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This selectivereviewis written asanintroductionto themathematicaltheoryof the
Schro
�

¨dinger
�

equationfor N
�

particles.� Characteristicfor thesesystemsarethe clus-
ter
�

propertiesof the potential in configurationspace,which are expressedin a
simple	 geometriclanguage.The methodsdevelopedover the last 40 yearsto deal
with
 this primary aspectaredescribedby giving full proofsof a numberof basic
and� by now classicalresults.Thecentralthemeis theinterplaybetweenthespectral
theory
�

of N
�

-body Hamiltoniansand the space–time and phase-spaceanalysisof
bound
�

statesandscatteringstates. © 2000
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���

01306-2
� �

I. INTRODUCTION

ThequantumN
�

-bodyproblemhasbeenposedsince1926in a precisemathematicalform: the
Schro
�

¨dinger
�

equationfor N
�

particles� interactingpairwiseby two-bodypotentialswhich vanishat
infinity.
�

Togetherwith the generalprinciplesof quantummechanicsthis equationrepresentsthe
simple,	 unifying basisfor understandingall forms of nonrelativisticmatterfrom the atomicpoint
of� view. Of coursespin and statisticsas well as the coupling to electromagneticfields must be
included
�

to substantiatethis claim, but theseaspectswill not be consideredin our review.
Thetheoriesof atoms,moleculesandsolidsevolvingfrom this basisdid not solvetheN

�
-body

problem� � for N
���

2) in any mathematicalsense,but from the point of view of physics they
achieved� muchmore.Dueto its classicalflavor theSchrödinger

�
equationlendsitself beautifullyto

heuristic
�

simplifications,thusleadingto intermediatemodelsdescribingparticularsituations.This
process� is of coursenecessaryto reducethe quantitativecomplexity of the underlying‘‘exact’’
theory
�

to human � or� machine� proportions,� not only for doing computations,but also for under-
standing	 the results.Someof thesemodeltheorieshavealsobeenstudiedfrom the mathematical
point� of view, but againthis is not a topic of our review.

The
�

mathematicaltheoryof N
�

-bodyquantumsystemspresentedhereis theresultof a comple-
mentary� effort, essentiallyover the last 40 years,to derive somebasicdynamicalpropertiesof
N
�

-body systemsdirectly from the Schrödinger
�

equationand from generalassumptionson the
interactions.
�

An overviewis presentedby the following condensedhistory:

1926 Schro
�

¨dinger:
�

The time-dependentSchrödinger
�

equationfor N
�

-body systems.84

1932 von Neumann: Abstract Hilbert spaceand the mathematicalfoundationsof quantum
mechanics.� 108

1951 Kato: Self-adjointness
�

andlower boundfor a largeclassof N
�

-body Schrödinger
�

Hamilto-
nians! including Coulomb systems.63

"
These
�

systemsthereforefit into von Neumann’sabstract
framework
#

with all its methodsandresults$ dynamics
�

describedby a one-parameterunitarygroup,
spectral	 theorem,etc.% .
1959 Hack:

&
Existence
'

of scatteringstatesfor anyprescribedasymptoticmotionof independent,
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bound
�

fragmentsin thecaseof short-rangepotentials) falling of fasterthanr * 1).
+ 40 Theconjecture

stands	 that thesescatteringstatestogetherwith the bound statesspanthe entire Hilbert space,
asymptotic� completeness60

".-
.

1960 Zhislin: Determinationof theessentialspectrumof atomicHamiltonians.118 In thecontext
of� generalN

�
-body systemsthis result was rediscoveredindependentlyby Hunziker47

/
and� van

Winter.
0 104 It

1
forms the basisfor all variational methodsapplied to the discretespectrum.For

example,2 the energyspectrumof atomsand positive ions below the first ionization threshold
consists3 of infinitely manyisolatedeigenvaluesof finite multiplicities.

1963 Faddeev:
4

The
�

first mathematicaltheory of three-bodysystems,29 based
�

on a systemof
coupled3 integral equationsfor the three-bodyGreen’sfunction 5 Faddeev

6
equations7 ,8 which be-

comes3 of Fredholmtypeaftera numberof iterations.This approachwaslaterextendedto arbitrary
N
�

by
�

Yakubowsky117 and� Hepp,43
/

but
�

its power is limited by supplementaryassumptionscon-
cerning3 the spectralpropertiesof all subsystemsof lessthanN

�
particles.�

1969 Ruelle: Ergodic space–time characterizationof bound statesversuscontinuumstates,82

simplified	 andgeneralizedby Amrein andGeorgescu7
9

and� by Enss.26
:

1970 Efimov:
;

In
1

contrastto thetwo-bodycase,three-bodyHamiltonianswith short-rangepoten-
tials
�

canhavean infinite numberof discreteeigenvalues< Efimov effect= .23,24
:

Thefirst mathemati-
cal3 treatmentis dueto Yafaev.113

1971 Lavine:
>

Asymptotic
?

completenessof N
�

-bodysystemswith purely repulsivepotentials.68,69
"

The first time-dependentproof using a positive commutatorargument@ developed
�

in generalby
Putnam80 and� Kato64

".A
.

1971 Balslev,
B

Combes: Application
?

of spectral deformation4 to
�

N
�

-body Hamiltonians with
dilation-analytic
�

potentials.10 This methodrevealsthe generalstructureof the essentialspectrum
of� H C thresholds,

�
embeddedeigenvalues,absenceof singularcontinuousspectrumD ,8 andprovides

the
�

basisfor a theoryof resonances.96
E

1972 Iorio, O’Carroll: Asymptotic completenessof N
�

-body systemsin the limit of weak
potentials.� 57

F
A simpleperturbativeapproachusingthe Dysonexpansion.

1973 O’Connor:
G

Isotropic
1

exponentialboundsfor N
�

-body eigenfunctionsin the discretespec-
trum,
�

with an exponentdeterminedby the massesand the energy difference to the lowest
threshold.
� 76

9
Later generalizedin the dilation-analyticcaseto nonthresholdeigenvaluesembedded

in
�

thecontinuousspectrum,14 where
 absenceof positiveeigenvaluescanbeprovedin a varietyof
cases3 H see	 e.g.,Ref. 81, Vol. IV, Thm. XIII. 61I .
1977 The adventof ‘‘geometric’’ J configuration3 spaceK methodsof spectralanalysisand scat-
tering
�

theory.18,25,97,17,87These
�

methodscombinethe local analysisof a Schrödinger
�

HamiltonianL
as� a partial differential operatorM with
 the global N operator� O analysis� in a very effective way,

leadingto essentialsimplificationsandnew results.

1978 Deift
P

et al.: Anisotropic
?

exponentialboundsfor N
�

-body eigenfunctionsin terms of the
energy,2 all thresholdsand the masses.17 A

?
conciseform of this result is later given by Agmon2Q

Agmon distanceR .
1978 Enss:

;
A
?

short inspiring proof of asymptoticcompletenessfor N
�TS

2,
U

using only Ruelle’s
theorem
�

and the propagationpropertiesof free wave packets,26 later
V

extendedto N
�TW

3.
X 27 This

�
proof� marksthe turning point from geometricto phase-spaceanalysis.

1981 Mourre:
Y

Mourre’s
Z

inequality for N
�T[

3,
X 75
9

soon	 extendedto generalN
�

by
�

Perry,Sigal and
Simon.
� 79

9
Mourre’s
Z

inequalityestablishesthe structureof the essentialspectrumfor very general
interactions.It alsoexhibitsthestrict positivity of thevirial in anysufficientlynarrowenergyshell

3449J.
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in the continuousspectrumwhich is separatedfrom thresholdsand eigenvalues.The resulting
propagation� estimate] local decaŷ plays� a key role in the proofsof asymptoticcompleteness.

1982 Froese,
4

Herbst: Exponential
_

boundsfor eigenfunctionsbelongingto embedded,nonthresh-
old� eigenvalues,andabsenceof positiveeigenvalues,31

`
supplemented	 by Perry.78

9
The proofsare

based
�

on Mourre’s inequality.

1987 Sigal,
�

Soffer: The
�

first generalproof of asymptoticcompletenessfor arbitrary N
�

and�
short-range	 potentials.91

E
The
�

proof restson the constructionof a setof phasespaceobservablesa
(
b
xc ,8 pd ,8 te )+ which have locally positive commutatorswith H and� which control the asymptotic

propagation� into the possiblescatteringchannels.

1990 Graf:
f

A
?

muchsimplerproof of theSigal–Soffer theorem.38
`

The
�

improvementresultsfrom
the
�

constructionof newpropagationobservableswhich arebettertunedto thegeometryof N
�

-body
configurations.3 A variantof this constructionis introducedlater in the proof given by Yafaev.116

1993 Derezin
P ´ski:g Proof

h
of asymptoticcompletenessfor long-rangepotentials i falling

#
off faster

than
�

r jlk ,8nmporqts 1).19 This proof waspreparedby preliminaryresultsof Sigal andSoffer,93,94
E

who
 give an independentproof for the Coulombcaseupv 1.95
E

This
�

shorthistory is necessarilyincomplete,andso is our review.As a rule we only describe
resultswhich havebeenobtainedfor generalN

�
and� for generalclassesof potentials.Not covered

are,� in particular,theFaddeevtheoryandits generalizations,29,117,43
:

the
�

manybeautifulresultsfor
Coulomb
w

systemsincluding the stability of matter,70,30
9

and� N
�

-body systemsin externalelectric
and� magneticfields,e.g.,Refs.44, 8, 120,36, 37, 67, 1, and101.On the otherhand,we present
some	 of the methodsoriginating from N

�
-body theory in abstractform sincethey havea wider

rangeof applicability: e.g.,spectraldeformation,resonances,higherorderMourre theory.

II. BASIC DYNAMICS

In this sectionwe discusstwo fundamentalpropertiesof Schrödinger
�

operators

H x pd 2
:zy

V { xc}| on��~�� L2
:��

X � ,8 � 2.1�
where
 X

�
is
�

a Euclideanspace,xc�� X
�

and� pd 2 ����� . The first one is Kato’s celebratedtheorem
which
 statesthat

H
�r�

H
�

* � E
;

0
�z�����

for
#

a largeclassof potentialsincluding N
�

-body systemswith Coulombinteractions.63
"

This
�

result
may� be regardedasthe mathematicalfoundationof nonrelativisticquantummechanics:it shows
that
�

the standardmodelsof atomsand moleculesfit into von Neumann’sabstractHilbert space
theory
�

of quantumsystems.In particular,the Schrödinger
�

equation

i
���

t����� H �
generates� a unitary group U t�¡  e¢¤£ iHt : ¥ 0

�z¦¨§
t� describing
�

the time evolution of any initial state©
0
�«ª¬ for all te¯® R. Moreover,H hasa spectralrepresentationH °�±¤² d E

�´³
which
 in turn defines

the
�

energydistributiond
�

(
b�µ

,8 E;·¶¹¸ )
+

for any state º¼» i.e.,
�

any ½¿¾À with
 ÁÃÂ�ÄÆÅ 1) asa probability
measure� on the spectrumÇ (

b
H
�

) o
+

f H
�

. The result that the energyH
�

has
�

a finite lower boundE
;

0
�

explains,2 e.g.,the stability of atoms È even2 beforeinvoking the Pauli principleÉ . In fact, this lower
bound
�

is obtainedin the strongerform

pd 2 Ê aHËÍÌ b
Î Ï

2.2Ð
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for someconstantsaË ,8 bÎ depending
�

on V. This upperboundfor the kinetic energypd 2
:

in termsof
the
�

conservedtotal energyplaysa fundamentalrole. In classicalÑ mechanics Ò 2.2Ó holdsonly if the
function
#

V(
b
xc )
+

is boundedfrom below.Thenthe inequalities
Ô
xcnÕ×Ö R,8ÙØ xc ,8 pdÛÚÝÜ E

define
�

a finite volume in phasespace.Sincethe canonicalflow (xc 0
� ,8 pd 0
� )+ÝÞ (

b
xc t
� ,8 pd t
� )+ generatedby

H(
b
xc ,8 pd )
+

is volumepreservingß Liouville’s theoremà ,8 it follows thatalmostall orbits teÃá (
b
xc t� ,8 pd t� )+ fall

into two classes:either xc t� remainsboundedfor all te , o8 r xc t� becomes
�

unboundedin both time
directions
�

teÃâäãæåtç ‘‘capture is a processof probabilityzero’’è . This theoremis dueto Schwarzs-
child3 é see,	 e.g.,Ref. 85ê . Its quantumë analog,8 givenby Ruelle,82 is

�
thesecondfundamentalresult

we
 wish to discuss.In the quantumcase ì 2.2í implies that the set of states î satisfying	 the
inequalities

ïñð
,8óò xcÛôöõø÷Ýù R,8ûúýü ,8 H þøÿ�� E

is
�

compactin
�

,8 andLiouville’s theoremis replacedby the unitarity of the flow U t� in
���

. As a
result � splits	 into two U t� -invariantorthogonalsubspaces

���
	
B �� C .

Here � B is thesubspaceof boundstates,spannedby theeigenvectorsof H. An orbit te����
t� in � B

is
�

characterizedby the condition that, for any ��� 0,
�

xc stays	 with probability 1 ��� in
�

somefinite
ball
� �

xc���� R
�

(
b �

)
+

for all te . ! C "
# B

$
is
�

thecontinuousspectralsubspaceof H
�

. For anorbit te�%'&
t� in
�(

C the
�

probability to find xc in
�

any finite ball ) xc�*�+ R
�

at� time te vanishes, in the time averageover
both
�

time directions -
.
/ te�0 0
�

and0 1 te�243
5 . This generalresultsetsthe stagefor the further
analysis� of N

�
-bodysystems,wherewe will eventuallyarriveat muchsharperstatementsconcern-

ing
�

the localizationof boundstatesandcontinuumstates.

A. Self-adjointness

The
�

constructionof self-adjointHamiltoniansof the type 6 2.1
U87

is
�

a well-developedart 9 see,	
e.g.,2 Ref. 81, Vol. II : . Herewe only recall the original constructionof Kato.63

"
Definition: A Kato potential on X is a real function V ; L loc

<2 (
b
X)
+

which,= as a multiplication
operator> on L2(

b
X),
+

satisfiesg an estimate
?
V @BADCFEHG pd 2

:JIBKDL�MONQPSRUTDVHW X
2.3Y

for
Z

any [B\ 0
�

andË all ]_^ C0
� ` (
b
X).
+

Theorem
a

2.1:63
b

If
c

V is a Kato potential on X,8 thene H d pd 2 e V is self-adjoint with domain
D
P

(
b
H
�

)
+�f

D
P

(
b
pd 2
:
)
+

andË bounded from below. Moreover,8 pd 2
:

is
�

H-bounded
Î

with a bound
g
pd 2 hBiDjlk 1 mFnpo�q 1 rQs H�utHvDw�xzy|{S}U~D�H���

; 0 �F �B � 1. � 2.4
U8�

Proof:
�

V is
�

a closedoperatoron its naturaldomain.SinceC0
� � (
b
X
�

)
+

is a coreof pd 2
:
,8�� 2.3
U8�

extends2
to
�

all �_� D(
b
pd 2
:
)
+
. ThusH is definedasa symmetricoperatoron D(

b
pd 2
:
)
+
, where

z��� H
�u�l�

1 � V � z��� pd 2
:|���

1��� z��� pd 2
:|� �

2.5�
for Re(z� )+ � 0.

�
From   2.3¡ we
 find ¢ V(

b
z��£ pd 2)

+�¤ 1 ¥D¦F§B¨�© (
bUª

)
+¬«

Re(z� )+® ¯ 1 ° 1, if we choose±B² 1 and³
Re(
�

z� )+®´ sufficiently	 large.Then µ 2.5
U8¶

shows	 thatRan(z��· H
�

)
+�¸

L
> 2(
b
X
�

)
+

andthat z��¹ H
�

has
�

a bounded
inverse.
�

Thustheresolventset º (
b
H
�

) o
+

f H
�

contains3 a left half-plane,which provesthefirst partof
the
�

theorem.Equation » 2.4¼ follows from ½ 2.3¾ . ¿
Here
À

is a summaryon Kato potentials:
Theorem
a

2.2: (a)
Á

A real function V Â L
> pÃ (
b
X
�

)
+

is
�

a Kato potential if p Ä 2
U

and2pdÆÅ dim(
�

X
�

).
+

(b)
Á

Let X Ç X1 È X2 be
Î

an orthogonal decomposition of X with adapted coordinates x É xc 1 Ê xc 2 . Sup-
�

3451J.
Ë
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posed that V depends only on x1 :V(
b
xc )
+�Ì

V(
b
xc 1).
+

Then V is a Kato potential on X if and only if it is
aË Kato potential on X1 . (c)

Á
The Kato potentials on X form a real vector space.

For
6

a proof of Í a�QÎ see	 Ref. 81, Vol. II, Thm.X.20. Ï b�UÐ and� Ñ c3�Ò are� elementary.
Example:
;

V(
b
xc )
+�ÓlÔ

xcÖÕ�× 1 is
�

a Kato potentialon X
�
Ø

R
� 3
`

since	 it is the sum of an L
> 2
:
-functionÙ

which
 is Kato by Ú a��ÛÝÜ and� a boundedfunction. Let X Þ R3
`

N
ß

with
 coordinatesxc 1 ,...,8 xc nàâá R3
`
. Byã

b
�Uä

the
�

potentialsV ik ålæ xc i ç xc k
èêé�ë 1 (

b
i
��ì

k
í
)
+

areKato potentialson X. By î c3�ï this
�

is alsotrue for any
realð linearcombinationof thepotentialsV ik . Thereforethetotal Coulombpotentialof a systemof
N
�

charged3 particlesin R
� 3
`

is
�

a Kato potentialon R
� 3
`

N
ß

. Accordingto ñ b�Uò this
�

remainstrue if we fix
the
�

center-of-massby restrictingthe configurationspaceR
� 3
`

N
ß

to
�

the subspaceó xcÖôöõ
k
è¬÷

1
N
ß

mø k
è xc k

è¬ù 0
�ûú

where
 mø k
è is the massof the particlek

í
.

B. Bound states and continuum states

Lemma 2.3: Suppose that H is a self-adjoint operator on L2
:
(
b
X)
+

satisfyingg (2.2) for some
constantsÑ a, b. Let f ü L

>Sý
(
b
X
�

)
+

with= f (
b
xc )
+�þ

0
�

asË ÿ xc ����� . Then
�

the operator

f
Z��

xc
	�� z�� H ��� 1 is
�

compact � 2.6�
for
Z

any z in the resolvent set � (
b
H
�

).
+

We will refer to this by saying that H has the local compact-
ness� property.

Proof: We
0

useCartesiancoordinatesxc�� (
b
xc 1 ,...,8 xc nà ) i

+
n X and� the correspondingmomentum

operators� pd�� (
b
pd 1 ,...,8 pd nà ),

+
pd k
è���� i

���
/
 �!

xc k
è . Let g"$# L

>
%
(
b
X
�

)
+

with g" (
b
xc )
+�&

0 a
�

s ' xc)(�*�+ . Then the op-
erator2 f

Z
(
b
xc )
+
g" (
b
pd )
+

is compact.This follows by observingthat f
Z

(
b
xc )
+
g" (
b
pd )
+

is a norm limit of Hilbert–
Schmidt
�

operatorsf
Z

nà (b xc )
+
g" nà (b pd )

+
, obtainedby setting f

Z
(
b
xc )
+

and g" (
b
xc )
+

equal to zero for , xc�-�. n� and�
letting n�0/21 . 3 Notice

4
that f

Z
nà (
b
xc )
+
g" nà (
b
pd )
+

is an integral operatorwith the square-integrablekernel
K
5

(
b
xc ,8 y6 )
+�7

f
Z

nà (
b
xc )
+
g"ˆ nà (
b
xc�8 y6 )

+
, whereg"ˆ nà is

�
the Fourier transformof g" .] As a norm limit of compact

operators� f
Z

(
b
xc )
+
g" (
b
pd )
+

is compact.By 9 2.2
U;:

the
�

operator(1 < pd 2
:
)(
+

z�>= H
�

)
+@? 1 is

�
bounded.Thereforethe

product� f
Z

(
b
xc )(1
+BA

pd 2
:
)
+@C 1(1
bED

pd 2
:
)(
+

z��F H)
+�G 1 is compact. H

Self-adjointness
�

andthe local compactnesspropertyof H are� theonly ingredientsof Ruelle’s
theorem:
�

Theorem
I

2.4:82,7,26
J

Suppose
�

that H K H
�

* on> L2
:
(
b
X
�

)
+

has
L

the local compactness property (2.6).
Let
> M

B be
Î

the subspace spanned by all eigenvectors of H,8 andË N
C OQP B

R
. If
cTS

R(
b
xc )
+

is
�

the char-
acteristicË function of some ball U xc)V�W R,8 thene

XZY\[
B ] lim

R ^Z_
`ba

1 ced R f e¢hg iHt i�jlk 0
�

unim f orml y in 0
��n

teloQp ; q 2.7r

sut\v
C w lim

V
t�yxZz te|{ 1

0
�
t�
ds
�~}��

Re¢h� iHs ��� 2:�� 0
�

f o
Z

r any R �Q� . � 2.8
U;�

Replacing
�

H
�

by
���

H
�

,8 we obtaintheanalogoustheoremfor negativetimes.We alsonotethat
two
�

states� and� � with
 the space–time characteristic� 2.7
U;�

and� � 2.8
U��

are� orthogonal:

���
,8������ 0.

� �
2.9
U;�

In fact, � 2.8� implies � Re¢h  iHt ¡�¢ 0
�

for somesequencete|£2¤ . Thuswe canmake

¥�¦
,8�§©¨�ª¬« e¢h iHt ® ,8°¯ Re¢h± iHt ²©³�´¬µlµ 1 ¶e· R ¸ e¢h¹ iHt º ,8 e¢h» iHt ¼©½

arbitrary� small by first choosingR
�

and� then te large
V

enough.
Proof
�

of Theorem 2.4: Let
¾

H
�

be
�

a self-adjointoperatoron a Hilbert space¿ and� supposethat
zero is not an eigenvalueof H. By the meanergodictheorem,

lim
V
t�yÀÂÁ te|Ã 1

0
�
t�
ds
�

e Ä iHs Å�Æ 0
� ÇÉÈuÊ\Ë

. Ì 2.10
U Í
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Î
This follows for Ï�Ð H Ñ by

�
explicit integration,andtheseÒ are� densein Ó since	 zerois not an

eigenvalue2 of H.) Now supposethatH hasno eigenvalues.Thenzerois not aneigenvalueof the
operator� H

�ÕÔ
1 Ö 1 × H

�
on�ÙØÛÚÝÜßÞ a� consequenceof the spectraltheoremà ,8 so that by á 2.10

U â

0
�0ã

lim
t�yäZå te|æ 1

0
�
t�
ds
�èç�é�êìë

,8 e¢hí iHs îðï e¢ iHs ñóò

ô lim
V
t�yõZö te|÷ 1

0
�
t
�
ds
�ùøûú�ü

,8 e¢þý iHs ÿ���� 2:���� ,8	��
� . � 2.11
U �

Now
4

let H
���

H
�

* be
�

arbitraryandsupposethat K
5

(
b
i
���

H
�

)
+�� 1 is

�
compactfor someboundedoperator

K
5

. Thenwe claim that

lim
t����� te�� 1

0
�
t�
ds
���

K e � iHs ��� 2  0
� !

2.12"
for any vector # in the continuousspectralsubspace$ C of� H. Sinceit sufficesto provethis for
the
�

densesetof vectors%'& (
b
i
��(

H
�

)
+�) 1 * ,8�+-,. C ,8 we mayassumethatK

5
itself
�

is compact.ThenK
5

is
�

the norm limit of finite rankoperators,which leavesus to prove / 2.12
U 0

for
#

operatorsK
5

of� rank
one:� K e 1 iHs 2'3 (

b
um ,8 e¢54 iHs 6 )

+87
; um ,8:9<;= . Since >�?@ C we
 can chooseumBA-C C . Then D 2.12E fol-

lows from F 2.11G because
�

H hasno eigenvectorsin H C . In the contextof I 2.4J this
�

provesthe
direction
� K

of�ML 2.8
UON

,8 since P R
Q (
b
i
�8R

H
�

)
+�S 1 is

�
compact.On the otherhandthe direction T of�VU 2.7

UXW
holds
�

trivially for any eigenvector Y of� H
�

and� thus for any Z-[\ B . The opposite
directions
� ]

of�X^ 2.7_ and� ` 2.8a now follow from b 2.9c . d

III.
e

N-BODY SYSTEMS

A systemof N
�

particles� in R3
`

with
 pair-interactionsis describedby the Hamiltonian

H fhg
k
èji

1

N
ß

pd k
è2

2mø k
èlknm

i o k
è

1,...,N
ß

V ik p xc i q xc k
è	r ,8 s 3.1

XXt
with
 V ik(

b
xc )
+�u

0 a
�

s v xcxwzyh{ . From this standardcasewe extractthe following basicnotions:

A. Configuration space

The configurationspaceX of� an N
�

-body systemis a Euclideanspacewith scalarproduct
denoted
�

by xc y6 . In the caseof | 3.1
XX}

,8 regardedin the center-of-mass~ CM
w �

frame:

X
���

xc���� xc 1 ,...,8 xc N
ß�� xc k

è�� R
� 3
`
; � mø k

è xc k
èj� 0
�

;

xc y6'��� mø k
è�� xc k

è y6 k
è	�

R
Q 3
� . � 3.2

XX�
Here
À 1

2
� xc ˙ xc ˙ � 1

2
� xc ˙ 2 is

�
the classicalkinetic energy,and pdB� xc ˙ is

�
the momentumconjugateto xc . In

quantum� mechanics,

H
��� 1

2
� pd 2 � V � xcl� on� L

> 2 � X��� ,�   3.3
¡O¢

where£ pdB¤¦¥ i
§©¨

andª pd 2
:¬«¦�®

havethe usualform in Cartesiancoordinates̄ not particle coordi-
nates° of� X.
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1. Channels

In
²

X
�

there
³

is a distinguished,finite latticeL
´

of� subspacesaµ ,� b¶ ,...� · channels¸ ¹ . L
´

is
º

closedunder
intersections
º

andcontainsat leastaµ�»½¼ 0¾À¿ andª aµÂÁ X
�

. In the caseof Ã 3.1
¡OÄ

the
³

channelscorrespond
to
³

all partitionsof (1,...,N
Å

)
Æ

into clusters.For example,if N
ÅÈÇ

4:

partitionÉ channel

Ê
12ËjÌ 34

¡hÍ�Î
aµÂÏ½Ð xcxÑ xc 1 Ò xc 2 ;xc 3

ÓÕÔ xc 4Ö . × 3.4
¡OØ

In generalthe partial orderingof L is definedby

aµÂÙ b
¶ÂÚ

aµÂÛ b
¶

; aµÂÜ b
¶

. Ý 3.5
¡XÞ

For
ß

eachaµ<à L
´

there
³

is an orthogonaldecomposition:

X
��á

aµxâ aµ�ã : xc�ä xc aå¬æ xc aå . ç 3.6
¡Oè

This correspondsto the introductionof CM-coordinates.SeeFig. 1 for the exampleé 3.4
¡Oê

.
Therelationpd 2 ë (

b
pd aå )Æ 2 ì (

b
pd aå )Æ 2 expressesí thefamiliar decompositionof thekinetic energyinto

CM-parts
î

andinternalpartswith respectto the clusters.

2. Intercluster distance

The basic featureof N
Å

-body systemsis that they can split into widely separated,almost
independent
º

clusters.As a measureof theseparationwe might usetheminimal distanced
ï

aå (b xc ) i
Æ

n
R3
Ó

of� the clusters,e.g.,

d
ï

aåñð xcóò�ô minõ
i öø÷ 12ù ;kèñúøû 34

ÓBü©ý xc i þ xc k
è ÿ �

3.7
¡��

in
º

theexample� 3.4
¡��

. However,we preferto expresstheseparationin termsof thegeometryof X
�

.
Some
�

reflectionshowsthat d
ï

aå (b xc )
Æ��

0
¾
	

xc�� b
¶

,� b¶� aµ�� aµ .
Figure2 showstheunit spherein X,� intersectedby two channelsaµ ,� b¶ with£ b

¶��
aµ�� c��� aµ . This

leads
�

to the definition of the intercluster
§

distance

�
xc�� aå�� min

b
���

aå�� aå
 
xc b
��!

for any aµ�"$# 0¾&% . ' 3.8
¡�(

In the example) 3.4
¡�*

one� finds

+
xc�, aå�- minõ

i . (
/
12);k

è�0
(
/
34)

m1 im
1

k
è

m1 i 2 m1 k
è

1/23
xc i 4 xc k

è65 .

FIG.
7

1. The coordinatesx8 a9 andx8 a9 .
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The setof all configurationsxc;: aµ with£ < xc>= aå�? 0
¾

is given by

aµ * @ aµ�ACB
c�ED aµ c� F 3.9

¡HG

I
emptyí for aµ�JLK 0¾&M )Æ , and thesesetsform a disjoint coveringof X N�O 0¾QP . We note that R xcTS syUWV

aåXZY asª sU\[Z] for
^

the translations

xc>_ xc>` syU ; sUba R,c ydfe ag * . h 3.10
i j

These
k

translationsseparatethe clustersin channelag withoutl affectingtheir internalconfiguration
xc aå .
B. Hamiltonians

We
m

assumethat for eachag�nLo 0¾Qp the
q

potentialV(
b
xc )
Æ

hasthe clusterproperty

V r xc
sut Vaå�v xc aå6wux I
y

aå�z xc|{ ; }
3.11
i ~

I
y

aå�� xc
�u� f
�����

xc>� aå��u� 0 a
¾

s � xc�� aå��Z� .

In particularIaå�� V for ag�� X. For ag��$� 0¾&� wel defineIaå�� 0.
¾

In the example� 3.4
i��

,c
Vaå�� V12� V34

Ó ; I
y

aå�� V13� V14� V23� V24.

Corresponding
�

to L2(
�
X)
Æu�

L2(
�
ag )
Æ� 

L2(
�
ag¢¡ )
Æ
, we write

H £ Haå�¤ Iaå ;

Haå�¥ 1
2 ¦ p§ aå6¨ 2

©�ª
1 « 1 ¬ Haå ;  3.12

i ®
H
¯ aå�° 1

2
±�² p§ aå6³ 2

©�´
Vaå�µ x¶ aå6· on¸ L

´ 2
©�¹

ag»ºQ¼ .
HereHaå describes

½
the dynamicsof the systemof noninteractingclusters,andHaå describes

½
their¾

joint
¿ À

internal
Á

dynamics.

