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We give a full and self contained account of the basic results in N-body scattering theory
which emerged over the last ten years: The existence and completeness of scattering states
for potentials decreasing like 7—#, u > +/3 — 1. Our approach is a synthesis of earlier
work and of new ideas. Global conditions on the potentials are imposed only to define the
dynamics. Asymptotic completeness is derived from the fact that the mean square diameter
of the system diverges like t? as t — F-oco for any orbit t; which is separated in energy from
thresholds and eigenvalues (a generalized version of Mourre’s theorem involving only the
tails of the potentials at large distances). We introduce new propagation observables which
considerably simplify the phase—space analysis. As a topic of general interest we describe a
method of commutator expansions.

0. Introduction

N-body quantum systems are described by the Schréodinger equation i9p); = Hpy,
with a Hamiltonian like

N 2 1.-N
H= Lk Vie(z; — 1) . 0.1
; m + ; k(zi — 1) (0.1)

After fixing the center of mass H acts on the Hilbert space H = L?(X), where
X:{x:(ml,...,xN)|x€R3;kaxk:0} . (0.2)

In general H possesses eigenvectors (stationary states), which span the subspace
Hp of bound states where the orbits 1; are recurrent. In the continuous spectral
subspace Hc = Hp the long-time behaviour of 9; depends critically on the decay
rate of the potentials, expressed by

Vie(z; — xr) = O(Jz; — x| ") as |z, — x| = 0.

If i is not too small it is expected that along any orbit ¥; in H¢o the system
eventually breaks up into a collection of almost freely moving, bound subsystems
(fragments) as t — foo. This is the conjecture of asymptotic completeness, which
was stated precisely in the early days of scattering theory [29, 22]. The challenge to
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prove this conjecture then became a driving force in the mathematical theory of
N-body systems. New methods of spectral analysis and new tools to control the
space-time propagation of quantum states gradually emerged over the last 30 years,
often with results not directly related to scattering theory but important in their
own right. As a culmination of these efforts Sigal and Soffer [44] in 1987 gave the
first general proof of asymptotic completeness for short-range potentials (p > 1).
Further insight and important simplifications came from the subsequent work of
Graf [17] and Yafaev [53]. An approach to the qualitatively different long-range
problem (p < 1) was initiated by Sigal and Soffer in their study of the Coulomb case
[46, 47]. With this starting point the long-range problem was solved by Dereziiski
[9] for 41 > +/3 — 1 and by Sigal and Soffer [48] for the Coulomb case (u = 1).

We briefly summarize the long history of the subject. A first milestone was Fad-
deev’s solution of the 3-body problem using stationary methods (Faddeev equations
[16]), later extended to all N [24, 42]. This approach is used today for computational
work on small systems, but its scope, especially for N > 3, is still limited by spec-
tral assumptions on the subsystems (no eigenvalues embedded in the continuum,
no resonances at thresholds). The Faddeev equations and their generalizations
are designed to obtain the scattering amplitudes (S-matrix elements in p-space).
Asymptotic completeness (unitarity of the S-matrix) emerges as a by-product at
the end, thus offering little intuitive insight into the basic reasons for its validity.

The space-time point of view was primarily developed in quantum field
theory under the influence of Haag [20, 21] and Ruelle [40]. It regained atten-
tion in non-relativistic quantum mechanics after Ruelle’s ergodic characterization
of bound states vs. continuum states [41] (RAGE Theorem, see e.g. [5] or [26]).
Asymptotic completeness for N-body systems in the limit of weak forces was ob-
tained by time-dependent perturbation methods ([25, 30]). Positive commutators
([38, 32]) and related (global) propagation estimates first entered in Lavine’s proof
of asymptotic completeness for N-body systems with purely repulsive forces [33, 34].
The commutator in question is familiar from the virial theorem:

2
: NP R A A
i[H, A] = . Z(ﬂfz zy) - VVie(zi — z1) (0.3)
k i<k
where )
A:zk:§(xk’pk + pr - Tk) - (0.4)

For repulsive forces the expression (0.3) is termwise positive. We also note that A
is the generator of the unitary group of dilations

e—iA)\ . w(x> N e_A/Qdim(X)1b(6_)\:E>

acting on L?(X), and that (0.3) is the infinitesimal form of the transformation law

2
AN 7 —iAN _ 22 Dl (M —
e“*He =H\):=e zk: Sy + ;Vlk(e (z; — xk)) - (0.5)
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Moreover, A itself is a commutator, i.e.
A=ilm L o h 2 2
=i|H, 52", where z —kaack,
k

so that
0? <%x2> = 0;(i[H, A])s > 0. (0.6)
t

Here (®); = (¢, P1¢) denotes the expectation value of an observable @ in the state
. (0.6) indicates that (z?); diverges like t* as t — 4-00, which holds in fact for a
dense set of initial states 1. A classical example is the case of Coulomb forces: then
i[H,A] =2H —V > H, where V is the total potential. Therefore, if (H) > 0, then

(%) > (H)o -t + O(t) = 00 (t — +00).

At the same time and seemingly unrelated to the work of Lavine, Balslev and
Combes [3] determined the spectral properties of the operator family H (\) given by
(0.5) for complex X in the case of dilation-analytic potentials, thereby revealing the
general nature of the essential spectrum of H (thresholds, embedded eigenvalues,
absence of singular continuous spectrum) and laying the foundation of a theory
of resonances [49]. Further insight came from the geometric (configuration space)
methods of spectral analysis and scattering theory developed in the later 1970’s,
e.g. in [12, 50, 7, 43]). The most striking event of that time was Enss’ proof that
asymptotic completeness for N = 2 follows directly from Ruelle’s Theorem com-
bined with the propagation properties of free wave packets [13]. Although the hope
for a quick solution of the general case was premature, Enss’ proof (and its later
extensions to N = 3 in [14, 15]) marks the turning point to phase space analysis in
N-body scattering theory.

Less noticed at first, and influenced by the work of Lavine and Balslev—Combes,
Mourre [35] introduced another key idea: For N = 3 he proved the conditional
positivity of the commutator (0.3) for forces of arbitrary sign, in the sense that

En(H)i[H, AJEa(H) > 0Ea (H) (0.7)

(Mourre’s inequality). Here Ea(H) is the spectral projection of H for an energy
shell A = (E —¢,E +¢€). If E is in the continuous spectrum of H, but not an
eigenvalue nor a threshold, then (0.7) holds for sufficiently small € > 0 with a
strictly positive 8. Mourre’s inequality again leads to

(x%) > 01> + O(t) = 00 (t — +00) (0.8)

for a dense set of initial states in Ha = Ran(Ea(H)). In fact (0.7) is a special
case of a more general inequality given by Mourre, which holds for any F € R, and
which exhibits the structure of the essential spectrum of H in much the same way
as dilation analyticity (of which it is an infinitesimal version). Mourre’s inequality
was soon extended to general N by Perry, Sigal and Simon [37], who used it to
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derive the local decay estimate

+00
[ s e e (0.9)
— 00

for « > 1/2 and all ¥ in Ha. For an exposition of these results we refer to [5]
and [26].

Propagation estimates like (0.8) and (0.9) only say that the mean square diam-
eter (z%); of the system diverges like t> as t — +co. To demonstrate the break-up
of the system into fragments (various scenarios of such break-ups are called the
scattering channels), it is necessary to show that the probability for it to cross
the phase-space boundaries of the channels is relatively small. More precisely, one
proves estimates of the form

+oo
[ 1 (@ pnlPdt < C(A, )02

for all ¢ in Ha, where f is C§° inp = (p1,...,pn), smooth and homogeneous degree
—% for |z| > 1 in « and is supported outside the classical (phase-space) trajectories
of quantum freely moving fragments for all possible break-ups. The latter is done
by constructing observables which, unlike A, are H-bounded and have commutators
with H positive in parts of the phase-space region one wants to control, but — and
this is the price one has to pay — in general, negative elsewhere. The positive
contributions lead to the desired propagation estimates, once the negative ones are
controlled. A bootstrap type procedure allows to close the argument. This approach
leaves room for different constructions, which are in fact the essence of every general
proof of asymptotic completeness since the first proof by Sigal and Soffer, and this
is where we claim to make a significant contribution.

Our paper is organized as follows. After the preliminaries on N-body systems
and scattering theory (Secs. 1 and 2) we essentially follow Yafaev [53] in constructing
a function g(z) on X which grows like |z|, but which incorporates the full channel
structure of the system (given by the asymptotics of the total potential V(z) as
x — 00). Our propagation observables are derived from a modified and time-scaled
Yafaev function

gi(z) =t°g(t°z); 0<d<1, (0.10)

or, in the Heisenberg picture, from the operator g(t) = e*?tg;e~H*, Its first deriva-
tive v(t) = d¢g(t) is bounded relative to H and essentially increasing: Oyy(t) > 0
up to terms with an integrable time decay (Sec. 3). This establishes the asymptotic
observable

g(t)

7T = slimy(t) = s-lim == >0, (0.11)

t—00 t—oo ¢

which commutes with H (Sec. 4). Due to the special geometry of g(x), it follows
that any orbit +; in the range of v is an outgoing scattering state:

Y — Y e Hatg,  (t— +o0), (0.12)
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where a labels the channels and where H, is the channel Hamiltonian describing
independent fragments (Sec. 5). To prove asymptotic completeness it then remains
to show that the range of 4 is dense in the continuous spectral subspace H¢c of H.
This is where the Mourre inequality comes in. Since g(z) grows like |z, (0.8) and
(0.11) lead to

2
0EA(H) < lim inf Ea(H)Z tgt) En(H) = Ea(H)(v")2Ea(H).
This shows that v+ reduces to a strictly positive operator Ha + Ha. By Mourre’s
Theorem the subspaces of Ha span H¢, so that Ran(y™) is indeed dense in Hc.

This thumbnail sketch covers the short range case. The long range problem is
qualitatively different. For reasons explained at the end of Sec. 2, we want to deal
from the outset with weakly time-dependent Hamiltonians of the form H; = H +
Wi(x), where Wy (x) decays like (t+|x|)~#. The relation (0.11) extends easily to this
more general setting, and (0.12) has a natural analogue on the range of v (Secs. 6
and 7). However, v© no longer commutes with H, and there is no Mourre estimate
for the dynamics generated by H; since strict energy conservation is lost. The core
of the long range problem is to link the states ¢ with v = 0 to the bound states of
H (Sec. 8). The difficulty here is that the spectral support of ¢; with respect to H
cannot be separated from thresholds (outside of which the Mourre inequality holds)
by initial conditions. This means that the minimal distance between the fragments
cannot grow proportional to t. An inductive procedure reduces the problem of
controlling such orbits to showing that if the diameter of the system grows as ¢
with § < 1 then the system is in a bound state. This was first done in [47] for N < 4
and in [9] for general N (see also [48]). The solution of this problem also allows an
effortless proof of the existence of the long range wave operators (Sec. 9). Finally,
the extra propagation estimates needed in Secs. 8 and 9 are derived in Appendix C
by a general method of commutator expansions, which is of independent interest
(Appendix B). These estimates replace the Mourre inequality, or more precisely its
consequence (0.8), in the case of time-dependent Hamiltonians.

1. N-Body Systems

From the standard example (0.1) we extract the three basic constituents which in
this paper characterize a N-body system: The configuration space X, the lattice
L of channels and the intercluster potentials I,. The resulting more general class
of systems is the same as the one introduced by Agmon [1], but described from a
somewhat different point of view.

Configuration Space. X is an Euclidean space with a scalar product denoted by
x - y. In the example (0.2):

x-y:ka(xk-yk)Rs. (1.1)

k

We note that %(mm) = %J&Q is the classical kinetic energy and p = & the momentum
conjugate to z. The Hamiltonian is of the form
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H= %p2 +V(x). (1.2)

In quantum mechanics this is an operator on L?(X), where p = —iV and p?> = —A
have their usual form in cartesian coordinates (not the particle coordinates) of X.

