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Abstract: W
�

estudythelinearizedstabilityof � -vortex ( 	 
 � )
�
solutionsof themagnetic

Ginzb


urg–Landau(orAbelianHiggs)equations.Weprovethatthefundamentalvortices
(

� � � �
1) arestablefor all valuesof the couplingconstant,� ,� andwe prove that the

higher
�

-degreevortices( � � � � 2)
�

arestablefor � � 1, andunstablefor � � 1. This
resolvesa long-standingconjecture(see,eg, [JT]).

1. Introduction

In
�

thispaper, wedeterminethestabilityof magnetic(orAbelianHiggs)vortices.These
are� certaincritical pointsof theenergy functional
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Here I J K L M N O is the covariantgradient,and P Q 0

R
is a couplingconstant.For

a� vector, S ,� T U V is
W

thescalarX 1 Y 2
. Z [

2
. \

1,� andfor a scalar] ,� ^ _ ` is
W

thevectora b c
2

. d e f
1 g h . Critical pointsof i j k l m n satisfyo theGinzb

p
urg–Landau(GL)

�
equations

q r s t u v
2

w x y z 2. {
1| } ~ 0

R �
(2)
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� � � � � � � � � �� � � � � �
0

R �
(3)
�

where� � � � � � � � � .
Physically

�
, the functional � � � � �   gi¡ ves the differencein free energy betweenthe

superconductingo and normal statesnearthe transitiontemperaturein the Ginzburg–
Landautheory. ¢ is thevectorpotential(£ ¤ ¥ is theinducedmagneticfield), and ¦ is
an� or§ der parameter. Themodulusof ¨ is

W
interpretedasdescribingthelocal densityof

superconductingo Cooperpairsof electrons.
The functional © ª « ¬  ® also� gives theenergy of a staticconfigurationin theYang-

Mills-Higgs classicalgaugetheoryon ¯ 2,� with abeliangaugegroup ° ± 1² . In this case³
is a connectionon theprincipal ´ µ 1¶ - bundle · 2 ¸ ¹ º 1» ,� and ¼ is theHiggsfield

(see
�

[JT] for details).
A
½

centralfeatureof the functional ¾ ¿ À Á Â Ã (and
�

the GL equations)is its infinite-
dimensional
Ä

symmetrygroup.Specifically, Å Æ Ç È É Ê is invariantunderË Ì 1Í gaugÎ etrans-
formations

Ï
,�

Ð Ñ Ò Ó Ô Õ Ö ×
(4)
�

Ø Ù Ú Û Ü Ý Þ
(5)
�

for any smoothß à á 2 â ã . In addition,ä å æ ç è é is invariantundercoordinatetransla-
tions,
ê

andunderthecoordinaterotationtransformation
ë ì í î ï ð ñ ò ó ô 1 õ ö ÷ ø õ ö ù ú û ü ý û þ 1 ÿ � (6)

�
for � � � � � 2� .

Finiteenergy field configurationssatisfy
� � 	 


1 as � �  � � (7)
�

which� leadsto thedefinitionof thetopolo� gical degree, d� eg � � � ,� of suchaconfiguration:

de
Ä

g � � � � de
Ä

g
�

� � � � � � �  ! " 1 # $ 1

(
� %

sufo ficiently large).Thedegreeis relatedto thephenomenonof flux
&

quantization. In-
deed,
Ä

anapplicationof Stokes’theoremshowsthatafinite-energyconfigurationsatisfies

de
Ä

g ' ( ) * 1

2
� + ,

2
( - . / 0 1 2

W
�

estudy, in particular, “radially-symmetric”or “equivariant” fieldsof theform

3 4 5 6 7 8 9 : ; < = > ? @ A < B C D E < F = G ? H I J K L M N
M

OP Q R (8)
�

where� S T U V W are� polarcoordinateson X 2
.
,� YZ [ \ 1] ^ _ `

2
. a b

1 c d ,� e is
W

aninteger, and
f g h i g j k

0
R l m n o p q

It is easily checked that suchconfigurations(if they satisfy (7)) have degree r . The
es xistenceof critical pointsof this form is well-known (seeSect.2.1).They arecalledt -vortices.
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Our
u

mainresultsconcernthestabilityof thesev -vortex solutions.Let

w x y z {
Hess
| } ~ � � � � � � � � � �

be
�

thelinearizedoperatorfor GL aroundthe � -vortex, actingon thespace

� � � 2 � � 2 � � � � � 2 � � 2 � � 2 � �
The

�
symmetrygroup of � � � � � � gi¡ ves rise to an infinite-dimensionalsubspaceof

ke
�

r   ¡ ¢ £ ¤ ¥ ¦ § (see
�

Sect.3.2), which we denotehereby ¨ sym. We say the © -vortex
is (linearly)stableª if for some« ¬ 0,

R
 ® ¯ ° ± ² ³

sym´ µ ¶ ·
and� unstable¸ if ¹ º » ¼ hasa negative eigenvalue.The basicresult of this paperis the
following linearizedstability statement:

Theor
½

em 1. 1.
¾

(Stabilityof fundamentalvortices)
F
¿
or all À Á 0

R
,Â the Ã 1-vortex is stable.

2.
Ä

(Stability/ instabilityof higher-degreevortices)
For Å Æ Ç È 2,Â the É -vortex is

stableª for Ê Ë 1 Ì
unstable¸ for Í Î 1 Ï

Theorem
�

1 is thebasicingredientin aproofof thenonlineardynamicalstability / insta-
bility

�
of the Ð -vortex for certaindynamicalversionsof theGL equations.Theseinclude

the
ê

GL gradientflow equations,andtheAbelian Higgs (Lorentz-invariant)equations.
Thesedynamicalstability resultsareestablishedin aseparatework ([G2]). Otherwork
onÑ dynamicsof magneticvorticesappearsin [DS,S,S2].