1. Conditions on the potential

The rate at which Iaå (� x¶ )
ÆÃÂ

andÄ later also derivativesof Iaå (� x¶ )
Æ
] vanishesas Å x¶�Æ aå�ÇZÈ willl be

essentialÉ for manydynamicalaspects.In additionto the clusterpropertiessomeglobal condition
is
Á

requiredto makeall the Hamiltonians Ê 3.12
i Ë

self-adjoint.Ì For the purposeof this review we
assumeÄ that V is a Kato potential.This propertyis automaticallyinheritedby the potentialsVaå .
Let
Í

TsÎ : Ï>Ð x¶
ÑuÒÔÓTÕ x¶>Ö syUØ× Ù 3.13
i Ú

FIG.
Û

2. Interclusterdistance.

3455J.
Ü

Math. Phys., Vol. 41, No. 6, June 2000 The quantum N-body problem



be
Ý

the unitary translationoperatorcorrespondingto Þ 3.10
i ß

. By à 3.11
i á

the
q

potential Vaå is
Á

then
determined
½

by

Vaå�âäã lim
sÎæå;ç T è sÎ VTsÎ�é êìëfí C0

î ïEð X ñ . ò 3.14
i ó

Since
�

pô 2
©

is translationinvariant it follows that Vaå (� xõ aå )Æ is a Kato potentialon X andÄ thuson ag¢ö .
Therefore
k

all theHamiltonians÷ 3.12
i ø

areÄ self-adjointandpossessthe local compactnessproperty.
In
²

thefollowing we will not reiteratethesebasicassumptionson V(
�
xõ )
Æ
. All of theresultswe report

havebeenestablishedfor substantiallylargerclassesof potentials.For a particularlylucid discus-
sionÌ of this aspectwe refer to Ref. 39.

2. Induction principle

As a resultwe havearrivedat a simplemathematicaldefinitionof N
Å

-bodysystemsinvolving
only¸ threeingredients:

ù
1 ú aÄ configurationspace X,c
û
2 ü aÄ lattice L of¸ channelsag�ý X,c þ 3.15

i ÿ
�
3
i��

conditions� on I
y

aå�� xõ�� .
In this senseeachHamiltonianHaå alsoÄ describesan N

Å
-body systemwith reducedconfiguration

spaceÌ ag	� ,c with channelsb
¶�


ag� ,c b
¶��

ag andÄ with correspondinginterclusterpotentialsI
y

b
� (� xõ aå )Æ , which

wel call a subsystemU . Any proposition P
�

derived
½

from � 3.16
i �

can� thereforebe establishedby
induction on the lattice L. To begin with, P is verified in the trivial caseag�� X:Haå�� 0 o

¾
n

L2(
���

0
¾��

)
Æ��

C. Then P is provedfor ag���� 0¾�� :Haå�� H,c underthe inductionhypothesisthat P holds
for
^

anyH
¯ aå withl ag� �! 0¾�" . This induction

#
in subsystems is

Á
in fact moreconvenientthananinduction

in
Á

the particlenumberN
Å

.

C.
$

Discrete and essential spectrum

Here
%

we provethat the spectrum& (
�
H
¯

)
Æ

is of the form in Fig. 3:

')(
min*

aå�+, 0î.-0/ aå ; 1 aå�2 min* 35463 H¯ aå8797 .
:

is
Á

the lowestenergythresholdfor breakingthe systeminto independentparts.Therefore; (
�
H
¯

)
Æ

contains� the continuouspart <>= ,c@? )
Æ
. Lessobviousis the fact that H

¯
has
A

only discrete
ï

spectrum
below
Ý B

. By definition,thediscretespectrumC disc
D (
�
H)
Æ

of a self-adjointoperatorH is thesetof all
isolated
#

eigenvalues of finite multiplicity E isolatedfrom the rest of the spectrumF . The essentialG
spectrumU of¸ H

¯
is
Á

the complement

H
essIKJ H L�MON6P H Q�RTS disc

DVU H W . X 3.16
i Y

Theorem
I

3.1:47,104,118

Z
essI\[ H¯^]�_a`cb ,c@dfe . g 3.17

i h

FIG.
i

3. Discreteandessentialspectrumof H
j

.
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Proof: Step 1: kcl ,cnm )
Æ�oOp

(
�
H).
Æ

By q 3.12
i r6s

(
�
Haå )Æ�taucv aå ,c@w )

Æ
for ag�xzy 0¾�{ ,c sincethe kinetic en-

ergyÉ makesthe spectrumcontinuous.To prove that | (
�
Haå )Æ�}O~ (

�
H)
Æ
, let �^�f� (

�
Haå )Æ . Then � (�T�� Haå )Æ�������� for any ��� 0

¾
andsome �f� C0

î � (
�
X),
Æ��9�����

1. By � 3.14
i �

HTsÎ9��� Haå TsÎ8� � sU �¢¡f£
in
Á

norm.Therefore¤ (�T¥§¦ H
¯

)
Æ
T
¨

sÎ8©�ª�«)¬ for
^

somesU ,c which showsthat �®f¯ (
�
H
¯

).
Æ

Step
°

2: ± essI (
�
H
¯

)
Æ�²´³cµ

,c@¶ )
Æ
. We introducea partitionô of unity on X,c i.e., a finite family · j

¸
aå�¹ of¸

real C º -functionson X withl the property

»
aå j
¸

aå2©�¼ xõ�½�¾ 1. ¿ 3.18
i À

ThenH can� be decomposedinto pieceslocalizedin the supportsof j
¸

aå plusÁ a localizationerror:

H
¯OÂKÃ

aå j
¸

aå H j
¯

aå�Ä 1

2
Å)Æ

aåÈÇ j¸ aå ,c	É j¸ aå ,c H
¯ËÊ.Ê�ÌKÍ

aå j
¸

aå H j
¯

aå�Î 1

2
Å)Ï

aåÈÐ Ñ j
¸

aå�Ò 2. Ó 3.19
i Ô

In our caseag labelsall channelsag�ÕzÖ 0¾�× . Thenthe sets

S
°

aå�ØzÙ xõÛÚ X Ü�Ü xõ�Ý@Þ 1 ; ß xõ�à aå�á 0
¾�â

form
^

anopencoveringof theunit sphereS
°

of¸ X
ã

. Thereforethereexistsa partitionof unity ä j
¸

aå�å on¸
S
°

withl supp( j
¸

aå )Æ�æ S
°

aå . Sincethesesupportsarecompactit follows that
ç
xõ�è aå�é�ê�ë 0

¾
on suppì j¸ aåîíðï ag�ñzò 0¾�ó .

Next,
ô

the partition of unity õ j
¸

aå�ö is extendedfrom S
°

to
q

the region ÷ xõ�ø@ù 1 by setting j
¸

aå (� xõ )
Æ

ú j
¸

aå (� xõ)û xõ�ü@ý 1)
Æ
. In theregion þ xõ�ÿ�� 1 we chooseanarbitrarysmoothextensionsatisfying

�
3.19
i �

. The
resulting� partition on X

ã
has
A

the properties

j
¸

aå���� xõ
	�� j
¸

aå� xõ
� for
^ �

xõ���� 1,��� 1; �
3.20
i ��

xõ�� aå������ xõ� for ! xõ�"�# 1,xõ%$ suppÌ & j¸ aå(' .

Therefore
k

the functions ) * j
¸

aå (� xõ )
Æ,+ 2© andÄ j

¸
aå Iy aå (� xõ )

Æ
j
¸

aå vanish- as . xõ�/�021 : as operatorstheyarecompact
relativeto H. As a result

H
¯4365

aå�798 0î;: j
¸

aå H¯ aå j
¸

aå�< K
=

withl K compact� relativeto H. By a theoremof Weyl > Ref. 81, Vol. IV, Thm. XIII. 14?
@

essIBA H¯DC�E4F essI G
aH�I9J 0î;K j

¸
aH H¯ aH j

¸
aH . L 3.21

i M
Since
N

HaH�OQP it follows with R 3.19
i S

that
q

the operatorappearingon the right is boundedbelow byT
,c andwe concludethat U essI (

�
H
¯

)
V�WYX[Z

,c�\ ).
V ]

IV. DISCRETE SPECTRUM

A. Exponential bounds for eigenfunctions

We
^

considera discreteeigenvalueE
_%`�a

of¸ H
¯

andÄ a correspondingboundstatewavefunctionb
(
�
xõ )
V
. In the two-bodycasec wherel dfe 0)

gih
(
�
xõ )
V

hasa universalexponentialbound

f
�kj

xõml�npo xõ 1 q xõ 2 rts u 2
v

mEw
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in the following sense:for any y{z 1 thereis a constantC | such} that

~t���
xõm�,��� C � eG��
� f

�
(
�
x� )� .

The
�

reasonwhy we cannotset �{� 1 is exemplifiedby the polynomial factors in the hydrogen
wave� functions.In this sectionwe constructtheanalogousexponentialboundin theN

�
-bodycase:

a� positivefunction f
�

(
�
xõ )
�
, homogeneousof degree1, determinedimplicitly by theenergyE and� by

the
�

thresholds

�
aH�� min� ����� H¯ aH(�;� ; a� �¢¡ 0£¥¤ .

Althoughananalyticexpressionof f
�

(
�
xõ )
�

is not known,weakerboundscanbegivenexplicitly. All
these
�

boundsareexpressedby theEuclideanmetric ¦ 3.2
§©¨

which� describestheir dependenceon the
masses.�

Theorem 4.1:17 Let H ª{« E ¬ , E ®�¯ . If f (
°
xõ )
�

is
#

homogeneous of degree 1, and has the Lips-
chitz± properties

²
f
�´³

xõ
µ�¶ f
�k·

y¸´¹,º�»�¼ aH�½ x¾À¿ y¸ÀÁ ; Â aH�ÃYÄ 2
ÅkÆ�Ç

aH�È E
ÉËÊ Ì

4.1
Í©Î

for
�

all a Ï L, a� Ð¢Ñ 0£9Ò , and� all x, y¸ÔÓ a� , thenÕ f is an exponential bound for Ö in
#

the sense that

eG¥× f
��ØÔÙ

L Ú�Û X Ü f o
�

r any Ý{Þ 1. ß 4.2à
In particular, the pointwise supremum f̄ ofá all these exponential bounds f is an exponential bound.

The bound f
�¯ is determinedby the energyE and� the thresholdsâ aH . Weakerboundsobtained

from Theorem4.1 arealsouseful,especiallythe isotropicbound

f
�kã

x¾mä�åpæ x¾�ç�è 2
Åké�ê�ë

E
Éíì î

4.3
Íðï

due
ñ

to O’Connor.76
ò

In
ó

general,the bound f
�¯ will� be highly anisotropicwith rangein

ô
x¾�õtö 2

Åk÷�ø�ù
E
Éíú�û

f
�¯ ü x¾
ý�þpÿ x¾���� � 2

Å
E
É

.

Some
�

examplesarefound in Ref. 17, but a generalexplicit form of f
�¯ is
�

not known.Agmon2 has
�

expressed� the bound f
�¯ as� a geodesicdistancein termsof the following Riemannianmetric on X

	
.

To
�

any x¾�
 X
	

there
�

is associateda uniqueminimal channelm� (
°
x¾ )
��

L
�

containing� x¾ :

m��� x¾������
aH�� x� a� . � 4.4

Í��

Expressedin particlecoordinates(x¾ 1 ,..., x¾ N
� )
�
: two particlesi

�
, k belong
!

to thesameclusterof m� (
°
x¾ )
�

exactly� if x¾ i " x¾ k
# . We remarkthat m� (

°
x¾ )
�%$

m� (
°
y¸ )
�

for all y¸ in someneighborhoodof x¾ . The Agmon
metric� on& X

	
is
�

definedin termsof the Euclideanmetric ' 3.2
§�(

by
!

the line element

ds
) 2
*,+

2
Å.-0/

m1 (
�
x� )�32 E

É54
dx
) 2
*
, 6 4.5

Í�7
where,� by theremarkabove,thecoefficientfunction( 8 m1 (

�
x� )�39 E

É
)
�

is lower semi-continuousin x¾ . A
path: p;=< X

	
, given by a function x¾ (

°
tÕ ) o
�

n 0 > tÕ@? 1, hasthe Agmon length

sACB p;�D�E
0
F
1

dt
)HG

m1 (
�
x� (� tI ))��J x¾ ˙ K tÕMLON
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with� P
aH defined
ñ

by Q 4.1R . Since S (
°
x¾ (
°
tÕ )� ) is semi-continuousin tÕ this

�
is well definedfor square

integrablex¾ ˙ (
°
tÕ )� . TheAgmondistanced

)
(
°
x¾ , y¸ )

�
betweenx¾ and� y¸ is the infimum of sA (° p; )

�
, takenover

all� pathsp; joining
T

x¾ , y¸ . We refer to Ref. 13 for a proof that this infimum is a minimum,andfor
a� discussionof Agmon geodesics.

Theorem
U

4.2:2
V

The exponential bound f̄ givenW in Theorem 4.1 is f̄ (
°
x¾ )
��X

d
)

(0
°

,x¾ )
��Y[Z

(
°
x¾ ).
�

Proof:
\

Evidently
] ^

(
°
x¾ )
�

is homogeneousof degree1. By the geodesictriangle inequality,

_a`cb
x¾�d�e[fcg y¸chji�k d

).l
x¾ , y¸cm�npo aHrq x¾�s y¸ut

for
v

x¾ , y¸xw a� . This provesy.z f
�¯ . To showthe conversewe choosea pathp; from

v
0 to x¾ with� sA (° p; )

�{}|
(
°
x¾ )
��~p�

. Approximatingx¾ ˙ (
°
tÕ )� by a stepfunction in L

� 2
*
-sense,we seethat p; may� be takenasa

polygon: of straightlines p; 1 ,..., p; n� . For eachp; k
# we� define

a� k
#O���

aH�� p� k

a��� L.

Then � m1 (
�
x� )�M�p� aH k

� for all x¾�� p; k
# , with thepossibleexceptionof a singlepoint � a� straightline p;=� a�

can� intersecta� only& in onepoint� . ThereforesA (° p; k
# )����� aH k

��� p; k
#�� , where � p; k

#O� is
�

theEuclideanlengthof

p; k
# . On theotherhand,� 4.1

Í��
implies
� � �

f
�¯ �� p¡

aH k
�3¢ p; k
#O£ for
v

theincrement¤ f
�¯

k
# of& f

�¯ along� p; k
# . Therefore

f
�¯(
°
x¾ )
��¥�¦

k
#3§ f
�̄

k
#j¨�©

k
#3ª

aH k
�3« p; k
#O¬� sA (° p; )

��®[¯
(
°
x¾ )
��°p±

. ²
We
³

now return to the derivation of Theorem4.1. Insteadof ´ 4.2
Í�µ

we� will only prove the
L2
*
-bound:

e¶¸· f
��¹xº

L2
*r»

X ¼ for any ½¿¾ 1. À 4.6Á
Since
�

f
�

is
�

uniformly Lipschitz, the L
�cÂ

-bound Ã 4.2
Í�Ä

then
�

follows by a generalargumentgiven in
Ref.
Å

17. The basictool for estimatingexponentialtails of eigenfunctionsis simple:
Lemma 4.3: Suppose that H ÆuÇ E È . Let J, f

�=É
C2
*
(
°
X)
�

be
Ê

non-negative with bounded deriva-
tives,Õ and let supp} ( Ë J

Ì
)
�

be
Ê

compact. If

J
Ì�Í

H Î 1
2 Ï Ð f

�cÑ 2*,Ò E Ó JÌÕÔ×Ö J
Ì 2
* Ø

4.7Ù
for
�

some Ú�Û 0,
£

thenÕ
Ü
e¶ f
�
J
ÌÕÝ5Þàß×á�â 1 ã e¶ f

�jä
H
å

, JÌ�ærç5è . é 4.8
Í�ê

The hypothesisallows f
�

(
°
x¾ )
��ëíì

as� x¾�îíï . The bound ð 4.8ñ is finite, since f
�

is boundedon
supp} ( ò J

Ì
)
�
. Typically, J

Ì
will� be a smoothedcharacteristicfunction of a set ó x¾õô�ö R. Then ÷ 4.8ø

implies
�

exp(f
�

)
�úù5û

L
� 2(
°
X
	

).
�

Proof: Suppose
�

first that f
�

is bounded,andlet

H
å

f
�jü e¶ f

�
He
åþý f

�jÿ
H
å�� 1

2
Å � � f

��� 2 � i
�
2
Å��
	 f

�
p;�� p;  f

���
.

Then(H f
��� E)

�
u��� 0

£
for u��� e¶ f

���
, so that � 4.7� implies

���
Ju
Ì�� 2* � Re ! Ju

Ì
,#" H f

��$ E % Ju
Ì'&�(*)

Ju
Ì�+,+.-

H f
� , JÌ0/ u��1 ,

which� proves 2 4.8
Í43

. If f
�

is
�

unbounded,we replaceit by f
�65 7

f
�

(1
°98;:

f
�

)
�=< 1, gW�> 0.

£
Since ? @ f

�6A=BCEDGF
f
��H

,�I 4.8J holdsfor f
�LK

uniformlyM in N , andextendsto f
�

in the limit OQP 0.
£ R

The next stepis to provea smoothversionof Theorem4.1:
Lemma
�

4.4: Theorem 4.1 holds if the Lipschitz condition (4.1) is replaced by the stronger
differentiability
)

condition
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f
�UT

C2 V X WYX 0£[Z]\ ; ^ _ f
��`

x¾�a�b 2 c 2 dYe m1 (
�
x� )�gf E h i 4.9j

for
�

all x k S
l�m

unit� sphere of X.
Proof: Let gW�n*o f

�
,.prq 1. Then s t

gWvu 2*xw 2
Å�yYz

m1 (
�
x� )�g{ E

É}|;~�� �
4.10
Í �

for some�Q� 0
£

andall x¾}� S
�

. Eachy¸�� S
�

hasa neighborhoodS
�

y��� S
�

given� by

S
�

y����� x¾}� S
���

2 � x¾�� m1 (
�
y� )
�g�E� y¸�� m1 (

�
y� )
� ; �G� gW�� x¾���� 2* �E� �

gW�� y¸v �¡ 2* ¢¤£L¥
, ¦ 4.11§

where� we haveusedthe definitions ¨ 3.8
§ª©

and� « 4.4
Í4¬

. As in the proof of Theorem3.1, we pick a
finite covering  S

�
y�#® of& S

�
, andthenconstructa partition of unity ¯ j

°
y�#± on& X with� the properties

supp} ² j
°

y�´³�µ S
�

y� ; j
°

y�]¶ x¾�·�¸ j
°

y�]¹ x¾ /
º´»

x¾�¼¾½ for
v ¿

x¾�ÀÂÁ 1.

From Ã 3.20
§ Ä

we� obtain

H
å�Å 1

2
ÅÇÆ È gW�É 2*xÊ E

É}Ë*Ì
y� j

°
y� H
å�Í 1

2
ÅÇÎ Ï gW�Ð 2* Ñ E

É
j
°

y��Ò 1

2
Å;Ó

y�4Ô Õ j
°

y��Ö 2* .
By construction, × Ø j

°
y� (° x¾ )
��ÙÂÚ

0
£

and Im1 (
�
y� )
� j° y� (° x¾ )

�=Û
0 a
£

s x¾�ÜÞÝ . Let J
ß

be
!

a real, smooth,bounded
function
v

supportedin àxá x¾�âÂã R
äQå

. Using æ 4.10
Í ç

,�è 4.11
Í é

and� H
å

aHxê;ë aH we� find

J
ß

H ì 1

2 í î gW�ï 2* ð E J
ßòñ ó

2 ô oõ�ö R ÷ J
ß 2
*
.

Taking
�

R
ä

sufficiently} large,we concludefrom Lemma4.3 that e¶ gøxù�ú
L
� 2(
°
X
	

).
� û

The
�

proof of Theorem4.1 is by regularization:f
�

can� beapproximatedby a smoothexponen-
tial
�

boundaccordingto Lemma4.4. Sincethis regularizationis somewhattechnical,we refer to
Ref. 53.

B. The number of discrete eigenvalues

1. Infinite discrete spectrum

For
ü

N
�þý

2
Å

thediscretespectrumof H
å

is
�

finite if thepotentialV(
°
x¾ )
�

hasshortrange,whereasa
long-range
ÿ

attractivepotentialwill alwaysproducean infinite numberof boundstatesbelow the
continuous� spectrum.The borderline betweenshort-and long-rangepotentialsis markedby the
asymptotic� behaviorV(

°
x¾ )
�����

x¾����	� (°�
 x¾����� )
�

with ��� 2, since � x¾���� 2 scales} with x¾ like the Laplac-
ian.
� �

In
ó

scatteringtheory thereis a different borderline ��� 1.) For N
���

2
Å

the questionwhether�
disc
� (
°
H
å

)
�

is finite or infinite cannotbeansweredsolely in termsof theasymptoticfall-off of some
interclusterpotentialsIaH (° x¾ )

�
: the natureof the threshold� at� the bottomof the continuousspec-

trum
�

alsoplaysa decisiverole. We beginwith someresultsfor the casewhere� is a two-clusterÕ
thresholdÕ . This meansthat for the energy and� slightly above,the systemcanonly desintegrate
into two boundclustersC1 , C2 ! see} Fig. 4" .

This situationcanbe representedby a productwavefunction

#%$
x¾'&)( u�+* x¾ aH-,�.0/ x¾ aH-1 ; HaH32547698 :

4.12;
with� (u� , p; aH2* u� )

�
arbitrary small. The condition that < is a two-clusterthresholdmeansthat = is a

discrete
)

eigenvalue� of H
å aH , so that > has

�
an exponentialbound

?A@0B
x¾ aH-C�D�E const� expFHGJI%K x¾ aH�LNM ,PORQ 0.

£ S
4.13T
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Using
U

statesV of& theform W 4.12
Í X

as� trial statesto make( Y , Hå[Z )
�)\7]

, it is a simplematterto show
that
� ^

disc
� (
°
H
å

)
�

is infinite if I
_

a` (° x¾ )
�

hasa long-rangeattractivepart.For simplicity we write this out in
the
�

caseof Coulombpotentials

I
_

a`�a x¾	b)c d
i e C1 ;k

#)f
C2

e¶ ie
¶

k
#g

x¾ i h x¾ k
#-i ; j

i k C1 ;k
#�l

C2

e¶ ie
¶

k
#�m 0,
£

assuming� that the clustershave oppositetotal charges.Using the exponentialbound n 4.13
Í o

it
�

follows
v

that

prqHs
,ut I_ a`�v x¾	w)x I

_
a`zy x¾ a`-{|{�}~{��A� const� � x¾ a`���� 2,

and� therefore

�-�
,u� H �7�����+�)� u� , 1

2
p; a`2 � q��

x¾ a`���� const� � x¾ a`z��� 2
*

u� ; q��� 0.
£

Now
�

let u�0� C0
F � (
°
R3
�
),
���

u���|� 1 andsupp(u� ) i
�

n 1  �¡ x¾ a`z¢�£ 2. Thenthe orthonormalfunctions

u� n��¤ x¾ a`-¥)¦ n§�¨ 3/2
�

u�~© n§�ª 1x¾ a`-« , n§�¬ 1,2,4,8,...,

havedisjoint supports,so that the correspondingtrial states n� satisfy}
®H¯

n� , Hå[° m1	±)² 0
£ ³

n§~´ m�¶µ ; ·-¸ n� ,u¹ Hå»º7¼�½�¾ n�-¿)À q�
n§ÂÁ const� n§�Ã 2

*zÄ
0,
£

if n§ is sufficiently large. Therefore,by the min–max principle, H possesses: infinitely manyÅ
discrete
ñ Æ

eigenvalues� below Ç . The sameproof applies to attractive pair potentials ÈJÉ�Ê x¾ iË x¾ k
#-Ì�Í	Î , 0ÐÏ9Ñ�Ò 2,

Å
and also if additionalshort-rangepotentialsare presentin I

_
a` (° x¾ )
�
. The result

shows} that neutralatomsand positive ions alwayshaveinfinite discretespectrum.118 The accu-
mulation� of eigenvaluesat Ó can� be discussedby using trial wave functions Ô n� l

Õ
m1 of& the formÖ

4.12
Í ×

with� hydrogeniceigenfunctionsu� n� l
Õ
m1 (
°
x¾ a` )� correspondingto an energy Ø n§�Ù 2 in

�
suitable

units.M Thenit canbe shownthat

ÚÜÛ
H Ý En�-Þ�ß n� lm1�à|á const� n§�â	ã ; äRå 3

§
for
v

E
É

n�çæ7è�é n§�ê 2, i f l ë n§ grows� sufficiently fastwith n§ (l
°íì

n§ corresponding� to a circularclassical
hydrogen
�

orbitî . This meansthatH
å

has
�

groupsof eigenvaluescloseto E
É

n� compared� to thespacing
En�çï 1 ð En� as� n§�ñ�òôó Rydbergstatesõ . By takingsymmetriesinto accountthis resultcanbeestab-
lished
ÿ

for any multiplet system.48
ö

FIG.
÷

4. Two boundclusters.
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2. Finite discrete spectrum

Here
ù

we showthat ú disc
û (
°
H
å

)
�

is finite if therelevantinterclusterpotentialshaveshortrangeand
if
�ýü

is
�

a two-clusterthreshold.A channela�5þ L
�

is
�

saidto be a two-clusterÕ channel if
�

b
Ê�ÿ

a��� b
Ê����

0
£��

. � 4.14
Í 	

Thesechannelscorrespondto the partitionsof (1,...,N
�

)
�

into two clusters.The setof two-cluster
channels� will be denotedby m� . The lowestthreshold
 of& H

å
always� coincideswith � a` for

v
some

a�� m� , since � a`���� b
� if
�

a��� b
Ê

. � is
�

calleda two-clusterthresholdif � a`���� onlyõ for
v

a�� m� .
Theorem 4.5:114,119,121,87 Suppose

�
that � a`���� onlyõ if a � m� and in that case

Ia` � x¾"!$#&% c±(' 1 )+* x¾-, a`/.$021 ,4365 2 7 4.158
for
�

large 9 x¾-: a` . Then
;

the discrete spectrum of H is finite.
Proof: We

³
give anoutlineof theproof,deferringthedetailsto thesubsequentdiscussion.The

starting} point is thelocalizationformula < 3.20
§ =

for a speciallyadaptedpartitionof unity > j
°

a`@? onA X.
The
B

first stepis a purely geometricestimateof the localizationerror in the form

F CED
a`GF H j

°
a` I 2J�KEL

a` j
°

a` Fa` j
°

a` M 4.16N
withO multificationoperatorsFa`�P Fa` (Q xR )

S
, leadingto H TVU a` j

°
a` (Q H W Fa` )S j

°
a` . Eachtermin this sumis

then
X

further estimatedfrom below by

j
°

a` Y H Z Fa`/[ j
°

a`�\ j
°

a` Ba` j
°

a` ,] ^ 4.17_
whereO B

`
a` is
a

self-adjointwith purely discreteandfinite spectrumbelow b ,] i.e.,

B
`

a`�c Ca`�d�e ; Ca` ofA finite rank. f 4.18
g h

Therefore
B

H
i

has
j

an estimateH
ilk

C m�n withO C oVp a` j
°

a` Ca` j
°

a` ofA finite rank. It follows from the
minq –max principle that the numberof eigenvaluesr including

a
multiplicitiess ofA H

i
below
t u

is
a

bounded
t

by the finite numberof negativeeigenvaluesof C. v
We
w

now describethestepsof theproof in detail.Thegeometryof two-clusterchannelsis very
simple:x for ay ,] bz{

m|
ay * } ay�~��

b
���

a` b
z��

ay�� � 0��� ; ay�� b
z��6�

0
���

if
a

ay�� b
z

.

It
�

follows from � 3.9
���

that,
X

on the unit sphere� xR-��� 1, the channelsay� m| are� disjoint
�

,] andthat the
interclusterdistance� xR-� a` is strictly positive for all xR�� ay . The partition of unity � j

°
a`�� used� in the

proof  of Theorem3.1 canthereforebe adaptedto havethe following properties:¡
1¢ j

°�£
0
¤¦¥ (Q xR )

S
is equalto onefor § xR-¨�© R

ª¬«
1 andvanishesfor  xR-®�¯ R

ª
,] whereR

ª
mayq befixed arbitrary

large.
°±

2² The functions j
°

a` for ay´³ m| havedisjoint supports.µ
3
� ¶

For ay�·6¸ 0��¹ the
X

functions j
°

a` are� homogeneousof degreezero for º xR-»�¼ R,] and,on supp(j
°

a` ),S½
xR-¾ a`�¿ÁÀÃÂ xR-Ä for

Å
someÆÈÇ 0.

�
In particularwe takeR sufficientlyx largeso that for all ay withO É

a`�Ê�Ë
Ia`�Ì xR"Í$Î&Ï C Ð xRÒÑ�Ó2Ô onA suppÕ j

°
a`/Ö . × 4.19Ø

Lemma
Ù

4.6: For any ÚÒÛ 0
�

theÜ estimate (4.16) holds with
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Fa`�Ý+Þ 1 ß+à xRÒáãâ$ä 2
å æ i f

ç
a è m| ,]

cé�ê i f
ç

a ë m| . ì 4.20í
Proof:
î

Since
ï

F
ð

(
Q
xR )
S

is homogeneousof degreeñ 2
ò

for ó xR-ô�õ R
ª

whileO j
°

a` (Q xR )
S

is homogeneousof
degree
ö

zero,it sufficesto provethat

F ÷�øÁù
a`ûú mü j

°
a`2å�ý cé�þ ÿ

a` � mü j
°

a`2å

for
�
xR���� R and� any �	� 0.

�
Sincethe functions j

°
a` withO ay�
 m| havedisjoint supports,

F
ð�

0
�

on the set x� �
a`�� mü j

°
a`2 � x����� 1 .

Therefore,by continuity,

F
ð� �

1 ���
�

a`�� mü j
°

a`2,�
where�  "!$# (

%'&
)
(*)

0 a
�

s +	, 0.
�

On the complementof this set

-
a`/. mü j

°
a`2å/0$132 F 4 F

1576
a`/8 mü j

°
a`2å .