Channels. In X there is a distinguished finite lattice L of subspaces a, b, ... (chan-
nels), which is closed under intersections and which contains {0} and X. In the
example (0.1) the channels correspond to all partitions of (1...N) into subsets
(clusters), e.g. if N = 4:

partition : (12)(34) <> channel : a = {x € X|z1 = x2;23 = 24} . (1.3)
In general we define the partial ordering of L by
a<b<aCb, a#b. (1.4)
For each a € L there is an orthogonal splitting
X=a®at, (1.5)
and we write the corresponding decomposition of a vector x € X as
r=2,+2" z.€a, z*ca’. (1.6)

The example (1.3) shows that z, describes the CM- (center of mass) positions of
the clusters and x® the internal configuration of each cluster in its own CM-frame

(Fig. 1).

CM(1234)

CM(12) CM(34)

(a), = (%),

Fig. 1.

Viewed as a map of configurations in R2, the projection x — z, sends each
particle into the CM of its cluster, while x — z* translates each cluster as a whole
so that its CM is relocated at the origin. We note that

1, 1

§p = §(pa)2 + §(pa)2 (1.7)

expresses the familiar decomposition of the kinetic energy into CM-parts and inter-
nal parts with respect to the clusters in the channel a.
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b

S (0= x],= 0

Fig. 2.

Intercluster Distance. In the example (1.3) the spatial separation of the clusters
in a given configuration z can be described by their distance as subsets of R3, i.e. by

de(x) = i P — . 1.8
(@) ie(lg?lkne(szl)m 2| (1.8)

However, it is more convenient to express the separation in terms of the geometry
of X. Some reflection shows that

do(z) =0z €b, bNa<a. (1.9)

Figure 2 shows the unit sphere in X, intersected by two channels a,b with aNbd =
¢ < a. This motivates our general definition of the intercluster distance:

— : b .
|z|q == min |z°];  a > {0}. (1.10)

In the case (1.3) one finds

1/2
. mimyg
|z|lo =  min <7) |z — @],
i€(12); ke(34) \my; + myg

which serves as well as (1.8). We note that in general, for a > {0},

a*::a\Uc:{x€a||x|a>0}. (1.11)

c<a

Intercluster Potentials. The basic fact about N-body systems is that for far
separated clusters the potential depends only on the internal configuration of the
clusters. To formulate this, let @ > {0} and y € a*. Then the translations

z—z+sy (s€R)
do not affect %, while |z + sy|, — o0 as s — co. We therefore require that the

limits
Ve (z*) := lim V(z + sy) (1.12)

§—00
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exist and depend only on x%. More precisely,
V(z) =V*a*) + La(x); |a(z)] < f(|z]a) = 0 as 2o — 0o (1.13)

Our understanding is that the function I, (x) — called the intercluster potential —
is only defined for |z|, > R, where R is some arbitrary large constant. (For config-
urations where clusters are not separated the splitting of the potential into V¢ + I¢
is artificial and should play no role in the analysis). So, if we later impose similar
conditions on certain derivatives of I,(x), this implies only that these derivatives
exist for |z|, > R. Also, if I,(z) (or a derivative of I,(x)) appears as an operator
acting on some state ¢ € L?(X), this state must be supported in |z|, > R else the
expression is not defined. On the other hand the potentials V*(z®) are defined by
(1.12) for all x* € a*. To complete the definition of V' and I, we set

Lioy(z) =0; V% (2) =V(x) Ve,
and since VX is just a constant we normalize V() by setting

VX =0:Ix(z) = V() for |z|x > R.
In the example (1.3) we have

Ve =Vig + Vay (Vz);
Io =Vis+Via + Voz +Vau  (Jz|a > R);

and in general, corresponding to L?(X) = L?(a) ® L?(at):

H=H,+1I, (lzla > R);
1

Ho=5(pa)’®1+ 1@ H"  on L*(X); (1.14)
1

H® = S(p")* + Ve on L2(at).

H, describes the dynamics of a system of non-interacting clusters and conserves p,,
H® describes the internal dynamics of these clusters.

Conditions on the potential. First we need some global properties of V' to make
H (and in fact all the Hamiltonians (1.14)) self-adjoint and bounded from below.
Further, it is essential that the kinetic energy is bounded by the total energy in
form sense:

(p*)y < const.(H + c)y , (1.15)

where c is some constant to make H + ¢ > 1. To minimize domain considerations
we make the working assumption that V' is a Kato-potential: For any o > 0 there
exists B < oo such that

IVl < allp*yll + Blvll Vi e G (X). (1.16)

Then H is self-adjoint on D(p?) and satisfies (1.15) [31, 39, Vol. II]. We will not
reiterate this assumption in the following. The reader who is interested in N-body
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systems with more general (even strongly singular) potentials should consult [19].
Since our topic is scattering theory, we concentrate on the fall-off conditions for the
intercluster potentials. These conditions are of the form

Opla(z) = O(lzl; ™) (afa — o0), (1.17)

in the sense of (1.13), where k a multi-index. We will state the relevant values of u
and |k| for each step.

Induction Principle. To summarize, we have characterized N-body systems by
three constituents:

— a configuration space X
— a lattice L of channels (1.18)
— a potential V(z) satisfying (1.16), (1.13), (1.17).

In this sense each Hamiltonian H® in (1.14) also describes a N-body system: its
configuration space is a*, its channels are the subspaces bNa', b > a, and its
potential V¢(z%) is an offspring of V(z) given by (1.12). It is an exercise to check
that V' inherits all the properties we have imposed on V' [26]. To derive some
proposition P from (1.18) we can therefore use induction on the lattice L as follows.
First, P is verified in the trivial case a = X: HX = 0 on L?({0}) = C. Then P is
proved for a = {0}: H{%' = H, under the hypothesis that P holds for any H* with
a > {0}. An example will be our proof of asymptotic completeness.

2. Scattering States and Asymptotic Completeness

Short range systems. (p > 1) Outgoing scattering states 1) are characterized by

the asymptotic condition
'l/}t _ e*thd} — e*iHat
- 2=z

Yo € Ha = L*(a) @ Hp(H), (2.2)

Yo (t— 400); (2.1)

where Hp(H?) is the subspace of L?(a') spanned by the eigenvectors of H%. Each
term in the sum (2.1) represents a free motion of bound clusters in the channel a.
For convenience we have included the bound state channel a = {0}: if ¥ € Hp(H)
then (2.1) holds trivially with p0y = 9, 9o = 0 for a > {0}. The existence of a
unique scattering state ¢ for any given {(p,} is one of the earliest results in N-body
scattering theory [22]: if I,(z) = O(Jz|;*), u > 1, then the wave operators

QF =5~ lim eHlemiHat (2.3)
t——+oo

exist on H,, so that (2.1) holds for

=Y Qfp,. (2.4)
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The wave operators are isometric from H, to H. Moreover, their ranges H} =
Ran(Q]) satisfy
HE LM (a#b), (2.5)

expressing the fact that

lim (e"etp, emhlp) =0 (a #1D). (2.6)

t—+o0

Therefore (2.4) is an orthogonal sum:
lol? =D 195 wall® = > lleal®, (2.7)

and the outgoing scattering states form a closed subspace

HY =PH CH. (2.8)

The proofs of (2.3) and (2.6) involve only the propagation properties of free wave
packets describing the center of mass motion (see e.g. [39, Vol. III]). Asymptotic
completeness is the statement that

HY =H, (2.9)

which says that any orbit 1 of the system has the asymptotic form (2.1) as t — +oo,
and therefore (by time reversal) also for ¢ — —oo. The first main result we want to
prove is

Theorem 2.1. (Asymptotic completeness of short range systems) (2.9) holds if
for some p>1
I(x) = O(z| ") as|z]q = 0. (2.10)

Remarks. This is the result first obtained by Sigal and Soffer [44] for a somewhat
smaller class of potentials, and then successively by Graf [17], Tamura [52] and
Yafaev [53]. Proofs under the sole condition (2.10) and allowing singular potentials
were given by Iftimovici [27], Boutet de Monvel, Georgescu and Soffer [4], and
Griesemer [19]. See also [11].

Outline of the proof. An orbit v, is called asymptotically clustering if

P T e ety (t — +o0) (2.11)
for some ¢, € H, i.e. without the condition (2.2). Again this is trivially true for
¥ € Hp(H). In Sec. 5 we will prove asymptotic clustering for a dense set of orbits
1t. Then we invoke the induction hypothesis that asymptotic completeness holds
for the systems described by H® for all a > {0}, which is true for a = X. This is

equivalent to saying that, for any ¢, € H,
eiiHthDa W eiiHbtsaab (t - OO) ;0 Pab € L2(b> ® HB(Hb> . (212>
b>a

Inserting (2.12) into (2.11) gives
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Y — Y e v ab (t—00), 2.13
t TR GZQSD ( ) ( )
i.e. ¢ € HT. Since this holds for a dense set of 1’s and since HT is closed it follows
that H* =H.

Long-range systems. (u < 1) For p not too small the appropriate asymptotic
1)1

condition generalizing (2.1) is of the form

e—iHty e~ Hat=iaapa) o (¢ — 00), (2.14)

T

with ¢, € L?(a) ® Hg(H®) as before. In other words: only the free center-of-mass
propagator of the fragments in channel a is modified from

e~ EPat o e_%pit_io‘""‘(pa), (2.15)

which still conserves the momentum p,. Here o, +(ps) is an adiabatic phase arising
from the fact that (in a classical picture) the fragments are located at

Ta = pat(1+O@")) (t = o0)

so that
I.(z) = L,(pat) + Ot~ ") (2.16)

provided that VI,(z) = O(|z|;#"!) as |z|, — oo. For 2 > 1 the error term in
(2.16) decays integrably in time, while the leading term is of order t* and therefore
not integrable if y < 1. According to this classical picture the Ansatz

aa,t(pa) :/ dSIa(pa3> (217)

should work for p > % The reason why we have not fully defined aq+(ps) is
twofold. First, it is clear that the modified propagator (2.15) is insensitive to a
change of a4 () on a null set of a. This allows us to restrict p, to the set a* (1.11),
where I, (p.s) indeed decays like s7#. Secondly, o, ¢(ps) is arbitrary within gauge

transformations of the kind

Qa,t(Pa) = Qa,t(Pa) + fi(Pa) (2.18)

if ime oo f2(Pa) = foo(Pa) exists, since in (2.14) the phase foo(pa) can be absorbed
in ¢,. This is why the integrable error in (2.16) has no effect and why (2.14)
is equivalent to (2.1) if p > 1. A complete definition of agt(p,) modulo gauge
transformations is therefore

t
aa,t(pa) = / ‘ ds Ia(pas) (pa € a*), (219)
Rlpala*

if for |z|q > R

|I,(z)| < const.|z|;#; |VI,(x)| < const.|z|;# . (2.20)
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For a = {0} we have p, = 0 and we set afoy,t = 0. An important example is a
system of charged particles (the Coulomb case). Then for p, € a*

-1
Pa _ p_ﬁ‘ , (2.21)

Mmea mg

I(pat) =71 Z €ats

a<f

where the sum runs over all pairs of clusters in the channel a with (total) charges
€q, masses m, and momenta p, € R3. A corresponding phase a, +(p,) is simply
obtained by changing the factor t=! to log(t). (This phase differs from (2.19) by
a gauge transformation). The formulas (2.1)—(2.9) can now be transcribed to the
long-range case simply by replacing

H, — Hy + aq(pa) - (2.22)

The proof of the existence of 2} is considerably more difficult. In fact the first proofs
for general N without ad hoc assumptions on the decrease of bound state wave
functions at infinity appeared as by-products of proofs of asymptotic completeness
([9, 54]). For the same reason we defer the proof to Sec. 9. The second main result
we prove is

Theorem 2.2. (Asymptotic completeness of long range systems) (2.9) holds if for
some >3 —1and 0 < |k| <2

oI, (z) = O(zl;# ™)) as |z|a — co. (2.23)

Remark. This is the result first obtained by Dereziriski [9] under somewhat
stronger conditions on the potentials. The borderline ;1 = v/3 — 1 was identified by
Enss for N = 3 [15] and is further discussed in [8]. Another proof is due to Zielinski
[54]. See also [11].