The
�

statementof Theorem1 wasconjecturedin [JT] on thebasisof numericalob-
servo ations(see[JR]). Bogomolnyi ([B]) gave an argumentfor instability of vortices
for Ò Ó 1, Ô Õ Ö × 2. Our result rigorouslyestablishesthis property. The instability of
higher-degreevorticesfor sufficiently large Ø w� as establishedin [ABG]. Thestability
ofÑ vorticesof Ginzburg–Landauequationswithout magneticfield was studiedin [LL,
M,

Ù
OS1].Thestabilityof “monopole”solutionsof anon-abeliangeneralizationof (2-3)

w� as studiedin [AD] (seealso[G1]).
Thesolutionsof (2)–(3)arewell-understoodin thecaseof criticalÚ coupling,� Û Ü 1.

In this case,the Bogomolnyimethod([B])
�

gives a pair of first-orderequationswhose
solutionso areglobal minimizersof Ý Þ ß à á â among� fields of fixed degree(andhence
solutionso of the GL equations).Taubes([T1,T2]) hasshown that all solutionsof GL
with� ã ä 1 aresolutionsof thesefirst-orderequations,andthatfor agivendegreeå ,� the
gauge-inequi¡ valentsolutionsforma2 æ ç è -parameterfamily.The2 é ê ë parametersì describe
the

ê
locationsof thezerosof thescalarfield.This is discussedin moredetailin [JT] (see

also� [BGP]) andSect.6.Weremarkthatfor í î 1,an ï -vortex solution(8) corresponds
to

ê
thecasewhenall ð ñ ò zerosó of thescalarfield lie at theorigin.
The
�

remainderof this paperis organizedasfollows. In Sect.2 we describein detail
vô ariouspropertiesof the õ -vortex. In particular, we establishanimportantestimateon
the

ê ö
-vortex profileswhich differentiatesbetweenthecases÷ ø 1 and ù ú 1. In Sect.

3,
û

we introducethe linearizedoperator, fix the gaugeon the spaceof perturbations,
and� identify thezero-modesdueto symmetry-breaking.Sections4 through7 comprise
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a� proof of Theorem1. A block-decompositionfor the linearizedoperatoris described
in
W

Sect.4. This approachis similar to thatusedto studythestability of non-magnetic
vô orticesin [OS1]and[G1]. In Sect.5,weestablishthepositivity of certainblocks(those
correspondingü to theradially-symmetricvariationalproblem,andthosecontainingthe
translational
ê

zero-modes)for all ý ,� which completesthe stability proof for the þ 1-
vô ortices.Thebasictechniquesarethecharacterizationof symmetry-breakingin terms
ofÑ zero-modesof the Hessian(or linearizedoperator),and a Perron-Frobeniustype
ar� gument,basedon a versionof the maximumprinciple for systems(Proposition6),
which� showsthatthetranslationalzero-modescorrespondto thebottomof thespectrum
ofÑ thelinearizedoperator. A morecarefulanalysisis neededfor ÿ � � �

2. This requires
us� to review someaspectsof thecritical case( � � 1) in Sect.6.Thestability/ instability
proofì for � � � 	 2

�
iscompletedin Sect.7.Weuseanextensionof Bogomolnyi’sinstability

ar� gument,andanotherapplicationof thePerron-Frobeniustheory.

2.



The � -Vortex

In this sectionwediscusstheexistence,andproperties,of � -vortex solutions.

2.1.
Ä

Vortex solutions. The
�

existenceof solutionsof (GL) of theform (8) is well-known:

Theor
½

em 2 (Vortex existence; [P,BC]). F
¿
or everyinteger  ,Â andevery � � 0

R
,Â there is

a� solution

� � � � � � � � � � � � � � � �  ! " � # � $ � % & ' ( ) * +
*

,- . (9)
�

of§ thevariationalequations(2)–(3).In particular, theradial functions( / 0 ,Â 1 2 )
3
minimize

the� radial energy functional

4 5 6 78 9 : ; < = > 1

2
�

?
0

@ A B C D 2
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2
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. M N 2
. O P Q R 2

.
S 2

. T U
4
7 V W 2

. X
1Y 2

. Z [ Z
(10

�
)

(whic
\

h is thefull energy functional(1) restrictedto fieldsof theform (8)) in theclass

] ^ _ ` a b
0
R c d e f g h

1 i j k l 1 m n o n p q r n s t 2u v w x y z y { | } ~� � � 2 � � � � � � �
Thefunctions� � ,Â � � ar� esmooth,andhavethefollowingproperties(for � �� 0

R
):

3
1.
¾

0
R � � � �

1,Â 0
R � � � �

1 on§ � 0R � � �
,Â

2.
Ä � �� � � ��   0

R
,Â

3.
¡ ¢ £ ¤ ¥ ¦ §

,Â ¨ © ª « ¬ 2
.
, aÂ s  ® 0

R
(
\ ¯ °

0
R

and� ± ² 0
R

ar� econstants),
4. 1 ³ ´ µ ,Â 1 ¶ · ¸ ¹ 0

R
as� º » ¼ ,Â with anexponentialrateof decay.

W
�

ecall ( ½ ¾ ¿ À ,� Á Â Ã Ä ) a
�

n Å -vortex (centred
�

at theorigin).
It follows immediatelythatthefunctionsÆ Ç and� È É satisfyo theODEs

Ê Ë Ì Í Î Ï Ð 2 Ñ 1 Ò Ó Ô Õ 2

Ö 2

× Ø Ù Ú
2

Û Ü 2Ý Þ 1ß à á â 0
R

(11)

and�
ã ä å åæ ç è

éêë ì í 2î ï 1 ð ñ ò ó ô 0
R õ

(12)
�
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Remark1. The ö -vortex is known to be the uniquesolution of (GL) of the form (8)
when� ÷ ø 2

� ù 2 [ABGi]. In theappendix,we show that for ú û 2
� ü 2,� any suchsolution

minimizesý þ ÿ � �� .

Remark
�

2. The
�

functions� � and� � � also� dependon � ,� but we suppressthis dependence
for

	
easeof notation.Whenit will causenoconfusion,wewill alsodropthesubscript
 .

