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Abstract. This paper forms part of a larger work where we prove a conjecture of Deser
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1 Introduction

The present paper complements the monograph [3] and also [1} 2, 4L [5] in proving a conjecture of
Deser and Schwimmer [I5] regarding the algebraic structure of “global conformal invariants'l.
Here we provide a proof of certain lemmas which were announced in the second chapter of [3].
The proofs of these claims do not logically depend on material appearing elsewhere in this entire
work.

For the reader’s convenience, we briefly review the Deser-Schwimmer conjecture.

We recall that a global conformal invariant is an integral of a natural scalar-valued function
of Riemannian metrics, f 1n P(9)dVy, which remains invariant under conformal re-scalings of
the underlying metridd. More precisely, P(g) is assumed to be a linear combination, P(g) =
> e aiCl(g), where each C'(g) is a complete contraction in the form:

contrl(V(ml)RQ@"'®V(mS)R). (1.1)

Here each factor V(™ R stands for the m" iterated covariant derivative of the curvature ten-
sor R. V is the Levi-Civita connection of the metric ¢ and R is the curvature associated to this
connection. The contractions are taken with respect to the quadratic form ¢%. In the present
paper, along with [3, 5] we prove:

Theorem 1.1. Assume that P(g) = > ,c; aiC'(g), where each C'(g) is a complete contraction
in the form (1), with weight —n. Assume that for every closed Riemannian manifold (M™,g)
and every ¢ € C°(M™):

/LP(e2¢g)dVez¢g:/ LP(g)dVg

LA formulation of the conjecture which is closer to the mathematical terminology used here can also be found
in [23].

2See the introduction of [3] for a detailed discussion on scalar Riemannian invariants and on applications of
the Deser—Schwimmer conjecture.
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We claim that P(g) can then be expressed in the form:
P(g) = W(g) + div;T"(g) + (const) - Pfaff(R;;x;). (1.2)

Here W (g) stands for a local conformal invariant of weight —n (meaning that W (e*?g) =
e "W (g) for every ¢ € C®(M™)), div;T'(g) is the divergence of a Riemannian vector field
of weight —n + 1, Pfaff(R;;1;) is the Pfaffian of the curvature tensor, and (const) is a constant.

Remark. The notion of a “global conformal invariant” is closely related to the algebraic
structure of conformal anomalied), which were the motivation of Deser and Schwimmer [I5] (see
also especially [23]); however the tWO notions are not identical: very broadly speaking, a confor-
mal anomaly represents the failure of an action that depends on a metric g to be conformally
invariant. A well-studied such anomaly (which directly gives rise to the global conformal inva-
riants we study here) is considered in [23] in the context of the AdS-CFT correspondence; it
is the renormalized volume A of a Poincaré-Einstein metric (X ntloh) With conformal infinity
(M™,[g]), when n is even. In that setting if § = 2¢g, then A f i P(g)9dVy. Furthermore
as noted by Henningson-Skenderis [23], the integral [ wun P dV is a global conformal invariant
in the sense described above. (This fact was noted in ﬂZ{ﬂ on general grounds; Graham in [21]
showed the conformal invariance of | 1 P(g)dVy by explicitly studying the conformal variation
of the renormalized volume.) Thus, the decomposition (2] that we derive for P(g) corresponds
to a decomposition of the integrand in the conformal anomaly; this conforms with the stipulation
of [IZ{HH

We now digress in order to discuss the relation of this entire work (consisting of the present
paper and [3 [4] 5]) with classical and recent work on local invariants in various geometries.

Local invariants and Fefferman’s program for the Bergman and Szeg6 kernels.
The theory of local invariants of Riemannian structures (and indeed, of more general geometries,
e.g. conformal, projective, or CR) has a long history. The original foundations of this field were
laid in the work of Hermann Weyl and Elie Cartan, see [26] 14]. The task of writing out local
invariants of a given geometry is intimately connected with understanding which polynomials in
a space of tensors with given symmetries remain invariant under the action of a Lie group. In
particular, the problem of writing down all local Riemannian invariants reduces to understanding
the invariants of the orthogonal group.

In more recent times, a major program was initiated by C. Fefferman in [16] aimed at finding
all scalar local invariants in CR geometry. This was motivated by the problem of understanding
the local invariants which appear in the asymptotic expansions of the Bergman and Szego
kernels of strictly pseudo-convex CR manifolds, in a similar way to which Riemannian invariants
appear in the asymptotic expansion of the heat kernel; the study of the local invariants in the
singularities of these kernels led to important breakthroughs in [§] and more recently by Hirachi
in [24]. This program was later extended to conformal geometry in [I7]. Both these geometries
belong to a broader class of structures, the parabolic geometries; these are structures which admit
a principal bundle with structure group a parabolic subgroup P of a semi-simple Lie group G,
and a Cartan connection on that principle bundle (see the introduction in [I2]). An important
question in the study of these structures is the problem of constructing all their local invariants,
which can be thought of as the natural, intrinsic scalars of these structures.

In the context of conformal geometry, the first (modern) landmark in understanding local
conformal invariants was the work of Fefferman and Graham in 1985 [I7], where they introduced
their ambient metric. This allows one to construct local conformal invariants of any order in

3These are sometimes called Weyl anomalies.
1See also interesting work of Boulanger in [I0] on Weyl anomalies which satisfy the Wess-Zumino consistency
conditions.
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odd dimensions, and up to order 7 in even dimensions. A natural question is then whether all
invariants arise via this construction.