The proof of Theorem 2.2 will be given in Secs. 6-8. At this point we only
remark that the simple induction scheme given above in the short-range case does
not work in the long-range case. Proceeding inductively, we will encounter time-
dependent Hamiltonians similar to (2.22), acting on fibers of constant p, € a*.
This suggests an inductive proof for more general Hamiltonians of the form H; =
H + Wi(x) (Theorem 6.2). The special case of Theorem 2.2 is then obtained by
setting Wy (z) = 0 after performing the induction.

3. Yafaev Functions and the Basic Propagation Estimate

All our propagation observables are descendants of a time-scaled multiplication
operator
gi(z) =t°g(t%z); 0<d<1, (3.1)

defined for ¢t > 0, where g(z) is a positive smooth function on X with the same
growth as |z|:
0<clz| <g(x) <colz] (x| >1). (3.2)
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Therefore the Mourre estimate (0.8) is equivalent to

g2
liminf { 2L ) >4, (3.3)
12 ‘

t—o0

for some 6 > 0 and for the same orbits 1. Unlike |z|, however, g(z) will be carefully
adapted to the lattice of channels. In this construction we essentially follow Yafaev
[53], who was motivated by a similar construction of Graf [17]. To explain the
requirements we formally compute the Heisenberg derivatives

Ve : = Dige :=i[H, gi] + O g¢
1
= §(v9t ‘p+p-Vgr) + 0ige; (3.4)
) 1
Di(ve — 20u9¢) = pgi'p — i, V] — ZAQQt ~9g:. (3.5)
Here g} (z) is the Hessian of g¢(x) and (in cartesian coordinates)
&gi
=3 pi—Itpy. 3.6
pgi'p %:p Fooos P (3.6)

We will call g a Yafaev function if it satisfies the conditions (Y.1) and (Y.2) given
below.

Condition (Y.1). g is a smooth, strictly positive conver function on X, constant
for |z| < R™, and homogeneous of degree 1 for |z| > RT (0 < R~ < R™ arbitrary).

9

g (=g,

g, (9 = 9(x)

I
I
I
|
|
1
|
I
|
I
I
I
I
I
|
I
I
I
|

Fig. 3.

A radial section of the scaled function g; is shown in Fig. 3. We note that for
t — oo
Oy gi(a) = O IM) s o gi(x) = O ) 3.7)
uniformly in z. In particular, Vg; is bounded uniformly in (z,t) and supported in
|z| > t° R~, while 0;g; is supported in |z| < t* RT and bounded by const. t°~. By
(1.15) v is defined on D(|p|) and satisfies a uniform estimate

|yell < const.(H +c)y/* Ve D(p]). (3.8)
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(3.5) is understood in form sense on D(|p|). The last two terms are bounded and
of order

1
§A29t =0t *); 0Ofg =02 (3.9)

uniformly in x as ¢ — co. The term pg;'p is non-negative due to the convexity of g
and decays only like t—°:

0 < pg'p < const. t °(H +¢). (3.10)

To treat the commutator [y, V] we impose the further condition.

Condition (Y.2). For any a > {0}, g(z) = g(xz,) on some cone Cy, (invariant
under © — Ax) containing some set {z| |z%| < e4|x|, €q > 0}. Moreover, the cones
C, satisfy

CoNCy CChrp for anb<a,b. (3.11)

Figure 4 shows a cone C,, intersected with the compact set where g(x) = ¢(0).

T gW=g0 >

g =9g(xg) — — a

|
|
|
|

Fig. 4.

Lemma 3.1. The sets

Cy = C’a\ Uéa

b<a

form a disjoint covering of X. Also

C,NCr=¢ ifbna<a, (3.12)

and |z|q > |z ~b>{01{1%)r%a<a (ey) forzxzeCr. (3.13)

Proof. The first statement follows from Cx = X and (3.11). Let b > {0}, bNa < a
and z € C,NC}. This excludes b > a and b < a. But bNa < a,b is equally excluded
since then = € Cynp. Therefore if z € C then |2°| > g|z| for bNa < a. O

On C? Nsupp(Vg:) we thus have

Vgi(z) €a; and |z|q > Nz| > t°AR™ (3.14)
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for some A > 0. If ¢ is sufficiently large we can therefore decompose V(z) =
Ve(xz®*) 4+ I,(x) in this region, which formally gives

ilv, V] = Vg - VI, (2)

since Vg; - VV* = 0. In the long-range case (Theorem 2.2) we have assumed that
VI, (z) = O(|z|;#~1), so that by (3.14)

|Vge - VI,| < const. t~0k+D

on each C}. Since these sets cover X this estimate holds globally on X: for ¢
sufficiently large

(¥, [ye, V)| < comst. 00D ||g||2 Wap. (3.15)

In the short range case we use | I, (x)| < const.|z|;#, which gives |I,(z)| < const. t~*
on supp(Vg:) N C¥ for ¢ sufficiently large. Therefore

(¥, [y, VI¥)| = 2[Im(y2, I,¥)| < const. t~°*(H + c)y (3.16)

for ¢ € D(|p|) with support in C'. This local estimate is independent of a and can
be extended to all ¢ € D(|p|) by using a suitable partition of unity (the sets C*
do not form an open covering of X, but they can be marginally enlarged to open
sets for which (3.16) prevails). Collecting these results we have in form sense for
sufficiently large ¢:

pg¢'p = Di(ve — 20:gt) + Re;

(3.17)
[{R¢)y| < const. t7°(H +c¢)y Vo € D(|p|);

provided that
either : I, =0(Jz|;*) and p= min(du,36,2 —9) (3.18)

or: VI,=0(z[;# 1) and p=min(é(p+1),35,2—46). (3.19)
Theorem 3.1. Suppose that (3.17) holds for some p > 1. Then

/1Oo dt(pgyp)t < const.(H + ¢}y, V1 € D(|p|). (3.20)

Proof. By (3.10) it suffices to consider the integral over an interval ¢y < t < co
where (3.17) holds. Integrating (3.17), and using the fact that v; — 20;g: is bounded
relative to |p| uniformly in ¢, we obtain

T

dt(pgi'p)e < const.(H + ¢y
to

uniformly in T'. Since the integrand is positive, the limit 7" — oo exists. O
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Construction of g(x). The prototype of g(z) is
g(z,0) = meazifa(m,a) , (3.21)

where froy(2,0) = ogoy and fo(z,0) = 04|z4| for a > {0}. Here 0 = {0,} is a
positive, decreasing function on the lattice L, to be adjusted in the course of the
construction:

o[y > 04 >0p>0x >0 for {0} <a<b<X. (3.22)

g(z,0) is convex, constant on a compact set K containing some ball |z| < R,
and homogeneous of degree 1 in the complement of K. § has a decomposition into
maximal pieces:

g(z,0) = Zga(x,a) (a.e.);

Qa(:c,a) = fa(xvo—)a[fa(x70> - Q(IE,O')] )

where 6 is the characteristic function of (0, 00). The piece go} has support K where
g(x,0) = ogo}. The pieces g, for a > {0} have conical supports where §(x,0) =
04|7q]. The intersection of these cones with a sphere of radius R* containing K is
shown in Fig. 5:

(3.23)

b

Fig. 5.

This picture corresponds to Fig. 2 and serves to explain the choice of o. To
begin with, suppose that o0, = 0, = 0. = 1. Then Fig. 4 reduces to Fig. 2 since
|zo| = |x| exactly if z € a, etc. The situation of Fig. 5 is obtained by first increasing
0a,0p (so that the supports of g4, Gy expand into strips), and then o, sufficiently
far beyond o, 03 (such that supp g. covers the intersection of the two strips). This
corresponds to (3.11) and (3.12): in Fig. 5 the set C* is just the support of §, where
evidently

|zl > AR(A>0) and Vge€a,
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except at boundary points where Vg is discontinuous. This discontinuity is removed
by a regularisation §(z, ) — g(z) which preserves convexity:

(@) = [ o6e.p) [T 8000 ~ ou)da, (3.24)

where 0 < § € C§°(R) is a regularized Dirac distribution with arbitrary narrow
support. The same regularisation is applied to g, (z, o) so that

g(x) = Z ga(2). (3.25)
a€Ll
The analytic construction of ¢ is given in Appendix A. Here we summarize the
relevant results:

Lemma 3.2. g satisfies the conditions (Y.1) and (Y.2). Moreover g has a decom-
position (3.25) into smooth functions g, which have the following properties: There
ezists A > 0 such that

supp(gqo}) C {af]z| < R'}; (3.26)
supp(ga) C {z[|zla = Alz| 2 AR} Va > {0}; (3.27)
Vgoy(x) =0 for |z| < R™; (3.28)
Vgo(x)€b forxzeC,, Yb>{0}. (3.29)

The functions g, are not convex. However, for any a € L there ezists a Yafaev
function g such that the Hessians of g, and g satisfy

+g/(z) < §"(z) Va. (3.30)

4. The Asymptotic Observable vt
Corresponding to (3.25) we set

9= Gar ¢ gar(x) =1ga(t °z); (4.1)
Yt = Z’Ya,t o Yat = Dtga,t. (42)

We also introduce the Heisenberg observables
g(t) = eMrgie™ ™t (t) = eMye ™ = dg(1) (4.3)

and similarly for g,(¢), 74(t). The operator ~(t) is defined on D(|p|), both the
operators y(t) and g¢(¢) on the domain D(|z|) N D(|p|), which is invariant under
exp(—iHt).
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Theorem 4.1. Under the hypothesis of Theorem 3.2 the strong limits

vh=slimy(t);  y) = s-limoya(t) (4.4)
exist on D(|p|) and have the following properties:
v+, H] =0; (4.5)
1
+ — o lim = >
7" =slimog(t) 20 (4.6)
on D(|z|) N D(|p|), and similarly for v . In particular

7?0} =0; ie AT = z{:}’y;r. (4.7)
a>{0

Moreover, v+ and v, are independent of § within the ranges allowed by the hypoth-
esis of Theorem 3.1, since

vt = s-limeth%efth on D(|z]) N D(|p|), (4.8)

t—o0

where g is the unscaled Yafaev function g(z) (and similarly for v).

Proof. Step (1): Existence of yv*. By (3.8) it suffices to prove strong convergence
of v; on the range of (H + ¢)~2. First we show that

s-lime' e Y (H 4+ ¢)72 = ﬁ;horgl(H +¢) tety e Y (H 4 ¢) 7! (4.9)

t—o0

if one of these limits exists. Since ||0;g¢|| = O(t°~!) we can replace v; by v: — 0 gs.
Then (4.9) follows since

i[H, %~ dugi] = polp — 1A% — iy, V], (4.10)
so that by our previous estimates
Ilve = Bege, (H +¢) 1| = 0.
To establish the second limit in (4.9) it suffices to prove convergence of
o = (c+ H) teHt5,e=Ht (¢ + H) 1y

for all ¢ € H, where we have chosen 7; := v — 20;g¢. Then

Ovpr = (H + ¢) e (DA )e ™ H +c) 1, (4.11)
and we show that this is strongly integrable. By (3.5) and by our previous estimates

DiAe = pg/'p

modulo terms which give integrable contributions. So it remains to prove that

w = (H + ) teipg)/pe ! (H + ¢) 1y
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is strongly integrable over some interval ¢y < t < oo. Factorizing the positive
"oos "o 2, _ * : : :
operator pg;/p into pg;p = Bj; By = B}, we use the Schwarz inequality twice to

estimate
to 2 ta 2
/ dtu|| = sup / dt(v, us)
t1 lvll=11/¢;

to . . 2
< sup ( [ a4 o ||Bte1Ht<H+c>1¢|)

lvll=1 \Jts

to )
< sup/ dt||Bee " (H + ¢)"1v]|?

lvll=1Jt1

ta )
X dt||Bre ™ (H + ¢) 7 1op)|%. (4.12)

t1
By Theorem 3.1 the first factor is bounded uniformly in t1, 2, and the second factor
vanishes as t1 2 — 00.

