent ofthe choice ofA.
'Pf is an appt - of the Schwarz & Poincaré inequalities €0 A = and"B
Recall

,
that "curl curl =-D"

,
i -e .

" curly V-→
.

curl
- '

on a cpt mfd is a bounded symmetric operator,
whose spectrum accumulates to 0 on both sides : *É
Then CCM) is the Max aloes . value of its eigenvalues ,

depends on M .



AniÉÉ (Moffatt 1969)
cz

For avect . field Bas above , without

,
net twist - inside Chez

Hel (B) =2lk(G. G) • Flux, • Fluxzto

Rm_ Recall : the linking member of two oriented
curves T

,
and Tzin M3 is

IT lklti
, E) :-p# (0-15) ntz
signed#/\! Note : lk • is symmetric

Seifert • does not depend on the
surface % E choice of d-

'
IIforth

• has a higher-dim generalization



Anexampleithettopffieldins3.fr§={(x, , ✗zits ,✗a) c- 11241 É ✗F- I}
F- I

define (x, , Xz ,#a) = (-Xz
,
Xi
,

-✗4>
✗3)

Exec corresponds
to the Max eigenvalue =L
of curl

-1
on S?

⇒ The Hopf field has
the minimal energy
among diffeomophic ones
(by volume- pres . differ 's )



A metric-free definition of helicity
Let M be a simply - conn mfd , µ - volume forms, M

and } a dir- free vect . field onM ,
i.e. ↳F- 0.

⇐ wz : = i} µ is a closed(⇒exact) 2 - form on M -7

Hence Wz = old for some 1- form ✗ .

Def_ The helicity Hel(3) of } on M is

Hel (3) = find2 =/dante =) w} n d-
'

wz ,
M M M for old = Wq .

EI
.
} = curl V. Then

Hel (3) =L in a d-
'(iz µ)=fdu au =/Earl V.v)µ .

M M



Helicity as an asymptotic linking

Cor_(of word- free def
'

n of helicity )
the helicity Hel (3) is preserved under the
action on } of volume-pres . differ 's of M

( i. e. it is a topological invariant .
Rin

.

This was an
"

integral def
'

n
"

of helicity .

What is its topological meaning?

Let M- be a simply - connected closed 3D mfd
with a volume form µ (

we do not fix metric now) .



Def_ For a dir- free vector field } on M (i.e. at .↳ µ=o)
introduce the following function 2g G.g) , × .year

(g)
Let gt-Y.gsG) be pieces of

÷:÷÷:÷÷:÷:Assume that D is a
"

system of

pts on M and chosen a priori , e.g. geodesics
close up the trajectory pieces by D .

Then define ✗ix.g)⇐ limf-slklgtcx.gs(y) , b)
ITS→ as



Rm_ The limit exists for almost all × ,y c- M

and doesn't depend on D under some cord 's (Arnold)
Better : D - a system of geodesics , the limit
exists in KCMx M ) (T. Vogel)

Pf is based on the Birkhoff or Ll - ergodic theorems .

Thm_ (V. Arnold 19731 Helicity Hell}) :=/④Mad"(izpy
is equal to the averaged linking :

Hel (3) =f) ✗zcx.g)Mpeg
MXM

It is natural to call it the asymptotic Hopf invariant .



Pfsk-Q-1.RS Consider the Biot- savant

integral for vectonptential A = curl
- '
} :

Alys = - ¥-1m"i¥y%#is.
Then the helicity is
Hel (3)=fC} , A) = ¥µm"Y¥?yY¥←# µ. py
On the other hand

,
recall the explicit formula

for the linking number .



Digression on the Gauss formula

÷*¥÷•
s
-¥y Rs

Gaiesthm : The linking number of closed curves
Jets' ) , 82 (8) a IRS is given by
lk ( yr , jz)=¥,

" (8%8%8^-82)
¥113

dt, dfz

Note : lkljmjj-deglf.TL 5)
,

where f- = F/111=11
for the map 1=(4,1-2) := felt , ) - 82 (ta)



Hence for 2 pieces of { - trajectories their lk is

✗zlx, g) = him ¥T_s§f{%41.GG?4ttylsD-dtds
Tis → is o o Holt) -y G) IP

where ✗ (t) = gtcx) , and we neglect the integrals
y ( D= gscy) over short paths A .