Remark3. Thediscretesymmetry� �  ��
,� � � � � � ofÑ (GL) interchanges� � � � � � � � � � �

and� � � �  ! " # $ % & ' ( ) . Thus,wecanassume* + 0.
R

2.2. Anestimateon thevortex profiles. Thefollowing inequality, relatingtheexponen-
tially

ê
decayingquantities, - and� 1 . / ,� playsa crucial role in thestability / instability

proof.ì
Proposition 1. Wehave 0 1 2 3 4 5 6 7 18 9 : ; < <; = > ? @ for

Ï A B
1C D E F G H I J 1K L M N O ON P Q R S for

Ï T U
1 V (13)

�

Proof. Define W X Y Z [ \ ] ^ _ ` a b c 1d e f g h hg i j k l . Thepropertieslistedin Theorem2 imply
that

ê m n o p q
0 a

R
s r s 0

R
andas t u v . UsingtheODEs((11)–(12))wecanderive the

equations
w x y z { | } ~ � �� � � � � 1 � � � � 2 � � �

where�
� � � � � 1 � � � 1 � � �� 2

� � 1 � � � ��   ¡ ¢ 2
� £ ¤ ¥ ¦§ ¨ 0

©
andª theresultfollows from themaximumprinciple. «¬
3.


The Linearized Operator

In
®

this section,we introducethe linearizedoperator(or Hessian)aroundthe ¯ -vortex,
andª identify its symmetryzero-modes.

3.1.
¡

Definitionof thelinearizedoperator. W
°

ework on therealHilbert space± ² ³ 2 ´ µ 2 ¶ · ¸ ¹ º 2 » ¼ 2 ½ ¾ 2 ¿
with� inner-product

À Á Â Ã Ä Å Ã Á Æ Ã Ç Å È É Ê Ë
2

Ì Í Î Ï ÐÑ Ò Ó Ô Õ Ö × Ø Ù
W

°
edefinethelinearizedoperator, Ú Û Ü Ý (=

Þ
theHessianof ß à á â ã ä )

å
at asolution æ ç è é ê

ofë (2)–(3)throughthequadraticformì 2
�

í î í ï ð ñ ò ó ô õ ö ÷ ø ù ú û ü ý þ ÿ � � � � � � � 0
@ � � 	 
 � �  � � � � � 	 � � �  � �

for all � � � � � ,� � � � �  ,� ! " . Theresultis

# $ % & '( )
* + , - . /

2
� 0 2 1 2 3 2 4 15 6 7 8 92� : 2 ;< = > ?

2@ A B C D E F G HI J K L M N O P QR S T U V W X Y Z [ \ ] ] \ ^ _ ` 2 a b c d
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3.2.
¡

Symmetryzero-modes.W
°

e identify thepartof thekernelof theoperator
e f g h i j k l m n o p l m n

whichq is dueto thesymmetrygroup.

Proposition 2. Wehave

1.

r s t u v w x y z {| } ~ 0
�

(14)

for
�

any � � � 2
� � �

.�
2.

� � � � � � � � � �
� � � � � � � 0

�
(15)

for
� � �

1 � 2
�
.�

Proof. W
�

eusethebasicresultthatthegeneratorof aone-parametergroupof symmetries
of� � � � � �   ,¡ appliedto the ¢ -vortex, liesin thekernelof £ ¤ ¥ ¦ . Thevectorin (14)is easily
seen§ tobethegeneratorof aone-parameterfamilyof gaugetransformations(4-5)applied
to
¨

the © -vortex. Similarly, thevectorin (15) is thegeneratorof coordinatetranslations
appliedª to the « -vortex. ¬
Remark
�

4. Applying
®

the generatorof the coordinaterotationalsymmetry(6) to the ¯ -
v° ortex givesusnothingnew. This is coveredby thegauge-symmetrycase.

W
�

edefine± sym to
¨

bethesubspaceof ² spanned§ by the ³ 2 zero-modesdescribedin
Proposition
´

2. We recall that the µ -vortex is calledstable¶ if
·

thereis a constanţ ¹ 0
�

such§ that
º » ¼ ½ ¾ ¿ À

symÁ Â Ã Ä (16)
Å

andª unstableÆ if Ç È É Ê hasanegativeeigenvalue.

3.3.
¡

Gauge fixing. In order to remove the infinite dimensionalkernelof Ë Ì Í Î arisingª
from gaugesymmetry, we restrict the classof perturbations.Specifically, we restrictÏ Ð Ñ Ò

to
¨

the spaceof thoseperturbationsÓ Ô Õ Ö × Ø Ù whichq areorthogonalto the Ú 2

gaugeÛ zero-modes(14).Thatis,
Ü Ý Þ ß à áâ ã ä åæ ç è 0

�

for
é

all ê . Integrationby partsgives thegaugecondition

ë ì í î ï ð ñ ò ó ô õ ö ÷ ø
(17)
Å

As is donein [S], weconsideramodifiedquadraticform ùú û ü ý
,¡ definedby

þ ÿ � �� � � � � � � 	 
 � �  � � 
 � � � � � � � � � � � � � � � � � 2
�
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for  ! " # $ % & ' ( . Clearly, )* + , -
agreesª with . / 0 1 on� thesubspaceof 2 specified§ by the

gaugeÛ condition(17).Thismodificationhastheimportanteffectof shiftingtheessential
spectrum§ awayfrom zero(see(26)).A straightforwardcomputationgivesthefollowing
e3 xpressionfor 45 6 7 8

:

9: ; < = >? @
A B C D E F

2
� G 2 H I J 2 K 1L M 1

2
� N O P 2 Q R S 1

2
� T U V 1W X 2 YZ [

2\ ] ^ _ ` a
2b c d e f g h i j k l m n o p q 2� r s t

T
u
o establishTheorem1, it sufficesto prove that vw x y z { | }

0
�

on the subspaceof ~
orthogonal� to thetranslationalzero-modes(15).�� � � �

is a real-linearoperatoron � . It is convenient to identify � 2
� � �

2
� � �

2
� �

withq� 2 � � 2 � � � through
¨

thecorrespondence

� � � 1�
2

� � � � � � 1 � � � 2 � (18)
Å

andª thento complexify thespace� �   ¡¢ £ ¤ ¥ 2
� ¦ §

2
� ¨ © ª «

4
¬

via°
 ® ¯ ° ± ² ³ ´ µ ¶ ·¸ ¹ º » ¹ ¼½ ¾ ¿ À

(19)
Å

As
®

a result, ÁÂ Ã Ä Å
is

·
replacedby thecomplex-linearoperator

Æ ÆÇ È É Ê Ë
diag

Ì Í Î Ï Ð Ñ Ò Ó Ô Õ Ö × Ø Ù Ú Û Ü Ý Þ ß à á

whereq

â ã ä å æ
ç
2

� è 2é ê ë ì 2 í 1î ï 1
2

� ð ñ ò 2 1
2

� ó ô õ 1ö ÷ 2 ø ù ú û üý þ ÿ � � � ý þ ÿ
1
2 � � � 1� �� 2

� 	
2 
 2é � �  2� �

1� � 1
2 � � � 2� � � � � � � � � � � �� � ��  ! "# $ % & ' ( # $ % ) * + 2� 0

�
, - . / 0 1 2 3 4 5 6 78 9 : 0

� ; < = 2
>

Herewehaveusedthenotation

? @ A B C D E F G
whereq H I J K

1 L M N 2 (and
Å

thesuperscriptc hasbeendroppedfrom thecomplex functionO
obtained� from thevector-field P via° (18)).
The

u
componentsof Q R S T areª bounded,andit follows from standardresults([RSII])

that
¨ U UV W X Y

is aself-adjointoperatoron Z[
,¡ with domain

\ ] ^ ^_ ` a b c d e f 2 g h 2 i j k l 4 m
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4. Block Decomposition

W
�

ewrite functionson n 2
�

in
·

polarcoordinates.Precisely,

op q r s 2
� t u

2
� v w x y

4
¬ z { |

2
� } ~ � � �

2
� � �

1 � � � � 4
¬ �

(20
Å

)

whereq � 2
rad� � � 2

� � � � � � � � �
.

Let � � � � � 1� � Aut � � � 2 � � 1   ¡ ¢ £ 4 ¤ be
¥

therepresentationwhoseactionis given by

¦ § ¨ © ª « ¬ ¨  ® ¯ ® ° ® ± ¬ ¨ ² ¬ ³ ´ µ ¶ · ¸ ¹ º µ » ¼ ½ ¾ ¿ À Á Â Ã Ä Å Æ Ç Ã Ä È É Ê Ë Ì Í Î Ï Ð
whereq Ñ Ò is acounter-clockwiserotationin Ó 2 through

¨
theangleÔ . It iseasilychecked

that
¨

the linearizedoperator
Õ ÕÖ × Ø Ù

commutesÚ with Û Ü Ý Þ ß for
é

any à á â ã 1ä . It follows

that
¨ å åæ ç è é

leaves invarianttheeigenspacesof ê ë ì í î ï for any ð ñ ò ó ô Lie õ ö õ 1÷ ÷ . The

resultingø blockdecompositionof
ù ùú û ü ý

,¡ which is describedin thissection,is essentialto
our� analysis.In particular, thetranslationalzero-modeseachlie within asinglesubspace
of� thisdecomposition.

4.1. Thedecompositionof þ ÿ � �
.� In what follows, we define,for convenience,� � � � �� � 1	 
 � �  � .

Proposition 3. There is an orthogonaldecomposition

�� �
� � �

� � � � � � � � � � 2
�
rad � �  ! " # $ % & '

2
�
rad ( ) * + , - . /

10 1 2 2
�
rad 3 4 5 6 7 8 9

1: ; < 2
�
rad= > (21)

Å

underÆ which thelinearizedoperator aroundthevortex,
? ?@ A B C

,D decomposesas

E EF G H I J
K L M

NO P Q RS T
wherU e VW X Y Z[ \ ] ^ _ ` a b c d ef g h ij (22)

Å
withU

kl m n op q 1r 2
� diag

Ì s t u v w x
1 y z { | 2

� } ~ � � � �
1 � � � � 2

� � � � �
1� 2

� � � � �
1� 2

� � � � �

and�

� � �
�
2 � 2� � 2

� �
1� � 1

2   2
�

1
2 ¡ ¢ £ 1¤ ¥ 2

� ¦ § ¨ © ª « ¬  ® ¯ ° ± ²
1
2

� ³ ´ µ 1¶ · 2 ¸
2

� ¹ 2� º 2 » 1¼ ½ 1
2

� ¾ 2 ¿ À Á Â Ã Ä Å Æ Ç È É Ê ËË Ì Í Î Ï Ð Ñ Ò Ó Ô Õ Ö × Ø 2 0
�

Ù Ú Û Ü Ý Þ ß à á â ã ä å 0
� æ 2

ç



TheStabilityof MagneticVortices 265

Proof. Thedecomposition(21) of èé
follows from theusualFourierdecompositionofê 2

� ë ì
1 í î ï ,¡ andthe relation(20). An easycomputationshows that

ð ðñ ò ó ô
preservõ esthe

space§ of vectorsof theform
ö ÷ ø ù ú û ü ý þ ÿ � � � � � � � � � 	 
 � �  � � � � � 1� � � � � � � � � � 1� � � (23)

Å
andª thatit actsonsuchvectorsvia (22).  !

It follows that "# $ % &' is self-adjointon ( ) 2
�
rad* 4.

It will alsobeconvenientto work with a rotatedversionof theoperator +, - . /0 ,¡
1 2 3 45 6 7 89 : ; <= > ? @ A 0

�
B C DE F G HI J K L M N O P 0

� Q
whereq

R S 1T
2

1 1 0 0U 1 1 0 0
0 0

�
11

00
�

1 V 1

W X Y Z 1[
2

1 1 0 0
1 \ 1 0 0
0 0 1 1
�
0 0 1
� ]

1

^
We

�
have _ ` a bc d e f g h i j k l m n o pq r (24)

Å
whereq

s t u vw x
yzzzzz
{

| 2
}~ 2

} � � 2
� � �

2
� � 3� 2

� �
1� � 2 � � � � � � 2� � 0� 2 � � � � � � 2

}� 2
} � � 2

� � �
2

� � � 2
� �

1  ¡ ¢ 2
�

0 £ 2¤ ¥¦ 2§ ¨ 0 © 2
} ª

1« 2
} ¬  2

� ®
2 ¯ ° ±² 2

}
0 ³ 2́ µ ¶ 2 · ¸ ¹º 2

} » 2
} ¼

1½ 2
} ¾ ¿ 2

�

À ÁÁÁÁÁ
Â Ã

4.2. Propertiesof Ä Å Æ ÇÈ .�
Pr

É
oposition 4. Wehavethefollowing:

1.
Ê

Ë Ì Í ÎÏ Ð Ñ Ò Ó ÔÕ Ö × (25)
Å

2.
Ø

Ù
essÚ Û Ü Ý Þ ßà á â ã minä å 1 æ ç è æ é ê ë (26)

Å

3.
ì

For í î ï ð 1 and� ñ ò ó ô 2
õ
,ö ÷ ø ù ú

û ü ý þ ÿ �1
� 0

�
(27)

with� nozero-eigenvalue.