Step (2): Ezistence of vF. This is proved in the same way with two notable
differences. Instead of i[y:, V] we encounter the commutator iy, V], formally
given by

i[’)’a,ta V] = an,t -VV.

This commutator is estimated like i[vy;, V] using (3.29). Secondly, since g, is not
convex pg, ,p is not positive. Therefore we use the estimate (3.30) to split pgy, ,p
into positive and negative parts:

pgg,tp =Af - A;; with 0< Afﬁ <pj/p.
Treating the contributions from A7 separately, we then factorize AF = (Bi)? and
use the propagation estimate (3.20) for g;.
Step (3): Properties of v+ v} . Since 4T exists it follows from (4.9) that
YHH A+ =H+o) y (H+0o),

ie. [y",H] = 0 (and similarly for v,). Using that v(¢t) = 9:g(t) we have on
D(lz|) N D(|pl):
" L1t 1
YT =slim= [ dsdsg(s) = s-lim=g(t) > 0

t—oo t Jy t—oo {

and similarly for v;". In particular

.1
7?0} = s-lim—gro3(t) =0

t—oo t
since [|g(o3 ()| < const. t9. (4.8) follow from (4.6) and from the fact that
1
;Hgt — g|| < comst. t°71,

since g¢(x) — g(x) = 0 for |z| > const. t°. O
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Next we discuss the connection between v+ and Mourre’s inequality. In addition
to (4.2) we introduce the Heisenberg observable

22 (t) = eHlg2e—tH1 (4.13)

as a form on D(|z|) N D(|p|). This domain is not only invariant under exp(—iH¢),
but also (via Fourier transform) under f(H) for all f € C§°(R). Let A C R be a
finite interval and let Ha be the corresponding spectral subspace of H. Since v+
commutes with H and is bounded relative to H it reduces to a bounded symmetric
operator Ha — Ha. For the following Lemma we normalize g(z) such that

|z < g(). (4.14)

Lemma 4.1. Let A C R be an open finite interval in which H satisfies a Mourre
estimate in form sense on D(|z]) N D(|p]) :

S 1’2(75) 2
hg(l)rgff(H) e f(H)>0f*(H) (0>0) (4.15)
for all f € C§°(A). Then
,7+ 2 \/5 on HA , (416)
in particular
Ha C Ran(y™). (4.17)

On the other hand, if 1 is an eigenvector of H, then

vty =0. (4.18)

Proof. Since z%(t) < g*(t) we obtain from (4.15) and (4.6)

g>(t)
t2

02(H) < Tipinf £ ()2 £(H) = ()2 1)

for all f € C§°(A), which is equivalent to (4.16). If ¢ is an eigenvector of H then

Iy @wll = vl

and we observe that 10 — 0 since ||Oig|| — 0 and Vgi(z) = 0 for 0 < |z] <
Rt 0

We now quote the relevant parts of Mourre’s Theorem in a generalized version
due to Skibsted [51]. A simple proof inspired by Graf [18] is given in [19]. See
also [2].

Theorem 4.2. Suppose that

either : ‘ ‘lim || La(z) =0; (4.19)
T|q—r00
or: lim |z|,VI(z) =0. (4.20)

|z]a—>00
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Then the set S C R given by

S = U {eigenvalues of H*} (4.21)
a€L

is closed and countable. For any E € R\S there exists an open interval A C R\S,
A > E, and a constant 0 > 0 such that the Mourre inequality (4.15) holds.

Corollary 4.1.

Ho(H) = Ran(yt); Hp(H) = Ker(y1). (4.22)

Proof. Since S is countable and contains the eigenvalues of H = H{%}, the spectral
subspace of H corresponding to S is Hp(H). By Mourre’s Theorem and (4.17), any
state 9 with compact spectral support C R\S is in Ran(y™"). This implies Ho(H) C
Ran(y1). On the other hand it follows from (4.18) that Hp(H) C Ker(y™). Since
v is selfadjoint (4.22) follows. O
5. The Short Range Case

Theorem 5.1. If I,(z) = O(|z|*), u > 1, then the Deift-Simon wave operators

+

W

= s-lim ¢foty, e~ H1 (5.1)
t—o0
exist on D(|p|) for d in the range min(dp, 36,2 — §) > 1.

Proof. The proof is almost the same as the proof of the existence of 7. The
modifications are as follows. Instead of (4.9) we first show that

s-lim etHatry, e T HYH + ¢)72 = s-lim (H, + ¢) te'fely, e 7 HY(H + )7t
t—00 t—o0

This follows from
("Ya,t - 8tga,t>(H + C>71 - (Ha + C>71(’Ya,t - 8tga,t)
= (Ha + C)il([Ha Ya,t — 8tga,t] - Ia(')/a,t - 8tgaL,t))(I—I + 0)71 . (52)

The extra term involving I, gives no contribution in the limit ¢ — oo since by (3.27)
|I.(2)| < const. t=°* on supp(ga.+). Therefore it suffices to prove convergence of

o = (Ha + C)_leiHat’?%te_th(H =+ C)_1¢,
where 4.+ = Vq,t — 201gq,¢- Instead of (4.11) we then obtain
Owpr = (Hq + C)fleiHut(Dt:Ya,t - iIa:)’a,t)eith(H + C>71¢' (5.3)

Here the term involving I, gives an integrable contribution of order t~%* by (3.27).
The rest of the proof goes through because the propagation estimate (3.20) also
holds for the dynamics generated by H,. O
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Remark. Since the roles of H and H, in the proof of Theorem 5.1 are interchange-
able, we also have

)* = s-lim eth'ya,te_iH“t on D(|p]). (5.4)

(Lda t—o0

Lemma 5.1. If I, = O(|z|;*), p > 1, then any orbit ¢, in the range of y* is
asymptotically clustering:

e S ety (t—00). (5.5)
a>{0}
Proof. Let v =yt (¢ € D(|p|)). By Theorem 4.1
b= > e T D ety e,
a>{0} a>{0}
and by Theorem 5.1
e_thgo — e

e—thw E e—iH,,,t eiH"'t'Ya,t
T T

—iHat ), (5.6)

Lemma 5.1 together with (4.22) completes the proof of Theorem 2.1.

6. Approach to the Long-Range Case

We want to set up an inductive proof of asymptotic completeness for the dynamics
U; : ¥ — 1 generated by
Ht =H + Wt (J})
for 0 <t < oo with the initial condition Uy = 1. We assume that
OFI,(z) = O(|z el ;
(#) = Ollel™ 7 (0 <[k <n) (6.1)
|8§7tWt(m)| < const.(1 + |z| + t)~r-lkl

where k is a multiindex and 0 ; any derivative with respect to = or t. The conditions
for 4 and n will be given for each step. To begin with we only demand that p > 0
and n = 1. Since W is bounded it is elementary to construct Uy. D(H) = D(Hy)
is invariant under Uy, and since

(U HyUy) = Uy (0, W) Uy
is norm-integrable, the limits
HY = Jim U H U, = . lgrnoo U HU,
exist in norm sense on D(H) and H* = H + B, B bounded. It follows that
(z— HY)"' = lim U *(z — H)"'U;

t—o0

6.2
(z—H)™! :tlim Uz — HY) ' (62)
— 00
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for z ¢ o(H) = o(H™). Also D(|p|) (the form domain of H) is invariant under Uy
and
(p*)¢ < const.(H + c)y . (6.3)

Since Dz = p it still follows that D(|z|) N D(|p|) is Up-invariant. These are the
general properties of the dynamics which we have used in the short-range case. It
is now straightforward to generalize the results of Secs. 3 and 4. The Heisenberg
derivative D; refers to the evolution U;. The expression (3.4) for v, = D;g; remains
unchanged, while the r.h.s. of (3.5) receives the additional term —Vg; - VW; which
is bounded in norm by const. t(#+t1)  As a result the basic propagation estimate
(3.21) remains valid if § is in the range

1
§<6<1; o(p+1)>1. (6.4)

Under this condition the existence of

7T = s-limy(t) = s-lim U; ' U;  on D(|p|)
t—o0

t—o00

(and similarly for ;") follows as before. We remark that in the first step of the
proof (4.9) is replaced by

sm U Uy (HY 4 ¢) 72 = s-lim (HY 4 ¢) U7 ' Uy (HY + ¢) 71
t—o0 t—o00

using (6.2), which leads to
V" HT =0 (6.5)

instead of [y", H] = 0 (and similarly for v,;"). All the other properties of y* and
v+ listed in Theorem 4.1 remain the same. In particular y* is independent of the
choice of § in the range (6.4). We now describe the induction proof. For each
channel a > {0} we introduce a hierarchy of time evolutions which interpolate
between U; and the quasi-free evolution Ug5 of the fragments. These evolutions
have the following names and generators:

)

Up: Hy = H + W()
ﬁa,t : FIa,t =H, + Wa,t(m); (66)
Ua,t : Ha,t - Ha + Wa,t(p t+ :EO’);

(

USS : H3S = Hy + Weai(pat) -

a,t

Here
Wai(x) = (Ia(x) + We(2))Xat(2) , (6.7)

where xq+ is a smoothed characteristic function of the set
{z]lz| > QA +t)°R™; |z|a > |z}, (6.8)
with € > 0 arbitrary small. In particular

Xapt(€t) =1 if £ €a” (6.9)
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and t sufficiently large. It also follows from (3.27) that

Xa,t =1 on supp(ga,:) (6.10)

if t is large. To compute derivatives of x, : with respect to ¢t and = one can use an
explicit form of x, ¢+ like

Xaa(@) = 0(L+ )| = R™) ] 6’| —1) (6.11)

bNa<a

where 6 is a regularized step function. We note that

t
U;,ot _ e—iHa,t—iOéa,t(Pa); aa,t(pa) :/ ds Wa,s(pas)-
0

It follows from (6.9) that on each fibre p, = £ € a* this phase is equivalent to
t
aa,t(pa) = / ( )dS(Ia(paS) + Ws(pas)) , (6'12)
to(Pa

by a gauge transformation (2.18). Our goal is to prove the following generalization
of Theorem 2.2.

Theorem 6.1. Suppose that (6.1) holds for some u > /3 —1 and n = 2. Then
any ¥ € H is an outgoing scattering state for the dynamics Uy generated by Hy:

U e~ Hat=ioa(pa) - (+ 5 00) (6.13)

for some ¢, € Hy. Here agi(pa) is given by (6.12) for a > {0} and

t
Qo},t = / ds W(0). (6.14)
0

Outline of the Proof. The proof is given in three steps:

Step 1: Existence of the Deift—Simon wave operators
wl = s-limU, }7,.:U: on D(|p|). (6.15)
t—o0 ’

This is proved in Sec. 7. It follows as in Lemma 5.1 that any ¢y € Ran(y") is
asymptotically clustering: if ¢ = yT¢ then

Uﬂb — Z Ua,tsaa 5y Pa = szo . (616>
TS

Step 2: Induction step. We note that H,: and Hgy commute with p,. For each
fiber p, = £ € a they reduce to operators acting on L?(a") given by
Ha,t(g) = H" + %52 + Wa,t(gt =+ xa) )

6.17
HZ5(6) = H + 56% + Wa(€t) . (047
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The Hamiltonian H,;(£) has the same general form as H;. Moreover it is not
difficult to check that for any £ € a* the properties (6.1) are essentially inherited by
the corresponding potential W, (£ t+2%). The only difference is that the exponents
(1 + |k|) in (6.1) change into (w4 |k|)(1 — €), where € is the parameter occurring
in (6.8). Since € is arbitrary small this difference is irrelevant and we ignore it.
Now we invoke the induction hypothesis that asymptotic completeness in the form
(6.13) holds for the dynamics U, +(§) generated by H, +(§) for each fiber £ € a*.
Integrating over the fibers gives for any ¢, € H:

Ua.t@a W eiiH”tfm”'t(p”)@ab; (t—00); @a € L2(b) ® HB(Hb) . (6.18)
b>a

Inserting this into (6.16) we see that any ¢ € Ran(y™") is an outgoing scattering
state.