9
To derivethe estimates: 4.17; and� < 4.18= we� distinguishbetweendifferent typesof channels.
The channel a >@? 0ACB . Herewe setB D 0¤FEHG f

I
(
%
x� )(
(

H J cé/K )( f
I

(
%
x� )
(
, where f

I�L
C0
¤ (% X)

(
is equalto one

onA supp(j
°NM

0
¤FO )( . Let P

î
be
P

the projectiononto the spectralsubspaceH
QSR

cé/T . ThenB
U	V

0
WFXHY f

I
(
%
x� )
(
P
î

(
%
H
Q

Z cé/[ )( P f (
%
x� )
(
. By the local compactnesspropertyof H this

X
lower boundis a compactoperatorwith

purely  discretespectrumbelow zero,of which only a finite part is below \^] 0.
A

The
;

channels a with _ a`a`^b . Herewe set

Ba`ac Ha`/d Ĩ a`*e x��fhg cé/i*j 1 k�l x��monhp 2; Ĩ a`*q x�"rhs Ia`*t x��uwv a`ax x��y ,�
where� z

a` (% x� )
(

is the characteristicfunction of supp(j
°

a` )( . Since Ĩ a` (% x� )
(

vanishesas { x�	|�}�~ we� have�
ess� (
%
B
U

a` )(*�S� ess� (
%
H
Q

a` )(h����� a` ,��� )
(
. Therefore,the spectrumof B

U
a` below
P �����

a` is
a

discreteandfinite.
The
;

channels a with � a`a�^� . Here we chooseB
U

a`/� H
Q

a`a� Wa` (% x� )
(
, where � Wa` (% x� )

(
is a lower

bound
P

of Ia` (% x� )
(h�^�

(1
%����

x��� )(*��� ,� restrictedto the supportof j
°

a` :

Wa`*� x�"�h S¡ a`*¢ x�"£�¤ const¥ ¦ 1 §�¨ x��©oªh«�¬®^¯±° 1 ²�³ x��´¶µh· 2
å¹¸

. º 4.21»
By
¼

hypothesis½ is
a

the lowest, discreteeigenvalueof H
Q a` . Let P

î a` be
P

the correspondingeigen-
projection  andQ

¾ a`a¿ 1 À P
î a` . On L

Á 2
å
(
%
X
Â

)
(hÃ

L
Á 2
å
(
%
ay )
(aÄ

L
Á 2
å
(
%
ay3Å )
(

we define

P
î

a`aÆ 1 Ç P
î a` ; Q

¾
a`aÈ 1 É Q

¾ a` .
Next
�

we apply theCombes–Simoninequality:Let A be
P

a self-adjointoperatorandP an� orthogo-
nalÊ projectionwhich mapsthe domainof A

Ë
into
a

itself. Let Q
¾SÌ

1 Í P
î

and� Î"Ï 0.
A

Then

A Ð PAP Ñ Q
¾ÓÒ

A Ô$Õ×Ö Q¾SØ$Ù"Ú 1PAQAP,� Û 4.22Ü
which� just anotherform of writing

0
A±Ý�Þàß"á 1PA

îãâ
1 äæå Q

¾Óçàè"é 1AP
Ë ê

1 ë .
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Using
í î

4.22ï to
X

estimateBa` from below we obtain

B
U

a`/ð P
î

a`*ñ HQ a`aò Wa`aó$ô"õ 1Wa` Q¾ a` Wa`¹ö Pî a`a÷ Q
¾

a`aø HQ a`/ù Wa`aú�û×ü Q¾ a` ý 4.23
þ ÿ

sincex Pa` commutes¥ with Ha` . Now we are left with proving that the two termson the right of�
4.23
þ �

,� viewed respectivelyas operatorson Ran(P
î

a` )( and Ran(Q
¾

a` )( , havepurely discrete,finite
spectrax below � . Thesamethenfollows by themin–maxprinciple for theoperatorB

U
a` onA�� . The

first term,asan operatoron Ran(Pa` )( , is boundedbelow by

���	� 1
2

�� 4

þ���
p� a`2 � const¥ � 1 �	� x� a`�������� � 4.24

þ �

for the following reasons:

H
Q

a` ��!#" 1
2

 p� a`2 onA Ran$ Pî a`&% ;

Wa`(' x�*)�+ Wa`(, x� a`&-�. const¥ / 1 0	1 x� a`�2�3�4�5�6�798 1 :	; x� a`�<�=�> 2;

?9@ 1 ACB x� a`(DFE�G 2 H�I9J x� a`�KML 2 N 4
þ�O

p� a`2;

Wa` Q¾ a` Wa`�P Wa`2å Q const¥ R 1 S	T x� a`(UFV�W 4.

Now
�

we fix XZY 1/8. Then,apartfrom the constant[ ,�9\ 4.24] is a Schrödinger
^

operatoron L2
å
(
%
ay )
(

with� a regular, spherically symmetricpotential V(
%`_

x�Za )( vanishing faster than b x�9cMd 2 at�fe . This
operatorA has a discrete,finite spectrumbelow zero, and the samefollows for the spectrumofg
4.24
þ h

below
P i

.
In discussingthe secondterm of j 4.23k we� only usethat Wa` is compactrelative to Ha` onA

L2(
%
X)
(
. Since Q

l
a` commutes¥ with Ha` it follows that Q

l
a` Wa` Ql a` is compactrelative to Ha` onA

Ran(
m

Q
l

a` )( , where n esso (
%
H
Q

a` )(�p	qsr
1 ,�Mt ),

(vu
1 w�x . By Weyl’s theoremH

Q
a` y{z�| Q

l
a` Wa` Ql a` has

j
essential

spectrumx }s~
1 �{� ,�M� )

(
on Ran(Q

l
a` )( . Fixing now ����� 1 ��� it

a
follows that the operatorQ

l
a` (% HQ a`�	��� Wa` )( Ql a` onA Ran(Q

l
a` )( hasa purelydiscrete,finite spectrumbelow � . This concludestheproof

ofA Theorem4.5.
Notes:
�

Exponential bounds for eigenfunctions. For a review of otherresults,seeRef. 46.
Finite vs. infinite discrete spectrum. If � is not a two-bodythresholdin thesenseof Theorem

4.5, then the discretespectrumof H is still finite if noneof the operatorsHa� with� �
a� ��� hasa

resonance� at the bottom of its spectrum,i.e., a solution of H
Q a���������

which� vanishesas � x� a�(�
��� too

X
slowly to be squareintegrable � seex Refs. 110, 111, and 109, and referencesquoted

therein
X �

. For boundson the numberof eigenvalues,seeRefs.115, 66, and 88. However,if the
no-resonanceconditionstatedaboveis violated,thenshortrangeforcescancreateinfinite discrete
spectrum.x This was discovered for three-body systems by Efimov23,24,5 and� proven by
Yafaev.
  113,112

Coulomb sytems. Atomsandstableionsprovideexampleswhere¡ is a two-clusterthreshold.
The proof of Theorem4.5 can be extendedto prove that negative ions have finite discrete
spectrum.x 114,87 It

¢
wasshownby Ruskai83 and� Sigal87 that

X
a given nucleuscanbind only a finite

numberÊ of electrons.To find a sharpestimatefor this numberasa function of the nuclearcharge
is a challengingopenproblem £ seex Ref. 70 for someof the original papersand Ref. 90 for a
review� ¤ .

V. ESSENTIAL SPECTRUM I. SPECTRAL DEFORMATION

A.
¥

Spectral deformation

Thenatureof theessentialspectrumof N
�

-bodyHamiltonianswasfirst establishedby Balslev
and� Combes10 for the specialclassof dilation-analyticpotentials.We review this theorysinceit
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also� providesthe frameworkfor a descriptionof resonances.96
¦

In abstractform, the ideais to test
the
X

spectralpropertiesof a self-adjointoperatorH
Q

onA a Hilbert space§ by
P

analyzingthe family
ofA transformedHamiltonians

H ¨ª©¬«� U ®ª¯¬° HU ±ª²¬³�´ 1

for
Å

a suitablychosenone-parameterunitary group

U µ·¶�¸�¹ eº�» i ¼ A; A
½�¾

A
½

* ; ¿ÁÀ R
Â

.

We
Ã

usethe notation

C ÄÆÅ#Ç zÈ¬ÉMÊ Im Ë zÈ(Ì`Í 0
AÏÎ

; R Ð zÈ(Ñ`Ò	Ó zÈÕÔ H Ö�× 1;R Ø zÈ ,�sÙ¬Ú`Û	Ü zÈÕÝ H Þªß¬àáà�â 1.

The analysisrestson the following two conditions:
Analyticity condition: H(

%äã
)
(

extendsfrom åZæ R to
X

a family of operatorsdefinedon a com-
plex  strip çéè#ê`ë�ìíì Im(

¢ïî
)
(ñð ò�ó ô

suchx that the resolventR
Â

(
%
zÈ ,�sõ )

(
exists for somezÈÕö zÈ 0

÷�ø C ù and� is
holomorphic
j

in úÁû#ü .
Spectral
ý

condition: See
ï

Fig. 5.
For some þ 0

÷�ÿ�� there
X

is an open,connectedcomplexregionG
���

zÈ 0
÷ with� the properties

G
�����

esso	� H 
�� 0
÷������ ,�

G
�����

G
���

C � is connected, � 5.1
���

G
������ 

.

Equation ! 5.1
�#"

is the condition of spectral deformation: if H has essentialspectrum in I$ G
��%

R,� then this spectrumis removedfrom G
�

by
P

passingfrom H to
X

H(
%'&

0
÷ )( . Herewe usethe

definition
^ (

esso (
%
L
)

)
(�*�+

(
%
L
)

)
(-,/.

disc
û (
%
L
)

)
(

of the essentialspectrumfor a generaloperatorL
)

onA10 . The
discrete
^

spectrum2 disc
û (
%
L
)

)
(

is thesetof all isolated
3

spectral points 46587 (
%
L
)

)
(

for which theprojec-
tion
X

P
î:9<;

2
=?>

i
3A@�B 1 C dz

DFE
zÈ/G L
)�H�I 1

hasfinite
J

rank,� whereK is a loop in the resolventsetaroundL which� separatesM from the restofN (
%
L
)

)
(
. Then O is

a
an eigenvalueof L

)
and� the resolvent(zÈQP L

)
)
(-R 1 has

j
a pole of S finite

T U
orderA nVW

1 at zÈ/XZY . [ is
a

called a semi-simple\ eigenvalue if
a

nV�] 1: then ^ and� only then_ all� vectorsin
Ran(P)

(
areeigenvectors.Neverthelesswe will call P the

X
‘‘eigenprojection’’ for theeigenvaluè .

We
Ã

will showthat the two conditionsstatedabovehaveimportantconsequencesfor thespectrum
ofA H
Q

in
a

I
a�b

G
��c

R
Â

.

FIG.
d

5. The spectralcondition.
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1. Preparation

The
B

two relations

H f�gih aykj�l U m aykn H oqp/r U s aykt�u 1,� aywv R;

H xqy/z�{ H |q}̄ ~ *
hold
j

for ��� R
Â

and� extendby analyticity to all �?��� via� their resolventequivalents.In particular
the
X

spectrumof H(
%'�

)
(

dependsonly on Im(� ).( We alsoseethat thepreferencegivenaboveto C �
is
a

purelyconventional,sinceR
Â

(
%
zÈ ,��� )(�� R

Â
(
%
zÈ̄ ,���̄ )

(
* is
a

alsoholomorphicin �?��� for
�

zÈ/� zÈ̄ 0
÷ . Therefore

we� canalsostart from the equivalentconjugateé picture in which zÈ 0
÷ ,��� 0

÷ ,� G
�

,� G
���

are� replacedby
their
X

complexconjugates.The unitary groupU(
%'�

)
(

is extendedto all ��� C via� the spectralrepre-
sentationx

U ������� eº�� i � A�i 
R

eº�¡ i ¢ s£ dF
D¥¤

s\�¦ ,�
F
ð

(
%
s\ )( beingthe spectralfamily of A

§
. U(

%'¨
)
(

is a closedoperatorwith domain

©:ª U «q¬/¯®
R

eº 2
å

s£ Im
°�±q²/³

d
D�´

F µ s\�¶-·¹¸ 2å»º½¼

and� satisfiesU(
%'¾

)
(
* ¿ U(

%'À̄
).
(ÂÁ

We
Ã

notethatU(
%¯Ã

0
÷ )( andthereforeA mustbeunboundedif thereis to

be
P

any spectraldeformation.Ä
The
B

set Å ofA analyticy vectors Æ is
a

definedby the conditionthat the measured
DÈÇ

F
ð

(
%
s\ )(-ÉËÊ 2 has

j
compacté support. For Ì8ÍÏÎ the

X
function

ÐiÑ
U ÒqÓ/Ô-Õ¹Ö×Õ?ÒqÓ/ÔÙØÏÚ Û 5.2

��Ü
is entirely analytic. Ý is a core of U(

%'Þ
)
(

and invariant under U(
%'ß

)
(
. With this preparationthe

following factsareeasilyderived:
Lemma
)

5.1: (a) Let B be a bounded operator on à such\ that the function á?â R
ã

ä U(
%'å

)
(
BU(

%'æ
)
(-ç 1 has

è
a bounded-holomorphic extension B(

%'é
)
(

onêìë . Then

B
UÏí�î�ï�ð

U ñ�ò�ó BU
U ôqõ/ö�÷ 1 onA D

ø�ù
U ú�û/üþý 1 ÿ . � 5.3

���

(b)
�

Let ��� 0
A

andy �	��
������� Im(� )(�� ��������� . Then there exists a neighborhood �! ofê z0
" such\ that

R # z$ ,�&%('*) U +-,(. R / z$*0 U 1-2(3*4 1 onA D 5 U 6-7(8�9 1 : ; 5.4
��<

for
I

all (
%
z$ ,�&= )

(�>@?BA�CEDGF
.

Theorem 5.2: Suppose
H

that the analyticity and spectral conditions stated earlier are satisfied,
andy let IKJML be

z
such that

G
NBOBP

essoRQ H S�TVUWU*X!Y Z 5.5
��[

\
e.gº ,�^]`_Ba 0

" ).( Then
b

we have the following.
(a)
�

For any c ,�ed	f@g theh holomorphic function z i (
%kj

,� R(
%
z$ )(�l )

(
onê G m has

è
a meromorphic

extensionº to G given by

M npo ,�rq ,� z$*s*tvupwxu-ȳ z ,� R { z$ ,�&|(}*~K��|V}W} � 5.6
���

andy by the definition (5.2).
(b)
�

The (discrete) spectrum of H(
%��

)
(

in
3

G is given by
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�
disc
��� H ���V�W�*� G

NB���
� , �����

�
poles� of M ��� ,�r� ,� �-� ,� � 5.7

���

which� is independent of � [as
�

long as (5.5) holds].
(c)
�

H(
%� 

)
(

has
è

no spectrum in G ¡ ,� where�
R
ã@¢

z£*¤*¥ U ¦�§V¨*© 1R
ã«ª

z£ ,�&¬( U ®-¯(° on± D
²!³

U ´�µV¶W¶ . · 5.8
��¸

The same is true for G ¹ if
3vº

(
%
H)
(

has
è

a gap in I.
(d)
�

H and H(
%�»

)
(

have
è

the same eigenvalues in I. Any such eigenvalue is semi-simple for H
andy for H(

%�¼
),
(

with� corresponding eigenprojections P and P(
%�½

)
(

satisfying\
P ¾ U ¿�ÀVÁ*Â 1P Ã-Ä(Å U Æ�ÇVÈ on± D É U Ê-Ë(ÌWÌ ;

dim
Í Î

P Ï*Ð dim
Í Ñ

P Ò�ÓVÔ�Ô*Õ×Ö ; Ø 5.9
��Ù

RanÚ P Û*Ü D Ý U Þ-ß(àWà .
These
b

relations also hold if á is
3

replaced by â̄ ,ã so\ that Ran(
m

P
ä

)
å

is
3

contained in

D
²!æ

U ç-è(éWé*ê D
²!ë

U ì�í̄ î�î . ï 5.10
� ð

(e)
�

Let E(
ñ
s\ )å be
ò

the spectral family of H and let ó×ô I be an open interval whose endpoints are
notV eigenvalues of H. Then

b
the spectral projection E õ ofê H corresponding to ö is

3
given by

E ÷�ø i
3

2 ù ú dx
Düû

U ý-þ(ÿ�� 1R
�
x� ,ã���� U �
	��� U ���̄ ��� 1R � x� ,ã��̄ � U ���̄ ��� � 5.11

� �

onê the domain (5.10). Therefore (
ñ��

,ã E(
ñ
s\ )å� )

å
is
3

real analytic in s !#" for
$

any % in
3

the domain
(5.10).
�

Since the eigenvalues of H in I form a discrete set it follows that H has no singular
continuous& spectrum in I. If

')(
contains& a single eigenvalue * with� eigenprojection P,ã thenh (5.11)

holds
è

for the reduced operators

Ē +-, E .0/ 1 1 P 2 ,ã
R̄ 3 x� ,ã�4�5�6 R 7 x� ,ã�8�9�: 1 ; P <
=�>?> ,ã

so\ that (
ñA@

,ã EB¯ (
ñ
s\ )åAC )

å
is
3

real analytic in s D#E for
$ F

in
3

the domain (5.10).
(f
�

) If G (
ñ
H)
å

has
è

a gap in I,ã thenh the spectrum of H in I is purely discrete.
Proof: H aIKJ Since

L MONQPSR
for some TOU 0,

VXW
5.6
�XY

holds for z£[Z#\^] . R(
ñ
z£ )å is holomorphicin z£_ G

N^`
,ã andR

ã
(
ñ
z£ ,ã�a )
å

is meromorphicin z£[b G
N

: its polesarethe eigenvaluesof H
c

(
ñKd

) i
å

n G
N

.e
b
fAg

is
h

a direct consequenceof i aIKj sincek l is
h

denseand invariant underU(
ñKm

)
åonqpsr

C. Inde-
pendence� of t follows from the uniquenessof meromorphiccontinuations.u

cvxw follows
�

from y bfAz sincek M
{

(
ñ}|

,ã�~ ,ã z£ )å�� (
ñ��

,ã Rã (
ñ
z£ )å�� )

å
for z£[� G

N^�
. This relationextendsby ana-

lyticity
�

to z£[� G
N^�

if
h��

(
ñ
H
c

)
å

hasa gapin I
'
.�

d
ÍA�

Let ��� I be
f

aneigenvalueof H. By thespectraltheoremits eigenprojectionP is givenby
P � lim �?� 0

� (ñ�� i
3��

)
å
R(
ño���

i
3��

)
å
, so that by � 5.8

�X�
���

,ã P ����  sk�¡ lim¢?£ 0
�
¤K¥

i
3�¦¨§�©�ª«©
¬̄  ,ã R ®�¯±° i

3³²
,ã�´�µA¶O·�´�µKµ¹¸^º ,ã�»q¼#½ . ¾ 5.12

� ¿

Since
À

this is nonzerofor some Á ,ãÃÂqÄ#Å ,ã�Æ is a first order pole of R(
ñ
z£ ,ã�Ç )
å
, i.e., a semi-simple

eigenvalueÈ of H(
ñKÉ

).
å

By Ê 5.12
� Ë

the
Ì

correspondingeigenprojectionP(
ñKÍ

)
å

satisfies

Î�Ï
,ã P Ð[Ñ�ÒÔÓ�Õ«Ó
Ȫ × ,ã P Ø
Ù�ÚAÛ[ÚÝÜßÞ ,ã�àqá#â ,ã
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whichä implies P å U(
ñKæ

)
å
P(
ñKç

)
å
U(
ñKè

)
åAé 1 andI thereforedim(P)

å�ê
dim
Í

P(
ñKë

)
å

which is finite by thedefi-
nition of the essentialspectrum.MoreoverD(

ñ
U(
ñKì

))
åîí

Ran(P)
å

is densein—and thereforeequal
to—Ran(
Ì

P
ä

)
å
. Thesameanalysisin theconjugatepictureshowsthat ï 5.9

ðXñ
alsoI holdsfor ò̄ . Now letóõô

I be
ö

an eigenvalueof H(
ñK÷

)
å
, i.e., a pole of someordernø�ù 1 of R(

ñ
z£ ,ã�ú )
å
. Then

limû?ü 0
ýKþ nÿ���� ,ã R ����� i

	�
�������
lim��� 0
ý
�������̄ � ,ã R ����� i

	� 
,ã�!#"�$&%�!'"�"�( 0

)

for
*

some + ,ã-,/.10 . Since 2 Rã (
ñ43�5

i
	�6

)
å�7�8:9<; 1,ã it follows thatnø>= 1 andthat ? is

h
aneigenvalueof H

@
.A

eÈCB follows from the spectralformula

E
D&E�F

sk�G lim
�

H�I 0
ý

i
	

2
J&K L dx

MON
R
ã1P

xQ<R i
	�S�T�U

R
ã1V

xQ<W i
	YX�Z�[

.

After
\

expressingR
ã

(
ñ
xQ&] i

	Y^
)
å

andR
ã

(
ñ
xQ&_ i

	Y`
) b
å

y a 5.8
ðcb

andI its adjoint, d cane be setequalto zero.f
f
*hg

If
ikj

(
ñ
H
@

)
å

has a gap in I
'
,ã then l 5.8

ðcm
holds
n

in G
Nporq

G
Nts

sok that E
D&u�v

0 i
)

f w containse no
eigenvalueÈ of H. x

2. Resonances

Accordingto Theorem5.2 thereareonly two cases.Either I ytz ess{ (
ñ
H)
å�|~}

,ã thenH andI H(
ñ��

)
å

have
n

the same� discrete,
Í

real� spectrumk in G
N

. Or I
'��t�

ess{ (
ñ
H
@

)
å
, thenthe real � discrete

Í �
eigenvaluesÈ

of± H
@

(
ñ��

)
å

aretheembeddedeigenvaluesof H
@

in
h

I
'
,ã whichhavefinite multiplicities. In additionH

@
(
ñ��

)
å

may have � discrete
Í �

complexe eigenvaluesin G
Nt�

whichä are also independentof � asI long as�
ess{ (
ñ
H(
ñ��

)
å
) staysaway from G

N
. They are commonly called resonance eigenvalues or± simply

resonances� of H andI actuallyoccur in complexconjugatepairs togetherwith the eigenvaluesof
H(
ñC�̄

) i
å

n G
Nt�

. Alternatively,resonancesaredefinedasthepolesof themeromorphiccontinuations
of± the functions

z£������ ,ã�� z£�� H ��� 1 ��� ; � ,ã��/ 1¡ ,ã
on± C ¢ . This definition seemscloser to the physicist’s notion of a resonance,since poles of
resolventmatrix elementsnearthe realaxisareexpectedto showup in theenergydependenceof
observable± quantitieslike transitionprobabilitiesor scatteringcrosssections.However,it mustbe
noted£ that theseresonancesare not uniquely definedby H

@
sincek their constructioninvolves the

choicee of a unitary groupU(
ñ�¤

)
å
, or of a set ¥ of± analyticvectors.The physicalinterpretationof

resonancesis thereforea delicatematter.98
¦

A relatedand also commonly expectedfeatureof
resonancesneartherealaxis is their associationwith long-living metastablestatesshowingnearly
exponentialÈ decayunderthe time evolutiongeneratedby H

@
. This will be furtherdiscussedbelow.

B. Dilation-analytic N-body systems

In
i

this sectionwe apply the generaltheoryto the casewhere

H § 1
2 p¨ 2
©«ª

V ¬ xQ�
is
h

anN
®

-bodySchrödinger
Í

operatoron L
¯ 2(
ñ
X
°

)
å
, andU(

ñ�±
)
å

is thedilation groupdefinedfor ²<³ R
´

by
ö

U µ·¶#¸ : ¹&º xQ¼»�½ e¾À¿ dim(
�

X)/
Á

2 Â&Ã e¾ÀÄ xQ¼Å . Æ 5.13
ð Ç

This grouphasthe generator

A
È:É 1

2
ÊÌË xQ p¨�Í p¨ xQ¼Î Ï 5.14

ð Ð

andI transformsH into
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H
@~Ñ�Ò'Ó�Ô

U Õ�Ö'× HU
@ Ø·Ù#Ú�Û 1 Ü e¾ÌÝ 2 Þ 1

2
Ê p¨ 2 ß V à e¾âá xQ¼ã . ä 5.15

ð å

H(
ñCæ

)
å

is extendedfrom real ç to
Ì

the complexstrip è~éëê�ìÀíîí Im(ï )å4ð ñóòõô underö the following two
conditions:e

a÷ Dilation-analyticity.
ø

For
ù

any ú<ûëü ,ã V(
ñ
e¾Àý xQ )

å�þ
V(
ñ�ÿ

,ã xQ )
å

is definedasa functionwith values
in
h

L
¯

loc
2 (
ñ
X
°

)
å
. Moreover,thecorrespondingmultiplicationoperatorV(

ñ��
)
å

is holomorphicin thesense
that
Ì

the function ��� V(
ñ��

)
å��
	

L
¯ 2(
ñ
X
°

)
å

is holomorphicin ���� for
*

any �
� C0
ý � (
ñ
X
°

)
å

andsatisfiesan
estimate�

�
V ����������� �"! 1

2 p¨ 2 #%$'&)(+*-,/.10�2%3 4 5.16
ð 5

for
*

any 67 0,
)

uniformly in 8 .
b
9

N
:

-body structure. For any a;=< L there
Ì

is a decomposition

V >�? ,ã xQ/@BA VaCED�F ,ã xQ aCHGBI IaC�J�K ,ã xQML ,ã
whereä VaC (ñ�N ,ã xQ )

å
satisfiescondition O aI�P asI an operatoron L2(

ñ
a;RQ )
å

andwhere

limS
xTVU aW-XZY IaC�[]\ ,ã xQM^B_ 0.

)

We
`

will refer to thesetwo conditionsby sayingthatV is a dilation-analytic
M

N-body potential. An
example� is the Hamiltonian a 3.1

bdc
withä V ik(

ñ
r)
åBe

1/r (
ñEf�g h

) o
å

r V ik(
ñ
r)
å�i

(1
ñ

/r)
å

e¾kj/l r; m�n 0(
)po

qsr /2)
t

.
Here
u v

H
@

(
w�x

)
y

is definedfor any zk{+| on} C0
ý ~ (w X° )
y

by theexplicit expression� 5.15
ð �

. This operator
has
n

a closurewith domainD
�

(
w
p¨ 2
©
)
y

which we againdenoteby H
@

(
w��

)
y
. The numericalrangeandthe

spectrum� of H(
w��

)
y

are containedin a complexsectorS
�R�

(
w��

)
y

of the form shownin Fig. 6 with �
arbitrary� small. For z���+� (w�� )y the resolventR(

w
z� ,��� )y is boundedby

�
R � z� ,�������'��� dist

���
z� ,� S�R�B�] �¡�¡'¢E£ 1 ¤ 5.17

ð ¥
and� holomorphicin ¦�§+¨ as� long as S

�R©
(
w�ª

)
y

doesnot cover z� . For simplicity we restrict « to
Ì¬®s¯

/2.
t

Then the sectorsS
�R°

(
w�±

)
y

do not sweepthe entire complexplanefor small ² and� ³ Imi (́ )
y]µ¶)·

. In particular,R(
w
z� ,��¸ )y is holomorphicin ¹�º¼» for z� in someopensetstraddlingthe negative

real½ axis.
For
ù

the applicationof Theorem5.2 the main task is to determinethe essentialspectrumof
H(
w�¾

)
y

for Im (¿ )y'À 0.
)

We definethe setof thresholdsof H(
w�Á

)
y

as the set

ÂÄÃ H@ÆÅ]Ç�È�ÈBÉËÊ
aCEÌÎÍ 0ý�ÏÎÐ disc

ÑÓÒ H@ aC�Ô]Õ�Ö�Ö . × 5.18
ð Ø

Theorem
Ù

5.3:10 Under the conditions (a) and (b) stated earlier,�

FIG.
Ú

6. The sectorS
ÛÎÜ

( Ý ).
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ß
ess{áà H â�ã�ä�äBåËæ

aCÄçÎè 0ý�éRê
ë
HaC�ì]í�î�îðïòñÄó H ô�õ�ö�öB÷ e¾�ø 2 ù R ú . û 5.19

ð ü

Proof: We
`

fix ý"þ�ÿ and� we shortenthe notationby writing H,� HaC for H(
w��

),
y

HaC (w�� )
y
, etc. The

induction
�

hypothesisis that for all a���	� 0)�

�

ess{� H@ aC�������� H@ aC���� e¾�� 2
©��

R
´��

; �! H@ aC�"�#%$
b
&!'

aC
(*) H@ disc

Ñb&,+
.

This
-

is trivially satisfiedfor a��. X
°

. From

H
@

aC0/ e¾�1 2 2 1
2
Ê p¨ aC2©�3 1 4 1 5 H

@ aC on} L
¯ 2 6 a��798 L

¯ 2 : a�<;>=
it follows that

?A@ H@ aC�B�C e¾�D 2
©�E

R
´�F�GIHAJ

H
@ aC�K ,� L 5.20

ð M
e.g.,N by reducingHaC to

Ì
fibersof constantp¨ aCPO a� . Therefore,

Q̃ RTS
aU!V>W 0ýYX[Z

\
HaU�]�^T_

aU0`[a 0ýYbdcfe disc
g h HaU�i�jIk

ess{�l HaU�mYm�n e¾�o 2 p R q�r�s!t H u�v e¾�w 2 x R y .

We
z

notethat the set {̃ is a closed,countableunion of parallelrays.Its complementis connected
to
Ì

theresolventsetof H
@

: for z|~}��˜ the
Ì

ray � z|�� e¾P� 2 � R´���� is
�

in thecomplementof �̃ and� leavesthe
sector� ��� (��� )

�
. It remainsto provethat �˜ �I� ess{ (

�
H
@

)
�
. Theinclusion �̃ �I� ess{ (

�
H
@

)
�

follows exactlyasin
the
Ì

case�<� 0
)%�

Theorem3.1� . To provethe oppositeinclusionit sufficesto showthat

���
ess{�� H  �¡I¢˜ ,£ ¤ 5.21

ð ¥
whereä ¦�§

ess{ (
�
H
@

)
�

denotesthe boundaryof ¨ ess{ (
�
H
@

)
�
. For supposethat z|~©�ª ess{ (

�
H
@

)
�

but z|~«�¬˜ . Then
the
Ì

ray  z|�® e¾�¯ 2
©�°

R
´�±�²

must³ crosś�µ ess{ (
�
H
@

)
�

which contradicts¶ 5.20
ð ·

. To prove ¸ 5.21
ð ¹

weä refer to a
generalizationº of Weyl’s criterion,55

»
valid¼ for any closedoperatorH: if ½¿¾�À�Á ess{ (

�
H)
�
, thenthere

existsN a sequenceÂ nÿPÃ D(
�
H)
�

with ÄYÅ nÿ�ÆÈÇ 1 suchthat

ÉÈÊfËAÌ
H Í9Î nÿ!ÏYÐ 0

)
and Ñ nÿ 0

) Ò
weakä convergenceÓ . Ô 5.22

ð Õ
This
Ö

is exploitedusingthelocal compactnesspropertyof H
@Ø×

whichä holdssincep¨ 2 is
�

H
@

-boundedÙ .
Let Ú R be

ö
a smoothedcharacteristicfunction of the ball Û0Ü xQÞÝàß R á . Since â R is H-compactit

follows from ã 5.22
ð ä

that
Ì åçæ

R è nÿ!éÈê 0
)

for anyfixed R. By passingto a newsequenceë�ì nÿÈí weä can
therefore
Ì

replacethe condition î nÿ 0
)

by the strongerform ï nÿ (� xQ )
��ð

0
)

for ñ xQÞòàó nø . Now let J
ô

aUõ j
ö

aU2© be
ö

the partition of unity usedin the proof of Theorem3.1. Since ÷ p¨ 2,£ Jø aU�ù is
�

H
@

-compactit
follows
*

from ú 5.22
ð û

that
Ì ü

(
�þýAÿ

H
@

)
�
J
�

aU�� nÿ���� 0.
)

Moreover, � I� aU J� aU�	 nÿ�
�� 0
)�

a����� 0
)��

since� � xQ��
aU���� on�

supp� (J
�

aU�� nÿ )� . Therefore � �"!$#
H
@

aU&% J
�

aU�' nÿ�(�) 0
) *

a+�,�- 0
)/.