The subsequent work of Bailey—Eastwood—Graham [8] proved that this is indeed true in odd
dimensions; in even dimensions, they proved that the result holds when the weight (in absolute
value) is bounded by the dimension. The ambient metric construction in even dimensions was
recently extended by Graham—Hirachi, [22]; this enables them to identify in a satisfactory manner
all local conformal invariants, even when the weight (in absolute value) exceeds the dimension.

An alternative construction of local conformal invariants can be obtained via the tractor
calculus introduced by Bailey—Eastwood—Gover in [7]. This construction bears a strong resem-
blance to the Cartan conformal connection, and to the work of T.Y. Thomas in 1934 [25]. The
tractor calculus has proven to be very universal; tractor bundles have been constructed [12] for
an entire class of parabolic geometries. The relation between the conformal tractor calculus and
the Fefferman—Graham ambient metric has been elucidated in [13].

The present work, while pertaining to the question above (given that it ultimately deals
with the algebraic form of local Riemannian and conformal invariants), nonetheless addresses
a different type of problem. We here consider Riemannian invariants P(g) for which the integral
f A P(9)dVy remains invariant under conformal changes of the underlying metric. We then
seek to understand the algebraic form of the integrand P(g), ultimately proving that it can be
de-composed in the way that Deser and Schwimmer asserted. It is thus not surprising that the
prior work on the construction and understanding of local conformal invariants plays a central
role in this endeavor, both in [3] and in the present paper.

Index theory. Questions similar to the Deser—-Schwimmer conjecture arise naturally in index
theory; a good reference for such questions is [9]. For example, in the heat kernel proof of the
index theorem (for Dirac operators) by Atiyah—Bott—Patodi [6], the authors were led to consider
integrals arising in the (integrated) expansion of the heat kernel over Riemannian manifolds of
general Dirac operators, and sought to understand the local structure of the integrandﬁ. In
that setting, however, the fact that one deals with a specific integrand which arises in the heat
kernel expansion plays a key role in the understanding of its local structure. This is true both
of the original proof of Patodi, Atiyah—Bott—Patodi [6] and of their subsequent simplifications
and generalizations by Getzler, Berline-Getzler—Vergne, see [9].

The closest analogous problem to the one considered here is the work of Gilkey and Branson—
Gilkey—Pohjanpelto [I9,11]. In [19], Gilkey considered Riemannian invariants P(g) for which the
integral [ 1 P(9)dVy on any given (topological) manifold M™ has a given value, independent of
the metric g. He proved that P(g) must then be equal to a divergence, plus possibly a multiple of
the Chern—-Gauss—Bonnet integrand, if the weight of P(g) agrees with the dimension in absolute
value. In [II] the authors considered the problem of Deser—Schwimmer for locally conformaly
flat metrics and derived the same decomposition (for locally conformaly flat metrics) as in [19].
Although these two results can be considered precursors of ours, the methods there are entirely
different from the ones here; it is highly unclear whether the methods of [19] [IT] could be applied
to the problem at hand.

We next review the postponed claims that we will be proving here.

In Section 2 we recall from [3] that P(g) is thought of as a linear combination of complete
contractions involving factors of two types: iterated covariant derivatives of the Weyl tensor
and iterated covariant derivatives of the Schouten tenso. In other words, we write P(g) =

SWe note that the geometric setting in [6] is more general than the one in the Deser—Schwimmer conjecture:
In particular one considers vector bundles, equipped with an auxiliary connection, over compact Riemannian
manifolds; the local invariants thus depend both on the curvature of the Riemannian metric and the curvature of
the connection.

SWe refer the reader to the introduction of [3] for a definition of these classical tensors. The Weyl tensor is the
trace-free part of the curvature tensor and is conformally invariant, while the Schouten tensor is a trace-adjustment
of the Ricci tensor (and is not conformally invariant).
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e wCl(g), where each C'(g) is in the form (I3) below. (Recall from the introduction in [3]
that all complete contractions in P(g) are assumed to have weight —n.)

In Section 2 we prove certain special cases of Propositions 2.3.1, 2.3.2 from Chapter 2 in [3]
that were postponed to the present paper; these are contained in the next lemma:

Lemma 1.1. Let P(g) be a Riemannian invariant of weight —n such that the integral [,,.P(g)dVj
is a global conformal invariant. Assume that P(g) is in the form P(g) = > ,c; aiC'(g), where
each C'(g) is a complete contraction:

contr (VMWW - @ V™MW e v@pg ... v p). (1.3)

Let 0 > 0 be the minimum number of factors among the complete contractions C'(g), | € L.
Denote by L, C L the corresponding index set. We then claim that if o < 2, there exists a local
conformal invariant W (g) and a Riemannian vector field T*(g) such that:

P(g) = div;T(g) )+ Z a;CY(g)
lel!

where each C'(g), 1 € L in the r.h.s. is in the form ([[3) and has at least o+ 1 factors in total.

In Section [ we prove the remaining claims for Lemmas 2.5.4, 2.5.5 from Chapter 2 in [3].