266 S.Gustafson,I. M. Sigal

Proof. Thefirst statementis obvious.Thesecondstatementfollows in a standardway
from
é

thefactthat

lim� � � � � � 	
 � �  � diag
Ì � � �

1 � 1 � 1� �

To prove thethird statement,wecompute

�� � � �� � �� �  !
1 "

# $ 1% 2
� diag

Ì & ' (
1 ) 2

õ * +
1 , - . / 0 1 1 2 2

õ 3 4
1 5 6 7 8 9 : 1 ; < = 3

> ?

whichq is non-negative, with nozero-eigenvaluefor @ A 2, B C 1. DE
Remark5. In light of (25),wecanassumefrom now on that F G 0

�
. Thisdegeneracy is

aª resultof thecomplexification (19)of thespaceof perturbations.

4.3.
H

Translationalzero-modes.The
I

gaugefixing (Sect.3.3) haseliminatedthe zero-
modesarisingfrom gaugesymmetry. Thetranslationalzero-modesremain.

As
®

writtenin (15),thetranslationalzero-modesfail tosatisfythegaugecondition(17).
Further
J

, they do not lie in K 2
�
.A straightforwardcomputationshowsthatif weadjustthe

v° ectorsin (15)by gaugezero-modesgiven by (14)with L M N O P ,¡ Q R 1 S 2, weobtain

T
1 U

V W X Y Z
1[ \ ] ^ _ `

2
� a b 2 c

d e f g h
2i j k l m n o 1 p

whereq q
1 r s 1 t 0

� u
andª v

2 w x 0� y
1z . { 1 andª |

2 satisfy§ (17), andarezero-modesof the
linearized
}

operator. Notealsothat ~ � 1 decay
Ì

exponentiallyas � � � � � ,¡ andhencelie
in � 2

�
.

It
�

is easilycheckedthat � 1 � � � 2
� lie

}
in the � � � 1 blocksfor �� � � �� . After rotation

by
¥ �

, w¡ ehave

� � � ��
1 � � 0

� �

whereq
� � �   ¡ ¢ £ ¤ ¢ ¥ ¦ §¨ © ª

« ¬
 ® ¯

5.
°

Stability of the Fundamental Vortices

In thissectionweprove thefirst partof Theorem1. Specifically, weshow thatfor some± ² 0,
� ³ ´ µ 1¶· ¸ ¹ for

é º »¼ 1, and ½ ¾ ¿ 1À
1 Á Â Ã Ä Å . In light of thediscussionsin Sects.3.3,

4.1,
Æ

and4.3,thiswill establishthestabilityof the Ç 1-vortices.
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5.1.
È

Non-negativityof É Ê Ë Ì0
Í and� radial minimization.

Proposition 5. Î Ï Ð Ñ0
Í Ò 0

�
for

�
all Ó .�

Pr
Ô

oof. From
J

theexpression(24)weseethat Õ Ö × Ø0
Í breaks

¥
up:

Ù Ú Û Ü
0

Í Ý Þ 0
Í ß à

0
Í (28)

Å
(ab

Å
usingnotationslightly) where

á
0

Í â ã ä å æ ç è é ê ë
0

Í
withq

ì
0

Í í î 2
� ï ð

2 ñ 3ò ó 2
�ô õ 1ö ÷ 2ø ùú 2

õ û ü 1ý 2 þ ÿ 2
�

andª
�

0
Í � � � � � � 2

� � �
2

	 
 2
� �

1�  � 2
� �

2� �� 2
õ � � � � � � 1� 2 � � 2

� �
An easycomputationshows that � 0

Í is preciselythe Hessianof the radial energy,
Hess

� �  ! "# (see
Å

(10)).Sincethe $ -vortex minimizes% & ' () , w¡ ehave * 0
Í + 0

�
. It remainsto

sho§ w , 0
Í - 0

�
. Weestablishthestrongerresult,. 0

Í / 0
�
. Notethat

0
0

Í 1 2 3
0

Í 4 0
Í 5

whereq
6

0
Í 7 8 9 : ; < = > >> ? @ A 1B C D

In
�

fact, E 0
Í has

F
nozero-eigenvalue.To seethis,weexploit someknown resultsaboutthe

kernelof G 0
Í atª H I 1. In Sect.6,wewill show thatat J K 1, thefull linearizedoperator

is
·

thesquareof a first-orderdifferentialoperator, L : MN O P Q R S T
1 U V W X . TheoperatorY

wq as analyzedin [S], whereit was shown to beFredholmwith index 2 Z [ \ . Theoperator]
0

Í ^ _
0

Í ` a b
1 is c restrictedto a particularinvariantsubspace.Thus d 0

Í is a Fredholm
operator� from its domainto e 2

�
rad. The kernelsof f andª g h areª known precisely, (see

[S] andSect.6) andit follows that i 0
Í has

F
index zero.Now, j 0

Í is
·

a relatively compact
perturbationõ of k 0

Í (due
Å

to thedecayof thefieldcomponents–see,again,[S]), andhencel
0

Í is alsoFredholmwith index zero.Finally, it isasimplematterto checkthat m n0Í has
tri

¨
vial kernel.If

o p
0

Í qr s 0
�

it follows that
t u v w x y 2

� z { |
0
�

andª hencethat } ~ 0
�
, andso � � 0

�
. Therelation� 0

Í � 0
�

followsfrom this,andthefact
that

¨ �
ess� � � 0

Í � � � 1 � � � . ��
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5.2.
È

A maximumprinciple argument.Removing theequalityin Proposition5 requires
moreä work. First,we establishanextensionof themaximumprincipleto systems(see,
e3 g, [LM, PA] for relatedresults).Wewill usethisalsoin theproof thatthetranslational
zero-modeis thegroundstateof � � � �1 (Sect.