. 0 5.23
ð 1

On
2

theotherhand, 3"4 aU6587 0ý�9 J: aU�; nÿ�<�= 1, which implies that > J: aU�? nÿ�@�ACBED 0
)

for somea+GFIH 0
)�J

and� for
an� infinite subsequenceof KML nÿ N . Thenit follows from O 5.23

ð P
that
Q RTSVU

(
�
H
@

aW ).
� X

Hereafterwe revert to the original notationwhich distinguishesbetweenH and� H(
�ZY

)
�
. The

threshold
Q

setof H
@

is
�

definedby

[�\ H ]_^a`
ab6c/d 0ý�e/f disc

gih Hab&j . k 5.24
ð l

With
m n

(
o
H
@

)
p

we denotethe lowest thresholdof H
@rq

formerly
*

called s in
t

Theorem3.1u .
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Theorem 5.4:10 Suppose
v

that V is a dilation-analytic N-body
w

potential,xzyE{I| and+ 0
)}�~

Im(
i��

)
p�� ���

/2.
�

Let
¯

SH
� (
oZ�

)
p

be
w

the complex sector

S
v

H
�����M�����"��� H@T�

,x��V�_� e¾�� 2 � R´��
.

Then�
a�Z  ¡

ess{ (
o
H
@

(
o£¢

))
p¤

S
v

H
� (
o£¥

);
p¦

b
ö¨§ª©

(
o
H(
oZ«

))
p¬

S
v

H(
o£

)
p_®�¯

disc
g (

o
H);
p°

c±Z² ³ (
o
H)
p¨´¶µ

(
o
H(
o£·

))
p¸

R; and+¹
d
º¨» ¼

(
o
H
@

)
p

is
	

closed and countable. The nonthreshold eigenvalues of H are the discrete real
eigenvalues¾ of H(

oZ½
).
p

They
¾

have finite multiplicities and can accumulate only at thresholds of
H.

Proof:
¿

Proceeding
À

by induction we assumethat Á a�ZÂ and� Ã bö¨Ä hold
Å

for H
@ ab if

t
a+�ÆIÇ 0

)/È
. For a+É X

°
this
Q

is trivial. Ê bö¨Ë follows
*

from Ì a�ZÍ and� Theorem5.2. Î a�ZÏ Let
Ð

a+�ÑIÒ 0
)�Ó

. By the induction
hypothesis

ÔÖÕ Hab¨×�ØMÙ�Ù_Ú�Û
disc
giÜ Hab&Ý_Þ S

v
Haß�à�áãâ_ä S

v
H å�æMç .

Therefore,
è

by é 5.20
ð ê

,xìë (
o
H
@

ab (
oZí

))
pïî

S
v

H
� (
oZð

)
p

for all a+�ñIò 0
)�ó

whichä proves ô a�£õ . ö c÷£ø Let
Ð ùúüû (

o
H(
oZý

))
pþ

R. Then ÿ is a discrete,real eigenvalueof Hab (
o��

)
p

for somea+���� 0)�� and� thereforean
eigenvalue� of Ha	 by

ö
Theorem5.2.This provesthat 
 (o H)

p���
(
o
H(
o��

))
p��

R. Now let ����� (o H)
p
. Then�

is
t

an eigenvalueof H
@ a	 for

*
somea+���� 0)�� . By the induction hypothesis� (o H

@ a	 )p���� (o H
@ a	 (o�� ))p � R

´
.

Therefore
è !�"�#

(
o
H
@ a	 )p implies $&%�' (o H

@
(
o�(

))
p�)

R
´

. If *&+�, (o H
@ a	 )p , then - is

t
a real,discreteeigenvalue

of. Ha	 (o�/ )p which alsoimplies 0&1�2 (o H(
o�3

))
p�4

R. 5 dº7698 (o H)
p

is countableby its definition.By : c÷�; it is
equal� to < ess{ (

o
H(
o�=

))
p�>

R whichä is closed.The rest of ? dº7@ follows directly from A bö7B andC from
Theorem
D

5.2. E

1. Discussion

In
i

the picture of F (
G
H
@

(
G�H

))
IKJ

Fig.
L

7M ,x drawn for Im (N )IPO 0,
)

we have indicatedthe points D
Q

R discrete
S

eigenvalueof H; E T embedded� non-thresholdeigenvalueof H; T U thresholds
Q

of H,x
amongC them 0 and V (

G
H);
I

R W discrete,
S

complex eigenvalueof H(
GYX

)
I[Z

resonance\ ; and S
v

] complex÷ thresholdof H
@

(
GY^

).
I

The essentialspectrumof H(
G�_

)
I

is a closed,countableunion of parallel raysemergingfrom
the
Q

thresholdsof H(
G�`

)
I
. The picture doesnot show possibleaccumulationsof thresholdsand

eigenvalues� andis thereforedeceptivelysimple.Undera changeof Im (a )I thepointsR
´

,x S
v

remainb
fixed
c

aslong asthey arenot touchedby oneof the raysforming the essentialspectrumof H
@

(
G�d

).
I

However,in the sectorssweptby theserays the spectrumof H(
G�e

)
I

may be alteredcompletely.
This indicatesthat themeromorphicextensionsof ( f ,(x zgih H)

I7j 1 k )
I

acrossI live on a complicated
Riemann
l

surfacewith branchpointsT
¾

,x S
v

.

FIG. 7. The spectrumof H( m ).
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C.
o

Resonances arising from bound states

Spectral
p

deformationis particularlyusefulto studytheperturbationof eigenvaluesembedded
in the continuousspectrum.Let H q7r H sut V be

ö
a family of self-adjointoperators,definedfor

smallv wyx R,x andsupposethat thereexistsa correspondingfamily

H z�{}|�~�� U �}��� H � U ������� 1 � H ��������� V �}���
satisfyingv the analyticity and spectralconditionsuniformly for small � . Let �&� I

�����
(
G
H
@

) b
I

e an
embedded� eigenvalueof H

@
. After spectraldeformation� becomes

ö
a discrete,semi-simpleeigen-

value¼ of H(
G��

)
I
, whoseperturbationby � V(

G��
)
I

may be studiedby standardmethods.We consider
the
�

simplestcasewhereV(
G� 

)
I

is boundedrelativeto H
@

(
G�¡

)
I

so that analyticperturbationtheoryfor
semi-simple,v discreteeigenvaluesapplies65

¢¤£
seev Fig. 8¥ .

For small ¦ the
�

operatorH § (GY¨ )I hasa groupof eigenvalues©«ª¬ G
®°¯

whichä convergeto ± asC²´³ 0.
)

The µ·¶ areC theeigenvaluesof a finite-rankoperatora+ (
G¹¸

)
I

actingon theunperturbedeigen-
spacev Ran P

¿
(
G�º

)
I
, whereP

¿
(
G�»

)
I

is the eigenprojectionof H
@

(
G�¼

)
I

correspondingto the eigenvalue½ .
For
L

small ¾ the
�

operatora+ (
G7¿

)
I

hasa convergentRayleigh–Schrödinger
S

expansion:65
¢

a+´ÀYÁÂ�Ã a+ 0
ý¹Ä a+ 1 ÅÇÆ a+ 2

©�È 2 É ;

a+ 0
ý¹Ê�Ë P

¿ÍÌ}Î�Ï
; Ð

5.25
ð Ñ

a+ 1 Ò P Ó�Ô�Õ V Ö}×�Ø P Ù�Ú�Û ;
a+ 2 Ü P Ý}Þ�ß V à�á�â R̄ ãåä ,xçæ�è V é�ê�ë P ì�í�î .

Here R̄(
ï
zg ,xçð )ñ is the reducedresolvent

R̄ ò zg ,xôó�õ�ö R ÷ zg ,xçø�ùûú 1 ü P ý}þ�ÿ ÿ ,x R
�
z� ,x������
	 z��� H �������� 1,x � 5.26

ð �
whichä is holomorphic in z� near� � . The important point is that the description � 5.25

ð �
of. the

perturbed� eigenvaluescan be reformulatedentirely in terms of H
�

and� V withoutä referenceto
spectralv deformation.This is the essenceof the following theoremdueto Simon96

¦
for which we

first statea moreprecisehypothesis.

1. Hypothesis

H(
ï��

)
ñ��

U(
ï��

)
ñ
HU(
ï��

)
ñ� 1 satisfiesv the analyticity andspectralconditionsstatedat the beginning

of. this section.V is symmetric and boundedrelative to H,x so that B ! VR(
ï
z� 0
ý )ñ is bounded.

Moreover,
"

it is assumedthat the family of boundedoperatorsB
#

(
ï�$

)
ñ�%

U(
ï�&

)
ñ
BU
#

(
ï�'

)
ñ�( 1,x*),+ R

´
,x hasa

bounded-holomorphic
ö

extensionto all -/.10 . Then V(
ï�2

)
ñ

is definedby V(
ï�3

)
ñ�4

B
#

(
ï65

)(
ñ

z� 0
798 H

�
(
ï�:

)),
ñ

which; is boundedrelativeto H(
ï6<

)
ñ
. We remarkthat by Lemma5.1

B =�>�?�@ U ACBED BU FCGEH�I 1 on. D J U KCLEM�N 1 O .

FIG.
P

8. Perturbationof a real eigenvalueof H
Q

( R ).
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Theorem 5.5:96
S

Under the previous hypothesis let TVU I be an eigenvalue of H with eigen-
projection¨ P. Then the corresponding perturbed eigenvalues W,X ofY H Z (ï6[ )

ñ
are\ the eigenvalues of

the] finite rank operator

b
w*^6_a`�b

U cCdEe�f 1a\*g6hai U jCkElnm Ran(
o

P
p

)
q ,x

whichr maps Ran(
s

P
¿

)
ñ

into
t

itself. The expansion of b(
ïvu

)
ñ

correspondingw to (5.25) is

b
w*x6yaz�{

b
w

0
7}| b

w
1 ~�� b

w
2
©�� 2 � ;

b
w

0
7}��� P

¿
; �

5.27
� �

b
w

1 � PV
¿

P;

b
w

2 ��� ����� s����� 1d
M*�

PVĒ � s��� VP ��� i
tn� d

M
ds
M�� PVĒ � s��� VP � s�� ¢¡ 0

£ .
Here ¤ denotes

M
the principal value, and Ē(

ï
s� )ñv¥ E(

ï
s� )(1ñ§¦

P)
ñ

is
t

the reduced spectral family of H.
(The
¨

negative imaginary term in b2 is
t

the precise form of the Fermi golden rule.)
Proof:
¿

According
\

to Theorem5.2, U(
ï�©

)
ñ

mapsRan(P
¿

)
ñ

onto Ran(P
¿

(
ï�ª

)
ñ
) with the inverse

U(
ï6«

)
ñ�¬ 1 restricted to Ran(P

¿
(
ï6®

)
ñ
). Thereforea\ (

ï}¯
)
ñ

and b
w

(
ïv°

)
ñ

have the sameeigenvalues.On
Ran(P)

ñ
we have

b
w

0
±}²�³ U ´CµE¶�· 1P ¸�¹�º U »C¼E½�¾�¿ P;

b
w

1 À U ÁCÂEÃ�Ä 1P
¿ÆÅ�Ç�È

B
ÉËÊ�Ì�ÍÎÊ

zÏ 0
±9Ð H

ÑÓÒCÔEÕÖÕ
P
¿Ë×CØEÙ

U ÚCÛEÜ
Ý PB

¿ßÞ
zÏ 0
±}à H

Ñâá
P
¿äã

PV
¿

P.

By the sameargumentwe canexpress

b
w

2 å limæÖç 0
± U èCéEê�ë 1P ì�í�î V ïCðEñ R̄ ò�ó�ô i

töõ
,x�÷Eø V ùCúEû P üCýEþ U ÿ����

� lim��� 0
± PVR̄ �
	�� i

t���
VP

in termsof H and� V. Using the spectraltheoremthis canbe written as

b
w

2
��� lim

���� 0
± �
���

i
t����

s� � ! 1 d
"$#

PVE
¿ ¯ % s� & VP ' .

According
(

to Theorem5.2 ) e�+* ,x the function s�-, PVE
¿ ¯ (

ï
s� )
ñ
VP is

.
real-analyticin someopeninterval/1032

. Equation 4 5.27
5 6

thus
�

follows from the identity

lim
�798 0
± : ds

"<;
=�>
i
t�?�@

s� A B 1f
C$D

s� E FHG i
tJI

f
CLK
MON PRQ S

ds
"<T
U�V

s� W X 1f
C$Y

s�[Z ,x
valid\ for any integrablefunction f

C
on.^] which_ is Hölder

�
continuousat s�-`Ra . b

2. Exponentially decaying metastable states

In the generalframeworkof spectraldeformationit is not clearhow to associatelong-living
metastablestateswith resonanceeigenvaluesof H. However,for resonancesarisingfrom bound

3473J.
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states,v theunperturbedeigenvectorsof H will_ turn into metastablestatesunderthe time evolution
generatedd by H e . For simplicity we will treatthe casewhere f is a nondegenerateeigenvalueof
H
Ñ

with_ normalizedeigenvectorg . Following Ref. 51 we will showthat

hji
,x ekml iH n to
pLq r ekts i uwv to�x O

y{zj| 2 } ~ 5.28
5 �

uniformly� in 0 � t]��R� as���$� 0.
�

In this sense� hasexponentialdecayin time governedby the
complex÷ resonanceeigenvalue��� .

Theorem
�

5.6:51
�

Under the hypothesis of Theorem 5.5, suppose that � is
t

a simple eigenvalue
of� H with normalized eigenvector � . Let g � C0

± � (
ï
I)
ñ

be
w

a smoothed characteristic function with
g� (
ï
x� )
ñ �

1 on� some open interval �H�3� and\ such that � is
t

the only eigenvalue of H in suppv (g� ).
ñ

Then

���
,� ekm� iH � to g�$  HÑ¢¡j£[¤L£ ¥

A
¦¢§j¨ª©

ekm« i ¬� to�® B
É°¯�±

,� t²´³ ; µ 5.29
5 ¶

A
¦¢·�¸º¹ »½¼�¾�¼À¿̄ Á ,� P¿�Â Ã�Ä�Å[Æ�Ã�Ä�Å�Å Ç

1 È O
y{ÉjÊ 2

�jË
; Ì 5.30

5 Í
Î
B
É°Ï�Ð

,� t²´ÑÓÒÕÔ1Ö 2
�
c× mØ$Ù 1 Ú t²´Û Ü mØ Ý

mÞàß 0
� á

5.31
5 â

as\äã$å 0,
�

uniformlyæ in 0
�èç

t²�éëê .
Proof
ì

of (5.28): Here
í

we choose0 î g�èï 1. For t²�ð 0
�

we obtainfrom ñ 5.29
5 ò

– ó 5.31
5 ô

õjö
,�À÷ 1 ø g�$ù HÑ¢újû�û[ü$ûÓý1þ9ÿ

1 � g� � HÑ������ 1/2�	� 2 
 O
y��� 2 � ,�

and� therefore

���
,� ek�� iH � to�� 1 � g��� H ��������� � O

y�!�" 2
��#

uniformly� in t² . With this estimate$ 5.28
5 %

follows
&

from ' 5.29
5 (

and� ) 5.30
5 *

. +
Proof
ì

of Theorem 5.6: Let
,

R
-/.

(
ï
zÏ )ñ 0 (

ï
zÏ21 H

Ñ�3
)
ñ 4 1. By the spectraltheorem

F
576

t²98 :<;�= ,� ek?> iH @ to g��A HÑ�BDC�E�C
F limG�H 0

±
1

2 I i
t

R
dx
"

g J x�LK ek?M itx N�O ,�QP R R�S x�UT i
tWVLX Y

R Z [ x�U\ i
tW]L^`_ba�^

. c 5.32
5 d

Using
e f

5.8
5hg

and� its adjoint, F(
ï
t² )ñ canbe expressedin termsof (zÏji H k (ï�l ))

ñnm 1 o R p (ï zÏ ,�Wq ) a
ñ

s

F r t²9s t f
u�v

t² ,�Ww̄ x y f
u�z

t² ,�W{}| ; ~
5.33
5 �

f
u��

t² ,���2� � 1

2
���

i
t

R
� dx
"

g � x��� ek�� itx ���U���̄ � ,� R
-/� �

x� ,�W�2���U���}�D� .
Herewe haveassumedthat Im(�?� )ñ`� 0.

�
Otherwisethe pathof integrationmustbe modifiedby a

detour
�

around��� in C � ,� which doesnot affect the estimatesbelow. Now we split R � (ï zÏ ,�W  )
ñ

into
singular¡ andregularparts:

R ¢�£ zÏ ,�W¤}¥ ¦ P
ì/§ ¨ª©2«
zÏj¬®�¯U° R̄ ± ² zÏ ,�W³2´ . µ 5.34

5 ¶

By
·

hypothesiswe can pick a contour ¸ enclosing¹ supp(g� )
º

which separates» from
&

the rest of¼ (
½
H
Ñ

(
½D¾

)).
º ¿

See
À

Fig. 9.Á Then,
Â

for small Ã ,�ÅÄ also� separatesÆ�Ç from
&

the restof È (
½
H
Ñ�É

(
½DÊ

)
º
), so that

R
-¯ Ë (½ zÏ ,�WÌ )

º
is holomorphicin zÏ in

Í
the interior of Î . Since Ï R-/Ð

(
½
zÏ ,�WÑ )

º�Ò
is
Í

boundedby a constantfor
small¡ Ó and� all zÏ�Ô7Õ it

Í
follows from Ö 5.34

5 ×
by
Ø

the maximumprinciple that
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Ù
R
Ú¯ Û�Ü zÏ ,�WÝ}Þ�ß`à constá â 5.35

5 ã
for small ä and� all zÏ in the interior of å .

Inserting æ 5.34
5 ç

into è 5.33
5 é

we_ obtaintwo contributionswhich areestimatedseparately.

3. Contribution of the regular part

Since
ê

P ë (ìDí )
î
R̄ ï (ì zÏ ,�Wð )

î ñ
0,
�

the contributionof the regularpart to f
u

(
ì
t² ,�Wò )

î
is given by

1

2
��ó

i
t

R
ô dx
"

g õ x��ö ek?÷ itx ø uæLù ú�û̄ ü ,� RÚ¯ ý�þ x� ,�Wÿ�� uæ��������	� ; 

5.36
5 �

uæ����������� P ��������� P ��������� ������! O
y#"%$'&

.

By
·

partial integrationthis integralis seento havea boundof the form ( 5.31
5 )

for
&

any mÞ+* 0,
�

since
the
,

x� derivatives
-

of R
Ú¯ . (ì x� ,�0/ )

î
arepowersof R

Ú¯ 1 (ì x� ,�02 )
î

andthereforeboundedby 3 5.35
5 4

.

4. Contribution of the singular part

The singularpart of R 5 (ì zÏ ,�06 )
î

contributesto F(
ì
t² )î the term

A
¦87:9<; 1

2
�>=

i
t

R
dx
"

g ? x�A@ ekCB itx D x�>E F>G:H�I 1 J A
¦8K:L<M 1

2
�>N

i
t

R
dx
"

g O x�AP ekCQ itx R x� SUT>V:W�X 1,� Y 5.37
5 Z

where_ A
¦

(
ì\[

)
î

is given by ] 5.30
5 ^

.
Since
ê

g�`_ 1 on someopeninterval acbed we_ can deform the path of integrationinto C f as�
shown¡ in Fig. 10. From the secondintegral in g 5.37

5 h
we_ thenpick up the residue

A i:j<k ekCl i m\n to .
The
Â

remainderis given by o 5.37
5 p

with_ both integralsnow takenover the path q where_ g� (
ì
x� )
î

r 1 for Im(x� )
îts

0.
�

Using the identity

P
ìvu�w�x

P
ìzy�{�|�}

P
ìv~������

P
ìe���������

P
ìz���������

P
ìe�����	���

P
ìz���������

1 ��� Pìz��������� P
ìv�������

FIG. 9. Choiceof the contour   .

FIG.
¡

10. Deformingthe integrationcontour.
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and£ the fact that ( ¤ (
ì�¥̄

),
î§¦

(
ì�¨

))
î�©

(
ì�ª

,�¬« )
î�

1, we see that A(
ì�®

)
î�¯

1 ° O
y

(
ì�± 2)

î
. The remaindercan

therefore
,

be written in the form

² Im
³µ´·¶>¸:¹
º » dx

"
g ¼ x��½ ek¿¾ itx À x�>Á Â>Ã:Ä�Å 1 Æ x� ÇÉÈ>Ê:Ë�Ì 1

Í
O
yÉÎ%Ï 2 Ð Ñ dx

"
g Ò x�AÓ�Ô ekCÕ itx Ö x� × ØÚÙ�Û�Ü 1 Ý ek itx Þ x� ßUàÚá�â�ã 1 ä .

Using
å

thatIm(æ¿ç )î¬è O
y

(
ì¬é 2
�
)
î

andpartial integrationasbefore,we concludethattheremainderhas
a£ boundof the form ê 5.31

5 ë
for any mÞ+ì 0.

� í
Notes:
î

Spectral
ê

deformationis alsodiscussedin Ref.81,Vol. IV, andin Ref.45.For a critical
reviewï of the correspondingnotion of resonancesseeRef. 98. As a tool to effect a spectral
deformation
-

the dilation group x� ð ekòñ x� onó Rnô caná be replacedby other flows or more general
distortions.
- 99,86,15,49,34

õ
In particular,theBalslev–Combesresultshold undertheweakerhypothesis

that
,

only thetails of the interclusterpotentialsI
ö

a÷ (ì x� )
î

for large ø x�úù a÷ have
û

someanalyticity.34
ü

One
ý

of
the
,

few perturbativeresultsfor N
î

-bodysystemsis theStarkeffect44,51,89whichþ requiresasymptotic
rather than analytic perturbationtheory.50

ÿ
Another exampleis the atom coupledto a quantized

radiationï field.9
õ

A
�

time-dependentperturbationapproachto theresonanceproblemwasinitiatedby
Soffer
ê

and Weinstein102 � see¡ also Ref. 73� . Generallyspeaking,all resultson the existenceand
interpretationof resonancesso far rely on somesort of perturbationargument.

VI.
�

ESSENTIAL SPECTRUM II. MOURRE’S INEQUALITY

The
�

significanceof Mourre’s inequality75,79
�

for
�

theanalysisof N
î

-bodysystemscanhardlybe
exaggerated.¹ As a tool for exploring the natureof the essentialspectrumof H

�
it
�

is both more
general	 andmorepowerful thanthe 
 formally related� conceptá of dilation-analyticity.In addition,
it providesa direct insight into the propagationpropertiesof continuumstateswhich form the
basis
Ø

for time-dependentscatteringtheory.As it appearslater in Theorem6.1,Mourre’sinequality
has
û

no immediateheuristicappeal.However,the following considerationsprovidesomeprelimi-
nary understandingof its form. For trajectories� to� ek�� iHt � in the continuousspectralsubspace�

C weþ may expectthat

�
x� 2 �

to������ to ,� x� 2 �
to���� � t² 2 ! t²#"%$'& ( 6.1

)+*
for
�

someconstant,.- 0.
�

This constantshouldbeequalto the secondtime derivativeof / x� 2
�
/2
021

t
o in
�

the
,

time mean,or for states3 withþ sufficiently sharpenergydistribution.Noting that

d
" 2
�

dt
" 2

x� 2
�

2
4

to�5
6
i
7#8

H
�

,� A¦:9�; to ;

A < i
7

H,� x� 2

2 =
1

2
>
p? x�A@ x� p?CB ; D 6.2

)+E

i
7#F

H,� A GIH p? 2
�KJ�L

x� M V N x�POQO ,� R 6.3
)+S

weþ are led to a specialcaseof Mourre’s inequality: if E
T

is
�

not an eigenvalueof H
�

,� then

B
UAVXW

H
�ZY�[

E
TA\X]

H
�_^

i
7Q`

H
�

,� A¦:a ETAbXc H�_dfe�gihjg ETlk�monqp ETArXs H�Zt u
6.4
)+v

for some w (ì E)
î�x

0
�

andany yCz 0,
�

whereE { is thespectralprojectionof H for a sufficientlysmall
openó interval |~} E. The Mourre constant� (ì E)

î
is directly relatedto the effect of thresholds.A
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threshold
,

of H is an eigenvalue� a÷ ofó Ha÷ for somea���2� 0��� ,� correspondingto a stationarystate� a÷X� L2
�
(
ì
a�.� )î of the subsystemHa÷ . In the energyrangeabove � a÷ ,� we expectthe existenceof

scattering¡ trajectories� to withþ a behaviorlike

�
to�� ekX� i(1

�
/2 p� a�2���j� a� )� to��

a÷���� a÷ �
t²#�%�'  ,� ¡ 6.5

)+¢
whereþ £

a÷X¤ L2(
ì
a� )
î

is arbitrary.For suchtrajectories,with energydistributionsufficiently localized
near¥ someenergyE

T§¦o¨ a÷ ,� we will have

©
x� 2
�«ª

t
o�¬2 x� a÷2 ® to�¯_° p? a÷2 ± t² 2

�«²
2
4´³

E
T§µo¶ a÷i· t² 2

� ¸
t²#¹%º'» . ¼ 6.6

)+½
For
¾

fixed E
T

all£ thresholds¿ E
T

mightÀ contributescatteringstateswith energieslocalizednearE
T

.
For E ÁoÂ ,� the² Mourre constant Ã (ì ET )

î
is
7

in fact twice the distance of E from the highest thresholdÄ
E. Equation Å 6.4

)+Æ
also£ holdsfor E ÇoÈ if we define É (ì E)

î�Ê
0.
�

This is trivial if E Ë'Ì (
ì
H).
î

If E is
an£ eigenvalueof H

Í
,� then Î x� 2 Ï

to is
�

constantfor thecorrespondingboundstates.In this caseE
TAÐ

(
ì
H
Í

)
î

reducesï to an eigenprojectionfor small Ñ ,� andB
UCÒ

(
ì
H
Í

)
î�Ó

0
�

follows from the virialÔ theorem:

Õ�Ö
,� i×QØ HÍ ,� A¦:Ù«ÚÜÛ�Ý 0

� Þ
6.7
)+ß

if à ,�âá are£ eigenvectorsof H withã the sameeigenvalueE. Equation ä 6.7
)+å

is formally obviousfor
any£ A æ A* ,� since ( ç ,� i×#è H,� A éKê )

î�ë
iE
×íì

(
ì«î

,� A ï )
î�ð

(
ì
A ñ ,�óò )

îóôIõ
0.
�

All theseare special casesof a
moreÀ generalMourre inequality: (6.4)

ö
holds for any real E,� upæ to an error term which is a

compact× operator. From this powerful inequality we will derive a numberof basicresultscon-
cerningá the structureof the continuousspectrumof H:÷
i
�ùø

Eigenvalues
ú

away from thresholdshave finite multiplicities and can accumulateonly at
thresholds,
,

andonly from below.Sincethresholdsareeigenvaluesof subsystems,it follows
that
,

the setof thresholdsis closedandcountable.û
ii
�ýü

Eigenfunctions
ú

for nonthresholdeigenvaluesdecayat leastlike exp( þ2ÿ x��� � 2(
�����

E
�

)
î
, where	

is
�

the lowest threshold
 E
�

.�
iii � H hasno eigenvalues and£ thusno thresholds��� 0.

�
Later
�

we will exploit Mourre’s inequalityto analyzethe largetime behaviorof continuumstates,
thereby
,

confirmingthe heuristicargumentsusedin this introduction.

A.
�

The virial theorem and Mourre’s inequality

We
�

definei
×��

H,� A � by
�

the explicit form � 6.3
)��

as£ a Schrödinger
-

operatoron D(
ì
p? 2)

î
, assuming

that
,

the virialÔ (
ì
x� � V(

ì
x� )
î
) also satisfiesthe conditionsimposedon the potentialV(

ì
x� )
î
. Then the

virial� theorem� 6.7
)��

caná be provenby usingsomeregularizationof A
¦

,� e.g.,

A
¦! 