Step 3: The core of the proof is to show that (6.13) also holds for ¢ in the kernel of
~T. In Sec. 8 we prove that v = 0 implies

Uy W e M-, o e Hp(H). (6.19)

These three steps complete the proof of Theorem 6.1.

7. Deift-Simon Wave Operators
Here we use the intermediate evolution U, ; of (6.6) to factorize
wh=w}-of;
Y el T ot — e dim 7L
w, = i—_l}lg UptUart; @ = (2—_1}10121 UgtVa,tUt - (7.1)

Lemma 7.1. If (6.1) holds for ;1 > 0 andn =1 then @] exists on D(|p|), provided
that ¢ is taken in the range (6.4).

Proof. The proof is analogous to the proof of Theorem 5.1. We start from the
equivalence

s-lim U, oy Ud(HY +¢)72 = s-im(H + ¢) 0 ya U(HY +¢)71,
t—o0 ) t—o0 ?

where flj = limy oo ﬁ;tlf[a,tf]a,t. This follows from (6.2) and from an identity
similar to (5.2), where the term I, (.t — Otgat) is now replaced by

(Ht - Ha,t)(’)’a,t - 8t.ga,t) = (Ia + Wt)(l - Xa,t)(’}/a,t - 8tga,t) . (72)

This term vanishes exactly for ¢ sufficiently large by (6.10). Then we have to prove
convergence of
o = (Hf + C)U;tl’~7zz,tUt(H—|r +¢) 'y,

where J4.t = Ya,t — 201ga,¢- Instead of (5.3) we obtain

Orpr = (HF + ¢) ' U, H(DeFa ) Ue(HY 4 ¢) 1)
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since the term (Hy — H, ¢)7q,+ vanishes again by (6.10). Strong integrability of d;py
follows as before from the propagation estimate (3.20), which also holds for the
evolution U, ;. O

Lemma 7.2. If (6.1) holds for u > 1/2 and n = 2 then w] exists on H provided
that § is taken in the range

1 3
§<6<1; 6(,u+1)>§; o(p+2)>2. (7.3)

Proof. Using Cook’s argument we want to show that
8tU(;t1(~]a,t¢ = _ZU(;tl [Wa,t(x) - Wa,t(pat + xa)][ja,td)

is integrable for a dense set of ¢’s. The middle factor can be expressed as

1
[-] = / dsV We 1(szq + (1 — s)pat + %) - (x4 — pat)
0

Ll
+ % / dsAWe (524 + (1 — s)pat + ). (7.4)
0

This identity comes from evaluating

1
d
£@) = fot) = [ dsf(pt+ s(a ).
0
Representing f(x) by a Fourier integral, say for f € S(R™), it suffices to consider
the case f(x) = exp(ik - ). Then

eik-(pt+s(a:7pt)) _ eitk~peisk~(a:7pt)eféstk2
by the Campbell-Hausdorff formula. Now the s-derivative is computed and inserted
into the Fourier integral. This proves (7.4) for W;(-) € S(R™), and our bounds for
VW; and AW; allow it to extend the result by a limiting argument. From (6.7)
and (6.11) it follows that

AWl = sup |AaWa s (x)| < const.(1 4 ¢)0WH+DA=e)
T

Since € is arbitrary small we drop the factor (1 — ). The second term in (7.4) is
therefore norm-bounded by const. t=(#+2)  which is integrable since &(p +2) > 2.
Similarly, the contribution of the first term is bounded by

const. t 0D (g, —pat)2)i/2 (7.5)

where (---); is taken for the evolution ¢, = ﬁaﬂﬂ/). Let D; be the corresponding
Heisenberg derivative. Then

Dt(ma - pat) = Z-[}Itzr‘,taxa - pat] — Pa = i[Wa,t(m)ama - pat]
=tV Wo(z) = O(t1—5(#+1))
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uniformly in z. Therefore
8¢ (24 — pat)?)e| < comst. t170WHD (g, — pat)2)i/2 , or
18, (2 — pat)?)'/?| < const. t1 70K+
Taking ¢ € D(|z|) N D(|p|) this gives
(g — pat)2>i/2 < const. t270kF1)

Together with (7.5) we see that the contribution of the first term in (7.4) is integrable
if 26(p +1) > 3. O

We remark that this proof is the only instance where we use the second deriva-
tives of I,(z) and W;(z) with respect to . As a result we have:

Theorem 7.1. If (6.1) holds for p > 1/2 and n = 2 then the Deift-Simon wave
operators
wi = iiloIgl Ua_,tlvaﬂ:Ut

exist on D(|p|) provided that § is taken in the range

1
§<5<1; o(p+1)>32; du+2)>2. (7.6)

Remark. This Theorem and its proof using the factorization (7.1) are due to
Dereziniski and Gérard [10].

Corollary 7.1. The adjoints of w] exist as strong limits

(wi)* = slim Uy 50U on D(Jpl). (7.7)

Proof. The roles of Uy, U'a,t in the proof of Lemma 7.1 and of U, 4, Ua,t in the
proof of Lemma 7.2 are interchangeable. O

8. Propagation on Ker(y™1)

Theorem 8.1. Let vty = 0 and suppose that (6.1) holds for u > /3 — 1 and
n=1. Then

(t—00); @e€Hp(H). (8.1)

Remarks. The scaling parameter § does not appear in this theorem. However,
we will need the propagation estimate (3.20) and the representation of 4+ as the
strong limit (4.4), i.e. some choice of ¢ in the range

1
§<6<1; o(p+1)>1, (8.2)
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in which 4T is independent of § (Theorem 4.1). For the proof we also need the
additional conditions
d<p; o(p+2)>2. (8.3)

(8.2) and (8.3) can both be satisfied if pu(u+2) > 2, i.e. if u > /3 — 1. The proof of
Theorem 8.1 is given in 3 steps (Lemmas 8.1-8.3 below), where we use the notation
and the results of Appendix C. We also recall

. ot
Ufg}’t — e—th—z fo dsWs(0) ) (84)

Lemma 8.1. Letd <& < p and 0 > 0. Then

whoy = sm(Ug )Xt g0 < O)U, (85)
exists on H.
Lemma 8.2. Ify"¢ =0 and § > 2 then

Wiy = lim (U )7 Urp. (8.6)

Lemma 8.3. IfyTy =0 and

Upp — e HEZ@O 0 (45 o0) (8.7)

for some real phase a(t), then ¢ € Hp(H).

Proof of Lemma 8.1. Since
I[(H +¢) ™ x(t g < O)]I| = O(t™)
it suffices to prove strong convergence of
e = (Uggy) "(H +0) 7 x(t" g0 S O)(H +¢) U
Proceeding as in the proof of Theorem 4.1 we estimate
Bue = (UF5y,) ™ (H + ) (Dix) (H + )y
+ (U0~ (H +¢) 7 Wi (0) = Wi(a)Ix(H + ¢) ' U,

where D; is the Heisenberg derivative for U;. The first term is strongly integrable by
Theorem C.2 and by the argument given in (4.12). The same is true for the second
term since |z| < const. 0" on supp(x (¢~ g¢ < ). Using (6.1) we thus obtain

1(W2(0) = Wi(e)x(t~? g0 < B)]| = O 1),

which is integrable since §’ < p. O
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Proof of Lemma 8.2. Since [y, H"| = 0 it suffices to prove (8.6) for ¢ € D(H).
By Lemma 8.1 we need only show that for ¢y = Uz

lim X(t*‘slgt >0)Y: =0

t—o0

for > 0 or, by (C.5), that

lim (87T 2 61)¢ = 0 (8.8)

for 61 > 0. Since ||dig¢| — 0, vt = 0 implies that T'yypy — 0 for ¢ — oo, and
therefore
lim x (b5 > 61)¢s =0

§—00

for any b > 0. Using this and Lemma C.1 we can estimate

(B, 2 00), = = [ DT, > 01),
< const.(b3s1 730 4 bst D 142,
Setting now s = ¢, b = t'~%" we obtain
(X 7OTy > 01))¢ = O(t*%) + (22 F2))

which vanishes as ¢t — co. Replacing x by x? we arrive at (8.8). |
Proof of Lemma 8.3. Again we can assume that ¢y € D(H™"). Then (8.6) and
(6.2) imply ¢ € D(H) and
1 —1 g iHt,, —iHt \ _ +
0= lim (¢, Uy 7 Up) = lim (p, e ye™00) = (@, 759) 5

where 'y}s is the asymptotic observable yT for the time evolution generated by H.
Since v7; > 0 this implies 77;¢ = 0 and therefore p € Hp(H) by (4.22). O
9. Long-Range Wave Operators

In this section, we prove the existence of the wave operators in the long-range case
for the dynamics U; generated by Hy.

Theorem 9.1. Suppose that (6.1) holds for some u > /3 —1 and n = 2. Then
the wave operators
QF = s-lim U, 'US (9.1)
t—o0 ’

exist on Hy for all a € L and have mutually orthogonal ranges

HEY LHS (a#b). (9.2)

The proof of this theorem uses the results of Secs. 7 and 8. The first step is to
prove the special case a = {0}:



1062 W. HUNZIKER and I. M. SIGAL
Lemma 9.1. Under the hypothesis of Theorem 9.1 the wave operator
: —17700
ero} = iilorgl Ui Uiy (9.3)
exists on Hp(H).

Proof. Let ¥ be an eigenvector of H. Since the time evolution 1; = Ufg} W affects
only the phase of 1 it follows directly that

tlggo Xt g¢ > )| = 0
for 0’ > §. Therefore it suffices to establish strong convergence of
Ut_1X(t76 gt < Q)Uf(c))},t .

This is proven like Lemma 8.1, with the roles of the two propagators inter-
changed. O

Our goal is to prove convergence of (9.1) for a > {0} on the states of the form
P(z) = p(ra)u(z); ¢eC(a’); Hu=u, (9.4)
where ¢ is the Fourier transform of ¢. These states span a dense set in H,.
Lemma 9.2. Under the hypothesis of Theorem 9.1 the limits
Jim Uy ' Ya,tUSSY (9.5)
exist for a > {0} and any 1 of the form (9.4).

Proof. Evidently we can write ¢ = (H, + i)~ 4 with 1 of the form (9.4). Since
H, commutes with Ugf’t we can factorize

U;lyth;"’tw = (U;lVa,tUa,t(H: + ’)_1)((H: +i)U(;t1 (Ha + i)_an,t)(UggUﬁi) .