Recall the setting and claim of Lemma 2.5.4 in [3]. We recall some definitions. Recall
first that given a P(g) for which [, P(g)dV, is a global conformal invariant, we let I7(¢) to
be the s conformal variation of P(g): I§(¢) = L e P(eg). I (1,05 9s) is obtained
from I7(¢) via complete polarization:

dS

15(7/117---7%) = m

( wl+ +)\5¢8)

A1=0,... As=0 7

We recall that since f un P (9)dVy is a global conformal invariant,

| T bdv, =0

for all)y, ... s € C°(M™) and all metrics g. We also recall that by virtue of the transformation
laws of the curvature tensor and the Levi-Civita connections under conformal transformations,
I3 (11,...,1s) can be expressed as a linear combination of complete contractions in the form:

contr(Vfl"'ny(ml)Rijkl Q- Vgl"'gpv(mr)Rijkl
® Vv VR @ - @ VIV ) Ricy;
& V-t V(ul)ﬂh R ® Vcl"'ctSV(US)d)s), (1.4)

with the conventions introduced in Chapter 2 in Bﬂﬁ In each factor V/1--fy Vg’T.).rmRijkh each of
the upper indices /1, ...,/ contracts against one of the indices ris- -1, while no two of the in-
dices r ...,y contract between themselves. On the other hand, for each factor V¥1--¥V a aul/Jh,
each of the upper indices ¥, ..., ¥ contracts against one of the indices 4,, ..., q,- Moreover, none
of the indices 4, . .. ,q, contract between themselves. For the factors V*1*r Vg{)”tu Ric;j, we im-
pose the condition that each of the upper indices 1, ..., * must contract against one of the lower
indices ¢,,...,¢,,i,j. Moreover, we impose the restriction that none of the indices ¢,,...,¢,,4;
contract between themselves (this assumption can be made by virtue of the contracted second
Bianchi identity). We recall some important definitions:

"Note in particular that r is the number of factors V(m)Rijkl, q is the number of factors V(d)Ric, and s is the
number of factors V(“)z/)h.
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Definition 1.1. We recall that for complete contractions in the form (IF]), § stands for the
number of internal contractionsﬁ, where we are also counting the internal contraction (¢,,) in
each factor V(p)Ricij = V(p)R“mj and the two internal contractions in each factor R = R .
We also recall that for such complete contractions, |A| stands for the total number of factors Ay,
and R in (L4). We also recall that a complete contraction in the form (L.4)) is called “acceptable”
if each factor v, is differentiated at least twice. Also, partial contractions in he form (L4]) are
called acceptable is each vy, is differentiated at least twice.

Furthermore, we recall that among the complete contractions contr(- -+ ) in I5(¥1, . .., 9s) with
the minimum number ¢ of factors in total, p is the minimum number of internal contractions.
We also recall a definition we have introduced for complete contractions of in the form (L4):

Definition 1.2. Consider any complete contraction Cy(t1,...,1,) in the form (IF]) with o
factors. If Cy(¢1,...,1s) has ¢ = 0 and § = p it will be called a target. If Cf](?h, ..., 1) has
g =0 and 6 > u, it will be called a contributor.

If Cy(4p1,...,1s) has ¢ > 0 and § > p we call it 1-cumbersome. We call Cy(v1, ..., ;)
2-cumbersome if it has ¢ > 0 and § = p and the feature that each factor V“l---atvﬁf?,%mcij has
t > 0 and the index ; is contracting against one of the indices **,..., .

Finally, when we say Cy(11,...,1,) is “cumbersome”, we will mean it is either 1-cumbersome

or 2-cumbersome.
Definition 1.3. We denote by ZjeJ ang(q/Jl,...,ws) a generic linear combination of con-

tributors. We denote by fer afC'g (11,...,1s) a generic linear combination of cumbersome
complete contractions.

We have then derived in Chapter 2 in [3] that I, ;(1/11, ..., 1) can be expressed in the form:
I§(¢17 s 771Z)S) = Z alcgly’b(wlv tee 771Z)S) + Z%ngl, s 771Z)S)

l€L, jed
+ Z ang(wl, o ¥s) + (Junk). (1.5)
fer

(We recall from Chapter 2 in [3] that ZleLu alC’é’Lwl, ...,%s) in the above is a specific linear
combination of targets, which is in precise correspondence with a specific linear combination of
terms in P(g); the precise form of this correspondence is not important for the present paper,
so we do not dwell on this further.)

We also recall from Chapter 2 in [3] that for each ¢, 1 < ¢ < o — s, F¢ C F stands for the
index set of complete contractions with precisely ¢ factors V@®Ric or R. Recall that for each
complete contraction in the form (I4]) we have denoted by |A| the number of factors in one of
the forms Ay, R. For each index set F'¢ above, let us denote by F%* C F? the index set of
complete contractions with [A| > o —2, and F* = {J .o F""

Important remark. We recall a remark made in Chapter 2 in [3] where we noted that any
C’;wl, ..., s) with a > 0 factors R (of the scalar curvature) will have § > u + 2a.

The missing claim needed to derive Lemma 2.5.4 in [3] is then the following:

Lemma 1.2. There exists a_linear combination of vector fields (indexed in H below), each in
the form (L4) with o factor@, so that modulo complete contractions of length > o:

> apCl(n, o s) —divi Y anCR (W, ) = D ayCl (W, ),

feFr* heH yey

8We recall that an “internal contraction” is a pair of indices that belong to the same factor and contract
against each other.

9For future reference, we also recall that a partial contraction with one free index is also called a vector field.

0The vector fields in question are partial contractions in the form (4] with one free index and with weight
—n+ 1.
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where the complete contractions indexed in Y are in the form (L) with length o, and satisfy
all the properties of the sublinear combination EfeF -+ but in addition have |A| < o — 3.

The setting and remaining claims for Lemma 2.5.5 in [3]. Recall that in the setting
of Lemma 2.5.5, our point of reference is a linear combination:

Yo(r,. o the) = > arCht Wy, ) + Y a;Ch (¢, .., 1bs) + (Junk),

leL, JjeJ

with the same conventions as in the ones under (LI). The remaining claims of Lemma 2.5.5
(the proof of which was deferred to this paper) are as follows:

Denote by L}, C Ly, J* C J the index sets of complete contractions in Yy with Al >0 —2,
among the complete contractions indexed in L, J respectively.