A
¦#"%$ 1

2
��& p? xe�('*) x+ 2 ,

e-/.*0 x+ 2
x� p?21 35426 0

7/8
. 9 6.8

)�:
HereA ; is boundedrelativeto p? 2

�
,� and i

×�<
H,� A =?> is definedby an expressionsimilar to @ 6.3

)�A
. The

formal argumentgiven for B 6.7
)�C

is correctfor A D ,� since E ,�GF!H D(
ì
A I )î . Thus ( J ,� i×�K H,� A L?M%N )

îPO
0,
7

and£ Q 6.7
)�R

follows
S

in the limit T2U 0.
7

Definition:
V

A
W

threshold² of H is
�

an eigenvalueof H
Í aX for

S
somea�ZY\[ 07^] . _ (ì HÍ )

î
is the setof all

thresholds
,

of H. The Mourre constant ` (ì E)
î

is definedfor any real E by
�

a*b
E cPd

0
7

for E
�#egf

;

inf
�h^i/j
(
�
H);
�^kml

E
2
�Zn

E
�#o!p2q

for
S

E
�#r!s

. t 6.9
)�u

Theorem
v

6.1:75,79
w

Suppose
x

that the virial (
ì
xy z V(

ì
xy ))
î

satisfies{ the same condition as the
potential| V(

ì
xy ).
î

Let
}

i ~ HÍ ,� A��� be
�

defined by (6.3), and let E � (
ì
H
Í

)
î

be
�

the spectral projection of H for
an� interval � . Then we have the following.
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(
ì
i
×
)
î

Given
�

E � R and �2� 0,
7

there� exists an open interval ��� E and a compact operator K such
that�

B
�����

H
Í��P�

E
�����

H
Í��

i
×?�

H
Í

,� A��� E����� HÍ� P¡£¢¥¤¦¢ E�¨§P©!ª¬« E
���®

H
Í�¯P°

K
±

. ² 6.10
) ³

(
ì
ii
×

)
î

Nonthreshold
´

eigenvalues of H have finite multiplicities and can accumulate only at
thresholds.� Therefore µ (ì H)

î
is
×

closed and countable.
Notation:
´

We
�

will usethe abbreviation‘‘ ¶�· E
�

’’ to saythat ¸ is
�

an openinterval containing
E
�

and£ ‘‘ ¹!º�» E�½¼ ’’ for a sequenceof suchintervalswith length ¾ ¿\ÀÂÁ 0.
7

Corollary: Equation Ã 6.4
)�Ä

follows from Å 6.10
) Æ

if E is not an eigenvalueof H.
Proof: Multiplying Ç 6.10

) È
from both sidesby E É (

ì
H)
î

we seethat K may be replacedby
E
��Ê

KE
±ÌË

. Then we let Í!Î�Ï E�½Ð whileã keeping K
±

fixed.
Ñ

Since E
�

is
�

not an eigenvalueof H
Í

,�
E
��Ò

(
ì
H
Í

)
îPÓ sÔ

0
7

andthereforeÕ KE
±ÌÖ

(
ì
H
×

)
îPØ�Ù

0.
7 Ú

Proof
ì

of Theorem 6.1:32
Û

We
�

proceedby inductionin subsystems,assumingthatTheorem6.1
holdsfor all HaX withÜ a�ÞÝ�ß 07^à in the following form: á (ì HaX )î consistsof the eigenvaluesof all Hb

â
withÜ b

�Þã
a� ,�åä aX (ì E)

î
is definedwith respectto æ (ì HaX )î , and ç 6.10

) è
reads

B é�ê HaX¥ëPì£í¥î aX%ï E ðPñ!òôó E õ¬ö HaX¥÷Pø K onó L2 ù a�*ú¦û ,� ü 6.11
) ý

whereÜ B
��þ

(
ì
H
× aX )îPÿ E

���
(
ì
H
× aX )î i��� H× aX ,� A� aX�� E��� (

ì
H
× aX );î i

�
	
H
× aX ,� A� aX������� aX�� (

ì
xy aX � VaX (ì xy aX )î ). This inductionhy-

pothesis� is trivially satisfiedfor a��� X.
Lemma 6.2: Part (ii) of Theorem 6.1 follows from part (i).
Proof:
ì

By
�

part � ii��� ofó the inductionhypothesis,� (ì H× )
î

is closedandcountable.Let E
�

n��� E
�

be
�

an£ infinite sequenceof eigenvaluesof H
×

withÜ orthonormaleigenvectors n� . From Theorem2.1
weÜ know that E !#" ,� so that $ (

ì
E)
î%

0
7

implies E &#' (ì H).
î

By ( 6.7
)*)

and£ + 6.11
) ,

,�
0
7.-0/213/

E 465#798;:0<>= n� ,� K ? n�>@
for
A

any B�C 0
D

and large nE . Since F n��G
wH

0
D

we have I K±KJ n��L
M 0
D

and therefore N (
ì
E
�

)
î6O

0,
D

i.e., E
�

P�Q (ì H× ).
î R

Lemma 6.3:

B SUT HaX>V6W0X>YZX E [6\#]_^ E `Ua HaX>b c
6.12
) d

for
u

any E e R
Ú

,� any� f�g 0
D

and� some hji E
�

.
Proof:
ì

If
k

E
�

is
�

not an eigenvalueof H
× al weÜ haveB

��m
(
ì
H
× al )î6n (

ìo al (ì E� )
î6p#q

)
î
E
��r

(
ì
H
× al )î by the induc-

tion
,

hypothesisandby theCorollaryto Theorem6.1,and s 6.12
) t

follows since u al (ì E)
î6vjw

(
ì
E)
î
. Now

let E be
�

an eigenvalueof Hal withÜ eigenprojectionP. Thenwe haveto prove x 6.12
) y

withÜ z (
ì
E)
î

{ 0.
D

Sincedim(P
ì

)
î6|�}

is
�

not excluded,we representP
ì

as£ a stronglimit of finite rankprojections
P
ì

n��~ P
ì

. We abbreviate B
���

(
ì
H
× al )î6� B

���
and£ E

���
(
ì
H
× al )î6� E

���
. By the virial theorem P

ì
n� B��� P

ì
� Pn� PB � P � 0,

D
so that

B
���_�0�

1 � P
ì

n�>� B���U� 1 � P
ì

n�>�6� P
ì

n� B���U� 1 � P
ì��6�0�

1 � P
ì��

B
���

P
ì

n� .

Using
å �

6.11
) �

in the form B �9 �¡#¢�£ E ¤ KE ¥ to
,

estimatethe first term on the rhs,we obtain

B ¦_§�¨#©�ªj« K ¬ P  Pn�>®6¯
°j± KE ²U³ 1 ´ P µ¶¸· 2 ¹ Pn� B ºU» 1 ¼ P ½6¾ .
Since
ê

K
±

and£ P
ì

n� B��¿ are£ compact,andsinceE
��À

(1
ìÂÁ

P
ì

)
î6Ã sÔ

0 a
D

s ÄKÅÇÆ E�ÉÈ ,Ê we canfirst fix nE and£ thenË
to
,

makethe last threenormsarbitrarily small, andmultiplying the result from both sideswith
E Ì proves� Í 6.12

) Î
. Ï

Lemma
Ð

6.4: Given a compact I Ñ R
Ú

and Ò�Ó 0,
D

thereÔ exists Õ_Ö 0
D

such× that

B
��ØUÙ

H
× aÚ>Û6Ü0Ý2Þ3Ý E�àß#á_â6ã 2

ä3å9æ
E
��çUè

H
× aÚ>é ê

6.13
) ë
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for
ì

any E í I and any îjï E of length ð ñKòôóöõ .
Proof: Suppose

ê
this is false. Then ÷ 6.13

) ø
is violated for somesequenceEn��ù E in I and£

correspondingú û
n�Uü E
�

n� withÜ ý þ
n��ÿ�� 0.

D
From

�
6.12
) �

weÜ obtain

B ��� HaÚ��
	 ��
E �
�

�
2

E ��� HaÚ�� �
6.14
) �

for
A

some��� E
�

. Let nE be
�

so large that � E� n��� E
����� �

/2
!

and " n��# $ . Since % (ì E�'& x( )
î
)+*

(
ì
E
�

)
î
,

x( for
-

any£ x(/. 0,
D

we thenhave

01
E 2
3+465 En�87 9;:
< =/> E ? En�8@+AB En��C DFE
G 3

H�I
2

.

From
J

this, K n�8L M and£ N 6.14
) O

weP deducethat B
�RQ

nS (
ì
H
T aÚ )îVU (

ìVW
(
ì
E
X

nY�Z [ )
î
\

2
]^

)
î
E
XR_

nS (
ì
H
T aÚ )î , which

contradictsú our assumption. `
Lemma
Ð

6.5:

B
�Ra�b

HaÚ�c
dfehge E i jFk
l 2m;n E o�p HaÚ�q r 6.15
) s

for
ì

any E t R,u any� v/w 0
D

and� some x+y E.
Proof: We

z
representthe functions { (

ì
x( )
îV|+}

(
ì
x( aÚ ,u x( aÚ )î by their partial Fourier transformswith

respect~ to x( aÚ ,u i.e., by functions � F
� (ì k� ) o

î
n a� taking

�
valuesin L

Ð 2(
ì
a�� )

î
. In this representation:

�h�
,u����
�

aÚ dk
�����

F � k��� ,u�� F � k����� L2(
�
aÚh� )
� ;

�
H
T

aÚ���� F�� k���
� k
� 2
�

2
]¡  H

T aÚ ¢
F
�£ k��¤ ;

¥
E ¦�§ HaÚ�¨V©�¨ F�ª k��«
¬ E ;® k

¯ 2/2
°�± HaÚ�²V³

F
�´ k��µ ;

¶
i
·¹¸

HaÚ ,u A º8»�¼ F ½ k��¾
¿fÀ k� 2
��Á

i
·¹Â

HaÚ ,u AaÚhÃ�ÄVÅ
F Æ k��Ç .

For
J È�É

E
XRÊ

(
ì
H
T

aÚ )îVË weP thusobtain

ÌhÍ
,u B Î�Ï HaÚ�ÐVÑ�Ð
Ò

aÚ dk
��Ó�Ô

F
�Õ k��Ö ,uØ× k� 2 Ù B ÚFÛ k

¯ 2/2
°�Ü HaÚhÝ�ÝVÞ

F
�ß k��à¹à Lá 2(

�
aÚ�â )
� .

Since
ê

H
T aÚ is

�
bounded from below, the integrand has compact support: ã F

� (ì k� )îä E å;æ k
¯ 2/2
° (
ì
HaÚ )îVç F(

ì
k
�
)
î
è

0
é

for largek
� 2
�
. By ê 6.13

) ë
it thushasa lower bound

k
� 2 ì+í E

X�î k
� 2
�

2
]¡ï ð ñ 2

]ò ó�ô
F
�õ k��ö
÷ 2 øúù�ûù EX'ü ýFþ
ÿ 2

]��������
F
�	� k��
� 2

whichP proves � 6.15
) �

. �
Proof of (6.10): Let f

ì��
C0
� � (
ì��

)
î

be real with f
ì��

1 on some� 1 � E. Applying the localization
formula � 3.20

H �
to
�

the Schrödinger
-

operatori
·��

H,� A  ,� we obtain in analogyto ! 3.21
H "

f
ì$#

H
%'&

i
(�)

H
%

,� A*,+ f
ì.-

H
%0/132

aÚ f
ì$4

H
%'5

j
6

aÚ i(�7 H% aÚ ,� A*98 j
6

aÚ f
ì.:

H
%0;<

compact.ú

We
=

notethat

L > f
ì$?

H @ j
6

aÚBA j
6

aÚ f
ì.C

HaÚED is compact F 6.16
) G
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for
I

any f
ìKJ

C0
� L (
ì
R
Ú

)
î
. In fact, by the Helffer–SjöstrandM formula N 9.1

OQP
,� it sufficesto verify that

j
R

aÚTS zU�V H WX 1 Y[Z zU�\ HaÚE]_^ 1j
R

aÚB`[a zU�b HaÚEcd 1 e 1
2 f jR aÚ ,� pg 2

�ih�j
IaÚ j
R

aÚEk_l zU�m H n_o 1

is
�

compact.This follows from local compactnesssince both p j
R

aÚ (ì xq )
î

and I
r

aÚ (ì xq )
î
j
R

aÚ (ì xq )
î

vanish ass
xqutwvyx . Using z 6.16

) {
and£ | 6.15

) }
we~ arrive at

f
ì$�

H
%0�

i
(��

H
%

,� A*9� f
ì$�

H
%'��[�i���

E
��������

2
�����

f
ì$�

H
%'� 2
�T�

compact.ú
Multiplying both sideswith E �

1
(
ì
H)
î

we obtain

B �
1 � H ��[�i��� E ������ 2 ¢¡ E £

1 ¤ H ¥¦ compact.ú

This
§

is equivalentto ¨ 6.10
) ©

,� since ª (
ì
E
��«�¬

)
î3®

(
ì
E
�

)
î�¯�°

for
I

small ± if
�

E
�³²�´

(
ì
H
%

).
î µ

We
¶

now give a preciseform of the estimate· 6.1
)Q¸

which~ playsan importantrole in scattering
theory.
�

A finite, openinterval ¹ will~ be calleda Mourre
º

interval if
�

E »½¼ H ¾ i(�¿ H,� A À E Á½Â H ÃÄ3Å E Æ½Ç H È for some É	Ê 0.
Ë Ì

6.17
) Í

Let
Î Ï³Ð�Ñ

Ran(
Ò

E
�ÔÓ

(
ì
H
%

)
î
). Then Õ 6.17

) Ö
implies
�

lim
t×ÙØ9Ú inf

xq 2

tÛ 2
t×ÝÜ3Þ	ß 0

Ë à
6.18
) á

for all initial statesâ in thedomainãåä�æ D(
ì_ç

xqéè )ê , which is invariantundereëíì iHt and£ densein î³ï .
By the virial theorema Mourre interval ð containsú no eigenvalueof H soM that ñ³ò¢ó�ô C . If E is
notõ an eigenvaluenor a thresholdof H

%
,� thenE

�
is
ö

containedin a Mourre interval by ÷ 6.4
øQù

. Since
the
�

setof eigenvaluesandthresholdsis closedandcountable,it follows that theÛ spectral subspacesúåûýüÿþ
a� Mourre interval� span� a dense linear set in � C .

B. Exponential bounds for eigenfunctions and absence of positive eigenvalues

As a first applicationof Mourre’s inequalitywe provethefollowing resultsof Froese,Herbst,
and£ Perry:

Theorem
�

6.6:31
�

Under the hypothesis of Theorem 6.1, let H ��� E
�	�

and�

�� supM����� R

���
eë�� r ��� L

� 2 � X����� ,�! r"$#&% xq('*) .
Then E + 1/2 , 2

�
is
(

either infinite or a threshold of H.
Proof: The proof is indirect: we assume0 -/.�021 and£ E 3 1/2 4 2 5�6 (7 H)

ê
, which will leadto

a£ contradiction.We constructa sequenceof smooth,boundedfunctionsF
8

n9 (7 xq )
ê

which approximate
F
8

(
7
xq )
ê;:/<

r" from
I

abovein successivelylargerregions:

F
8

n9>= xq@?;A/B n9 r j"DC r";EGF 1 H j
RJILK

n9 r";MNM . O 6.19
ø P

Here j
R
(
7
r)
ê

is a smoothedcharacteristicfunctionof Q r R 1S ,�UT n9 is somesequencewith V n9XWZY ,� and[
n9]\ 0

Ë
is chosensuchthat

^
eë F
_

n`�a�bNced . f 6.20
ø g

We
¶

define

h
n9Xi eë Fn`�j�k eë Fn`�lUmon 1; p]qNqrqos nt]u&vxw nt , . . . ,� y nt�z . { 6.21

| }

Lemma 6.7: (i) ~ nt]� w
�

0.
Ë

(ii)
�

p2
���

ntX� w
�

0.
Ë

(iii)
� �

G
�

(
�
xq )
�X�

nt]�o� 0,
Ë

and� � G� (
�
xq )(1
���

pg 2
�
)
� 1/2�

nt]�o� 0
Ë

for
ì

any
function
ì

G � L � (
�
X)
�

which� vanishes at � .
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Proof: � i � follows from � 6.18
| �

; � iii � follows from � ii � and� from thecompactnessproperty � 2.6� .
To prove   ii ¡ it remainsto showthat ¢ pg 2

£]¤
nt]¥ is bounded.We set

Hnt]¦ eë F
§

n¨ He © F
§

n¨rª H « 1
2 ¬  Fnt>® 2£]¯ i

(r°
nt ; ± 6.22

| ²
³

ntX´ 1
2 µ·¶ Fnt pg¹¸ pg º Fnt�» . ¼ 6.23

| ½
Then
§

H
%

nt]¾ nt]¿ E
�	À

nt ,� andE
�ÂÁ

Re
ÒÄÃ

H
%

ntrÅ nt�ÆÂÇ H%�È nt�É 1/2ÊXËÍÌ F
Î

nt>Ï 2 Ð nt . Since Ñ F
Î

nt (� xq )
�

is uniformly bounded
in
Ò

(nÓ ,� xq )
�
, we obtainsuccessiveboundsfor Ô H%ÖÕ nt ,�Ø× pg 2

£>Ù
nt ,��ÚrÛ nt�Ü nt]Ý ,��Þ H%àß nt]á and� â pg 2

£�ã
nt]ä . å

Remark:
æ

In
ç

the following estimateswe will needhigherderivativesof F
Î

nt (� xq )
�
. Theyareof the

form
I

Fnt ,k
è

1 , . . . ,k
è

séLê xqìë;í/î nt
ï sð r"ñ

xq k
è

1 ò xq k
è

sé j
RJó

r ôGõ 1 ö j
RJ÷Lø

nt r ùNù ,� ú 6.24
| û

plusü terms of fixed compactsupport ý involving derivativesof j
R
(
�
r)
�
] , plus terms of order þ ntÿ

involving
Ò

derivativesof j
R
(
���

nt r" )� ] . By Lemma6.7
�
iii
Ò��

,� andsince � nt�� 0,
Ë

thesetermswill give no
contributions� in the limit nÓ
	�� to


theexpectationvalues� � nt estimated� later.Thesameis true

for the leadingterm � 6.24
| �

if s��� 1, sinceit is of orderr1 � sð as� r ��� .
Lemma 6.8:

lim
nt����

� �
H ! 1

2 " 2
£�#

E $&% nt(' ) 0.
Ë

Proof:

0
Ë
*,+�-

Hnt* . E /10 Hnt(2 E 354 nt
6,7�8 H 9 1

2 : ; Fnt&< 2£(= E > 2
£&?

nt�@,A�B nt2£&C nt�D,E i
(�F

H G 1
2 H I Fnt�J 2£ ,� K ntML1N nt . O 6.25

| P
We
¶

showthat the third term vanishesasnÓ
Q�R . By the remarkabovewe needonly considerS
i
(�T

V,� U ntMV1W nt(XZY�[M\ V ] Fnt&^ nt since_ the other commutatorsinvolve higher derivativesof Fnt . By`
6.24
| a

,�
lim
b
ntdcfe

gMh
V i F

Î
nt&j nt�k lim

b
ntdlfm

n�o
xq p V q rrts 1j

Rvu
rrxw5y nt(z 0,

Ë

since_ xq { V(
�
xq ) i
�

s pg 2-boundedandrrt| 1j
R
(
�
rr )
�x}

0 a
Ë

s rrt~�� . Becausethefirst two termsin � 6.25
| �

are�
positive,ü we now have limntd�f��� (� H%��

1/2 � � F
Î

nt&� 2 � E
�

)
�&�

nt(��� 0.
Ë

Thereforeit sufficesto show that�
(
�&�

nt���� � Fnt&� )��� nt(� � 0.
Ë

By Lemma6.7, the contribution from any boundedregion to this norm
vanishes� asnÓ
��� ,� so we needonly showthat � nt Int�� 0

Ë
for Int��¡  j

R
(
��¢

nt r)
�&£

nt(¤ . This is trivial if ¥¦ 0.
Ë

Otherwise,we split I
r

nt into
Ò

contributionsfrom the regionsj
R
(
��§

nt rr )
�&¨ª©

and� j
R
(
��«

nt rr )
�x¬ª

,® obtain-
ing
Ò

I
r

nt�¯ª°²±¡³ eëµ´ n¨ (1¶¸·º¹
)
»
r¼M½ )
�&¾�¾

eë F
§

n¨À¿ÂÁ Ã 1. This boundbecomesarbitrarily small by first fixing Ä small_
and� thennÓ sufficiently_ large,sinceeventually Å nt (1�ÇÆªÈ

)
�&É¡Ê

. Ë
Lemma 6.9:

lim inf
nt�Ì�Í

Î
i
(dÏ

H,Ð A ÑxÒ nt�Ó 0.
Ë

Proof: Let B Ô i
(�Õ

H,Ö A × . SinceE Ø 1/2 Ù 2 ÚÜÛ (
�
H)
�
, we havea Mourre inequality:

Ý
E Þàß H á BE âàã H ä1å nt(æ¡çxè E éàê H ë5ì nt(í�î K ï nt ð 6.26

| ñ
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withó ôvõ 0
Ë

and compactK,ö for someinterval ÷Üø (
�
E ùûú 2

£
/2
ü�ýÜþ

,ö E ÿ�� 2
£
/2
ü����

)
�
. By Lemma6.7,�

K
�	�

nt�
 0
Ë

for nÓ��� . SettingE
�¯ ��� 1 � E

���
weó alsoobtain

�
Ē ��� nt������! 1 "$# H % 1

2 & 2
£�'

E (*) nt�+�, 0
Ë -

6.27
| .

from Lemma6.8. Now / B 0 nt�132 E 4 BE 576 nt�8:9 Ē ;�< nt�= (2�?>
BE @�ACB:D BĒ E�F nt�G ).� By H 6.27

| I
the


second
term


vanishesasnÓKJML ,ö sinceH N nt is bounded.Therefore

lim inf
ntPORQ

S
B T nt�U lim inf

ntPVRW
X
E Y BE Z7[ nt�\ lim inf

nt�]_^
`*a

E b7c nt�dfe 0.
Ë

g
Thenextstatementis in contradictionto Lemma6.9andthuscompletestheproof of Theorem

6.6:
|

Lemma
h

6.10:

lim
b

sup
nt�i_j

k
i
l�m

H
n

,ö Ao_prq nt�s 0.
Ë

Proof:
t

From
u

the identity 0 v 2
w

Im(A
o_x

nt ,(ö H
n

ntzy E
�

)
��{

nt )� we obtain

|
i
l�}

H
n

,ö Ao�~�� nt�� 1
2
��� il���� � F

Î
nt*� 2,ö Ao_��� nt�� 2 R

w
e��� nt Ao�� nt .

The only contributioninvolving only first orderderivativesof Fnt is

�3� pg k
�z� xq k

� FÎ nt ,l
��� F
Î

nt ,k
� xq l
��� pg l
���

nt .

By � 6.24
| �

this
�

is equalto

� 2   nt ¡ pg xq�¢ j
£¥¤

r ¦
r
§
xq pg�¨

nt
©

0,
Ë

modulotermsvanishingasnÓKª�« . ¬
Theorem


6.11:78 Under the hypothesis of Theorem 6.1, eigenvalues can accumulate at thresh-
olds® only from below.

Proof: Proceedinginductively,we assumethat thresholdscanaccumulateat a giventhreshold
E
�

only¯ from below: there is an interval (E
�

, . . . ,ö E
�R°

1/2 ± 2 ² (
�*³µ´

0
Ë

) containingno thresholds.
Now
¶

supposethereis aninfinite sequenceof eigenvaluesE
�

nt�· E
�

in
Ò

this interval,with correspond-

ing orthonormaleigenfunctionş nt�¹ w
�

0.
Ë

This leadsto a contradiction.Theproof is a straightcopy
of¯ the proof of Theorem6.6. The function F(

�
xq )
�rº:»

r j(
�
r)
�

correspondsto the functionsFnt (� xq ) o
�

f¼
6.17
| ½

for
¾ ¿

nt�À:Á and� Â
nt�Ã 0.

Ë
By Theorem6.6, eë F Ä

nt7Å L
h 2(
�
X
Æ

)
�
. Therefore Ç nt�È eë F É

nt�Ê eë F Ë
nt�ÌCÍ 1

Î w� 0,
Ë

and the rest of the proof Ï Lemmas6.7–6.10Ð goesÑ through with minimal changes:as an
eigenvalue,Ò E is replacedby Ent . Ó

Theorem


6.12:31
Ô

Under the hypothesis of Theorem 6.1,ö H
n

has no eigenvalue E Õ 0.
Ë

Proof:
t

Since
Ö

thresholdsarisefrom eigenvaluesof subsystems,we canproceedby induction:
assuming� thatH hasno positivethreshold,we provethatH hasno positiveeigenvalue.Theproof
is again indirect: we derive a contradiction from H ×µØ E Ù ; E Ú 0.

Ë
By Theorem 6.6, eëÜÛ r ÝÞ L

h 2(
�
X
Æ

)
�

for any ßµà 0.
Ë

We first fix á suchâ that

r ã�ä dx
åçæéè�ê 2£�ë

r ì 2 í dx
åçîéï�ð 2£ ,ö ñ 6.28

| ò

Then
§

we choosea C ó -function F
Î

(
�
rô )�rõ rô ,ö with F

Î�ö
(
�
rô )�r÷ 0,

Ë
and F

Î
(
�
rô )�rø rô for

¾
rôúùüû ,ö and we defineýKþúÿ

eë�� F
§����

eë�� F
§����
	

1; � . . . ���� (
�����

, . . .ö ��� ).� By � 6.28
| �

,ö
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r����� dx
å��! �"$# 2£&% eë�' 2

£)(&*
. + 6.29

| ,

Lemma
h

6.13: For some constant c1 and- all .�/ 0,
Ë

0
H 132$46587�2 ,ö H 9;:=<=> E ?A@ 2

2 B cC 1 D 2eëFE 2 GIH . J 6.30
| K

Proof: We
¶

define

H
nML$N

eëPO FHe
nRQTS F U H

nWVAX 2
£

2
Y[Z \ F

Î^] 2 _ i
l8`ba

; c;d 1

2
Yfehg F

Î
pikj pi l F

Înm
.

Then H o�p�o�q E r�s and� t H u3v$w E x (
��y 2/2)

z|{I} ~
F � 2 ��� . Since � � F � 2 � 1 for r �W� ,ö we obtain from�

6.29
| �^� �I� �

F
Î�� 2 ����� 1 ��� cC 1eë�� 2 �&� . �

Lemma
h

6.14: For some constants c2 ,ö cC 3
� and� all ��� 0,

Ë
�
i
�
 

H
n

,ö A¡£¢=¤3¥$¦¨§ pi 2
£�©3ª$«M¬

x ® V ¯ x�°)±�²�³ cC 2 ´ 2
£
eëFµ 2
£)¶&·8¸º¹

cC 3
� . » 6.31

| ¼
Proof:
½

From
¾

the identity 0 ¿ 2
Y

Im(A
¡£ÀÂÁ

,(ö H
n^Ã=Ä

E
Å

)
�ÇÆÂÈ

)
�

we obtain

É
i
�
Ê

H,ö A Ë=Ì�Í�ÎºÏ 2

2

Ð
i
��ÑÇÒ Ó

F Ô 2,ö A Õ=Ö3×$Ø 2 Ù ReÚ$Û A Ü3Ý .

Since
Þ ß à

F á 2£&â 1 for r ãWä ,ö the first term is boundedby cC 2 å 2
£

exp(æ ç 2 èPé ).� For the secondterm we
computeê

2 Reë8ì A í=î pi k
ïñð x k

ï F,ö l
òôó F,ö k

ï x l
òöõ pi l
òô÷ d

å
2

F,ö ll
ò�ø 1

2
x k
ï F,ö llk

ò ,ö
whereù d

å�ú
dim(
û

X
Æ

)
�
. Thefirst termis positivesinceF

Î
,ö l
òôü x l

ò rý�þ 1F
Îfÿ

(
�
rý ),� F

Î��
(
�
rý )��� 0,

Ë
andtheremaining

two
�

termsarebounded. �
Completion of the proof of Theorem 6.12: Subtracting

Þ �
6.30
| �

from � 6.31
| 	

weù arrive at

1
2 
 pi 2

£�������
V ������� x � V � x�������� � E

Å"! 1
2 # 2
£%$'&

cC 1 ( cC 2 )�* 2
£
eë,+ 2
£�-/.10 2

cC 3
� .

This
3

is a contradiction:theleft-handsideis boundedbelow,while theright-handsidegoesto 465
for
7 8:9<;

. =
Notes:
>

Theuseof thedilation generatorA in Mourre’s inequalityis asarbitraryastheuseof
the
�

dilation groupto effecta spectraldeformation.Thefollowing variantof Theorem6.1 is dueto
Skibsted,
Þ 100 a� simplerproof suggestedby Graf is given in Ref. 39. Thestartingpoint is to replace
the
�

observablex? 2
£

in @ 6.1
|BA

by
C

a convexfunction G
D

(
�
x? )
�

with the samegrowth:

cC 1x? 2
£%E

G
DGF

x?�H�I cC 2x? 2
£
. J 6.32

| K
Then
3 L

6.2
|BM

and� N 6.3
|PO

take
�

the form

A Q i
R
2
S
H,ö GDUT�V 1

2
W
pX Y G
D[Z6\

G
D

pX^] ,ö _
6.33
| `

i
Rba

H,ö A c�d pGXfe pXhg 1
2 i 2
£
G
D[jlk

G
D m

V n x?po ,ö
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wherer s in Cartesiancoordinatest pGXvu pXhw pX iG
D

,ikpX k
ï�x 0

Ë
by theconvexityof G

D
. Theproof of Theo-

rem 6.1 in this caseis basedon a specialconstructionof the function G
D

(
�
x? )
�

dueto Graf.38
y

Up
z

to
a� regularizationG

D
(
�
x? )
�

is given by

G
DG{

x?�|�} max~
a��� L

�
x? a�2 �6� a�1� � 6.34

| �

for
�

a suitablechoiceof the parameters� a� . This constructionis similar to � and� in fact the model
of��� a� later constructionby Yafaev116 whichr we discussmore fully in Sec.VII. In particularthe�

a� ’s canbe adjustedso that only the tails of the interclusterpotentialsIa� (� x? )
�

enterinto � 6.33
| �

. As
a� result Theorem6.1 holds in exactly the sameform and with the samedefinition of � (� E)

�
providedü only that � I

�
a� (� x? )
�

existsfor large � x?�� a� withr
� �

I
�

a�%� x?������ o��� � x?�¡ a� ¢ 1 £ as� ¤ x?�¥ a�/¦<§ . ¨ 6.35
| ©

This
3

generalizationof Mourre’s theoremavoidsa global conditionon ª V(
�
x? )
�
, so that potentials

withr strongsingularities« e.g.,¬ hardcores can® be allowed.And sinceG
D

(
�
x? )
�

andx? 2
£

have
¯

the same
growth,° mostof theapplicationsof Mourre’sinequalityhold undertheweakerhypothesis± 6.35

| ²
.39
y

VII.
³

SCATTERING THEORY

A.
´

Scattering states

The existenceandthe asymptoticform of scatteringorbits µ t× for t¶ ·<¸ depends
û

crucially on
the
¹

rateat which the interclusterpotentialsIa� (� x? )
�

vanishfor largeseparation.We will statesuch
fall-off
�

conditionsin the form

º
x»k¼ I� a�%½ x?�¾�¿ O

ÀlÁ Â
x?�Ã a� ÄpÅÇÆÉÈ k¼�Ê Ë ,övÌ x?^Í a�%Î<Ï ,ö Ð 7.1

ÑBÒ
withr k

Ó
a� multi-index. The requiredvaluesof ÔÖÕ 0

×
and Ø kÓÚÙ willr be specifiedaccordingto the

context.®
1. Short-range systems: Û�Ü 1

Here
Ý

outgoingscatteringstatesÞ are� characterizedby the asymptoticcondition

ß
tàâá eã,ä iHt å:æ çèçêé

a��ë L
eã,ì iHaí tàïî

a� ð t¶ ñóò6ô�õ ; ö a�ø÷úù a�/û L2
£%ü

aý,þ%ÿ�� B
�
Ha��� ,ö � 7.2

���

wherer 	
B(
�
H
n a� )� is the subspaceof L

h 2
£
(
�
aý�
 )
�

spannedby the eigenvectorsof H
n a� . Eachterm in the

sum�  7.2
���

representsa surfacewavein X propagatingü freely alongthechannelaý�� X or,� viewedin
R3
y
,ö a free motion of independentboundclusters.For conveniencewe haveincludedthe bound

state� channelaý���� 0×�� : if ����� B
� (
�
H
n

)
�
, then � 7.2

���
holds
¯

trivially with � � 0!#"%$'& ,ö�( a�*) 0
×

for aý�+�, 0×�- .
The
3

existenceof a uniquescatteringstate . for
�

anygivenset /�0 a�21 is
Ò

oneof theearliestresultsin
N
>

-body scatteringtheory:40 if
Ò

I
�

a� (� x? )
�43

O
À

(
�65

x?87 a� 9;: ),
�=<�>

1, thenthe waveoperators?
a� @BA s�DC lim

tàFEHGJI eã iHteãLK iHaí tà M
7.3
��N

exist¬ on O a� ,ö so that P 7.2
��Q

holds
¯

for

RTS'U
a�WV a� XZY a� .