Å
5.4).

Pr
�

oposition 6. Let
� �

be
�

a self-adjointoperator on � 2
� � � � � � � �

of� theform
  ¡ ¢ £ ¤ ¥ ¦ § ¨ © ª

wher« e ¬ is


a ® ¯ ° matrix-multiplication± operator with smoothentries.Supposethat² ³
0
�

and� that for ´ µ¶ · ,¸ ¹ º » ¼ ½ ¾ ¿ 0
�

for
�

all À .� Further, supposeÁ is


irr educiblein the
sense¶ that for anysplittingof theset Â 1 Ã Ä Ä Ä Ã Å Æ into


disjoint setsÇ 1 and� È

2
� ,¸ there isanÉ Ê Ë

1 and� a Ì Í Î 2 with« Ï Ð Ñ Ò Ó Ô Õ 0
�

for
�

all Ö .� Finally, supposethat × Ø Ù Ú Û Ü 2 with«Ý Þ 0
�

component-wiseß , and à áâ 0
�
.� Theneither

1. ã ä 0
�

or�
2. å æ 0

�
and� ç è 0

�
.�

Pr
Ô

oof. W
�

ewrite é ê ë ì í î ï withq ð ñ ò ó ô õ 0
�

component-wise,andcompute

0
� ö ÷ ø ù ú û ü ý þ ÿ � � � � � � � � � 	 
 � �  � � �

Since
� � �� andª � �� havedisjoint support,wehave

r � h � s§ � � � �� �
 ! "# $ % # & ' () * + , - . / 0 1 2 0

� 3

Thuswehave

1. 0 4 5 6 7 8 9 : ; < .
2. 0 = > ? @A B C A D E FG H for all I JK L .

Since
� M N

0
�
, thefirst of theseimplies O P Q R 0

�
andhenceS T U V W . So if X YZ 0

�
, then[ \ ]^ 0.

�
If _ ` 0

�
and a b c 0

�
, replaced withq e f in

·
whatfollows.An applicationof the

strong§ maximumprinciple(eg. [GT], Thm.8.19)to eachcomponentof theequation
g h i j k

nol w allows us to concludethat for eachm ,¡ either n op q 0 o
�

r r st u 0
�
. We know that

for somev ,¡ w xy z 0
�
. Looking backat thesecondlistedequationabove, andusingthe

irreducibility
·

of { ,¡ wethenseethat | }~ � 0
�

for all � . Finally, wecaneasilyruleout the
possibilityõ � � � 0

�
for some� ,¡ by looking backat theequationsatisfiedby � � . Thuswe

have � � 0.
� ��

5.3.
È

Positivity of � � � �0
Í .� No

�
w we applyProposition6 to show � 0

Í � 0
�
. Thetrick hereis

to
¨

find a function � whichq satisfies� 0
Í � � 0

�
. Thisallowsusto ruleout theexistenceof

aª zero-eigenvector, which would bepositive by Proposition6. To obtainsucha � , w¡ e
dif
Ì

ferentiatethevortex with respectto theparameter� . Specifically, differentiationof
the
¨

Ginzburg–Landauequationswith respectto � resultsin
�

0
Í � � � � (29)

Å
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whereq
� �   ¡ ¢£   ¡ ¤ ¥ ¦

andª
§ ¨ 1

2 © 1 ª « 2
� ¬ 

0
� ® 0

� ¯

W
�

ecannow establish

Proposition 7. For all ° ,¸ ± ² ³ ´0
Í µ ¶ · 0

�
.�

Proof. W
�

e have alreadyshown in theproof of Proposition5, that ¸ 0
Í ¹ 0

�
and º 0

Í » 0.
�

Hence,dueto (28)and(26),it sufficestoshow that ¼ ½ ¾ ¾ ¿ À 0
Í Á Â Ã 0

� Ä
. SupposeÅ 0

Í Æ Ç 0,
�È ÉÊ 0

�
. Proposition6 thenimplies Ë Ì 0

�
(or elsetake Í Î ).

Ï
Now

0
� Ð Ñ Ò

0
Í Ó Ô Õ Ö × Ø Ù Ú Û

0
Í Ü Ý Þ ß à á â ã ã 0

�
giÛ ves acontradiction. äå
Remark

æ
6. Proposition

´
6 appliedto Eq. (29) alsogives ç è 0

�
. That is, thevortex pro-

files increasemonotonicallywith é . This canbeusedto show that therescaledvortexê ë ì ê í î ï ð ñ ò ó ô õ ö ÷ ø ù ú ú
conÚ vergesasû ü ý to

¨ þ ÿ � � 0
� �

,¡ where� � is the(profileof) the� -vortex solutionof theordinaryGL equation:� � � 	 
 � � 2  � � � 2 � � � � 2 � 1� � � � 0.
�

This
I

resultwas establishedby differentmeansin [ABG].

5.4.
È

Positivityof � � � 1�
1 .�

Proposition 8. � �  1!
1 " 0

#
with« non-degeneratezero-eigenvaluegivenby $ .�

Proof. Let % & ' ( ) * + , - . / 0 11
1 2 0

#
, which is aneigenvalueby (26).Suppose3 4 5 16

1 7 89 : . Applying Proposition6 to ; < = 1>
1 ? @ (note

Å
that A B C 1D

1 satisfies§ the irreducibility
requirement)gives E F 0

#
(or G H 0

#
). Further, I is non-degenerate,as if J wereK

de
L

generate,we would have two strictly positive eigenfunctionswhich areorthogonal,
anM impossibility. Now if N O 0

#
, wehave P Q R S T U 0

#
, which is alsoimpossible.ThusV

is amultipleof W ,X and Y Z 0.
# [\

5.5.
È

Completionof stability proof for ] ^ _ 1.` W
a

e arenow in a positionto complete
the

b
proof of the first statementof Theorem1. By Proposition7, c d e 1f

0
Í g h i 0.