Now the result follows from the Birkhoff
ergodic thm : the time average of ✗ zcxoy)
along the measure -pres . flow of } coincides with
the space average , given by the integral
expression of Hell}) . QED ,



Return to energy estimates

CE If a dir . free field has nonzero helicity ,
its energy cannot

be made arbitrarily small.
But what if Hel (3) = 0 ?

For instance two pairs of solid Tori linked
in opposite directions ?

Thm (Freedman - He 1991) suppose a rect . field 3 in IRS
hat an invariant torus T forming a nontrivial
knot of type K .

Then

F- (B) = (+÷tj)"? / FluxBIGgenus# -1)
k

Gr For a nontrivial K
,
F- (4*13)>0



Cos If a field B has at least one closed linked
trajectory of an elliptic type ⇒ ECKB) > 0 .

The Sakharov - Zeldovich problem
Let B be the rotation field
of a ball in IR ? ¥YPreterm : Is inyf F- (4*13)=0

? 1¥

Them (Freedman laqo) There exists
-

a sequence of volume-pres . differ 's y
")
:MG

such that F-(Y¥ B) → 0 as h →←



.

Stretch a subball to shorten
subball trajectory and put

the snake obtained

. .is.. .

→ §§ inside the sphere .

B-
'

i Use Moser's lemma

siren volume- pros . differ 'm to
estimate the energy in the
shell image .



AÉn : Fast Dynamo problem

Def .

The kinematic dynamo equation . is

{ 9-
B = - Lu B + ya B

dir B =D

The unknown magnetic field BE
µ

is stretched by the fluid flow
with velocity V ,

while a low

diffusion dissipates the magnetic energy F-(B) .
Problem Does there exist a dir-free vect . field V
im-ms.tv EIB HD grows exponentially in time
(for some initial Blog) as y→ 0 or 2=0 ?



Look for solutions B =e'
*Blog such that

Rex (g) = Xo > 0 as y → 0
or 9=0 .

A non- dissipative dynamo (7--0) corresponds
to

a frozen magnetic field .

Rm_ there are many works constructing explicit dynamos
and proving a necessity of chaotic behavior ofv
for 2=10 . One of popular examples is the ABC-flow .

⇐ The ABC flows (Arnold - Beltrami- Childress) are
at = (Asinztc cosy>¥+1B sin ✗+Acosz)§t(csinyt Beos ✗
on 3D torus 1-3 = { (×,y ,-2) / mod 21T} .
They are eigen for curl : curl * =



Bonus:WhyHopf?_
Recall : the Hopf invariant ofamap I :S>→§
has 2 def 's : S3

*ya,
I> 5

a) geometric/topological : • a

¥8Hopf, (F) =lk (Tika) ,#(G) • b
It doesn't depend on a,f c- S2 ✓likes

+x-p Db) integral : take .DeÑ(51,12=1
,

then HD c-Ñ(5) is closed ⇒ exact ons? then
Hopfzlñ)=fñ*Dn d- ' (11*8)

S3

why Hopf, is an integer ?



Note : in the formula for Hoptz the closed 2-found
can be replaced by a cohomological one , Ñ on S?
since their difference is exact, D-Ñ=dd , ✗er ' (5)

,

f IT'T n d-
"

(HD) -fit*on d-
'(it*Ñ) =/**Dad"(ñ*d2) and

S3 S3 S3
= J IT
*DAT*2 = f pn ✗ =D .

53=11--1 (5) 5

Now take D= 8(a)
,

5=8(b) - the 8-type 2- forms in S2 ,
supported at pts a and b. then Hr = orG- '(a)) and
*
*7=8 ( it-1181)

,

8 - type 2- forms in S3 supported on IT
- '(a)

,

I
- '(b) .Then d-Yet*D) = 0(J

'
it
-Ya)) - l - form supported

on a Seifert surface ethical in S3 .



Hence Hopfz (F) ⇒ fñ*D a d-
'④*D= fit*In d-

'(HD
S3 S3

= f 8 G-"(G)a 8 ( d- 'II YaD= # g- 'it- '(a) nÑ '
(b)

S3 intersections of a Seifert
= lk (ti '(a) , Ti

'(G) = Hopf, (it) surface write another curve

This proves the equivalence of 2 definitions .

Arnold 's thin is an asymptotic version ofthis

equivalence . Namely instead of a map a- : 52>5?
where the fibers are closed chick corresponds to
a field } whose all trajectories are closed)
consider a dir.- free v.f. } with arbitrary trajectories .