The
3

waveoperatorsare isometricfrom [ a� to
¹]\

. Moreover,their rangeŝ a� _�` Ran(
a b

a� c )
�

satisfy

d
a� egfih b

j k l aýBm b
nLo

,ö
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expressing¬ the fact that

lim
b

tàFprq�sut eãLv iHaí tà%w
a� ,ö eãLx iHb

y tà%z
b
j|{4} 0
× ~

aýB� b
nu�

. � 7.4
���

Therefore,
3

the outgoingscatteringstatesform a closedsubspace

���B���
a�g� L

‘ � a� �B�r� .

The
3

proofsof � 7.3
���

and� � 7.4
���

involve
Ò

only the freecenter-of-massmotionof theclusters� see� e.g.,
Ref.
a

81, Vol. III � .
Since
�

theearlydaysof scatteringtheory,whenthis formalismwasdeveloped� e.g.,¬ in Ref.60�
the
¹

main fundamentalproblemwas to prove the conjectureof asymptoticý completeness, i.e., the
conjectureC that every state ����� is

R
an outgoing scattering state in the sense of � 7.2

���
. This

problemü wasfirst solvedby Sigal andSoffer:91
�

Theorem 7.1:91,38,116,103,52
�

Under the hypothesis of Theorem 6.1 and if�
Ia�¡  x?£¢6¤¦¥ O

§©¨#ª
x?8« a� ¬u¯® ,ö±°�² 1, ³ 7.5

´�µ
then¶ ·¹¸�ºH» .

By
¼

time reversalthe sameresult holds for the subspace½�¾ of� incoming scatteringstates,
defined
û

by an asymptoticconditionof the form ¿ 7.2
´�À

for
�

t¶ÂÁ�ÃHÄ . This meansthat everyorbit Å t
Æ

of� the systemhasan asymptoticform Ç 7.2
´�È

in both time directions.

2. Long-range systems: ÉËÊ�Ì 1
ÍLÎ

For Ï not too small it is known22,12 that
¹

the appropriateasymptoticcondition generalizingÐ
7.2
´�Ñ

is

Ò
tÆÔÓ eÕLÖ iHt ×TØ ÙÚÙÜÛ

a� eÕLÝ iHaÞ tÆÔß i à aÞ ,á tâ (ã pä aÞ )å#æ
a� ç t¶#è t¶Ôé�ê ë 7.6

´�ì

withr í
a�uî�ï a� as� before.Comparedto ð 7.2

´�ñ
only� the free center-of-masspropagatorof the frag-

ments~ in channelaò is
Ò

modifiedfrom

eÕLóõô i/2ö ÷ pä aÞ2t
Æ

to
¹

eÕLøõù i/2ö ú pä aÞ2t
ÆÔû

i ü aÞ ,á tâ (ã pä aÞ )å ,ö
whichr still conservesthe momentumpX a� . Here ý tÆ (� pX a� )� is an adiabaticphasearisingfrom the fact
that
¹

classicallythe fragmentsare locatedat x? a�*þ pX a� t¶ (1� ÿ
O
§

(
�
t¶ � � ))

���
as� t¶���� )

�
, so that

I
�

a�
	 x?��� I
�

a�
� pX a� t¶���� O
§��

t¶�� 2
£����

,ö � 7.7
´��

providedü that � Ia� (� x? )
���

O
§

(
�! 

x?#" a� $�%'& 1) a
�

s ( x?#) a�+*-, . For 2 .0/ 1 the error term in 1 7.7
´�2

decays
û

inte-
grably° in time, while the leading term is of order t¶�3�4 and� thereforenot integrableif 576 1.
According
8

to this classicalpicturethe ansatz

9
a� ,tÆ;: pX a�=<�> tÆ

dsI
?

a�
@ pX a� sA�B
should� work for C7D 1

2
� . The reasonwhy we havenot fully defined E a� ,tÆ (F pX a� )G is twofold. First, it is

clear® that the modified propagatoris insensitiveto a changeof H a� ,tÆ (F )
G

on a null set of aò . This
allows� us to restrict pX a� to

¹
the set aò * I 3.9

J�K
,ö where Ia� (F pX a� sA )G indeeddecayslike sAMLON . Second,P

a� ,tÆ (F pX a� )G is arbitrarywithin gaugetransformationsof the kind

Q
a� ,tÆ;R pX a�=S�TVU a� ,tÆ;W pX a�=X�Y f

Z
tÆ;[ pX a�=\
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if limtÆ_^a` f
Z

tÆ (F pX a� )G�b f
Z'c

(
F
pX a� )G exists,sincein d 7.6

´�e
the
¹

phasef
Zgf

(
F
pX a� )G can be absorbedin h a� . This is

whyr the integrableerror in i 7.7
j�k

hasno effect and why l 7.6
j�m

is equivalentto n 7.2
j�o

if p7q 1. A
complete® definition of r a� ,ts (F pX a� )G modulogaugetransformationsis therefore

t
a� ,ts;u pX a�=v�w

R
x'y

pä aÞ�z aÞ { 1

ts
dsI
?

a�
| pX a� sA�} ~ pX a�O� aò * � ,ö � 7.8
j��

if,
�

for � x?#� a�+� R
�

,ö�� I� a� (F x? )
G!���

const® � x?�� a� �g� . For aò��0� 0�g� wer havepX a��� 0
�

andwe set ��� o��� ,ts�� 0.
�

An impor-
tant
¹

exampleis a systemof chargedparticles � the
¹

Coulombcase  . Thenfor pX a�¢¡ aò *

I
�

a�
£ pX a� t¶�¤�¥ t¶�¦ 1 §¨ª©�« eÕg¬ eÕ® pX°¯
m±7²°³

pX°´
m±7µ

¶ 1

,ö
wherer thesumrunsoverall pairsX of clusters in thechannelaò withr · total

¹ ¸
charges® eÕg¹ ,ö massesm±7º

and» momentapX°¼¾½ R3
y
. A correspondingphase¿ a� ,ts (F pX a� )G is obtainedby changingthe factor t¶�À 1 to

¹
log(
Á

t¶ ).GÃÂ
This
3

phasediffers from Ä 7.8
j�Å

by
Æ

a gaugetransformation.Ç The
3

formulas È 7.2
j�É

– Ê 7.4
j�Ë

can®
nowÌ be transcribedto the long-rangecasesimply by replacing

H
n

a�+Í H
n

a��ÎÐÏ a� ,ts;Ñ pX a�=Ò . Ó 7.9
j�Ô

The
3

existenceof Õ a� Ö is
�

moredifficult to provethanin theshort-rangecase.In fact thefirst general
proofs× Ø withoutr adò hoc assumptions» on the fall-off of boundstatewave functionsÙ appeared» as
by-products
Æ

of the proofsof asymptoticcompleteness.
Theorem
Ú

7.2:19 If
�

(7.1) holds for Û kÜ�Ý�Þ 2
ß

andò some à7áãâåä 1, then¶ æèç�éëê .
This
3

is theresultfirst obtainedby Dereziński.� 19 A
8

proof for theCoulombcaseì0í 1 wasalso
given° by SigalandSoffer.95

�
Theborderlineî7ïãðåñ 1 wasidentifiedpreviouslyby Enss.28

ò
Other
ó

proofs× aregiven in Refs.122 and52. In this review we give the proof of Theorem7.1, followed
by
Æ

anoutlineof thestrategyusedin thelong-rangecase.Thecommonbasisfor bothproofsarethe
propagation× estimatesand the asymptoticobservablesdiscussedin the next two sections,which
are» basedin Ref. 52.

B. Propagation observables and propagation estimates

Mourre’s inequality in the integratedform ô 6.18
õ ö

only� statesthat the expectationvalue÷
x? 2 ø

ts�ù (
ú
û

ts ,ö x? 2 ü
ts )ý divergesquadraticallyin t¶ as» t¶�þ�ÿ for

�
any initial state ������� ,� where� is

�
any

Mourre
	

interval. To derive from this the detailedasymptoticform 
 7.2
j��

or�� 7.6
j��

of���
ts , i� t is

necessaryto constructa set of phase-spacepropagationobservables� ts (ú x? ,� pX )
ý

which control the
asymptotic» propagationinto all possiblechannels.The basic techniquefor deriving the corre-
sponding� propagationestimatesrequiresthat the Heisenbergderivativeof � ts is

�
essentiallyposi-

tive,
¹

in the sensethat

D
�

t
s��

t
s�� i
R��

H
n

,��� t
s�� �"!

t
s�#

t
s�$ P

%
t
s�& R
�

t
s ,�

wherer P ts�' 0
�

and ( R ts�)+* O
§

(
ú
t¶�,.- ),ý0/21

1. If 3 ts is uniformly boundedin t¶ ,� it then follows by
integration
�

that

0
!
4

dt
576

P ts98 ts�: const® ;+<>= 2ò ,�
wherer ? P ts9@ ts�A (

úCB
ts ,� P ts�D ts )ýFE 0.

�
This is the typeof propagationestimatewhich forms thebasisof all

proofs× of asymptoticcompleteness.

1. The Graf–Yafaev construction

The
3

following geometricconstructionin X
G

wasr introducedby Graf,38
y

then
¹

simplified in Ref.
19, and later modified by Yafaev.116 Following

H
Ref. 52 we use a time-dependentversion of
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Yafaev’s
I

construction,which results in a function gJ ts (ú x? );
ý

x?LK X
G

,� t¶�M 0.
�

The motivation for the
construction® will becomeevidentwhenwe introducephasespaceobservablesbuilt on gJ t

s (ú x? )
ý
. LetN be

Æ
a positive,decreasingfunction on L:

OQP
0
!+RTSVU

a�CW"X b
Y[Z"\

X ] 1

for ^ 0�`_ba aòdc b
edf

X,� to be adjustedin the courseof the construction.We define

f
Z

a� g x?ihFj kQl 0!+m n aòdoqp 0�srut ;v
a�Cw x? a� xzy aò2{q| 0�`}u~ .

Thenthe prototypeof the time-independentGraf–Yafaevfunction gJ (
ú
x? )
ý

is given by

gJ2� x? ,���>��� max
a��� L

� f
Z

a� � x?i� . � 7.10
j �

A radial sectionof gJ (
ú
x? ,��� )

ý
is shownin Fig. 11 for a directionx?L� aò .

HeregJ (
ú
x? ,��� )

ý
is convex,constanton somecompactsetcontainingthe ball � x?Q��� 1, andhomo-

geneous° of degree1 in the complementof this set.We decomposegJ (
ú
x? ,��� )

ý
into maximalpieces:

gJ2� x? ,���>�����
a��� L

gJ a� � x? ,����� ; gJ a� � x? ,���� F¡ f
Z

a� ¢ x?i£ if f
Z

a� ¤ x?.¥F¦ gJ2§ x? ,��¨>© ;
0
�

otherwise. ª 7.11
j «

The
3

piece gJs¬ 0!+ (® x? ,¯�° )
±

has compactsupporton which it is constant.The piecesgJ a� (® x? ,¯�² )
±

for aò³q´
0
�`µ

are» homogeneousof degree1 on conical supportswhoseintersectionwith a sphere ¶ x?Q·¸ R ¹Vº¼» 0!�½ is shownin Fig. 12. This figurecorrespondsto Fig. 2 andservesto explainthe choice

FIG. 11. A radial sectionof g¾ (x¿ , À ).

FIG. 12. The piecesof g¾ (x¿ , Á ).
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of�ÄÃ . Supposefirst that Å a�[Æ"Ç b
YCÈ"É

cÊ�Ë 1. ThenFig. 12 reducesto Fig. 2 since Ì a� Í x? a� Î�Ï7Ð x?¼Ñ exactly¬
if x?ÓÒ aò ,¯ etc. We now increaseÔ a� ,¯�Õ b

Y by
Æ

arbitrarysmall amounts.Then the supportsof gJ a� ,¯ gJ b
Y

broaden
Æ

into narrowbeltsshownin Fig. 12.Now we increaseÖ cÊ to
¹Ø×

cÊ�Ù"Ú a� ,¯.Û b
Y ,¯ so thatsupp(gJ cÊ )Ü

grows° to a disc coveringthe intersectionof the two belts.This indicatesthe generalconstruction
scheme� for the function Ý on� L whichr canbe carriedout analytically.116,52,39Figure12, together
withr the definition Þ 3.8

J�ß
of� the interclusterdistance,suggestswhat can be achieved:There is aà

largely
Á

arbitraryá choice® of â such� that

ã
x?¼ä a�[åçæéè x?Qê on� suppë gJ a�íì î 7.12

j ï
for someðòñ 0.

�
Moreover,sincegJ a� (® x? ,¯�ó )

Ü
is, on its support,a function of x? a� ,¯

ô
gJ2õ x? ,¯�ö�÷ùø aò on� suppú gJ a�üû ý 7.13

j þ
exceptÕ at boundary points,¯ where ÿ gJ (

®
x? ,¯�� )

Ü
is discontinuous.This discontinuityis removedby a

regularizationgJ (
®
x? ,¯�� )

Ü��
gJ (
®
x? )
Ü

which preservesconvexity:

gJ�� x?���	 gJ�
 x? ,¯�����
a��� L �

���
a����� a��� d

� �
a� ,¯

wherer 0 !#"%$ C0
! & (
®
R
�

)
Ü

is a regularizationof theDirac distributionwith sufficientlynarrowsupport.
The sameregularizationis appliedto gJ a� (® x? ,¯�' )

Ü
, so that

gJ�( x?�)�*,+
a�.- L

gJ a�0/ x1�2 . 3 7.14
j 4

The
5

effect of this regularizationon Fig. 12 is that the boundariesareslightly smeared,but away
from thesestripsthe functional form of gJ (

®
x1 )
Ü

remainsthe same.For further referencewe list the
relevantpropertiesof gJ and» gJ a�76 Ref. 116, seealsoRef. 52 or 398 :

Lemma
9

7.3 : Properties
;

of g):
(i)
<

g is smooth, convex, and homogeneous of degree 1 outside some ball: = x1?>A@ R
�

2
B .

(ii)
<

g(
®
x1 )
Ü0C

gJ (0)
®

inside
R

some ball: D x1FEAG R1 .
(iii)
<

For any x H supp(� I gJ )
Ü

there¶ exists a J L,¯ aòLKNM 0�PO ,¯ suchQ that

R
gJ�S x1UTWV aò and» X x1FY a�[Z7\^] x1F_ . ` 7.15

j a

To explain b iiiRdc ,¯ considerthe boundarypoint P shown� in Fig. 12: Therethe interclusterdistances
withr respectto aò and» X are» both strictly positive, and after regularizationwe certainly havee

gJ (
®
P
;

)
ÜWf

X
g

. The functionsgJ a� have
¯

correspondingpropertiesexceptÕ convexity:®
Lemma
9

7.4 (Properties of ga� ):h
(
®
i
i
)
Ü

gJ a� is
i

smooth, and homogeneous of degree 1 for j x1?kAl R2 .
(
®
ii
i

)
Ü

gJnm 0oqp has
r

compact support in s x1FtAu R2
B . For a vNw 0�Px ,¯ gJ a� is

i
supported in y x1FzA{ R1 ,¯ andò | x1?} a�~��^�

x1F� on� supp(� gJ a� ).Ü
(
®
iii
i

)
Ü��

gJ a� is
i

supported in � x1?�A� R
�

1 . For
�

any x � supp(� � gJ a� )Ü there¶ exists b � L
9

,¯ b
eL�N�

0
�P�

suchQ
that¶

�
gJ a��� b

e
and» � x1F� bY����^� x1F� . � 7.16

j �

(
®
i
i��

)
Ü

For each a � L there exists a function g̃ sharingQ the properties of g given in Lemma 7.3
andò such that the Hessians ga� � andò g̃   satisfyQ

¡
gJ a� ¢0£ gJ̃ ¤ .
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2. The basic propagation estimate

All
¥

our propagationobservablesarederivedfrom

gJ ts§¦ x1U¨�© t¶�ª gJ�« t¶q¬? x1U® , 0¯ ¯#°U± 1, ² 7.17
j ³

for t¶µ´ 0.
�

By Lemma7.3 gJ ts is smoothandconvexin x1 ,¯

gJ ts§¶ x1�·�¸ t¶�¹ gJ�º 0��»½¼q¾
x1F¿AÀ t¶�Á R� 1 Â ,¯

gJ�Ã x1UÄ ÅqÆ x1FÇAÈ t¶�É R� 2
BËÊ ,¯

and,» sincegJ hasboundedderivatives,

Ì
xÍkÎ gJ ts§Ï x1UÐ�Ñ O

§ÓÒ
t¶�Ô (1Õ�Ö�× kÎÙØ )Ú§Û ,¯ÝÜ tskÎ gJ ts§Þ x1�ß�à O

§Óá
t¶�âäã k

Îæå
,¯ ç 7.18

j è
as» t¶qéëê ,¯ uniformly in x1 . Now we compute

ì
ts�í D

î
ts gJ ts�ï 1

2
ð�ñ�ò gJ ts póõô pó ö gJ tsø÷�ù�ú ts gJ ts ;Dî ts§ûËü ts�ý 2

þ�ÿ
ts gJ ts���� pgó ts � pó�� 1

4
�	� 2

B
gJ ts�
� gJ ts � V ��� ts2gJ ts .�

7.19
j �

In the first term of � 7.19
j �

gJ ts � denotes
�

the Hessianof gJ ts (® x1 )
Ü
, i.e., pgó ts � pó�� pó k

Î gJ ts ,kl
Î pó l
��� in Cartesian

coordinates� � ,¯ which is positivedueto theconvexityof gJ ts (® x1 )
Ü
. Thesecondandfourth termsareof

orders� t¶! 3
"	#

and» t¶%$'& 2
B
,¯ respectively,uniformly in x1 . The specialgeometricpropertiesof gJ ts (® x1 )

Ü
are

essential( to estimatethe remainingterm

i
i*),+

ts ,¯ V -/.0 gJ ts 1 Ia� . 2 7.20
j 3

Here
4 5

gJ ts is
�

boundedandhassupportin 6 x187:9 t¶,; R� 1 . For any x1 in
�

this supportthereexistsaò=< L
9

such> that ? gJ t
s (® x1 )

ÜA@
aò and» B x18C a�EDF t¶%G for

H
someI�J 0.

K
DecomposingV(

®
x1 )
Ü/L

Va� (® x1 a� )Ü/M I
N

a� (® x1 )
Ü

it follows
that
O

for tP sufficiently> large

Q
gJ tsSR x1UT V V W x1UX�YZ gJ ts [ Ia�E\ x1^]�_ const� tP!`8a (Õ�bAc 1),¯ d 7.21

j e

if
�gf

7.1
jih

holds
j

for k klnm:o 1 p as» we assumedin the long-rangecaseq . Then the constantin r 7.21
j s

is
�

independent
�

of x1 . As a result

D tsut%v ts�w 2 x ts gy ts{z�| pgó ts } pó�~ O
���

tP!�^�'� � 7.22
j �

as� tP*��� ,¯ with ��� min(3� ,¯{� (®u�=� 1),��� 2). As long as ��� 0,
K��

can� be chosenin 0 ���U� 1 suchthat��� 1. In the short-rangecasethe occurrenceof   Ia� can� be avoidedby treatingthe commutator¡
t¢ V £ V ¤ t¢ directly

¥
as a form on D

î
(
®§¦

pó©¨ )Ü which ª for
H

the samegeometricreason« is
¬

seento be of
order� tP!8®�¯ relative° to the form pó 2

B
if
¬

only ± IN a� (® x1 )
Ü§²:³

O
�

(
®§´

x1¶µ a� )Ü�·U¸ . For ¹»º 1 anda properchoiceof¼
this
O

leadsagainto ½ 7.22
¾ ¿

withÀ Á�Â min(3Ã ,¯�ÄÆÅ ,¯{Ç�È 2)É 1.
Theorem 7.5: Let c be a constant such that H Ê cËÍÌ 1. If (7.22) holds in form sense on D(

®§Î
pó©Ï )Ü

withÐ ÑÓÒ 1, thenP

1

Ô
dt
�ÖÕ

pgó t× Ø pó©Ù t×�Ú const� Û H Ü cËAÝßÞ àâáäã D å*æ pó©çéè . ê 7.23
¾ ë

Proof:
;

Integrating
ì í

7.22
¾ î

over� tP 0oðï tP!ñ tP 1 withò tP 0o sufficiently> largewe obtain

t
×
0
ó
t× 1

dt
�õô

pgó t× ö póø÷ t×�ù const� ú H û cËnüßý

uniformlyþ in tÿ 1 . Sincethe integrandis � 0,
�

the limit tÿ 1 ��� exists.( �
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C.
�

Asymptotic observables

Corresponding
�

to 	 7.14
¾ 


weò decompose

g� t×���
a� g� a� ,t× ; g� a� ,t×�� x1���� tÿ�� g� a��� tÿ���� x1�� ;  

7.24
¾ !

"
t×#�$

a�&% a� ,t× ; ' a� ,t×( D
)

t× g� a� ,t× .

We
*

also introducethe Heisenbergobservables

g�,+ tÿ.-�/ e0 iHtg� t× e021 iHt; 3�4 tÿ.5�6 e0 iHt 7
t× e098 iHt :<;

t× g�,= tÿ.> ,¯ ? 7.25
¾ @

andA similarly for g� a� (® tÿ ),ÜCB
a� (® tÿ )Ü . The operator D (

®
tÿ )Ü is definedon D

)
(
®FE

póHG )Ü , both the operatorsI (
®
tÿ )Ü

andA g� (
®
tÿ )Ü aredefinedon the domainD

)
(
®FJ

x1LK )Ü�M D
)

(
®FN

póHO )Ü , which is invariantunderexp(P iHt
i

).
Ü

Theorem 7.6: Under the hypothesis of Theorem 7.5 the strong limitsQ,RTS s>VU lim
t×XWZY\[�] tÿ.^ ,¯`_ a� aTb s>Vc lim

t×Xdfehg a�ji tÿ.k ,¯ l 7.26
¾ m

exist0 on D(
®Fn

póHo )Ü andp have the following properties:q rts ,¯ H u�v 0,
� w

7.27
¾ x

y,zT{ s>V| lim
}

t×X~f� 1

tÿ g�t� tÿ.��� 0
� �

7.28
¾ �

on� D(
®��

x1L� )Ü�� D(
®F�

póH� ),Ü andp similarly for � a� � . In particular,¯
���

0
o����� 0;

�
i
i
.e0 ., �t�t���

a����� 0o��H� a� � .   7.29
¾ ¡

Moreover
¢

,¯¤£,¥ andp ¦
a� § arep independent of ¨ withinÐ the ranges allowed by the hypothesis of

Theorem 7.5, since

©tªT« s>V¬ lim
}

t
×Xf® e0 iHt

g�t¯ x1�°
t± e09² iHt on� D

)´³�µ
x1L¶X·�¸ D

)´¹�º
póH»½¼ ,¯ ¾ 7.30

¾ ¿
whereÐ g(

®
x1 )
Ü

is
i

the unscaled Graf–Yafaev function À andp similarly for Á a� Â ).
Ü

Proof: Ã Step
Ä

1Å Existence of Æ,Ç . It sufficesto provestrongconvergenceof È t× on� therangeof
(
®
H
É<Ê

cË )
Ü�Ë 2. First we showthat

s>VÌ lim
}

t×XÍZÎ e0 iHt Ï
t× e02Ð iHt Ñ HÉ<Ò cËÔÓ�Õ 2 Ö s>V× lim

}
t×XØfÙÛÚ HÉ<Ü cËÞÝ�ß 1e0 iHt à

t× e09á iHt â HÉ<ã cËÞä�å 1 æ 7.31
¾ ç

if oneof theselimits exists.Since è.é t× g� t×ê�ë O
ì

(
®
t±�íïî 1)

Ü
we canreplace ð t× by

ñóò
t×ô<õ t× g� t× . Then ö 7.31

÷ ø
follows
H

since

i
iúù

H,¯üû t×ý<þ t× g� t× ÿ � pgó t× � pó�� 1
4

� 2
B
g� t×�� i

i	�	

t× ,¯ V � ,¯ � 7.32

÷ 
so> that by our previousestimates �����

t×���� t× g� t× ,¯�� H � cË���� 1� ��! 0.
"

To
5

establishthe secondlimit in # 7.31
÷ $

it
%

sufficesto proveconvergenceof
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&
t×�')( cË+* H ,�- 1e0 iHt .̃

t× e0+/ iHt 0 cË+1 H 243 1 5
for
H

all 687:9 ,¯ wherewe haveset ;̃ t×�<>= t×�? 2
þA@

t× g� t× . Then

B
t
×�C

t
×�D)E HÉ�F

cË�G4H 1e0 iHt I DJ t
×LK̃

t
×NM eO+P iHt Q HÉ�R

cË�S�T 1 U ,¯ V 7.33
W X

andY we showthat this is norm-integrable.By Z 7.19
W [

andY by our previousestimatesD t\L]̃ t\�^ pgó t\ _ pó ,¯
modulotermswhich give integrablecontributions.Thereforeit remainsto provethat

u` t\ a HÉ�b
cË�c4d 1eO iHtpgó t

\ e peógf iHt h HÉ�i
cË�j4k 1 l

is norm-integrableover some interval tm 0
o n tm	oqp . Factorizing the positive operatorpgó t\ r pó into

pgó t\ s pó�t B t\2; B t\�u B t\* ,¯ we usethe Schwarzinequality twice to estimate

t\ 1
t\ 2v

dt
�

u t\ 2
Bxw

sup>y{z�|~}
1 t\ 1

t\ 2v
dt
���~�

,¯ u` t\�� 2
B

�
sup>�{���~�

1 t\ 1
t\ 2v

dt
���

B t\ eOA� iHt � H � cË���� 1 ����� B t\ eO+� iHt � H � cË��4� 1 ��� 2

�
sup>�{���~ 

1 t\ 1
t\ 2v

dt
��¡

B t\ eO+¢ iHt £ H ¤ cË�¥4¦ 1 §�¨ 2B ©
t\ 1
t\ 2v

dt
��ª

B t\ eO+« iHt ¬ H  cË�®4¯ 1 °�± 2B . ² 7.34
W ³

By Theorem7.5 thefirst factor is boundeduniformly in tm 1 ,¯ tm 2 ,¯ andthesecondfactorvanishesas
tm 1,2́¶µ .·

Step
¸

2¹ Existence of º a� » . This is proved in the sameway with two notabledifferences.
Instead
¼

of i
i�½�¾

t\ ,¯ V ¿ weÀ encounterthe commutator

i
i�Á�Â

a� ,t\ ,¯ V ÃÅÄqÆ g� a� ,t\ Ç V.

This
5

commutatoris estimatedlike i
i�È�É

t\ ,¯ V Ê . Second,sinceg� a� is
%

not convex,pgó a� ,t\Ë pó is
%

not positive.
Therefore
5

we useLemma7.4 Ì iviÎÍ to
O

split pgó a� ,t\Ï pó into
%

positiveandnegativeparts:

pgó a� ,t\Ð póÒÑ A
Ó

t\ ÔÖÕ A
Ó

t\ × withÀ 0 Ø A
Ó

t\ ÙÖÚ pgó ˜ t\ Û pó .

Treatingthe contributionsfrom A t
\ Ü separately,> we thenfactorizeA t

\ ÝÖÞ (
®
B t
\ ß )
Ü 2 andY usethe propa-

gationà estimateá 7.23
W â

for
H

g�̃ t\ .ã
Step
¸

3ä Properties
;

of åçæ ,¯éè a� ê . Since ëíì exists,( it follows from î 7.31
W ï

that
O

ðçñíò HÉ�ó
cË�ô4õ 2 ö)÷ HÉ�ø

cËúù4û 1 üíýçþ HÉ�ÿ
cË���� 1,¯

i.e.,
% �����

,	 HÉ�
� 0
"��

andY similarly for � a� � )
Ü
. Using that � (

�
tm )Ü���� t\ g� (

�
tm )Ü we haveon D

J
(
���

x1�� )Ü�� D
J

(
���

p��� ):Ü

 "!"# s>%$ lim
t\'&)(

1

t* 1

t\
ds
+-,

s. g/"0 s1�2�3 s>%4 lim
t\'5)6

1

t* g/"7 t*98�: 0
"

andY similarly for ; a� < . In particular,since = g/?> 0oA@ (B t* )ÜCAD constE t*9F ,G
HJI

0
oAKLNM

s>%O lim
P

t\'QSR
1

t* g/?T 0oVU9W t*9X�Y 0.
"

Equation Z 7.30
W [

now follows from \ 7.28
W ]

andY from the fact that t*V^ 1 _ g/ t\a` g/cbAd constE t*9egf 1 since>
g/ t\ (B xh )

i�j
g/ (
B
xh )
i

for k xh�lnm constE t*9o . p
Next
q

we discussthe connectionbetweenr"s andY Mourre’s inequality.
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Lemma 7.7: Let uwv be
x

the spectral subspace of H for a Mourre interval y (6.17).
z

Then {�|
reduces to a strictly positive operator }�~����w� . In particular,G������ Ran(��� ).

i
Proof:
�

Since
¸ ���

is
%

H
�

-boundedandcommuteswith H
�

it
%

reducesto a boundedoperator������w� . Let �����w��� D
�

(
B��

xh�� )i and � t
\a� e ¢¡ iHt £ . Then,by ¤ 7.27

W ¥
andY ¦ 6.18

§ ¨
©«ª

,G¬�®�¯±° 2
²´³�µ�¶

lim
P
t\'·S¸ t¹Vº 2

²¼»�½
,¾ g¿ t
\gÀ xhÂÁ 2

²ÄÃ�Å�Æ
lim
P
t\'ÇSÈ inf

%
t¹VÉ 2
²¼Ê�Ë

t
\ ,¾ xh 2

²´Ì
t
\ÎÍ�ÏÑÐÓÒ 0

"

since> g¿ t
\ (Ô xÕ )
Ö�×ÙØ

xÕÛÚ . Ü

D. The short-range case

Theorem 7.8: If Ia� (Ô xÕ )
Ö�Ý

O
Þ

(
Ô�ß

xÕÛà a� á±â ),
Öäãæå

1, then¹ the Deift–Simon
ç

wave operators

è
a� écê s>%ë lim

t\'ì)í e  iHaî t\ðï
a� ,t\ e ±ñ iHt ò 7.35

W ó

exist  on D(
Ô�ô

põ�ö )Ö for
÷ ø

satisfyingù min(ú%û ,3¾�ü ,2¾æýÿþ )
Ö��

1.
The
�

nameDeift
�

–Simon
ç

wave operators comesE from Ref. 18 wherelimits of this generaltype
wereÀ introducedin scatteringtheory.