#
By

Proposition
j

8 and(26), k l m 1n
1 o p q r st u 0

#
. Finally, by (27), v w x 1yz { | } ~ 0

#
for � � � � 2.

õ
It follows from Proposition3 that �� � � � � � �

0
#

on the subspaceof � orthogonal� to
the

b
translationalzero-modes.By thediscussionof Sect.3.3, this gives Theorem1 for� � � 1. ��

6.
�

The Critical Case, � � 1
�

In
�

orderto prove theremainderof Theorem1, we exploit someresultsfrom the � � 1
case.�
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6.1.
�

Thefirst-orderequations.Following [B], weuseanintegrationby partsto rewrite
the
b

energy (1) as

� � � � �   ¡ 1

2 ¢ 2

£ ¤ ¥¦ § ¨ 2© ª « ¬  ®
1
2 ¯ ° ± ² 2© ³

1́
2

µ 1
4 ¶ · ¸ 1¹ º » ¼ ½ 2© ¾

1¿ 2
© À Á

de
L

g Â Ã Ä (30
Å

)

(recall,
Å

sincewe work in dimensiontwo, Æ Ç È is
É

a scalar)wheredeg Ê Ë Ì is
É

thetopo-
logical
Í

degreeof Î ,X definedin theintroduction.We assume,without lossof generality,
that
b Ï Ð Ñ Ò Ó Ô Õ

0
#
. Clearly, when Ö × 1, asolutionof thefirst-orderequations

Ø ÙÚ Û Ü 0
# Ý

(31)
Å

Þ ß à á 1

2
â ã ä å 2 æ 1ç è 0

#
(32)

minimizestheenergy within a fixed topologicalsector, deg é ê ë ì í ,X andhencesolves
GL.
î

Notethatwehave identifiedthevector-field ï withK acomplex field asin (18).
The
I ð

-vortices(9) aresolutionsof theseequations(when ñ ò 1). Specifically,

ó ô õö ÷ 1

2
ø ù 1 ú û 2

© ü
(33)
Å

andM
ý þ ÿ � �

1 � � � �� � (34)
Å

In
�

fact,it is shown in [T2] thatfor 	 
 1,any solutionof thevariationalequationssolves
the
b

first- orderequations(31)-(32).
Beginningfrom expression(30) for theenergy, thevariationalequations(previously

writtenK as(2)-(3)) canbewrittenas

� �  � �� � � � � � � � � � 1

2
ø � � � � 2© �

1�  ! 1

2
ø " # $ 1% & ' ( ) 2© *

1+ , - 0
# .

(35)
Å

/ 0 1 2 34 5 6 7 8 9 :; < = > ? @ 1

2
A B C D 2 E 1F G H 0

#
(36)

(here
Å I JK L M N OP Q R ST

is theadjointof U V ).
W

6.2.
�

First-order linearizedoperator. W
X

e show that the linearizedoperatorat Y Z 1 is
the
b

squareof thelinearizedoperatorfor thefirst-orderequations.
Linearizing

[
thefirst-orderequations(31)–(32)abouta solution, \ ] ^ _ ` (of

Å
thefirst-

order� equations)resultsin thefollowing equationsfor theperturbation,a b c d e f g :

h ij k l m n op q
0

# r

s t u v w x y z{ | } ~
0

# �
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No
�

w using � � �� � � � � � � � � � � � � ,X andaddingin thegaugecondition(17),we can
re� write thisas

� � �
0

# �
(37)

Å
whereK

� � � �� � � � � �  ¡ ¢ £ ¤ ¥ ¦ §
If we linearizethe full (secondorder)variationalequations(in the form (35)-(36))

aroundM ¨ © ª « ¬ ,X weobtain ® ¯ ° ±² ³ ´ µ ¶· ¸ ¹ º » ¼½ ¾ ¿ ÀÁ Â Ã Ä Å Æ Ç È É Ê Ë Ì Í ÎÏ Ð Ñ Ò
Ó Ô Õ Ö × Ø Ù 1

2 Ú Û Ü Ý 2 Þ 1ß à á 1
2 â ã ä 1å æ ç è é ê 2 ë 1ì í î 2

ø ï ð ñ ò óô õ ö ÷ ø
0
#

andM
ù úû ü ý þÿ � � � �� � � � � 	
 � � � � � � � � �� � � � � � � � � ��  ! " #

0
# $

Pr
%

oposition 9. When& ' 1,( theselinearizedequationscanalsobewritten
) * + , -

0
# .

Proof. This is asimplecomputationusingthefactthatthefirst-orderequations(31–32)
hold.

/ 01
This relationholdsalsoon the level of the blocks.A straightforward computation

gi2 ves
3 4 5 67 8 9 : 1 ; < => ? > @

whereK

A B C
D E F G H I J

0
#K L M L N O

0
# PP

0
# Q R S

1T U V W X
0
# Y Z [ \ ] \ ^

1_ `
a

6.3.
�

Zero-modesfor b c 1.d It was predictedin [W] (and proved rigorously in [S])
that

b
for e f 1, the linearizedoperatoraroundany degree-g solutionh of the first-order

equationsi hasa 2 j k l -dimensionalkernel(modulogaugetransformations).This kernel
arisesM becausetheTaubessolutionsform a2 m n o -parameterfamily, andall havethesame
eneri gy. Thezero-eigenvaluesareidentifiedin [B], andwe describethemhere.Let p q
be

r
theuniquesolutionof

s t u v w x 2

y 2 z { 2 | } ~ � 0
#

on� � 0# � � �
withK

� � � � � � asM � � 0
#
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andM
� � � 0 a

#
s � � �

for � � 1 � 2 � � � � � � . Thenit is easyto checkthatwhen � � 1,

� � � � �
0

# �
(38)

Å
whereK

�   ¡
¢ £ ¤¢ £ ¤

¥ ¦ § ¨© ª « ¬  ® ¯ °± ² ³ ´µ ¶ · ¸ ¹ º » ¼
½

W
X

e remarkthat

¾
1 ¿ 1 À ÁÂ

andM it is easilyverifiedthatfor Ã Ä 1, Å 1 Æ 1Ç È gi2 ves thetranslationalzero-modes.