Lemma 1.3. We claim that there exists a linear combination of vector fields (indexed in H
below), with length o, in the form (L) without factors V®Ric, R and with § = p so that:

ST @l W) —divi Y apCy T (g, as) | Viu e Ve

leLy, heH

= Z alcgl]’ilmi“ (1/11, . ,Qbs)vilv e VZ'HU,

leL

where the complete contractions indexed in L are in the form ([[L4) with no factors VPRic or R
and with |A] < o — 3.

In the setting L;, = &, what remains to be shown to complete the proof of Lemma 2.5.5 in 8]
is the following:

Lemma 1.4. Assume that L), = &, and J* is as above. We then claim that there exists a linear
combination of vector fields (indexed in H below) so that:

> aiCi, . hs) = divi Y anCpi (. s) = > ayCY(hn, .., 1bs),

jeg heH yey’

where the complete contractions indexed in'Y' are in the form (L) with length o, with no factors
V®Ric or R and have § > p+ 1 and in addition satisfy |A| < o — 3.

The setting and claims of Lemma 2.5.3 in [3]. Recall that P(g) = > ,c; a/C'(g) is
assumed to be a linear combination of complete contractions in the form (L3). Recall that o
is the minimum number of factors (in total) among all complete contractions C'(g); L, C L is
the corresponding index set. Also, s > 0 is the maximum number of factors V(¥ P among the
complete contractions C(g) indexed in L,; we denote the corresponding index set by ©, C L'
We have defined P(g)le, = > jco, a;Cl(g).

Special definition. If s = 0 — 2 then P(g)|o, is “good” if the only complete contraction
in P(g)|e, with o — 2 factors P2 is of the form (const) - contr(A% ~7 "2V W, 3, @ V'l /W ik, @
(P2)°=2) (when o < 2 — 1) or (const) - contr(V Wiy @ Vi Wik @ (P#)°~2) when o = % — 1. If
s =0 —1, then P(g)|e, is “good” if all complete contractions in P(g)|e, have dy +dp = & — 1/

Lemma 2.5.3 in [3] claims:

"In other words, if there are complete contractions in P(g)|e, with dw + dp < 2 — 1 then P(g)|e, is “good”
if no complete contractions in P(g)|e, have o — 2 factors Py
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Lemma 1.5. There exists a divergence div;T*(g) so that

P(g)lo, —diviT'(g) = > aiC'(9) + > aiC'(g).

€O/, teT

Here each C'(g) is in the form (I3) and has fewer than s factors VP)P. The complete con-
tractions indexed in ©', are in the form (L3) with s factors VP)P and moreover this linear
combination is “good”.

2 Proof of Lemma [I.1]

We first observe that the claim is trivial when o = 1. In that case (modulo applying a cur-
vature identity and introducing longer correction terms), the sublinear combination P(g)[; will
be P(g)]i = (const) - AZ~'R (R is the scalar curvature). Thus, P(g)|; can be written as
(const)Vi(V;A272R).

The case 0 = 2 is dealt with by explicitly constructing divergences of vector fields and
long calculations of one local conformal invariant, using the Feffeman—Graham ambient metric,
17 IEH We first consider the terms in P(g)| with two factors V™ P,,. We will show that
we can explicitly construct a divergence div;T%(g) so that:

P(g)ly — diviT(g) = (const)|[ VEIPP + 3 " a,CMg) + Y awC"(g), (2.1)
heH weW

where the terms indexed in H have one factor V(™) Wijri and one factor V(m/)Pab. The terms in-
dexed in W have two factors V(m)Wijkl. (The above holds modulo longer complete contractions,
as usual).

We explain how (2.I]) is proven in detail, since the main idea will be used repeatedly through-
out this section. Let us first recall a few classical identities, which can be found in [3].

Useful formulae. Firstly, antisymmetrizing the indices ., , in a factor VﬁTTT{BLCPab gives
rise to a Weyl tensor:

T1...'mC T1.."'ma T1...TmS

1
vt Py — vt p— 3—V(m) Weas®. (2.2)
-n
We also recall that the indices ;, ; and j, ; in each tensor V&T,),TMWZ-]-M are anti-symmetric.
Finally, we recall the “fake” second Bianchi identities from Chapter 2 in [3]. These are substitutes
for the second Bianchi identity for the tensor V,Wjj.
Now, consider any complete contraction C(g) involving exactly two factors, v P, and

V™) Py, So C(g) = contr(V(m)Pab ® V(m/)Pa/br). We firstly show that by subtracting an
explicitly constructed divergenc div;T(g) = Zthl div;C%(g) we can write:

C(g) — diviT"(g) = C'(9) (2:3)
(modulo terms with more than two factors), where C’(g) is some complete contraction involving

two factors 177 = V(%_2)Pab, Ty, = V(=2 P, with the additional property that each of the 5
indices in the first factor contract against an index in the second factor, and vice versa.

12We refer the reader to Chapter 2 in [3] for a review of the ambient metric and and of the algorithm we employ
for computations.