All three factors are bounded uniformly in ¢. The first factor converges strongly by
Corollary 7.1. The second factor converges to 1 in norm by (6.2), applied to H, in
place of H. Since p, commutes with U, tl Ug% it suffices to prove convergence of the
last factor in H* for each fiber p, = { € a*. Recalling the generators (6.17) this
follows from Lemma 9.1, applied to H* + W, +({t + =®) in place of H;. O

Lemma 9.3. Suppose that (6.1) holds for some p > 0 and n = 2. Then, for
a > {0} and any fized ¢ of the form (9.4), we can choose the Yafaev function g
such that

lim (Uzﬁ)_17a,tU$w =0q |pa| ¥, (Ua > 0) . (9'6)

t—o0
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As a preparation for the proof we discuss the asymptotic form of the quasi-free
evolution in L?(R"):

pr =T3P Q); o = eminlPly

for ¢ € C§°(R™\ {0}). Here

at(p) = /O dsWs(ps),

and Wi(x) is assumed to satisfy (6.1) with g > 0 and n = 2. Then

) . -2
= i)~ n/2 L _ZJ} Y Y 0
pi(x) = (2mit) "/ exp ( 5 ) /dy exp ( — ) exp <_2t ) e (Y) -

The lowest order Taylor expansion of the last exponential leads to

2

o) = 5ia) + Rule)s @) = 0o (50 ) R (5) o

1R ()ll2 < %IIA(GXP(—iat('))¢o(~))||2 =0@™").

@y is the leading term for ¢ — oco. The bound for R; is obtained by estimating
Vau () and Aoy (-) using (6.1). As a result we have

. —_ . (TN |
A [lr —@f| =0 and  lim prt ( ; )% =0. (9:8)
The second limit follows from the first if ¢ is replaced by pgp.

Proof of Lemma 9.3. Given ¢ of the form (9.4) we can choose the Yafaev function
g such that for some £ > 0

ga(m) = o'a|xa| if ze Supp((ﬁ) and |$a| <e
(cf. Lemma A.3). Then
9at(z) = 04lxe| if % € supp(¢) and |z <et
for ¢ > 1. Since
Yat = Var - p+Ot°)
we have

Yo Uaa — Voai - (Papr & e Mu) + Vga - (pr @ e”ptu),

where ¢; is the quasi—free evolution of ¢ in L?(a). Using (9.8) we obtain

La - —i ~ —iM, a
’)’a,tUgﬁﬂ W Va, - (TSOt ®Ke MU) +Vga,- (<Pt ®Ke Mp u) . (9~9)
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The part of this wave function in the region |x*| > et vanishes in norm as ¢ — oo
since u and p%u are in L%(al). In the complementary region we have Vg,; =
04Ta|Te| ™1 € a, so that the last term of (9.9) gives no contribution. Therefore

€T - s
Y030 — 022 © ) — oulpalUz5e 0

Proof of Theorem 9.1. By (9.5) and (9.6)
Wm Uy 'ya Uy = lim U USS0alpalty = QF 0a|palt)
t—o0 ? t—o0 ’

exists. Since o4|p,| maps the class (9.4) onto itself, QF 1 exists for all ¢ in this
class. (9.2) follows from
Jim (U5, Uin) = 0

for a # b and 1, ,1p of the form (9.4). This is readily obtained by using the
asymptotic form (9.7). O
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Appendix A. The Yafaev Construction

In this appendix we describe the analytic construction of g(x) as outlined in Sec. 3.
For a > {0} and o given in accordance with (3.22) we define the cones

Co(0) ={z | oalxal > op|zs| Vb >a};
Ua(0) = {z | 0alza| > ox|2|};

(
Va(o) = {z | oa|za| > oplz| Vb >a}.
)

Evidently V, (o) C Cy(0) C Uy(o) and
2
relU, & (29)? < <1—U—§>x2; reV, e (z9)? < ( ——>x2 Vb>a.
Ua
We note that V(o) and hence C, (o) contains the cone

(@ < i (1~ ”_?) . (A1)

b>a 0'2

Lemma A.1. There exists a choice of o4, a > {0} such that for anb < a,b

Ua(0> n Ub((f) C Vaﬁb((f) .
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Proof. Let 0 < € < 1 and |a| = dim(a). We define o, by

1-—

a).
1 2|a
U—Z:(‘:l | (A2)

Then, for b > a,

2 2lal _ 2|b]
2|al 9% \ _ € € 2|al 2
el >11—-=2)=——-7>¢ 1—¢

( ﬁ) T =

since |b| > |a| + 1. Now we use that
™| < M - max(|a*], [”])

for all z, a, b, where M is a constant depending only on the lattice L (Both sides
are seminorms on X, and |z%| = || = 0 implies = € aNb, i.e. |z?°| = 0). Let
anNb=c<a,band x € U, NUp. Then

|xc|2 < M2 . max(sm“‘,emb‘)f < M282(\c\+1)x2 )
It follows that z € V. (o) if M2e2(el+D) < g2lel(1 —¢2) je. if 2 < (1+ M?)~L. O

Lemma A.1 and (A.1) show that the family of cones C, (o) has all the properties
required by the condition (Y.2) of Sec. 3. Now we fix o as follows. For a > {0} we
set 02 = (1 — e2l*l)=1 in accordance with (A.2), with ¢ in the range

0<e?<(2+ M), (A.3)
Then we fix ofgy (arbitrary large) in accordance with (3.23).

Lemma A.2. Leta > {0} and mq(z) := max(oqoy,0alTal) = ma(ze). Then
(1) If x € Cy(o) then §(x,0) = mq(za).
(ii) ga(z,0) has support in C}(c), where §o(x,0) = 04|Tal0(0a|Ta| — T0})-
(i) If x € Co(0) then §(x,0) = maxp<q(mp(zs)) = §(xa,0) and
g{o}(l‘,d) = 0'{0}9(0'{0} - g(ma,a)) = g{o}(l‘a,a').
(iv) If x € Co(o) and b > {0} then gp(x,0) = 0 unless b < a. In that case
go(@,0) = mp(xp)0me(zy) — §(2a, 0)], in particular go(z,0) = Go(2a,0).

Proof. (i) Let x € Cj;(0) and g(z,0) > ooy (else the statement is trivial). It
suffices to restrict x to the set where the maximal piece of § is unique, i.e.

§(z,0) = op|zs| > oclxc] (A.4)

for some b > 0 and all ¢ # b, which implies © € Cy(0). We have to show that
b=a. b< aisexcluded since z € C*(0). bNa < a,b is equally excluded since
then z € Cynp(0). Finally b > a is excluded since (A.4) states that op|zs| > 04|za]
which contradicts z € Cy(0).

(ii) follows from (i) since the sets C*(o) form a disjoint covering of X, and since
the decomposition of § into maximal pieces is unique. (iii) follows from (i) since

Culo) = | G (0)

b<a
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and since z, = (z4)p for b < a. (iv) follows from (iii) by reading off the maximal
pieces of § on C,(0). O

To perform the regularisation (3.24) explicitly we treat the parameters o, as
variables, restricted to disjoint intervals

o, < 0. <o), (A.5)
which requires o} < o, for b < a. A possible choice is
(02)? = (1= (00)? = (1 —2e%)7!

for a > {0}, with ¢ in the range (A.3). 0'?:0} is fixed with ag)} > 00y > ofVa> {0}.
For a > {0} we define

CE ={z | of|za| > o |zs| Vb > a} (A.6)

so that
C, CCyulo) CcCF (A7)

for all o allowed by (A.5). As in the proof of Lemma A.1 it follows from (A.3) that
chnofcc,, ifanb<ab, (A.8)

so that the functions §(x,o) have the properties listed in Lemma A.2 for all
allowed o.

Now we pick arbitrary weight functions 0 < &, € C§°(o, ,0.), normalized to

[ dséa(s) =1, and we set jo(s) = [°__ dtda(t). The regularisation of §(z,0) is then
defined by

o(z) = / §(2,0) [[ Gele)dor) (A.9)

ceL

and similarly for g,(z). For a > {0} we insert the explicit form

Ga(7,0) = 04|24|0(00|Ta| — U{O}) H 0(0alTal — ovlzsl),
{0} >bs#a

which gives

o) = lnal [ ds siuointsiza) TT v (222])

{0}<b#a

and similarly for gro(z). These formulas only serve to exhibit the smoothness of
the functions g and g,. All the other relevant properties of g and g, follow directly
from Lemma A.2 via (A.14) and (A.16). The result is:

Lemma A.3. The function g constructed above is a Yafaev function with respect
to the cones C; (A.6). Moreover, g has a decomposition (3.25) into smooth functions
Ja with the following properties. There exist constants 0 < 5, and 0 < R~ < Rt
such that
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(i) For a={0}:

supp(gqoy) C {lz| < R*};

gioy(x) = g(0) =G40y if |z] < R™;

9103 (z) = g{oy(zp) on G Vb > {0}.
(ii) For a > {0}:

supp(ga) C {Jz| > R™} N (CJ\ U CJ) ;

b<a
() = 9(0) = kel on €\ L G5
b<a
ga() is homogeneous of degree 1 for |x| > R™;

9a(%) = ga(xs) on C,; Vb > {0}.

Corollary A.1. There exists A > 0 such that:

(i) If a > {0} and x € supp(ga), then |z|, > A|z| > AR™.
(i) Ifa > {0}, b > {0} and z € supp(Vg.) N (C, )*, then

Vgo(z) € b and|z|p > A|z| > AR™.

Proof. (i) follows from

cyn (C;\U C’c> —¢ifbNna<a,
c<a

which is proved like (3.13) using (A.8). (ii) follows directly from the fact that
9a(x) = ga(xp) on C; . O
Lemma A.4. Suppose that f is a function on X which has all the properties of a
Yafaev function except convezity: f is smooth; f(z) = f(z4) near a (in particular
f(z) =0 for |z| < R1); and f(Ax) = Af(x) for |z| > Ry (A > 1). Then there exists
a Yafaev function g such that the Hessians of f and § satisfy

+f"(x) <§'(z) Vaz. (A.10)

Proof. For any fixed y € X, y # 0 we first construct a local bound, i.e. a Yafaev
function g such that (A.10) holds for x near y. Since y € a* for some a > {0} there
exists a Yafaev function g with g(z) = o|z,| near y so that

Mwﬂ%mm

where 7, () is the projection of X into a given by

§—&a— (ma~§)ma,

|za?
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which has rank dim(a) — 1. Since f(x) = f(x,) near y € a, f”(z) also maps X into
a. However, f”(z) may have full rank = dim(a) in the shell Ry < |z| < Rz where
f is not homogeneous. For this reason we first replace g(x) by max(g(y), g(z)) and
regularize this to

3(x) = / dsb(s)[s6(s — 9(x)) + g(2)B(g(x) — 9)],

where 0 < § € C§°(R) is a regularized é-distribution supported near g(y). By
construction g is a Yafaev function with Hessian

g(z)

7'(@) = (1 = mal@)dlol@) + e [ dsi(s). (a)
a —00

which is strictly positive near y. Multiplying ¢ with a suitable constant we thus
have +f"(z) < §"(z) in some neighbourhood of y. Since the Yafaev functions form
a positive cone this estimate extends to all z in the compact shell Ry < |z| < R»
by summing over finitely many local bounds. The resulting estimate then extends

to |z| > Rg by scaling  — Az(A > 0). In fact (A.11) implies

g"(A\z) > const. 7;\753 , while + f”(Az) < const. 7;\753
by homogeneity. For |z| < Ry f”(z) = 0 so that (A.10) is trivial. O

Appendix B. Commutator Expansions

Functions of self-adjoint operators. A convenient operator calculus for
functions f(A) of self-adjoint operators A can be based on a formula given by
Helffer and Sjostrand [23]:

fA) = —— [ (5 - A0 f(2) dedy, (B.1)

2 R2

where z = x + iy;0; = 0y + i0,. Here f is some given complex function on R,
and f a largely arbitrary extension of f to the complex plane, which must be
almost analytic in the sense that it satisfies the Cauchy—Riemann equations on the
real axis:

9:f(2) =0 for z € R. (B.2)
We abbreviate (B.1) by writing:
- B - 1 -
) = [af)E- A dfe) = 5 0 f ) dedy. (B3
For example, if f € C2(R), we can construct the almost analytic extension

f(2) = (f(2) +iyf (@)x(=) (B.4)

in C3(C) by taking x € C§°(C) with x = 1 on some complex neighbourhood of
supp(f).
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Lemma B.1. (B.3) holds for f € C3(R) if f € CA(C) is an almost analytic
extension of f, the integral being absolutely convergent in norm sense.