7.
É

The (In)stability Proof for Ê Ë Ì Í 2
Î

Here
Ï

wecompletetheproofof Theorem1.
The
Ð

ideais to decomposeÑ Ò Ó ÔÕ into
É

a sumof two terms,eachof which hasthesame
(translational)
Å

zero-mode(for Ö × 1) as Ø Ù Ú ÛÜ . Onetermis manifestlypositive, andthe
other� satisfiesrestrictionsof Perron-Frobeniustheory.

W
X

ebegin by modifying Ý Þ ,X anddefining,for any ß ,X

àá â ã
ä å æ ç è éê ë ì í î ï ð 0

#
ñ ò ó ô ò õ ö ÷ø 0

ù ú
ú û

0
ù ü ý þ

1ÿ � � � �
0

ù � � � � � � 	
1
 �

�

where wehavedefined

� � � � � � � 1 � � � �� � � (39)
Å

andM � � � � denotes
L

anoperatorcomposition.By (34),wehave �  1 for ! " 1.Wealso
set,h for # $ 1 % & & & % ' ,X

() * +
, - 1 . / 0. / 01 2 3 45 6 7 8 9: ;< = > ?@ A B C DE F

G

No
�

w HI J
hasthefollowing properties:

1. KL
1 is

M
thetranslationalzero-mode1N O for

P
all Q .
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2. When R S 1, TU V W X Y
,Z [ \ 1 ] ^ ^ ^ ] _ ,Z give the 2 ` a b zero-modes(38) of the

linearized
Í

operator.

These
Ð cd e

were chosenin [B] ascandidatesfor directionsof energy decrease(for f g h i
2) when j k 1. Intuitively, we think of lm n

aso a perturbationthat tendsto breakthep -vortex into separatevorticesof lowerdegree.
No
�

w, qr s
w as designedto have thefollowing properties:

1. tu v w x y
when z { 1 (this is clear).

2.
ø |} ~ �� � �

0
ù

for all � ando � (this
Å

is easilychecked).

A
�

straightforwardcomputationgives
� � � �� � �� �� �� � � � � � �

(40
Å

)

where � � diag
� �

1 � 0
ù �

0
ù �

0
ù �

ando
  ¡ ¢ £ ¤ ¥ ¦ § ¨ ¦ © ª « ¬  2

© ® ¯
2

©
with

° ± ² ³ ´ µ ¶ · 2

¸ 2 ¹ º 2 » ¼
2

½ ¾ 2 ¿ 1À Á
By construction,when Â Ã 1, thesecondtermin thedecomposition(40) musthave a
zero-modecorrespondingto theoriginal translationalzero-mode.In fact,onecaneasily
check� that Ä 1 Å Æ Ç 0.

È
Proposition 10. For É Ê Ë Ì 2,( Í 1 has

Î
a non-degeneratezero-eigenvaluecorresponding

toÏ Ð Ñ ,( and Ò
1 Ó 0

È Ô Õ
1Ö

1 × 0
È Ø Ù

1

onÚ Û 2
radÜ .d

Pr
Ý

oof. W
X

e recall inequality(13), which implies that for Þ ß 1, à á 1, andfor â ã 1,ä å 1. Theoperatoræ 1 is of theform
ç

1 è é 1 ê ë 2
© ì í î ï ð ñ ò

first
ó

order ô multiplication.õ (41)

One
ö

canshow that ÷ 1 is boundedfrom below (resp.above) for ø ù 1 (resp.ú û 1).We
stickü with thecaseý þ 1 for concreteness.Supposeÿ 1 � � � � with� � � infspec� 1 �
0

È
. Applying themaximumprinciple(e.g.Proposition6 for 	 
 1) to (41),weconclude

that
� � 

0.
È

If � � 0
È
, we have � � � � � � � 0

È
, a contradiction.Thus � � 0

È
, andis

non-degenerateby asimilar argument. ��
W
X

ealsohave

Lemma 1. For � � 2,( � � �  1 is
!

non-negativefor " # 1,( non-positivefor $ % 1,(
and& hasnozero-eigenvalue.

Proof. This follows from theequation

' ( ) *
1 + , 1 - . 2 / 0 2 1 12 2 3 45



274 S.Gustafson,I. M. Sigal

Completionof theproofof Theorem1. Supposenow 6 7 1. Since 89 :; <= >
is manifestly

non-negative, and ? @ A ? 1 for B C 2, we have D E F GH I 0
È

for J K 1 (with only the
translational
�

0-mode).Combinedwith (26)andPropositions7 and3, thisgivesstability
ofL the M -vortex for N O 1.

No
�

w supposeP Q 1.By (40),Proposition10andLemma1,wehavefor R S 2
ø T U U U V

,Z
W XY Z [ \ ] ^ _Z `a b c d

0
e f

W
g

e remarkthat hi j
correspondsk to anelementof theun-complexified spacel ,Z andsom n o p

has
q

negativeeigenvalues.Thisestablishestheinstabilityof the r -vortex for s t u v 2,
øw x

1, andcompletestheproofof Theorem1. yz

8.
{

Appendix: Vortex Solutions are Radial Minimizers

Proposition 11. For | } 2~ 2,( a solutionof Eqs.(11)–(12)locally minimizes� � � �� .�
Proof. It sufficesthento show � 0

� � Hess� � � �� � 0
e

(seeSect.5.1).We write � 0
� ��

0
� � �

0
� ,Z where

�
0

� � diag
� � � � � � � �

with� � �   ¡ ¢ £ ¤ 2
¥ ¦ §

2 ¨ © 2
¥ ª

1« and¬


0
� ® 2̄ ° 2 ± 2² ³´ 2µ ¶ 1· 2

¸ ¹ º 2 »
W
g

e notethat ¼ ½ ¾ 0
e

(oneof theGL equations).It follows from thefactthat ¿ À 0
e

and
a¬ Perron-Frobeniustype argument(see[OS1]) that Á Â 0

e
with no zero-eigenvalue.It

sufÃ ficesto show Ä 0
� Å 0

e
. Clearly Æ Ç È É 0

� Ê Ë 0
e
, and

det
� Ì Í

0
� Î Ï 2

ø Ð Ñ 4
Ò Ó 2

ø Ô 2
Õ

Ö 2
Õ × Ø Ù 2

ø Ú 2
Õ Û

1 Ü Ý Þ 2
Õ ß

is
à

strictly positive for á â 2
ø ã 2. äå
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