13 This is the (m + 1)st iterated covariant derivative of the Schouten tensor, see [3] for details.

4 As allowed in the Deser-Schwimmer conjecture.
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Proof of (2.1]). We construct the divergences needed for (Z3]). Let us suppose that C(g) has M
pairs of indices (s,;) which belong to the same factor and contract against each other; we call
such contractions “internal contractions”. If M = 0 C(g) is in the desired form; thus we may
assume that M > 0. Firstly, by using the second contracted Bianchi identity V. P! = V,P?,
we may assume that if one of the factors v pin C(g) has m > 0, then the indices 4,
are not contracting against each other. After this, we construct the divergence by an iterative
procedure. Pick out any pair of indices 4, ; in C(g) which contract against each other and
belong to the same factor; assume without loss of generality that s is a derivative inde. We
then construct a partial contraction C1(g) out of C(g) by erasing the (derivative) index s and
making the index ; into a free index *. Observe then that (modulo complete contractions with at
least three factors), C(g) — div;C™(g) = C(g), where C(g) has M — 1 “internal contractions”.
Iterating this step M — 1 more times, we derive (23]).

Now, consider C’(g) and consider the indices 4, ; in the factor T} = V(%_2)Pab. They contract
against two indices (say ¢, 4) in the factor 7. We then apply the curvature identity repeatedly
and also the identity ([22]) to arrange that the indices 4, , in 77 contract against the indices ., 4
in T5. The correction terms that arise by the application of the curvature identity have three
factors. The correction terms arising from (Z2) will be in the generic form Y, anC"(g) as
described below (ZT]). [ |

Now, we will show that (const) = 0 in (2). We derive this easily. Consider Ig(qb) (:=
ditzg\tzo[e"wP(e%d’g)]) and apply the super divergence formula to the abovd'd. We derive that

(const) - |[V(2)$|? = 0 (modulo longer terms). Therefore, (const) = 0.
Thus, we may assume without loss of generality that

P(g)la =Y anC"(g)+ > auC“(9),

heH weW

with the same conventions introduced under (2.]).
We next claim that we can explicitly construct a divergence diviTg’i such that:

Y anCh(g) — diviT"(9) = > auC¥(9),

heH weW

where the terms indexed in W are of the generic form described above. The divergence needed for
the above is constructed by the same technique as for ([Z3)): In each C"(g) we iteratively pick out
the internal contractions in the factor V(™) Wijki, erase one (derivative) index in that contraction,
(thus obtaining a partial contraction with one free index) and subtract the divergence of that
partial contractio. After repeating this process enough times so that no internal contraction
is left in the factor V(m)Wijkl, we end up with a formula:

Z anCM(g) — diviT"(g) = Z a,C"(g).

heH reR

Here the complete contractions C"(g) in the r.h.s. are in the form contr(V(m) Wikl @ V(t)Pab),
where all m + 4 indices in the factor V(™) Wi contract against the other factor v®P,. Now,

This assumption can be made by virtue of the previous sentence and since we are dealing with complete
contractions of weight —n.

6See the algorithm at the end of [I].

"Sometimes, by abuse of language, we will refer to this subtraction of an explicit divergence as an “integration
by parts”.
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since the indices 4, 3 in Schouten tensor are symmetric and the indices ;, ; and , ; are antisym-
metric, it follows from (2:2)) and from the curvature identity that:

Zarcr(g) = Z awC*(9),
reR weW

modulo complete contractions with three factors, which arise due to the curvature identity.

So we may assume without loss of generality that P(g)|s consists of terms with two factors
VOIW, ik

We can then again explicitly construct a divergence div;7"(g), in order to write (modulo
longer complete contractions):

P(g)ls — div,T"(9) = Y auCy,

weW’

where the terms in the r.h.s. have the additional feature that none of the two factors V™ W peq
have internal contractions. The divergence div;7"(g) is constructed by the iterative procedure
used to prove ([2.3). So we may assume without loss of generality that all terms in P(g)|2 have
this property.

Finally, by just keeping track of the correction terms of the form V*Wy4, @ g in the “fake”
second Bianchi identitied™q, we will prove that we can can explicitly construct a divergence
div;T%(g) such that:

P(g)|2 = (const)'C*(g) + diviT"(g), (24)
where C*(g) is the complete contraction |V(2 =2 W p.q|?.

Proof of (2.4). By virtue of the anti-symmetry of the indices ;, ; and j, ; and of the first
Bianchi identity in the Weyl tensor Wjj;, we see that (modulo introducing correction terms
with three factors), P(g)|2 can be expressed in the form:

P(g)l: = a- [VE 2 Waea|* +b- C*(g) + ¢ C¥(g),
where C2(g) is the complete contraction:

contr (Vn...r%,3sWtjkl ® V“"'T%’Sthjkl)
while C3(g) is the complete contraction:

contr (Vi ry suWjy ® Vg sk

We then only have to apply the “fake” second Bianchi identities from Chapter 2 in [3] to
derive that we can write:

1 n 1 n
02(9) = §|V(§_2)Wabcd|2 + mW(T?’)VSWSjMP. (2‘5)

By virtue of (23] we easily derive that we can construct a divergence div;7%(g) so that:

— 3 n
oy VI W

C*(g) — div;T'(g) = 2 —4)

(notice the constant is strictly positive)@.