Proof. 8:f has compact support and vanishes on the real axis, so that |0z f (2)| <
const.|y|. On the other hand, |(z — A)~!|| < |y|~!. Therefore the integral (B.3)
converges absolutely in norm sense, and it suffices to prove that

fot) = /| Ay

converges pointwise to f(t) for t € R as € \, 0. Since (z —t)~! is analytic for z ¢ R
we have 0;(z —t)~! = 0. Therefore we obtain after partial integrations in z and y:

£ = [degita)s alti) = oo+ i)+ -0 =

Expanding f(z £ i€) = f(z) + ief'(z) + O(¢2) we find:

€ 1 2¢(x —t)

Gt %f/(m) GoDire + O(e).

gt ) = ~ f(2)

The second term is bounded by (1/27)|f'(x)| and vanishes pointwise for = # ¢ as
€ — 0. Therefore

hm fe(t) = lim — /dxf = f(t). O

eNO T ) +€2

Now let f € C"*2(R) for some n > 0. Following [28] (see also [6]) we generalize
(B.4) by constructing the almost analytic extension

fo=x(4 )if , (B.5)

where (z) = (14 22)"/2;x € C§°(R) and x = 1 on some open interval > 0. From

n+1 ( )n+1

s Zf(k) —_f(n+2)( )m,

on(2)- () (- )

we obtain the estimate:

o270 < v () 2 e +i o (L) 4| ||,

(B.6)

where p(t) = |x/(¢)|(t) has compact support Z 0. Therefore:

n+2

/ dy |0 F(2)| [y 71 < const. 3 (@) £ 9 (@)
k=0
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since the integrability of the first term in (B.6) against |y|™?~! requires p < n.
Defining the norms

1fllm = / da ()™ () (B.7)

we obtain
B n+2
/ldf(Z)| tm(2)| 7~ < const. Y [ f*[lr—p-1 (B.8)
k=0
for p=0---n, provided that
1F®|x—p_1 < o0 for k=0---n+2. (B.9)

Lemma B.2. Let f € C"*2(R),n > 0, and suppose that (B.9) holds for p =
0---n. Let f(z) be given by (B.5). Then

0@ = [afe)e - 4y (B.10)

forp =0---n and for all selfadjoint operators A, where by (B.8) the integral con-
verges absolutely in norm sense and is bounded uniformly in A.

Proof. To prove (B.10) we first assume f € C72(R). Then d2f(z) is an almost
analytic extension of f(P)(z) in the sense of Lemma B.1, so that

) = [dopfen e - a7t =t [ af) e - a7
by partial integration in z. Now let f € C""2(R) obey (B.9). Then (B.10) holds

for f replaced by fi(z) = f(z)x(z/m), x € C§°(R) with x(z) = 1 near x = 0. It
is easy to see that

lim |[f® — B 1=0; k=0---n+2.
m—roo

Moreover, £ (x) is uniformly bounded in terms of || Fl) llo and converges point-
wise to f(P)(z) as m — oo. Therefore (B.10) is preserved in this limit. O

Commutator Expansions. Now we derive expansion formulae for commutators
with remainder whose prototype was introduced in [45] (see also [2] for a different
version). We consider two bounded operators H and A = A*. Multiple commuta-
tors are defined recursively by

ady) (H) = [ad ™V (H), A];  ady) (H)=H.

Then
[H,(z = A= (2= A)7'[H A (= - A) 1, (B.11)

and more generally:

[ad¥ Y (H), (z— A7 = (z— A adP (H)(z — A)7". (B.12)
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Starting from (B.11) we use (B.12) to commute the rightmost resolvent (z — A)~*
systematically to the left, obtaining:

n—1
[H, (== )7 =Y (2= A7 ady) + (2 — A)"ad{) (H)(z - A7 (B.13)
k=1

Let f € C3°(R), and let f be the almost analytic extension (B.5). From (B.13) and
Lemma B.2 we find the commutator expansion:

n—1

H, 7)) = Y 2 FO(A)ad) () + Ry

k=1
Ry = / dF(2)(z — A)"ad™ (H)(z — A)~! (B.14)
with the estimate
n+2
1R < const.ad” (E) | S F® i - (B.15)
k=0

Similarly, we could have commuted the resolvents (z — A)~! systematically to the
right, arriving at

()] = 3 (1) ad ) (1) 19 (4) 4 R
k=1
R, = (—1)"! /df(z)(z — A tad(H)(z— A (B.16)

and with the same estimate (B.15). Combining the two expansions we also find a
useful symmetric form for n = 2:

[H, £(A)] = 31 (A)adD(H) + adD f/(A)] + Ro (B.17)

Ro =3 [dF@) - 476~ ) adD () - 2) !

1 ~
= /df(z)(z —A)ad (H) (2 — A) 2. (B.18)
As in the proof of Lemma B.2, these expansions extend to all bounded C'*°—functions
f with bounded derivatives, as long as the norms arising in (B.15) remain finite.

Commutator Estimates. We will often deal with commutators of the form
[9(H), f(A)] for unbounded selfadjoint operators H, A. We assume that g € C§°(R).
Then the representation

lg(H), A] = / 45(2)(= — H)\[H, A)(z — H)! (B.19)
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requires an almost analytic extension g(z) of the form (B.5) with n > 1. The
integral is well defined if [H, A] is H-bounded, since then

ILH, A)(z — H) 7| < const.(1+ |z[)|Im(2)| ",

where the factor |z| is harmless since § has compact support. Similarly, we can deal
with
k ~ k _
ad (o) = [ dg(ead (=~ 1)), (8.20)

writing out
dY((z—H)™Y) = (z— H) 'ady) (H)(z — H) 4
ady’((z = H)") = (z = H) "ady (H)(z — H) ™"
add) (2 = H)™1) = 20z = H)~ad}y) (H)(z = H) " ady) (H) (= = )™
+ (2 — H) " ad$) (H)(z — H)™*;
and so forth. Therefore, if adff) (H) is H-bounded for 1 < k < n, we have
lady” ((z = H)™1)|| < const. > [Im(z)| 77~
p=1

on supp(g). To use (B.20) we take an almost analytic extension §(z) of the form
(B.5) for the given n, which leads to a bound:

n nt+2

lad$ (g(E))]| < const. Y~ 1lg™ lk-p-1 - (B.21)
p=1 k=0
Now we can discuss
lg(H), £(4)] = / df(2)(z — A) Y g(H), Al(z — 4)~". (B.22)

If [H, A] is H-bounded, then [g(H), A] is bounded. f(z) can be taken of the form
(B.5) with » = 1, and the convergence of the integral (B.22) requires that

£ ®||5_2 < 00 for k=0---3. (B.23)

This already allows f(z) to grow like |z|P with p < 1, if also ) (z) = O(|z[P~*)
for k < 3. Suppose now that adff)(H) is H-bounded for k < n. Then adff) (9(H))
is bounded for £ < n and we can represent the commutator [g(H), f(A)] by an
expansion, like

lg(H), £(A)] = Y- 5D (A)ad (g(H)) + R

Ro= [ df(:)e — AP - )7 (B2
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Here f(z) must be of the form (B.5) for the given n, but the convergence of the
integral only requires that

[f®[j—p_1 <oo fork=0---n+1. (B.25)

This allows f(z) to grow like |z|?, p < n, with corresponding slower growth of the
derivatives.

Appendix C. Estimates for the Long-Range Case

Here we derive additional propagation estimates for the dynamics U; : ¥ —
generated by Hy = H + W;(z). These estimates are used in Sec. 8 and (indirectly)
in Sec. 9. They are based on the hypothesis

VI, (z) = O(|z|;#7Y);

0) . C.
VW;(z) < const.(14 |z|)~#~1 Vit (k>0) (C.1)

Roughly speaking we show that the region of ballistic motion can be decoupled from

that of a subballistic one (Theorem C.2 and its consequence). This is used in Sec. 8

in order to conclude that the subballistic part of any orbit is a bound state of H.
We pick the scaling parameters § and ¢’ in the ranges

2
§<6<1; S(u+2)>2, d<d <1. (C.2)

We also define 1
Iy = Y+ — 8tgt = §(vgt “p+p- th)y
1 (C.3)
K = §P2+1; llle = (1Yl + [ H
and we will use (1.16) to estimate || K| < const.||¢||z. With x(z < 6) we denote

any smoothed characteristic function of the type shown in Fig. 6; in particular
supp(x) C (—o0,6] and 0 > x’ € C§°(R).

1
X(x<0)

Fig. 6.

If A is a selfadjoint operator then x(A < ) is the corresponding “function” of
A, and x(A > 0) is defined analogously. To estimate commutators involving such
operators we will use the methods of Appendix B. The results of Appendix C are:

Theorem C.1. Let 0 < 60; < 6. Then, for large t and all ¢ € D(H)
IX(# 0Ty < 0)x(t g0 > 0)¢ir”

< (¢ gs = O)$||* + const. [ ¢[|F (o> 0). (C.4)
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Remark. ¢’ > § implies that X(t*‘s'gt > 6) — 0 strongly as t — oo. Therefore it
follows from (C.4) that

tlim X(tlf‘s/I‘t < 01)X(t*5lgt >0) =0.
—00

This is equivalent to

lim x (£ g: > 0)x(t' 0Ty < 0,)¢; =0 (C.5)
t—o0
since ||[t'9Ty, % g,]|| < const. 172" = 0. (C.6)

Theorem C.2. Let 0 > 0. Then for large t and with p > 1
6
Dix(t% g >0) = +By(t) + O(t™") (C.7)
k=1

in form sense on D(H), with an appropriate sign £ for each k. The quadratic forms
By (t) are positive and satisfy

/100 dt(By(t)): < const.||¢||%, V4 € D(H). (C.8)

The symbol O(t~") denotes a form on D(H) with
{O(t™P))y| < const. tP[w]F (0> 1) (C.9)

for large t and all ¢ € D(H).

Proofs. To prepare the proof of Theorem C.1 we introduce a variable s € RT and
we consider the form

By(s) = fxf; f=F(""(gs—ct); x=x(Ts), (C.10)

on D(H), with real parameters b > 0 and ¢ to be adjusted later as functions of s.
f and x are smooth characteristic functions depicted in Fig. 7:

Fig. 7.

Our strategy is to estimate the form

Dy®@4(s) = f(Dex)f + ((Def)xf + adjoint) (C.11)
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for 0 < t < s (s large), and then to use this estimate to derive the desired
bound for

(@5(8))s = (Po(s))o +/Os dt(D;®4(s))¢ - (C.12)
Lemma C.1. For s sufficiently large and for all ¢ € D(H)
(Dix)y < const. (35739 4 bs 0D ||| (C.13)
with the constant independent of t, ¢, b and s.
Proof. Let x be such that |y/|'/? € C§°. We write
Dix=i[Hy, x| =A+B; A=i[K,x]; B=i[V+W,x|. (C.14)

Estimate of A: the symmetric expansion (B.18) for K 'AK~! = —i[K 1 x] reads
b
K TAK! = —§(X'i[K*1, I's] + adjoint)

i

3

/ d5(2)(z — I02) “2ad® (K1) (z —IT,) 2. (C.15)
To estimate these terms we note that
ad{?) (K) = puG®), ()pn + GO (2),

where G%,)l(x) and G (z) are polynomials of derivatives of g,(z), supported in
{|z| > s°} and homogeneous in z of degree —k and —(k + 2), respectively, for large
|z|. This leads to

HK’ladéi)(K)K’lﬂ < const. s7% and (C.16)
||adg?(K_1)H < const. s79 '

Therefore the second term in (C.15) is of order 5>s~3 in norm as s — co. The first
term is symmetrized using x’ < 0 and

1
—§X'i[K_1,bFs] + adjoint = |x'[*/2i[K L, bT]|x'|/?