Proof:
�

The
�

proof is almostthe sameasthe proof of the existenceof � a� � . The modifications
areY asfollows. Insteadof � 7.31

W �
weÀ first showthat

s>�� lim
t\
	�� e  iHaî t\�

a� ,t\ e �� iHt � H � c����� 2
²��

s>�� lim
t\
���

�
Ha��� c�� �! 1e  iHaî t\�"

a� ,t\ e �# iHt $ H % c��&�' 1

if oneof theselimits exists.This follows from

(�)
a� ,t\+*-, t\ g¿ a� ,t\/.10 H 2 c��3�4 1 576 Ha��8 c��9�: 1 ;=<

a� ,t\+>-? t\ g¿ a� ,t\/@BA Ha��C c��D�E 1

F7GIH H,¾KJ a� ,t\+L-M t\ g¿ a� ,t\ONQP Ia�SR=T a� ,t\+U-V t\ g¿ a� ,t\/WXWBY H Z c�\[�] 1. ^ 7.36
W _

The
�

extra term involving I
`

a� givesà no contribution in the limit t¹Iacb since> by Lemma7.4 (ii
d

)
Öe

I
`

a� (Ô xÕ )
Ö1fhg

constE t¹jilknm on� supp(g¿ a� ,t\ )Ö . Therefore,it sufficesto proveconvergenceof

o
t\+p7q Ha��r c�\s�t 1e  iHaî t\�ũ

a� ,t\ e �v iHt w H x c��y1z 1 { ,¾
whereÀ |̃

a� ,t\+}�~ a� ,t\+� 2
���

t\ g¿ a� ,t\ . Insteadof � 7.33
W �

weÀ thenobtain

�
t\�� t\+�7� H� a�S� c����� 1e  iHaî t\j� D� t\��̃ a� ,t\+� iI

d
a���̃ a� ,t\/� e �� iHt � H�-� c�\��� 1 � .

Here the term involving Ia� givesà an integrablecontributionof order t¹I����� . The restof the proof
goesà throughbecausethe propagationestimate� 7.23

W �
alsoY holds for the dynamicsgeneratedby

H
�

a� .  
Proof of Theorem 7.1: For ¡£¢¥¤ B the

O
asymptoticcondition ¦ 7.2

W¨§
is trivially satisfied.Since

the
O

subspaces©«ª¬¯® aY Mourre interval° span> ±
C it sufficesto show that every ²�³�´«µ is an

outgoing� scatteringstate.Then,by Lemma7.7 andTheorem7.6,

¶¸·º¹
a»S¼¾½ 0¿XÀÂÁ aÃ ÄÆÅÈÇºÉ

aÃSÊÌË 0ÍXÎ e  iHt Ï
aÃ ,t\ e �Ð iHt Ñ ,¾

whereÀ therelation Ò meansthat thedifferenceof thetwo relatedexpressionsvanishesin normas
t¹IÓÕÔ×Ö . By Theorem7.8
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Ø
t\+Ù e �Ú iHt Û¸ÜÞÝ

aß�àÌá 0ÍXâ e �ã iHaî t\ e  iHaî t\�ä
aß ,t\ e �å iHt æ

çÞè
aß�éÌê 0ÍXë e �ì iHaî t\�í

aß ; î aß�ï-ð aß ñÆò . ó 7.37
W ô

This last relationis calledasymptoticõ clustering: the
ö

differencefrom ÷ 7.2
Wùø

is that the ú aß neednot
be
û

in ü aß . We now invokethe inductionhypothesisthatasymptoticcompletenessholdsfor all H
� aß

withÀ aõBýÿþ 0"�� ,� which is trivially satisfiedfor aõ�� X
�

. This is equivalentto sayingthat for any � aß�	�
e �
 iHaî t\�

aß����
b
���

aß e �� iHb
� t\�

abß ; � abß�� L
� 2 � b�����! B

"$# H� b
�&%

.

Insertingthis into ' 7.37
W (

givesà
)

t\+*-,
b
� e �. iHb

� t\&/
aß�0 b
�21 abß ,�

whichÀ proves 3!46587 . 9
E. The long-range case

A
:

strategyto deal with the long rangecasewas developedin Refs. 93 and 94 and imple-
mented; in Refs.19 and95. Herewe describeit in theform usedin Ref. 52 to proveTheorem7.2,
andY we referto thatproof for a centralpartwhich is too technicalto bediscussedin a shortreview.
In the long-rangecasethe occurrenceof weakly time-dependentHamiltonians,e.g., in < 7.9

W>=
suggests? an inductiveschemefor Hamiltoniansof the form

H
�

t\+@ H
�2A

W t\CB xDFE onG L
� 2 H X�!I ,� J 7.38

W K
whereÀ H

�
is
L

the original N
M

-body HamiltonianandW t\ (N xD )
O

is an external,time-dependentpotential
which,À in the reductionprocessdescribedbelow,will be generatedby the long-rangetails of the
intercluster
L

potentialsI
P

aß (N xD )
O
. Thereforethe conditionson I

P
aß (N xD )

O
and W t\ (N xD )

O
are linked in the fol-

lowing
P

way: Q R
xSkT IP aßVU xDFWYX[Z constE \ xD^] aß _F`$a�b kTdcfehg

xD^i aß�jlk!m ; n 7.39
W o

prq
xS ,t\k
T

W t\Cs xDutdv[w constE x 1 y tzh{}| xD^~r��������� kTd� . � 7.40
W �

In contrastto � 7.39
W �

,� thebounds� 7.40
W �

areY globalboundsholdingfor all xD	� X andY all tzh� 0,
"

and � k���
alsoY countsthederivativeswith respectto tz . ThesimplereductionH

�2�
H
�

aß used� in theshort-range
caseE � andY invertedin the inductionproof of Theorem7.1� is

L
now brokeninto severalintermediate

steps? involving the following time evolutions � for the interval from zero to tzh� 0
"

) and their
generators:à

U t\ :H t\+� H � W t\C� xDF� ;
Ũaß ,t\ :H̃aß ,t\+� Haß�� Waß ,t\C� xDu  ; ¡

7.41
W ¢

Uaß ,t\ :H� aß ,t\+£ H
�

aß�¤ Waß ,t\C¥ p¦ aß tzh§ xD aß&¨ ;
Uaß ,t\© :Haß ,t\ª¬«

Haß� Waß ,t\¯® p¦ aß tz±° .
HereWaß ,t\ (N xD )

O
is definedby
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Waß ,t\C³ xDu´Yµ}¶ IaßV· xDF¸�¹ W t\¯º xDF»h»½¼ aß ,t\¯¾ xDF¿ ,� À 7.42
W Á

whereÀ Â
aß ,t\ (N xD )

O
is a smoothedcharacteristicfunction of the setÃ

xD^ÄÅÄ xD^Æ[Ç}È 1 É tÊ±ËVÌ RÍ 1 ; Î xD^Ï aß�Ð}Ñ xD^Ò 1 Ó�ÔÖÕ × 7.43
W Ø

withÀ Ù^Ú 0
"

arbitrarysmall, andR1 is the Û arbitraryÜ largeÝ constantE appearingin the Graf–Yafaev
constructionE Þ Lemmas7.3 and7.4ß . In the region à 7.43

W á
the
â

clustersareseparatedby a distance
growingà like tÊ&ã (1äæå$ç )

è
soé thatWaß ,t\ (ê xë )

ì
inheritsthelong-rangepartof I

í
aß (ê xë )

ì
andis nonzeroevenif we

starté with W t\ (ê xë )
ì�î

0
"

: this is thereasonfor thegeneralizedinductionscheme.In theevolutionUaß ,t\
the
â

centers-of-massof theclustersarepositionedat xë aß�ï pð aß tÊ ,ñ correspondingto theclassicalpictureò
7.7
W>ó

. ThegeneratingHamiltonianH
�

aß ,t\ commutesE with pð aß andÜ canthereforebeanalyzedon fibers
ofô constantpð aß�õ2öø÷ aõ ,ñ whereit reducesto the operator

Haß ,t\Cùúüû�ý Haß�þ 1
2 ÿ aß2��� Waß ,t\���� tÊ�� xë aß
	 onô L2 � aõ��� . � 7.44

W �
Moreover,
�

it sufficesto performthis analysisfor the fibers ��� aõ * � 3.9
���

for
�

which ��� tÊ�� aß! #" asÜ tÊ$#% . Then the potential Waß ,t\ (ê�& tÊ�' xë aß )ì on( a ) essentially  inherits the properties (7.40). * The irrel-
evant+ differenceis that the exponent , (

ê�-/.10
k
243

)
ì

is changedby a factor (1 576 )
ì

coming from8
7.43
W 9

.: This
�

allowsaninductiveproof of thefollowing theoremwhich reducesto Theorem7.2by
settingé W t

\ (ê xë )
ì<;

0
">=

afterÜ performingthe induction? .
Theorem 7.9: If (7.39) and (7.40) hold for 0

"A@1B
k
24CED

2 andõ some FHGJILK 1, anyõ MONQP is
d

an
outgoing( scattering state in the sense that

U t
\SRUT VWVYX

aß e [Z iHaî t\]\ i ^ aî ,_ t` (ä pa aî )è�b
aß c tÊ�dfe7gOh ,ñ i 7.45

W j

wherek l
aßnmQo aß�p L

� 2(
ê
aõ )
ì!qOr

B
s (
ê
H
� aß )ì andõ

t
aß ,t\vu pð aßxwWy

t\ 0z (ä pa aî )è
t\

ds
{}|

Iaß!~ pð aß sùW�W� Ws��� pð aß sùW���A� aõA�H� 0����� ; ��� 0Í�� ,t\]�
0
Í
t\
ds
{

Ws��� 0�[� . � 7.46
W �

In
¼

theremainingpartof this sectionwe describethemainstepsof theproof following Ref.52.

1. Construction of U t

Since
¸

W t\ is boundedthe operatorsH t\ areÜ self-adjointwith constantdomainD(
ê
H)
ìW�

D(
ê
pð 2).
ì

Therefore,
�

H
�

t\ generatesà a unitary propagatorU t\ : ����� t\ for
�

the interval 0,...,tÊ where� � pð 2 �
t\�

const  ¡ H�£¢ c¤!¥ 0Í . SinceD
¦

t
\ xë¨§ pð it

©
still follows that the domainD

¦
(
ê«ª

xë�¬ )ìW D
¦

(
ê
pð 2
�
) i
ì

s U t
\ -invariant.A

useful® conceptis the asymptoticenergy

H ¯A° lim
t\�±³² U t\ ´ 1H t\ U t\]µ lim

t\�¶³· U t\ ¸ 1H U t\ ,ñ ¹ 7.47
W º

which� existssince »S¼ t\ W t\]½�¾ O
Þ

(
ê
tÊ�¿�ÀÁ 1)

ì
is integrablein tÊ . H Â is self-adjointon D(

ê
H)
ì

andhasthe
sameé spectrumasH.

2. The basic propagation estimate

In
¼ÄÃ

7.19
W Å

the
â

operator Æ t\ remainsÇ unchangedbut i
d�ÈxÉ

t\ ,ñ V Ê receivesÇ an additional term Ë gÌ t\Í
W t
\]Î tÊ�Ï�Ð (1äÒÑ�Ó )

è
. Thereforethe propagationestimateÔ 7.23

Õ Ö
stillé holdsfor × in

©
the range

1
3
ØxÙÛÚ�Ü 1 ; Ý[Þàß/á 1 âWã 1, ä 7.48

Õ å
providedæ that ç 7.39

Õ è
andÜ é 7.40

Õ ê
hold for some ëHì 0

�
and í k24îEï 1. Under theseconditions the

existence+ of the asymptoticobservable
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ðòñòó sé
ô lim
õ

tö�÷³øúùüû tÊàý ; þüÿ tÊ���� U tö � 1 �
tö U tö

�
andÜ similarly for � aß � )

ì
follows asbefore.In the first stepof that proof (H 	 c¤ )

ì�
 2
�

is replacedby
(
ê
H
����

c¤ )
ì�� 1,ñ which thenleadsto

�����
,ñ H����������� aß � ,ñ H������ 0.

� !
7.49
Õ "

All the otherpropertiesof #�$ ,ñ&% aß ' listed in Theorem7.8 remainunchanged.In particular (�) andÜ
*

aß + areÜ independentof the choiceof the scalingparameter, in the range - 7.48
Õ .

.

3. Deift–Simon wave operators

This
�

is the only placewherethe condition /10 1 wasusedin the short-rangecase.Following
Ref.
2

20 we factorize

3
aß 4 sé65 lim

tö87:9 Uaß ,tö; 1 <
aß ,tö U tö>= wk aß ?A@˜ aß B ;

wk aß CED sé6F lim
tö8GIH Uaß ,töJ 1Ũaß ,tö ; K 7.50

Õ L

M˜ aß NEO sé6P lim
õ

t
ö8Q:R Ũaß ,töS 1 T

aß ,tö U tö .
The limit U˜ aß V is establishedlike W aß X in the short-rangecase,but in place of the term Iaß (ê�Y aß ,töZ\[

tö g] aß ,tö ) i
ì

n ^ 7.36
Õ _

we� now obtain

`
H tö>a H̃aß ,töcb6dfe aß ,tö>g�h tö g] töji�kml Iaßon W töjprq 1 s�t aß ,töjurvfw aß ,tö>x�y tö g] töjz .

This
�

expressionvanishesexactlyfor sufficiently largetÊ ,ñ sincethen { aß ,tö>| 1 on supp(g] aß ,tö ).ì As
aÜ result, }˜ aß ~ exists+ for � in

©
the range � 7.48

Õ �
,ñ providedthat the limit wk aß � exists+ for � in

©
the range

1
3
�f����� 1, ������� 1 ��� 3

�
2
� ,ñ��A���1� 2

�����
2,
� �

7.51
Õ �

andÜ providedthat � 7.39
Õ �

andÜ   7.40
Õ ¡

hold for some¢1£ 1
2 andÜ ¤ k¥�¦¨§ 2. Theproof20,52

�
uses® theidentity

©
tö Uaß ,töª 1Ũaß ,tö�«¬�® iU

d
aß ,tö¯ 1 ° Waß ,tö²± xë�³�´ Waß ,tö²µ pð aß tÊ·¶ xë aßf¸&¹ Ũaß ,tö�º ,ñ

where» the middle factor canbe expressedas

¼ ½o¾
0
Í
1

ds
¿ÁÀ

aß Waß ,tö²Â sxù aßÄÃ�Å 1 Æ sù�Ç pð aß tÊÉÈ xë aßfÊ Ë
xë aßoÌ pð aß tÊ�ÍrÎ it

d
2 0

Í
1

ds
¿ÁÏ

aß Waß ,tö²Ð sxù aßÄÑ�Ò 1 Ó sù�Ô pð aß tÊÉÕ xë aßfÖ .
This
�

formula comesfrom evaluatingthe operatoridentity

f
÷�×

xëÙØ�Ú f
÷�Û

ptðÝÜ�Þ
0
Í
tö
ds
¿ d

¿
ds
¿ f
÷�ß

ptðáà sùãâ xëåä ptðÝæ·æ ,ñ
which» is linear in f

÷
andÜ holdsfor f

÷�ç
exp(+ ik

d
xë )
ì

by theCampbell–Hausdorffformula.Theresultis
asÜ follows.

Theorem 7.10: For any a è1é 0êìë theÊ Deift–Simon
ç

wave operator

í
aß îEï sé6ð lim

tö8ñIò Uaß ,töó 1 ô
aß ,tö U tö õ 7.52

ö ÷

3495J.
²

Math. Phys., Vol. 41, No. 6, June 2000 The quantum N-body problem



existsø on D(
ê�ù

pðûú )ì for
ü ý

in
þ

the range (7.51), provided that (7.39) and (7.40) hold for some ÿ�� 1
2 and��

k
¥����

2. Asymptotic clustering follows as in the short-range case: For �
	 Ran( �� )
ì

U tö���� �����
aß���� 0��� Uaß ,tö�� aß ; � aß� "! aß #%$ & tÊ('*),+
- . . 7.53

ö /

We
0

now cometo the inductionproof of Theorem7.9.The inductionhypothesisis thatasymptotic
completeness1 in thesensegivenby Theorem7.9holdsfor thetime evolutionUaß ,tö (ê(2 )

ì
generatedby

the
â

Hamiltonian 3 7.44
ö 4

for
�

any 576 a� * . After integratingover the fibers 8 this
â

amountsto the
hypothesis
9

that for any a�;:�< 0ê>= andÜ any ? aßA@CB

Uaß ,tö�D aß�E F�FHG
b
I�J

aß eø�K iHb
L töNM i O b

L
,P tQ (ä pR b
L )è�S

abß ,ñ T abßVUCW b
I ,ñ

asÜ tÊ(XZY,[ . Insertingthis into \ 7.53
ö ]

it
©

follows that any ^
_ Ran
2

( `a )
ì

is an outgoingscattering
state.é However,with all this preparationwe haveonly clearedthe path to the hard core of the
long-rangeproblem: toÊ prove that (7.45) also holds if bHc%d�e 0.

f
Theorem 7.11: Let gHh%i�j 0

f
and� suppose that (7.39) and (7.40) hold for some kmlonqp 1 and�r

k
s�t�u

1. Then
v

for t wZx,y
U tö�z�{ |}| eø�~ iHt � i � 0

�tQ dsW
�

s� (0)
ä��

; ���C� B � H � . � 7.54
� �

For a proof we refer to Ref. 52 or to theoriginal proof in Ref. 19 � seeé alsoRef. 20, wherethe
sameé problemis dealtwith in a different form� . Basically the problemarisessincestrict energy
conservation� is lost for thedynamicsgeneratedby H

�
t
ö : thresholdsandembeddedeigenvaluesof H

�
cannot� beavoidedby restrictingtheanalysisto suitableenergyshells� asÜ in theshort-rangecase.
Essentially,a state � with� ��%��� 0

f
propagatesunderU tö in a region � xë%��� const� tÊ�� with� 0 � �¢¡ 1,

andÜ £ 7.54
� ¤

showsé that this is only possibleif ¥ is
©

a boundstateof H
�

. The still ratherinvolved
estimates+ which are usedto establishthis fact also allow us to prove the existenceof the long-
rangewaveoperatorsin full generality:

Theorem 7.12:19,122,52 Suppose
ç

that (7.39) and (7.40) hold for some ¦m§o¨q© 1 and� ª ks�«�¬ 2.
Then
v

the wave operators


aß ®;¯ sé±° lim

tö³²µ´ U tö ¶ 1Uaß ,tö·

exist¸ on ¹ aß for
ü

all a º L and have mutually orthogonal ranges.
Notes:
»

For a comprehensivetreatmentof scatteringtheoryof classicalandquantumN
»

-particle
systems,é seeRef.21,wheremanyadditionalreferencescanbefound.N

»
-bodyscatteringtheoryfor

potentials¼ with strong ½ repulsiveÇ ¾ singularitiesé is treatedin Refs.56, 11, and39.
Presentlya considerableeffort is underway to developan extensionof microlocal analysis

covering� N
»

-bodyscatteringtheory,71,72,41,105
¿

–107 which� in particularleadsto a betterunderstanding
ofô the singularitiesof the N

»
-body scatteringmatrix.

VIII.
À

HIGHER ORDER MOURRE THEORY

The resultsof this sectionfollow from Mourre’s inequalityunderthe additionalassumption
that
â

the multiple commutators

ad� A
Á(ä kÂ )è�Ã H Ä ,ñ k

sAÅ
1,...,nÆ ,ñ Ç 8.1

ÈÊÉ
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areÜ H-boundedfor somenumbernÆ;Ë 1 dependingon the context. The analysiswill be quite
general,Ì i.e., not restrictedto N

»
-body Hamiltonians.However,we will be somewhatcavalier in

handling
9

commutatorsbetweenunboundedoperatorslike Í 8.1
ÈÊÎ

. For a rigoroustreatmentof this
point¼ we refer to Ref. 62 andespeciallyto Ref. 6.

The resultson resolvent smoothness stateé that for certain operatorsB Ï L(
êÑÐ

)
ì

and for the
resolventR(

ê
zÒ )ìÔÓ (

ê
zÒÖÕ H)

ì}× 1 the
â

holomorphicfunctions

zÒÖØ F Ù zÒ}Ú}Û B* R Ü zÒÔÝ B Þ L ßNà"á onô C â;ãmä zÒæå�ç Im è zÒ}é}ê 0
ëíì î

8.2
ÈÊï

areÜ boundedandhaveboundaryvalues

F
ðCñ

xë7ò i
þ
0
ë�ó}ô

lim
õ
öø÷ 0
� FðCù xëûú i

þNü¢ý�þ
L
ÿ������

in
©

norm sensefor xë in
©

any Mourre interval ��� 6.17
	 


with� a certaindegreeof smoothnessin xë .
Boundaryvaluesof this type are relevantfor many dynamicalaspectsinvolving the continuous
spectrumé of H,ñ e.g.,for theperturbationof embeddedeigenvalues� Fermigoldenrule� andÜ for the
transition
â

to time-independentscatteringtheory  which� is not yet fully developedfor N
»

-body
systemsé � . The notion of local

�
decay is

©
relatedto resolventsmoothnessin the following way. If

I � R is compactandcoveredby � finitely many� Mourre intervals,thenit follows from resolvent
smoothnessé that

�
B E I

��� H � R � zÒ�� E I
��� H � B* � � const� ! 8.3

È#"

uniformly® in zÒ%$ C & . Therefore,the operatorB E
'

I(
ê
H
(

) i
ì

s H
(

-smooth,which is equivalentto

)+*
,+-

dt
.0/

B e
'21 iHt 354 2 6 const� 7985: 2 ; 8.4

È#<

for all =�> E I(
ê
H)
ì@?BA

seeé Ref. 81, Vol. IV, TheoremXIII.25 and CorollaryC . Equation D 8.4
È#E

is
generallyÌ referredto as local

�
decay sinceé it wasfirst derivedfor Schrödinger

F
Hamiltonianswith

B
GIH

(1
êKJ

xë 2)
ì�LNM

,ñPO�Q 1
2
R .75,79
S

This
�

resultrequiresT 8.1
È#U

onlyô for nÆWV 2
�

andwill bediscussedfirst. For
anyÜ self-adjointoperatorA

X
we� usethe notation

Y
A
X[Z]\_^

1 ` A
X 2
�ba

1/2. c 8.5
È#d

Theorem 8.1:75,79
e

Suppose
f

that adA
g(ä kh )
è
(
ê
H)
ì

is
þ

H-bounded
i

for k j 1,2. Let I k R be a compact
interval
þ

covered by Mourre intervals, and

I lnmpo zÒrq C sWt Re u zÒ�v+w I x .

Then for any y�z 1
2 theÊ function

F
ð|{

zÒ�}�~[� A
Xp�9���

R
Í|�

zÒ@��� A
X[�]���%�

L
ÿ5����� �

8.6
�#�

on� I � has
�

the properties

�
F
ð|�

zÒ@��� � const;� � 8.7
�#�

�
F � zÒ���� F   zÒ¢¡�£�¤ ¥ const� ¦ zÒ¨§ zÒª©¬«® ,ñ°¯²± 2

�´³�µ
1

2 ¶�· 1
. ¸ 8.8

�º¹

In
í

particular the boundary values F(
ê
xë¼» i

þ
0)
ë

exist½ in norm sense for x ¾ I
í

and have bounds cor-
responding to (8.7) and (8.8). Moreover, ¿ 8.7

�#À
implies the local decayestimate
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Â+Ã
Ä¢Å

dt
.ÇÆÉÈ

A Ê]Ë�Ì e½ÎÍ iHt Ï�Ð 2
�ÒÑ

const� Ó9Ô�Õ 2
� Ö

8.9
�#×

for
� Ø�Ù 1

2
R andÜ all Ú�Û E

Ü
I
� (ê H( )

ìÞÝ
.

Corollary 8.2: Let f ß C0
� à (
ê
R)
ì

be
i

such that supp(é f
ü

)
ì

is
þ

covered by Mourre intervals. Then for
any� á�â 1

2
R theÊ function

F
ð|ã

zÒ�ä�å[æ A
Xpç9è�é

f
üWê

H
([ë

R
Í|ì

zÒ�í f
ürî

H
(ðï�ñ

A
Xpò9ó�ô

,ñ
nowÆ defined for all z õ C ö ,ñ also� satisfies the estimates (8.7) and (8.8), with corresponding prop-
erties½ of the boundary values F(

ê
xëø÷ i

þ
0)
ë

on� R.
Proof:
ù

It
ú

sufficesto considerû in
© 1

2
Rbüþý�ÿ 1. Let I

í
be
�

a compactinterval containingsupp( f
ü

)
ì

in
©

its interior, but still coveredby Mourre intervals. For Re(zÒ )ì�� I
í

the
â

boundsare trivial. For
Re(zÒ )ì�� I they

â
follow by factorizing

F � zÒ����
	 A ���� f
ü��

H ��� A ���� A ���� R � zÒ���� A  !#"$ A %�& f
ü�'

H (�) A *,+�- ,ñ
sinceé

.
A
X0/,1�2

f
ü�3

H
(
4�5

A
X06�798

L
ÿ;:=<?> @

8.10
A B

for 0 CED;C 1. It sufficesto checkthis for F;G 1; the generalcasethenfollows by complexinter-
polationH I Ref. 81, Vol. II, Appendixto IX. 4J . For K;L 1 onecanuse,e.g.,the Helffer–Sjöstrandé
formula
� M

9.1
NPO

for
�

f
ü

(
ê
H
(

)
ì

andthe fact that Q H( ,ñ AXSR is
©

H
(

-bounded. T
Corollary 8.3: Let H be a Schrödinger

.
operator on UEV L

ÿ 2
�
(
ê
X
W

)
ì

and� A be the dilation genera-
tor.Ê Then X A Y,Z�[ can\ be replaced by ] xë_^`�a in

þ
Theorem 8.1

Proof: Again it sufficesto take b in 1/2cEd;e 1. Let gfhg C0
� i (
ê
R),
ì

gfkj 1 on I andÜ supp(gf )
ì

still
be
�

coveredby Mourre intervals.By factorizing l xë_mn#o gf (
ê
H)
ì�p0q

xëkrs�t gf (
ê
H)
ì�u

A v�w x A yz�{ and| assum-
ing
©

that

}
A
X0~��

gf�� H(���� xë_������ L
ÿ;�����

,ñ � 8.11
A �

it follows that the function F(
ê
zÒ )ì��0� xë_�,��� gf (

ê
H)
ì
R(
ê
zÒ )ì gf (

ê
H)
ì��

xë_��#� satisfies� � 8.7
AP�

and| � 8.8
AP�

. For
Re(zÒ )ì�� I the

 
factorsgf (

ê
H)
ì

canbe removed.To prove ¡ 8.11
A ¢

it againsufficesto take £;¤ 1. ¥
To
¦

preparethe proof of Theorem8.1 we estimatethe resolvent

R
§

s¨ª© zÒ�«�¬® zÒ°¯ H
(

s¨²±�³ 1; H
(

s¨,´ H
(�µ

isB
þ

; B
G·¶

i
þª¸

H
(

,¹ AXSº . » 8.12
A ¼

This part usesonly the Mourre inequalityandthe conditionthat B is boundedrelativeto H.
Lemma
ÿ

8.4: Let I be a compact subset of a Mourre interval ½ . If
í

B is H-bounded,
i

there exist
constants\ s0

� ,¹ c\ 1 ¾ 0
ë

such¿ that

À
R
Á

sÂªÃ zÒ�Ä�ÅÇÆ c\ 1s¿°È 1 É 8.13
A Ê

for
ü

0
ëkË

s¿°Ì s¿ 0
� ,¹ uniformlyÍ in z Î I Ï .

Proof: Let E Ð�Ñ E Ò (
Ó
H)
Ô

and Ē Õ�Ö 1 × E Ø . For Im (zÒ )Ô�Ù 0
ë

the Mourre inequality implies

Im
úÛÚ

E
ÜÝÜ#Þ

zÒ°ß H
(

sÂ²à EÜÝáãâ�ä s¿ãå E
ÜÝæ

.

Therefore,
ç

è
E é#ê zÒ°ë HsÂ²ì uÍ_íÇîEï E ð#ñ zÒ°ò HsÂ²ó E ô uÍ_õÇö s¿ã÷ E ø BĒ ù uÍkú

û
s¿ãüþý E ÿ uÍ���� sM¿ 1 � E � uÍ��
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since� E � B is bounded.If Re(zÒ )	�
 I,¹ then � ( zÒ�� H)
	
Ē � uÍ�������� Ē � uÍ�� for some ��� 0.

ë
Setting ����� s¿

with� s¿ sufficiently� small we find 
E
Ü¯ !#" zÒ%$ H

(
s&(' uÍ�)+*�,+- zÒ%. H

(0/
E
Ü¯ 1#2 1 3 isR

þ 4
zÒ65 BG87 uÍ�9:

s¿ 1/2; Ē <#= 1 > isR
þ ?

zÒ6@ B A uÍ�BC
s¿ 1/2D Ē E uÍ�F�G s¿ 3/2

H
M 2 I uÍ�J

since� Ē K R(

zÒ )	 H andL thereforeĒ M R(


zÒ )	 B is boundeduniformly in zÒON I P . Combining the two

estimatesQ we arrive atR
E S#T zÒ%U Hs&(V uÍ�W+X�Y Ē Z#[ zÒ%\ Hs&(] uÍ�^�_a` s¿cbed s¿ 3/2

H
M 2 f�g E h uÍ�i�jlk s¿ 1/2m sM¿ 1 n s¿ 3/2

H
M 2 o6p Ē q uÍ�r

s
sM¿utwv E x uÍ�y�z|{ Ē } uÍ�~��

for
�

someM
���

0.
ë

This implies�+�
zÒ%� Hs&(� uÍ��+� sc¿ 1 � uÍ�� for some c\ 1 � 0

ë
andL � 8.13

A �
follows
�

sincezÒ���� (

H
(

s& )	 for s¿ sufficiently� small. �
Lemma
ÿ

8.5: In the situation of Lemma 8.4,��� R� s& ( zÒ )	 uÍ�� 2� and� � R� s&* (

zÒ )	 uÍ�� 2� are� bounded by

c\ 2
��� s¿�� 1 � Imú �

uÍ ,� R� s&+¡ zÒ�¢ uÍ¤£¦¥¨§|© uÍ�ª 2 « ¬ 8.14
A 

for
ü

all u ®°¯ and� 0
ë�±

s¿%² s¿ 0
³ ,� uniformlyÍ in z ´ I µ .