18These are presented in Chapter 2 in 3.
9The divergence is constructed in the same way as in the proof of [Z3). We just “integrate by parts” the two
internal contractions °, s in the two factors in |V(§73)VSWS]»M|2.
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In order to deal with the complete contraction C3(g), we will note another useful identity. Let
Eg(g) stand for the complete contraction (Vrl,,,r%%alWijkl ® V”""‘lgﬂzswajks); we also denote

by C”3(g) the complete contraction: (Vrl...r%%sWijks ® Vrl"'T%*StWijkt). We then calculate:

lg) = 500, (2.6)

Thus, using the above we derive as before that we can explicitly construct a divergence
div;T"(g) such that:

CHg) — diviT"(g) = 5C*(g). 2.7

Therefore, we derive that modulo subtracting a divergence div;T%(g) from P(g)l2, we may
assume that P(g)|o is in the form P(g)|y = (const) - |[V(z2 =2 W2, |

A construction in the Fefferman—Graham ambient metric. The reader is referred
to the discussion on the Fefferman—-Graham ambient metric from Subsection 3.2.1 in [3]. We

consider the local conformal invariant: C(g) = Ag% _2|R|52}- Here we think of |I:2|£2} as the product
G ghP gev gd‘;}?abcdﬁamg, where R is the ambient curvature tensor, § is the ambient metric tensor
and Aj is the Laplace-Beltrami operator associated to g.

We will show that there exists an explicit divergence div;T%(g), so that modulo terms of
length > 3:

C(g) = (const)C*(g) + div;T"(g). (2.8)

(Here the constant (const) is non-zero.) If we can prove the above then in view of ([24]) our
claim will clearly follow.

Proof of (2.8]). We recall certain facts about the ambient metric The reader is referred to [18],
or Chapter 2 in [3]. Firstly recall that given any point P € M and coordinates {z!,... 2"},
there is a canonical coordinate system {t = 2, z',... 2", p} around the image P of P in the
ambient manifold (é, g). Recall that the local conformal invariant is evaluated at the point P,

and t(P) = 1,p(P) = 0.

Recall also that the vector fields X°, X1 ..., X™ X are the coordinate vector fields 8%0’ ey
%, a%' Further, when we give values 0,1,...,n,00 to indices of tensors that appear further

down, these values correspond to the coordinate frame above.

Now, we recall some basic facts regarding the Taylor expansion of the ambient metric § at P.
Firstly, that 0,§% = —2P% if 1 < a,b < n and 05§ = —2. These are the only non-zero
components of the matrix 0,,§° (with raised indices).

Now, in order to state our next claim, we recall that fgb stand for the Christoffel symbols
of the ambient metric. We recall that if 0 < a,b,¢ < n then (%ofgb = FS5(R), where the
expression in the r.h.s. stands for a tensor (in the indices 4, p, ¢) involving at least one (possibly
internally contracted) factor of the curvature tensor. On the other hand, we also recall that if
1 < a,b,c < n then f‘gb = I'Y, (the r.h.s. stands for the Christoffel symbol of the metric g).
Finally, if 1 < a,b < n then fg" = —ga. Furthermore, we will use the fact that OsoGup = 2P
and also the formula (3.21) from [18]:

S ~ 2 s—1p  _ AsS—2vx7. pa
8@092] = (4 —n)"'(28 _n) [A Pzg A thPa] +Q(R)
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(for s > 2; all other components aé?,,,oogAb vanish if A=0,00and s > 2;6=0,1,...,,n, oo)@.
We calculate that for 1 <1i,j,k,l <nand1<a<g§—2:

1

9 Rz]kl ( 1)a—1 (Tl — 3)(n _ 4) .. (n — 2a)

AT ViWiig — VW] +Q(R)  (2.9)

(where if a = 1 then the constant above is ﬁ) Furthermore for 0 <a < 5 —3:

1

830Roojkl = (-1t (n—3)(n—4)--(n—2—2a)

AaVSWsjkl + Q(R) (2.10)

(where if & = 0 then the constant above is ﬁ) Moreover for 0 < o < % — 4:

1
(n—=3)(n—4)---(n—4—-2a)

9% Rogjkoo = (—1)* AVIW,i1 + Q(R). (2.11)
(The left-hand sides of the above are also known as Graham’s extended obstruction tensors,
see [20] for a detailed study of these tensors.)

Next, two calculations. Let F'(§) be any Riemannian invariant in the ambient metric g, with
weight w. (In particular, F'(¢) will have homogeneity —w in ¢.) Then we calculate:

0% AG[F(9)] = AgL(g) + (2w +n — 2k) IS F(§) + Q(R). (2.12)

L(g) is a Riemannian invariant of the metric g, not the ambient metric g, with weight w — 2k.
Q(R) is a linear combination of complete contractions in the iterated covariant derivatives of
the curvature tensor, and each complete contraction involves at least two such curvature terms.

A word regarding the derivation of the above: By the form of the ambient metric (see in
particular page 20 in [I8]), we derive that at any point on the ambient manifold,

Z FIVEIFG) + 27 VL F(g) - 22 pV P F(§)
i,j=1

=3 gv <a§j’ - ngak> Z §IT%00 + Z §IT50s | F(7)
i,j=1 k=1 i,j=1 i,j=1

+ 2wt L F(§) — 2t2p02)_F(g).

Thus, if we take the k™ derivative aé’.ﬁ?,,oo of the above equation and then evaluate at ¢t = 1,
p = 0, we obtain the r.h.s. of (ZI2) as follows: the term AyL(g) arises when all £ derivatives Ju

hit the factor F(g) in Z?] 1§ 8(2) F(g). The coefficient 2w arises from the term 8(()2F (9)
in @(()i)OF (§), due to the homogeneity w of F(§) in 2° = t. The coefficient +n arises from the

term — ZZj:l G4 ff;’(‘)oo. Finally, the term —2k arises when exactly one of the k derivatives 0x,
(2)

hits the coefficient —2t%p of the expression dsoxF(§). All other terms that arise are in the
form Q(R).
. . . . n_g ~
Now, we can iteratively apply the above formula to obtain a useful expression for A 5 |Rijki |§;

we consider Az(Ag(.. (\kal\ )-..), and we replace each of the Aj’s according to [2.12)), from
left to right. The resulting equation is:

C(g) = (const)’ - 80%3_2(|Rijkl|?]) + Cubic(R) + AyL(g).