(X [M2, [ [M2, 4K bL]))

N~

+
By (C.16) the multiple commutator is of order b3s~3° in norm. Finally, using
1
i D) = —KH[K DK = — K (pglp — ;A% ) K

and A%g, = O(s39) we arrive at

K—lAK—l _ _Q + O(bs—36 + b38—35)
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in norm as s — oo, where
Q =bxX'|'2K " (pg"p) K |X'['* > 0.

Therefore
(A)y = —(P)y + O(bs™ +b°s™%)||y|3 (C.17)

on D(H), where P = KQK is a positive quadratic form.
Estimate of B: By (C.1) the commutator in the representation

B= zb/df((z)(z — D) HV + Wy, T (2 — bL) ~*

is of order s~ 9+ in norm. Therefore
|B|| < const. bs~ 1+ (C.18)

uniformly in ¢ if s is sufficiently large. (C.13) now follows from (C.17) and
(C.18). O

Lemma C.2. Ifbc > 0, then
(Do f)xf + adjoint),, < const. bs=2 |2 (C.19)
for all ¢y € D(H), uniformly in t.

Proof. Since f = f(s % (gs — ct)) is a function of 2 we can easily compute Dy (f)
with the result
Dyf = s (f)? - (Ts = o) - (F)V2, (C.20)

where we have used that f’ > 0 and that the commutator of I'; with a function of
x is again a function of z. In particular, i[['s, gs] = (Vgs)? is bounded uniformly in
s so that

I[(F)M2, x(bT)]|| < const. bs~" .

Using this we arrive at
(Def)x = s (f)/2x(Ts) - (Ts — ) - (f)V/2 + O(bs™) 5
(Def)xf + adjoint = s~ fix(bTs) - (Ds — ¢) - f1 + O(bs™ "), (C.21)

where f2 := (f2)’. (C.19) now follows by observing that x(bT's) - (I's —¢) < 0 if
be Z 91. O

Proof of Theorem C.1. By (C.13) and (C.19)
(D;®4(s))+ < const.(b>s™3° 4 bs Wt 9|12,
uniformly in ¢. From (C.12) we thus obtain

(®y(5))s < (Po(s))o + const.(b>s 739 4 bst 0 HD) 14|, . (C.22)
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Now we fix b= s'"%; ¢ = 0,5 ~1. Then (C.22) reads
(Ds(s))s < (Po(5))o + const. s 7[[¢[|3,

where p = min(66 — 4, 5(u +2) — 2) > 0. Replacing s by t and x by x? we arrive at
(C.4). O

For the proof of Theorem C.2 we consider f = f (t*‘s'gt) with the function f
shown in Fig. 8 (we identify f2 with the function x(t~% g; > ) of (C.7)).

f

Fig. 8.

Our task is to decompose D;(f?) into a sum of positive and negative quadratic
forms in the sense of (C.8). Like (C.20) we find

Di(f2) =t fy - (0T — 6t g+t Oygy) - f1, (C.23)

with f2 = (f?)’. The first step of the decomposition is achieved by inserting a
partition of unity

3
1 = Zxk(tliélrt),
k=1

with functions xj as shown in Fig. 9.

Fig. 9.

The parameters 61 - - - 65 will be selected in the course of the proof. (C.6) allows
us to write

3

Dy(f) =3t i (0T = 0t g) - x T h O (C.24)
k=1
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with O(¢77) defined in (C.9). For the same reason the factors Xllc/Q and f1 can
be freely commuted modulo contributions to O(¢~*), a fact we shall use without
comment in the analysis below. The task of proving Theorem C.2 is now reduced
to prove (C.7) separately for each term in the sum (C.24).

Let x be one of the functions x1, x2 appearing in (C.24) and let A; = -9,
In what follows we have to compute 9;x(A:). We would like to do that using the
functional calculus of Appendix B via

8,5(2 - At)71 = —(Z - At)il(atAt)(Z - At)71 .

In general this expression is ill-defined as an operator (or form) on D(|p|) since
we cannot expect that (z — A;)~! maps D(|p|) into itself. To clarify this point we
observe that the commutators

[k, Ar] = 7079 (Crepe + Ch)

are first-order differential operators with bounded coefficients Cye(z,t), Cik(z,t).
Therefore the operators By (z) = pr(z— A¢) ~1(1+|p|)~* obey the coupled equations

Bi(2) = (2 — A) " 'pr(L + [p) 7"
+ (2= A) T Oz = AT+ )
+(z— A) U CruBu(2) .
This system can be solved by iteration for large ¢ in the region
Imz| >t e<d+d -1, (C.25)
with a resulting estimate
llpe(z — A)) (1 + |p|) 7| < const.]Tm z|~*. (C.26)
Guided by this result we approximate the function x(s) by
xi(s) = x(s) — Xe(s);
%i(s) = CXOICED (.27)
[Tmz|<t—<
where X(z) is the almost analytic extension of x(x) defined by (B.5) with n arbitrary
large. Since x’(s) has compact support it follows from (B.5) and (B.6) that
Xt(s) = const. / dedyx " (2)y" T (@ + iy — s) (C.28)
ly|<t—e

for ¢ sufficiently large. In particular, ¥:(s) (which depends on n) has arbitrary fast
time-decay
sup |x¢(s)| < const. t7 "¢ (C.29)
s

for large t.
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The benefit of the approximation (C.27) is that — in contrast to x(A;) — the
operator x:(A;) has a time derivative for large ¢ given by

Dxa(Ar) = — / 0(2)(z — A) @A)z — A) T HO(ET)  (C.30)

Imz|>t—¢

on D(|p|), where
QA= (1 -8t A + =9 9,T, .

To prove this we first remark that the integral in (C.30) is convergent due to (B.6)
and the estimate (C.26). Next we note that the formula

1

L e (Aesn) — xe(An)] = - / AR — Avgn) !

. (Apyn — Az — A)~!

S| =

[Imz|>t—¢

holds on D(|p|) if x € C§°(R) and extends (as a strong limit on D(|p|)) by continuity
in x to our case where only x’ € C§°(R). For h — 0 this shows the existence of the
first term in

Ot (xt(A¢)) = 0s(xt(As))s=¢ — (Oexe)(Ar),

while the second term is of order t~"¢~¢~1 by (C.28). This proves (C.30). As our
principal tool we first estimate the form

Di(fxtf) = f(Dexe) f + ((Def)xe f + adjoint) ,

where x is one of the functions x1, x2 in (C.24), x; = x+(A;) and f = f(t*‘s'gt) as
before. Since x} and x5 have opposite signs we distinguish two cases:

Lemma C.3. Let £’ > 0. Then, correspondingly,
FDixe)f =P+ (1= Gt o Tf +O(t™), p>1, (C.31)

on D(H), where P is a positive quadratic form on D(H), and where O(t™") is
defined by (C.9).

Proof. The first part of the proof is almost the same as the proof of Lemma C.1.
Compared with (C.14) we now have

DtXt = A+B+C
with
A=ilK,xil; B=ilV+ W, xil

and with the additional term C' = 9;x;. Due to (C.29) the contributions of A and
B can be estimated as before with x; in place of x, replacing s by ¢, b by 179" and
taking the sign of x’ into account. Corresponding to (C.13) the resulting error is
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of order ¢t~* with p = min(6d — 3,0(u +2) — 1) > 1. For the extra contribution of
C = Oyx+ we obtain from (C.30):

fOixt)f =D+ E, where (C.32)
D= —(1—8) 154 / 4¥(2)(2 — A2 f + O(t=™)
|[Imz|>t—¢
= (1=t fAX (A)f +0(™); (C.33)
E=tf [ dx@) - 40 A e - A)HOT)
|[Imz|>t—¢
(2= A) 7S Ad(z - AT (C.34)

In the last expression we used that f - (6,t) = 0 (i.e. dzg+ = 0 on supp f) for
large t. As a quadratic form on D(H), E is of order ¢~ * in the sense of (C.7) with
p =58 —2 > 1. This follows from the estimate (C.26) since 9;I'; is of order ¢~ 1

relative to |p| and since ||[Ay, f] is of order t'~29". Consequently we have
f(@txt)f = (1 — 6I>t_1fAtXI(At)f + O(t_p) (C35)

with p > 1, which together with the remark above concerning the terms A and B

implies (C.31). O

Lemma C.4. Let f2 = (f?)". Then

(Def)xef + adjoint =t~ fyx /2 (10T, — 6t g) - x"/2f1 + O(t"). (C.36)

Proof. Here x; can be replaced by x within the error O(t~*), p > 1. Then the
estimate (C.36) corresponds to (C.21). The only difference in the proof is that now

Ouf = =0t g+ 477 f'Ouge,
where the last term vanishes exactly for sufficiently large ¢. O

Proof of Theorem C.2. By the results so far we have for +x’ > 0:

Di(fxef) = £P (P=0)
+ (1=t L] (0T - f
(=90 ] 0T - o
+t—1f1X1/2 . (t1—6 Ft _ 5/t—5 gt) . X1/2f1
+0(t™7) (p>1).
Now we can decompose each term of the sum (C.24) in the sense of (C.7):
Term (k = 1): We introduce two quadratic forms
By =t fix1- (61 —t'70Ty) - fu;
' (C.38)

By =t f1 - (8t g, — 01) - fuxi?.
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Clearly
Term (k=1)=—-B; — Bs.

We observe that x1 - (61 — tlf‘s'I‘t) > 0 due to the support of x;. Since according
to Fig. 8
0<t g <0+e

on supp(f1), we also have fi - (8t % g, — 01) - f1 > 0 by choosing 0 < 6; < 6.
Hence B; and Bs are positive.
Next, since ¥} < 0 and |x}[t'~%'T; > 0 we obtain from (C.37)

Di(fOx)ef) <t (70T = 8t g) -t P O
= —t1fix1- (6 — tlfélrt) -fi

—t P (0 g - 01) - P FO(E). (C.39)

Now (C.39) shows that the two positive quadratic forms By and B are integrable
in the sense of (C.8).

Term (k = 2): Choosing 2 > 6'(6 + €) we find in the same way
Term (k=2) = B3+ Bs+0O(t™?),
By =t fixy/” (1T — 62) - xy " fu s
Byi=t"xa 2 f1- (02— 8t g) - fixa’? (C.40)
In addition we also conclude from (C.37) that

Di(f(x2)ef) = (1=t foy - (£70Ty) - £+ O(t77),
which gives

/ dtt= (fxot" " Ty f)¢ < comst.||v]|% . (C.41)
1

Term (k = 3): Here we exploit (C.41) and the fact that

X2(z) = /x dsxs(s)

— 00

has the same general form as x, but with support [f3,+0c0). Hence, replacing f by
a function f shown in Fig. 8 such that 65 > §'(6 + ¢), (C.41) takes the form

/ dtt= (fxst' Ty f)e < const. ||| . (C.42)
1

Since § < # we also have f; < const. f, so that

fixs - (E170Ty) - fi < const. fxz- (t7Ty) - f+O(t™").
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Therefore (C.42) implies

/ At (fixs - (70 Te) - f)e < const. | ]|%
1

and since xs - (£179Ty) > 33

/ dtt™ (fixafi)e < const.||v]|F;
1

o0
/ dtt_1<xé/2f1 (7 g0) 'leé/2>t < const. [[¢]|7; .
1

From this we obtain directly

Term (k=3) = Bs — Bg+ O(t™");
Bs =t fixa - ((10TY) - fu;

Bs =t f1- (6 g1) - fixa (C.43)

with the forms Bs and Bg positive and integrable in the sense of (C.8). This
concludes the proof of Theorem C.2. O
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