Proof: Since
¶

(zÒ%· Hs& )	6¸ (

zÒ%¹ Hs&* )

	6º
2i
þ
(I


m(zÒ )	¼» sB¿ )
	

for Im (zÒ )	¼½ 0
ë

we obtainthe two estimates

1

2
�

is
þ¿¾ R� s&* À R

�
s&(Á6Â R

�
s&* BR
G

s& ;
1

2
�

is
þÄÃ R� s&* Å R

�
s&(Æ6Ç R

�
s& BR
G

s&* . È 8.15
A É

In
ú

the first caseR
�

s&* BR
G

s& is
Ê

boundedfrom below asfollows:Ë
uÍ ,� R� s&* BR

G
s& uÍ¤Ì6ÍaÎ R� s& uÍ ,� EÜ�Ï BE

GÑÐ
R
�

s& uÍ¤Ò6ÓaÔ R� s& uÍ ,� EÜ�Õ BE
G ¯ Ö R

�
s& uÍ#×6ØlÙ EÜ¯ Ú R

�
s& uÍ ,� BR

G
s& uÍ¤ÛÜ�ÝeÞ

E
Ü�ß

R
�

s& uÍ�à 2�âá M
��ã

uÍ�ä+åwæ R� s& uÍ�ç�è�é uÍ�ê�ë . ì 8.16
A í

The first term comesfrom the Mourre estimate.In the remainderwe haveusedthat

Ē î Rs&ðï Ē ñ R ò isE
ó ¯ ô RBRs&

is boundedfor smalls¿ uniformlyõ in zÒ�ö I ÷ . This follows from ø 8.13
A ù

andL from thefact that Ē ú RB
is bounded.From û 8.16

A ü
andý þ 8.15

A ÿ
we� obtain���

E � Rs� u��� 2�
	 const� � s¿� 1 � Im � u� ,� Rs� u��������� u����� Rs� u������� u�� 2�"! ,�
which� implies #

E $ Rs� u��% 2 & const� ' s¿( 1 ) Im * u� ,� Rs� u��+�,�-/. u��0 2 1 . 2 8.17
A 3

The bound 4 8.14
A 5

for 6 Rs� u��7 2 now follows since Ē 8 Rs� is boundedfor small s¿ uniformlyõ in zÒ9 I : . The bound ; 8.14
A <

for = Rs�* u��> 2 follows from the secondinequality ? 8.15
A @

. A
Proof
ù

of Theorem 8.1:79 We
0

considerthecasezÒCB I
DFE

. By a coveringargumentwe canassume
that
G

I
D

is
H

containedin a singleMourre interval I . We definethe operators

J
s��K ALNMFOQP ALQRTS�UTV sA¿XWZY\[ 1,� ]

8.18
A ^

F
_

s�a` zÒFbFced s�af ALNg Rh s�ai zÒFjlk s�am ALNn ,�
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for 0 p s¿q s¿ 0
r ; zÒCs I t . For Fs� ( zÒ )	 we will derivethe differential inequality

d
.
ds
. F
_

s��u zÒFv w const� x 1 y s¿
z\{ 1 |�} s¿~ 1/2� F_ s�a� zÒF��� 1/2� 1 � . � 8.19
A �

This inequalitygivesthe bound

�
Fs�a� zÒF���a� const,� � 8.20

A �
since� the function s¿
�\� 3/2

�
is
H

integrableat s¿� 0
ë

for ��� 1
2
R . Substituting � 8.20

A �
back
�

into � 8.19
A �

we�
obtain�

�
F � z�F�F� Fs�a  z�F¡�¢�£ const¤ s¿
¥\¦ 1/2. § 8.21

A ¨
The
©

bounds ª 8.20
A «

andý ¬ 8.21
A 

proveH ® 8.7
A°¯

. The differential inequality ± 8.19
A ²

is
H

basedon the
following estimates.First,

d
.�³

s�
ds
. ´ const¤ s¿�µ¶ 1. · 8.22

A ¸
Second,
¶

by Lemma8.5, both ¹»º s� Rs� ( z� )	�¼ andý ½ Rs� ( z� )	T¾ s�T¿ haveboundsof the form

const¤ À s¿Á 1/2Â Fs�aÃ z�FÄ�Å 1/2Æ 1 Ç . È 8.23
A É

Equation
Ê Ë

8.19
A Ì

is
H

now obtainedfrom

d
.
ds
. F
_

s�aÍ z�FÎFÏ d
.�Ð

s�
ds
. R

h
s�»Ñ s�lÒeÓ s� Rh s� d

.�Ô
s�

ds
. ÕeÖ s�a× AL ,� Rh s�ÙØTÚ s�ÜÛ is

ÝßÞ
s� Rh s�là BG ,� ALâá Rh s�äã s� . å 8.24

A æ
We
ç

note that in the last term è andý only thereé the
G

double commutator êaê H,� A ë ,� A ì appears.ý It
follows from í 8.22

A î
andý ï 8.23

A ð
that
G

all termsin ñ 8.24
A ò

haveboundsof the form ó 8.19
A ô

. In particu-
lar,
õ

the term involving ö AL ,� Rh s�Ù÷ is
H

estimatedusing

ø
A
Lúù

s�lûaü/ý»þ s� AL ÿ �����
A
L�� 1 �
	�� sA¿����� 1 ��� const¤ s¿���� 1.

This concludesthe proof of � 8.7
A��

. By the resolventidentity and � 8.23
A �

,�
�
Fs� � z�"!"# Fs� $ z�&%('") * const¤ + z�-, z�/.�02143 s� Rs��5 z�"6"7
7 Rs� 8 z�&9(:<; s�<=>

const¤ s¿�? 1 @ z��A z�/B�C . D 8.25
A E

Combining
F

this with G 8.21
A H

weI find

J
F
_LK

z�"M"N F
_LO

z�/P(QSR T�U F_LV
z�"W"X F

_
s� Y z�"ZS[�\^] F_ s��_ z�"`"a F

_
s��b z�&c(d"e f�g F_ s� h z�&i(j"k F

_ml
z�&n(o"p

q
const¤ r s¿�s�t 1/2uwv z�-x z�&y�z s¿-{ 1 | .

Equation } 8.8
A�~

now follows by settings¿-�w� z�-� z�&��� n� ,� n��� (
S��� 1

2)
	S� 1. �

We
ç

concludethis sectionwith someresultsconcerningthestability of theprecedingestimates
underõ small perturbations

H
���

H
���S�

H
�����

V,����� R
h

,�
where� V is any symmetricoperatorsuchthat the commutators
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ad�
A
(
�
k
�

)
� �

V ¡ ,� k
¢¤£

0,...,2,
¥ ¦

8.26
A §

areý H
�

-bounded.HereH
��¨

is
H

self-adjointfor small © andý R
h�ª

(

z� )	 denotesthe resolventof H

��«
. We

begin
¬

with the stability of the Mourre estimate 6.17
® ¯

.
Lemma 8.6: Let ° be

±
a Mourre interval for H and ²´³ a� closed subinterval of µ . Then there

exist¶ constants ·¹¸�º 0
¥

and� c » 0
¥

such¼ that

E ½¿¾�À H Á<Â i
Ã Ä

H Å ,� A Æ E Ç¿È�É H Ê�Ë"Ì^Í¹Î E Ï¿ÐÒÑ H Ó�Ô Õ 8.27
A Ö

for
×

all Ø withÙ Ú�Û¿ÜÞÝ cß .
Proof:
ù

Let
à

f
×âá

C0
r ã (
�ä

)
	

with f
×æå

1 on ç´è . Equation é 6.17
® ê

implies that f
×

(

H)
	
i
Ã ë

H,� A ì f
×

(

H)
	

í�î
f
× 2
�
(

H)
	
. By the Helffer–Sjöstrand� formula

f
×æï

H
ð�ñ�ò"ó

f
×æô

H
ðöõ"÷^ø

d f
ù ˜ ú z�"û R

hLü
z�"ý VR þ"ÿ z��� ,�

where� the integral representsa boundedoperator��� D(

H);
	

D(

H)
	

equippedwith the H-norm.
Therefore,
©

andsince � V,� AL�� is
H

H
ð

-bounded,

f
×	�

H
ð�
�

i
Ã��

H
ð��

,� AL�� f
×	�

H
ð�������

f
× 2 � Hð����� const¤ �

for small � . Multiplying this from both sideswith E ��� ( H)
	

yields  8.27
A !

with� "$#&%�')( const¤ *,+ 0
¥

for small - . .
Using
/

this result it is straightforwardto extendthe estimatesleadingto Theorem8.1 from H
ð

to
G

H 0 for small 1 ,� with constantsindependentof 2 . We will referto someof theseestimatesin the
proof3 of the following stability result:

Theorem
4

8.7: In
D

the situation of Theorem 8.1 let H 576 H
ð98�:

V,� whereÙ V is symmetric and has
H
ð

-bounded
±

commutators

ad�
A
;(� k
�

)
�=<

V > ; k
¢@?

0,...,2.
¥

Let I be a compact interval covered by (finitely many) Mourre intervals. Then for ACB 1
2 theD

function
×

EF
,� z�HGJI F K�L z��M�N�O A PQ$R R S�T z��UWV A XY[Z]\ L ^`_9a ,�

defined
ù

for small b and� z c I
DHd

,� has
e

the properties

f
F
_hgHi

z��jHk&l const,¤ m 8.28
A n

o
F prqts z�vuxw�y F z�{ z��|�}�~ const¤ �����������W����� z��� z�,������ ,����� 2

���C�
1

2 �C� 1
. � 8.29

A �

In particular the boundary values F � ( x� � i
Ã
0)
¥

for
×

x ¡ I exist and are Hölder
¢

continuous in (
H£

,� x� ).
	

Proof: Again we mayassumethat I is containedin a Mourreinterval ¤ . We considerthecase
I
DH¥

andý prove Hölder
¦

continuity in § ,� which is the new elementnot presentin ¨ 8.8
Aª©

. Beginning
with« ¬ 8.12

A 
we« replaceH

ð
by
®

H
ð�¯

,� defining

H
ð�°

s�²± H
ð�³H´

isB
Ã µ

,� B
¶h·H¸

i
Ã�¹

H
ð»º

,� AL�¼ ,� R
hh½

s��¾ z��¿�À�Á z�ÃÂ H
ð�Ä

s�ÆÅ�Ç 1,�
andý noting that for small È ,� s¼ the

G
operatorsH É s� areý all uniformly boundedrelativeto eachother.

As
Ê

a result the function

F
_hË

s��Ì z��Í�Î9Ï s��Ð ALÒÑ RhhÓ s�&Ô z��Õ²Ö s�&× ALÒØ ,�
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defined
Ú

for small Û ,� smalls¼ÃÜ 0
¥

andz��Ý I Þ ,� satisfiestheestimatesß 8.20
A à

andý á 8.21
A â

uniformlyõ in ã .
To proveHölder continuity of F ä s� in å weæ usethe identity

R çrè s�²é R ê s�²ë R ì s��í H î s�²ï H ðrñ s�Æò R órô s� ,�
H
ð�õ

s��ö H
ð�÷rø

s��ù�úüû�ý�þ�ÿ���� V � s¼�� V,� AL��
	������������� Ws� ,�
whereæ the operatorWs� is boundedrelative to H andý thereforeto H � s� uniformlyõ for small � ,� s¼ .
Therefore,
©

�
F
_��

s��� z���� F
_�!#"

s�%$ z�'&�(�) const¤ *,+.-�/10325476
s� Rh�8 s�:9;9 Ws� Rh�<#= s�?> s�
@A

const¤ B,C.D�E1F3G s¼IH 1

by
J

the boundsK 8.23
A L

andý M 8.20
A N

for
�

R
h�O

s� andý F
_�P

s� . This correspondsto the estimateQ 8.25
A R

usedõ to
proveS Hölder continuity in z� ,� so that Hölder continuity in T of� F U ( z� )	 follows in the sameway.V
A.
W

The Fermi golden rule X FGRY andZ instability of embedded eigenvalues

In theframeworkof spectraldeformationwe havefoundthefollowing instability criterionfor
aný embeddedeigenvalue[ of� H

ð
withæ eigenprojectionP

ù
underõ small perturbationsH

ð]\
H
ð_^a`

H
ðbdc

V:

1. FGR criterion

Let
e

P̄ f 1 g P
ù

and R̄(

z� )	�h P

ù̄
R
h

(

z� )	 Pù¯ . Then

i
jlknm

Im o PVR̄ p7q�r i
Ã
0
¥ts

VP u v 8.30
A w

exists,¶ which implies xly{z * | 0.
¥

If
Dd}l~

0,
¥

thenD there exists an open interval �n��� ,� such¼ that the
spectrum¼ of H � in

Ã��
is
Ã

absolutely continuous for small ��� 0.
¥

This criterion makesno referenceto spectraldeformation,andcan in fact be establishedon
the
G

basisof Mourre’s inequality.3
�

The
©

situationconsideredis the following: H
ð

andý A
L

areý self-
adjointý operatorssuchthat � Hð ,� AL�� is

H
H
ð

-bounded.�_� R
h

is
H

an openinterval for which thereis a
Mourre inequality

E �;� H � iÃ�� H,� A � E �;� H ���d� E �;� H ��� K,����� 0,
¥ �

8.31
A  

andý K
¡

is
H

a compactoperator.¢¤£¦¥ is
H

aneigenvalueof H
ð

withæ eigenprojectionP
§

. It follows from¨
8.31
A ©

that
G

dim(P
§

)
	'ª{«

andý that ¬ is
H

theonly eigenvalueof H
ð

in
H®

if
H

we choosē�°¦± sufficiently�
small.� The resultof this sectionis the following.

Theorem 8.8:3
²

In the situation described above the FGR criterion holds if the commutators

ad�
A
(
�
k
�

)
�?³

H ´ andý ad�
A
(
�
k
�

)
�?µ

V ¶ for k
¢t·

0,1,2
¥ ¸

8.32
A ¹

are� H-bounded,
±

and if

RanP º D » A2
��¼

. ½ 8.33
¾ ¿

Remark:
h

This
©

resultappliesto N
À

-bodyHamiltoniansH
ð

,� whereA
L

is
H

thedilation generatorandÁ
is
H

any nonthresholdeigenvalueof H
ð

. Equation Â 8.33
¾ Ã

then
G

follows from the Froese–Herbst
exponentialQ bound Ä Theorem6.6Å .

For the proof of Theorem8.8 we work with the fixed reductionof Æ givenÇ by

1 È P É P̄: Ê�Ë M Ì M̄ ,� Í 8.34
¾ Î

andý we definereducedoperatorsM̄ Ï M̄ :
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H̄ ÐaÑ P̄H Ò P̄,� R̄ Ó�Ô z��Õ�Ö P̄ × z�IØ H̄ Ù:Ú�Û 1P̄,� Ü
8.35
¾ Ý

V̄ Þ P̄VP̄,� Ā ß P̄AP̄.

The first stepis to establishthe correspondingMourre estimateon M̄ :
Lemma
e

8.9: There exists an open interval àná¦â and� constants ã�ä 0,
¥

cßtå 0
¥

such¼ that for æèçêéë
cß

E
ìîí;ï

H
ð¯ ð:ñ iÃ
ò Hð¯ ó ,� AL¯ ô Eìîõ;ö Hð¯ ÷:ø�ù�ú E

ìîû;ü
H
ð¯ ý:þ . ÿ 8.36

¾ �

In
�

particular,� H
ð¯ � has

e
no eigenvalues in � .

Proof: Multiplying � 8.31
¾ �

from bothsideswith E � (
�
H̄)
�

andusingthe fact that E 	 (
�
H̄)
��
 s�

0
¥

for��������
weæ seethat � 8.36

¾ �
holdsfor ��� 0.

¥
Next we notethat the commutators

�
H̄,� Ā ��� P̄ � H,� A � P̄,�

�
V̄,� Ā  �! P̄ " V,� A # P̄ $ P̄ % VPA & APV ' P̄

areý boundedrelativeto H̄. Therefore( 8.36
¾ )

is a consequenceof Lemma8.6. *
Lemma
e

8.10: Suppose that for some fixed + in
Ã

0
¥�,.-0/2143

cß ,� H
ð65

has
e

an eigenvalue 7.8:9 with;
eigenvector¶ < . Then

=

Im
>@?BA

,� PVR
C ¯ DFEHGJI i

Ã
0
¥LK

VP M�NFO 0.
¥ P

8.37
¾ Q

Proof: In the reduction R 8.34
¾ S

the
T

equationH UWVYX[Z6\ is equivalentto two equationson M

andý M̄ :

PH ] P ^Y_ PH ` P̄ aYb[c P d ; P̄H e P fYg P̄H h P̄ iYj[k P̄ l . m 8.38
n o

Since
p

P̄H q P rYsut P̄VP v the
w

secondequationcanbe written as

R̄ xFyHz6{ i
Ã}|�~��

P̄VP �Y� P̄ �Y� i
Ã0�

R̄ �F����� i
Ã0���

P̄ �
for
� ���

0.
¥

The last term vanishesas ��� 0
¥

since,by Lemma8.9, � is
H

not an eigenvalueof H
ð¯ � .

Therefore

P̄ �Y�u� R̄ �F����� i
Ã
0
¥L�

P̄VP � .

Insertingthis expressionfor P̄   into thefirst equation¡ 8.38
n ¢

and£ taking thescalarproductwith ¤
weæ find

¥}¦¨§[©«ª¬B®
,� P ¯�°F±u²�³�´ ,� PVP µ�¶F·u¸ 2 ¹�º ,� PVR̄ »F¼H½6¾ i

Ã
0
¥L¿

VP À�ÁÃÂ 0.
¥

Equation
Ä Å

8.37
n Æ

follows
�

by taking the imaginarypart. Ç
Lemma 8.11: There exists an open interval ÈÊÉÌË and� a constant c Í 0

¥
such¼ that for ÎÐÏ2Ñ4Ò cß the

boundary
±

values

F ÓFÔ x�2ÕFÖ PVR̄ ×�Ø x��Ù i
Ã
0
¥LÚ

VP Û 8.39
n Ü

exist¶ for all x ÝÌÞ and� satisfy

ß
F
_JàFá

x�2âFã F
_JäWå0æ

x�èç}éFêìë const¤ íïîÐð�ñuòôóöõ4÷.ø x�úù x�Yûýüÿþ 1/3. � 8.40
n �
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Proof: For Im(z� )��� 0
¥

we factorize

F
_����

z��	�
�� PV
C

P̄  A
L¯ ������� A

L¯ ��� 1R
�¯ ��� z����� A

L¯ � � 1 !�"�# A
L¯ $ PC̄ VP % . & 8.41

n '
Here
(

the first andlast factorsareboundedsinceAP
L ¯ VP ) L

e
(
��*

)
�
. To seethis we expand

AP
L ¯ VP + AV

L
P , AP

L
VP (

�
* )
�

whereæ the superscript- * . indicatesthat the operatoris bounded.Also

AV
L

P / VA P 0�1 AL ,2 V 3 P
C (
�
* )
�
,2

and4 sinceV is H-boundedit sufficesto notethat

HAP 576 AP (
�
* )
��8�9

H,2 A : P (
�
* )
�
.

Lemma
à

8.11 now follows from Theorem8.7, applied to the middle factor in ; 8.41
n <

. The
hypothesisof that theoremrequiresthat the first andsecondcommutatorsof Ā withæ H̄ and4 V̄ are4
bounded
J

relativeto H̄. As an examplewe treatthedoublecommutator=>= V̄,2 Ā ? ,2 Ā @ . After dropping
the
w

outermostfactorsP
C̄

this
w

commutatortakesthe form

A>A
V,2 ALCB

,2 ALCDFE
2
�

A
L

PVA G 2
�

AV
L

PA H 2
�

AP
L

VP A I A
L

PAV J VA PA K VPAPA L VPA2 M A
L 2PV
C

N
APAPV.

By
O

hypothesisP>P V,2 ALCQ
,2 ALCR

is
S

H
ð

-bounded.All other termsexceptthosecontainingA
L 2 are4 easily

bounded
J

as in the first part of the proof. For the A2
T
-terms we need the hypothesis

Ran(P)
��U

D(
�
A2).
� V

Proof
C

of Theorem 8.8: By
O

Lemma8.11thelimit W 8.30
n X

exists.Y Supposethat Z\[ 0.
¥

Then,in the
notation] ^ 8.39

n _
,2

` Im
>ba

F
_

0
rFced�f i

Ã
0
¥hg>g�i

0,
¥

and4 thereforeby j 8.40
k l

m Im n F o�prqts i
Ã
0
¥hu>u�v

0
¥

for small w and4 all x in someopeninterval y{z}| . This is in contradictionto ~ 8.37
k �

,2 so for small� the
�

operatorsH
ð��

have
�

no eigenvaluesin � . �
B. Escape velocity and resolvent smoothness

According to Theorem2.4 the orbits � t� in the continuousspectralsubspace� C of� H are4
escaping� from finite regionsin X in themeanergodicsense� 2.8� . In this sectionwe discusssharp
quantitative� escapeestimatesof the form

�
x��� ��� t�r��� t��� x����� 2T�� const¤ � 1  �¡ tD>¢¤£�¥ 2

T
m¦ ,2 § 8.42

k ¨

valid© for a densesetof initial statesª in any spectralsubspace« . , ¬ a4 Mourre interval  6.17
® ®

.
This
©

estimatesaysthat the orbit ¯ t� escape� at leastwith velocity ° . In fact ± 8.42
k ²

holds
�

for any³µ´{¶ · whereæ ¸ is the Mourre constant¹ 8.42
k º

for the interval » . In this sense¼ ½ is the minimal¾
escape¶ velocity for

�
the orbits in ¿ . Minimal velocity estimateswere first derivedby Sigal and

Soffer
p 92

À
also4 for certaintime-dependentHamiltonians.The first steptowards Á 8.42

k Â
is
S

an analo-
gousÃ result for the observableA insteadof Ä x�µÅ ,2 which we statein abstractform:

Theorem 8.12:54
Æ

For a pair H,2 A of self-adjoint operators on Ç suppose¼ that
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ad�
A
(
�
k
�

)
�rÈ

H
ðÊÉ

is
S

H
ðÌË

bounded
J

for k
¢hÍ

0,...,
¥

nÎÐÏ 2,
� Ñ

8.43
k Ò

and� let ÓÕÔ be
±

the characteristic function of R Ö . Then
=

×rØÚÙÜÛ
A
L7Ý

a�ÐÞàß tDrá e¶hâ iHtgãåä HðÊæ�çÚèÜé
A
L7ê

a�hë�ì>í const¤ tD>î mïÐð tD�ñ 0
¥hò ó

8.44
k ô

for
×

any g õ C0
r ö (
�ø÷

),
�

any� ù in
Ã

0
¥Ðúàûýüÿþ

and� any m � nÎ�� 1, uniformly� in a � R.
Remarks: To explainthe significanceof

�
8.44
k �

weæ notethat the vectorsof the form

�	�
gã�
 H ������ A � a����� ,2������ ,2 � 8.45

k �
form
�

a densesetin �! since" gã$# C0
r % (
�'&

)
�

anda�)( R
*

are4 arbitrary.Equation+ 8.44
k ,

expresses� thefact
that
�

for any initial state - of. this form / t
� is
S

in the spectralsubspaceA
021

a��354 tD of. A
0

,2 upt oa
remainderof ordertD�6 mï in norm.This is theanalogof 7 8.42

k 8
for theobservableA in placeof 9 x�;: .

Theorem8.12 can also be used to derive some useful, although not optimal, results for
resolvent< smoothness.Settinga��=?>5@ tD /2A andusingthat

B
A
0DC�EGFIHDJ

A
0LKNMGOQP	RTS

A
02UWV

tD /2AYXQZ O
[!\

tD�]G^`_
weæ concludefrom a 8.44

k b
that
�

ced
A fNgih e¶�j iHtgã�k H lnm A oNpiqsrut const¤ v 1 wyx tD'z|{Q} min(~�� ,mï )

�
. � 8.46

k �
For
� �

,2 m¾�� 1 � i.e.,
S

nÎ�� 2
�

), this boundis integrableover �2�2� tD��?�2� and4 thusleads � via© Fourier
transform
� �

to
�

the resolventestimate

sup"
z��� R
�?��� A ���G��� z�I� H �Q� 1gãT  H ¡£¢ A ¤N¥G¦s§'¨2© . ª 8.47

k «

It alsofollows that the operatorfunction F(
�
z� )�Q¬D A ®N¯i° (� z�s± H)

�Q² 1³ A ´NµG¶ hascontinuousboundary
values© F(

�
x�;· i

Ã
0
¥

) in normsensefor x��¸�¹ . With Theorem8.1 we havealreadyobtainedthis result
underº theweakerhypothesis»	¼ 1

2
½ and4 nÎ�¾ 2.

¿
On theotherhand,Theorem8.12immediatelygives

similar" boundsfor the derivativesÀ powersS Á of. (zÂsÃ H
ð

)
�ÅÄ 1: If ( Æ ,2 m¾ )

�QÇ
1 È pÉ ,2 then

sup"
z��Ê R
� Ë A0LÌNÍGÎ d

Ï
dz
Ï pÐÒÑ

zÂsÓ H
ðÕÔQÖ 1gãT× HðLØ£Ù A0DÚ�ÛGÜ Ý2Þ ß

8.48
k à

withæ correspondingsmoothnessin xá of. theboundaryvaluesF(
�
xá;â i

ã
0)
ä

in å . Resolventsmoothness
estimates� of this form havebeenderivedin Ref. 62 underweakerconditionson æ ,2 mç by

J
time-

independentmethodsas in the proof of Theorem8.1. All thesetechniquesand resultswill be
usefulº in many respects,e.g., for the transition to time-independentscatteringtheory and the
discussion
è

of scatteringamplitudes.Finally we return to the Schrödinger
è

caseH
é�ê 1

2
½ pÉ 2 ë V(

�
xá )
�

whereæ the relation

A
02ì

D
í

t�eî 1
2
½ xá 2 ï

canð be usedto transformthe spectralshift formula ñ 8.44
k ò

withæ respectto A into a spectralshift
withæ respectto xá 2:

Theorem
ó

8.13:54
ô

If
�

H,2 A0 given above satisfy the conditions of Theorem 8.12, then

õ÷ö�øTù
1
2 xá 2 ú atûýü 1

2 þ tÿ 2 � e��� iHtgã�� H ���
	�� A  aû������ constð tÿ�� m� �
tÿ�� 0
ä�� �

8.49
k �

for
�

any g � C0
� � (
���

),
�

0  "!$#&% ,2 mç(' nÎ*) 1 andû a + R
,

.
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For the densesetof initial states. 8.45
k /

this
�

implies the escapeestimate0 8.1
k21

. For the proofs
of3 Theorems8.12and8.13we refer to Ref. 54. Themethodsusedin theseproofsalsoallow usto
treat
�

time-dependentHamiltonians.92
4

Notes:
5

Resolvent bounds and resolvent smoothness. Among the papersin this field which are
not reviewedherewe mentionRefs.62, 35, 58, 61, and74. A basisfor treatingtheseandrelated
problemsS in a generalizedform of Mourre’s theory is providedby Ref. 6.

Resonances
,

in Mourre theory. Beyond the instability criterion for embeddedeigenvalues
givenÃ in Theorem8.8 it is also possibleto give a perturbativenotion of resonancesand corre-
sponding" exponentialdecayestimatesin this case.77,102

6
Escape velocity and resolvent smoothness. Other resultssimilar to Theorems8.12 and8.13,

generallyÃ referredto asminimal7 velocity estimates,2 aredueto Refs.33 and100 8 see" alsoRef. 219 .

IX.
:

THE HELFFER–SJÖSTRAND
;

FORMULA

A convenientoperatorcalculusfor functionsf
�

(
�
A)
�

of self-adjointoperatorsA canð bebasedon
a4 formula of Helffer andSjöstrand:" 42,16

<

f
��=

A >�?A@ 1

2 B R
C 2
DFE zÂHG A I�J 1 K

zL̄ f�˜ M zÂ�N dx
O

dy ,2 P 9.1
Q2R

whereæ zÂHS xáUT iy
ã

and4 V
zL̄ W(X x�ZY i

ã\[
y] . Here f

�
is
S

somegivencomplexfunctionon R
,

,2 and f
�˜ is
S

a largely
arbitrary4 extensionof f

�
to
�

the complexplane,which mustbe almostû analytic in the sensethat it
satisfies" the Cauchy–Riemannequationson^ the real axis:

_
zL̄ f�˜ ` zÂ�a�b 0

ä
for zÂ�c R. d 9.2

Q2e
We
f

abbreviateg 9.1
Q2h

by
J

writing

f
��i

A j�k d f
O ˜ l zÂnmpo zÂHq A r�s 1; d f

O ˜ t zÂnuZv&w 1

2 xzy zL̄ f�˜ { zÂ�| dx
O

dy . } 9.3
Q2~

For
�

example,if f
�$�

C0
�2(
�
R
,

)
�
, we canconstructthe almostanalyticextension

f
�̃ � zÂn�Z��� f��� xá���� iy

ã
f ��� xá������U� zÂ�� � 9.4

Q2�
in
S

C0
�1(
�
C)
�

by taking ��� C0
� � (
�
C)
�

with �
� 1 on somecomplexneighborhoodof supp(f
�

)
�
. Then � zL̄ f�˜

hascompactsupportandvanisheson the real axis, so that ��� zL̄ f�˜(
�
zÂ )�Z��� constð   y¡�¢ . On the otherhand,£

(
�
zÂH¤ A)

��¥ 1 ¦¨§�© y¡«ª�¬ 1. Therefore,the integral  9.3
Q2®

convergesð absolutelyin norm sense,and ¯ 9.1
Q2°

follows
�

by verifying that

f
�²±�³

tÿµ´�¶ ·
y]Z¸ ¹²º d f

O ˜ » zÂ�¼Z½ zÂH¾ tÿµ¿�À 1

convergesð pointwiseto f
�

(
�
tÿ )� for tÿÂÁ R

,
as4ÄÃ«Å 0.

ä
Often it is useful to replaceÆ 9.4

Q2Ç
by
È

the extended
version©

f
�˜ É zÂ�Ê�Ë(ÌÎÍ zÂ�Ï²Ð

k
ÑZÒ

0
�

nÓ
f
� (
Ô
k
Ñ

)
Õ\Ö

xá�×�Ø iyãAÙ k
Ñ

k
Ú
!

,2 Û 9.5
QÝÜ

withÞ ß as4 beforeandnà arbitrary4 large.Then á�â zL̄ f�˜(
�
zÂ )�Zã�ä constð å y¡�æ nÓ so" thattheintegral ç*è Im(

é
zÂ )ê�ë ì nÓ�í

zL̄ f�˜(
î
zÂ )ê

convergesð absolutely.As an application,supposethat A1 and4 A2 are4 self-adjointand that K is
compactð relativeto A1 or3 A2 . Taking ï 9.5

QÝð
withÞ nà�ñ 2 we find that the integral
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d f
O ˜ ò zÂ�óZô zÂHõ A1 ö�÷ 1K ø zÂHù A2 ú�û 1

is
S

a compactoperatorsinceit is the norm limit of compactoperators.This argumentwasusedin
the
�

proof of ü 6.16
ý þ

. Of coursethat particularcasecanbe treatedwithout using ÿ 9.1
Q��

. The reason
whyÞ we advertisethe Helffer–Sjöstrand" formula is that it also servesas the basisfor a general
methodof commutatorexpansionsandcommutatorestimates,59,52

�
whichÞ is usedextensivelyin the

omitted3 proofs in Secs.VI andVIII.
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