20Q(R) stands for a linear combination of partial contractions involving at least two curvature terms, as usual.
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Here the constant (const)’ is non-zero; this is because at each application of the identity ([212))
we have —w + 2k + 2 = n, and w takes on the values —n + 2,..., —4; thus each factor in the
product is non-zero. Cubic(R) is a linear combination of Riemannian invariants with at least
three factors. L(g) is a Riemannian invariant (of the base metric g) of weight —n + 2.

Now, using formulas (2.9]), (210), 211 and also the formula 0,,§>°> = —2, we derive that:

aé‘z(yﬁijkl\g) = (—1)2 {2 9 e 3)(n1_ i 4Wijk1A%—3v§Wtjkz
83 .
22 <§w 2) [(n—?))(n—i)---(n—%J
" [<n e 2@} S P PR
+§2'4<%1_2> () o)
. [(n ) — i) e 2@} ATV WS,
et (1) (1)
=0
. [(n—3)(n—4).1..(n—4—2x)} ' [(n—?))(n —14) - (4—1—23:)]
x sttwsjtlA’5—4—xvslt,WS’ﬁ’l} + Cubic(R). (2.13)

Here Cubic(R) stands for a generic linear combination of partial contractions with at least three
factors of the form V(™ R,;.4. The terms indexed in F' are complete contractions in the form:

contr (AIVH Wpey & AT VPO, 5).

We will show below that by subtracting a divergence we can “get rid” of such complete contrac-
tions, modulo introducing correction terms with at least three factors.

Mini-proof of (2.13]). This equation follows by an iterated application of the Leibniz rul.
Each derivative can hit either one of the curvature tensors R,-jkl(g), or one of the metric ten-
sors g% (with raised indices).

Now, we have sums » >~ in ([2I3]), to which we will refer to as the “first”, “second”
and “third” sum. Firstly, we observe that the expression WijklA%_?’Vf;Wtjkl (along with its
coefficient) arises when all § —2 derivatives dx hit precisely one of the two (ambient) curvature
tensors — we then use the formula ([2.9). Secondly, we observe that the first sum arises when
all derivatives O are forced to hit either of the two (ambient) curvature tensors, and moreover
each curvature tensor must be hit by at least one derivative. Thirdly, the second sum arises
when exactly one derivative d hits one of the metric tensors g4 (recall that the only non-zero
components of 9§ are 0o g® = —2PP3 and 0509 = —2; notice that the first term may
be discarded since it gives rise to terms with at least three factors). Fourthly, the third sum
arises when exactly two derivatives s, hit metric terms §*? (a different term each). [

21Recall that we think of |R|§ as the product g““gbﬁg”gd‘séabcd}%amg.
22When 1 < a,b<n.
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Using (ZI3) in conjunction with the formulas (23] and (7)), we can derive ([Z.8). We can
explicitly construct a divergence div;T%(g) so that for every x:
Wi A2 3VIWEk — div, T (g)
_ (—1)%V7(~15_§%73V8W5]kl ® (v(%—3)) 1...T%,3Vtwtjkl, (214)

AIVStWSjtl ® A%_4_xvs/t/ Wsljt/l — diViTi (g)

T

= (—1)%%V§?}273VSW5W ® (VE) "5 sy, Wikl (2.15)
AW © A2 73727, WHRL _ div, T (g)

_ (—13vE ff’; VW ® (VED) g sy, ik (2.16)
ATV Wi @ A2 72707, WHEL — div, T (g)

= (CDEVEL LV W © (VE) 80y, ik, (2.17)
> apCl(g) — diviT'(g) = 0. (2.18)

fer

All the above equations hold modulo complete contractions with at least three factors. We ex-
plain how the divergences for the above five equations are constructed. Pick out any Laplacian
A(= V“a) appearing in any complete contraction above, and formally erase the upper index .
The resulting partial contraction is a Riemannian 1-tensor field with one free index ,. Now,
consider the divergence of this 1-tensor field and subtract it from the original complete contrac-
tion?d. The result (modulo correction terms with three factors that arise due to the curvature
identity) is a new complete contraction with one fewer Laplacian. We iterate this step enough
times, until in the end we obtain a complete contraction with no Laplacians. Observe that up to
applying the curvature identity (and thus introducing correction terms with three factors), the
resulting complete contraction is exactly the one claimed in (2I6]), (ZI7). In the other cases
some additional divergences need to be subtracted. For (2.14]) we consider the upper index V¢ in
the right factor; we erase this index (thus obtaining a Riemannian 1-tensor fields) and subtract
the corresponding divergence. The result, up to applying the curvature identity, is the r.h.s.
of (2I4]). In the case of (ZI5]) we perform additional “integrations by parts” by erasing first the
index ® in the first factor, and then the index g in the second factor. The resulting complete
contraction (after the curvature identity and formula (28] is the r.h.s. of (2I5). Finally, to
derive (ZI8) we integrate by parts the index ® in the expression

t1...tq/7‘1...’r‘q

ylatd) VOW g @ V4T

t1...tq/’r‘1...7‘q

vba Waﬁcd;

the complete contraction we obtain will contain two differentiated Weyl tensors, one of which

is in the form: V® V%W,.4. This tensor vanishes, modulo a quadratic expression in curvatures,

by virtue of the curvature identity. This concludes our proof of the above five equations.
Therefore, using the above formulas we derive that:

1
n—4)---4

0% (| Rigul}) — dviT'(9) = (_1)n{2 N

273
+2; <2x 2) [(n—i%)(n—i)---(n—%)} [(n—3)(n—i)---(4+2x)

23A “Laplacian” here means two derivative indices that belong to the same factor and contract against each
other.
24Further we refer to the subtraction of this explicitly constructed divergence as an “integration by parts”.
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s [<n—3><n—i>---<4+2x>} +§2<%12>2'2’<%53>'<%;4>
=0

. [(n—3)(n—4)-1--(n—4—2x)} ' [(n—?))(n —14) - (4—1—230)] }

X V&?frgzzrg VoW (VG358 Wik, (2.19)

The above holds modulo terms of length at least 3. Now, if we can show that the constant {---}
is strictly positive, we will have shown (2.8]).

We limit attention to the terms in the first sum with x = y + 2, the terms in the second sum
with =y + 1 and in the third sum with z = y (for some given y, 0 <y < § — 4). We observe
that:

2(519 [(n— 3)(n —4)'%' (n — 2(y+2))] [(n— 3)(n —4)'1“ (4+2(y+2))}
W %—2.<

%+f)’[(n3)(n4)-..1(n2(y+1)2)]

(
(3-2---(3-3-v) 1
=2 Y [<n—3><n—4>---<n—4—2y>}
1 (6+2y)(4+2y) 442 B
X[(n—3)(n—4)'“(4+2y)H (y+2)(y+1) y+1 +4}_O'

Now, the only terms we have not taken into account are the term 2 - 2m, the term
in the first sum with z = 1 and the term in the second sum with z = 0. But we observe that

those three terms add up to a positive number:
1 n 1 1
4 2 (— - 2) :
(71—3)(71—4)---4+ 2 n—3mn—3)(n—4)---6

n 1 2 1
_2'4(5_2)n—3(n—3)2(n—4)---4:4(n—3)(n—4)---4>0'

Hence, using the above two formulas we derive that the constant in ([ZI9]) is strictly positive
and thus we derive our claim. This concludes the proof of Lemma [Tl |

3 The proof of Lemmas [1.2], 1.3, 1.4

The three subsections below correspond to the cases s <o —2,s=0—2, s =0 — 1. We also
prove Lemma in the subsections that deal with the cases s =0 —2,s=0 — 1.
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3.1 The proof of Lemmas .2, 1.3l [.4] when s < o — 2

Brief discussion. Recall the discussion regarding these lemmas in the introduction. Notice
that since s < 0 — 2 we have L* = J* = @ by definition; thus in this case we only have to
show Lemmal[l.2l Therefore, we will show that there exists a linear combination of tensor fields,
(indexed in H below) so that:

Z angf(wlu .. '7¢S) - dlvl Z ahc‘;l’i(wla cee 7(258) - Z angf(q/}h’ .- 7(258)7

feF* heH FEFOK

where the tensor fields indexed in FOX have all the properties of the “cumbersome” tensor fields,
but moreover have at most ¢ — 3 factors in the form R or Ay,. That will prove Lemma [[.2] in
this setting.

Rigorous discussion. We observe that the complete contractions in Ij (11,...,1s) that
have |A| > ¢ — 2 must be contractions C/ indexed in Fo=¢|J Fo~5~!1JF°~5"2. We index the
complete contractions C7 with |A| = o — 1 in the sets F|0A_\ia—17 F‘C’A_'iz_l_l, F‘Eif_l and the
ones with |[A| = o — 2 in the sets F\(7A_|io—2= F@i;l_? F@i;%w respectively. (Recall that the
upper labels stand for the number of factors V®)Ric or R in the contractions indexed in F’; the
lower labels stand for the number of factors R plus the number of factors Avy,.) We claim:

Lemma 3.1. There is a linear combination of acceptable vector fields of length o, say
Y oheH ahC’g’Z(zbl, ...,s), so that in the notation above:

Z angf(wlu"'awS)
FeF , JUFN L, JUFNZ2 UFR S, HUFR S, UFRR S,
—div; Y apCli () = > apC (g, ), (3.1)
heH fqu>0,6>u
|A|<o-3

where the right hand side stands for a generic linear combination of acceptable complete con-
tractions in the form (L) with ¢ > 0 factors VP)Ric or R and with 6 > p and |A| < o — 3.

We observe that if we can show the above, we will then clearly have proven the remaining case
for our Lemma So, the rest of this subsection is devoted to showing the above Lemma Bl

Proof of Lemma [3.Tl We distinguish two cases and prove them separately. Either o < % —1
or 0 = 5 — 1. We begin with the first case.

Proof of Lemma [B.7] in the case o < % — 1. The proof consists of three steps, which
are spelled out along the proof.

We observe that each complete contraction in the form (L.4]) with length o < % and weight —n
and |A| =0 — 1 (i.e. a total of o — 1 factors Ay, or R) must have the one factor that is not of
the form Ay or R being in the form:

a1...Qp—2(c—1)

V 2 val...an,g(a,l) ’lzz)}w (32)
e

or in the form

a1...Gp—2(c—1) .
val...a n—2(c—1) 72Rlcan72(071) 71an72(071) :
2 2 2

Therefore all the complete contractions with |A| = o — 1 must have § > p + 4.
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First step in the proof of Lemma 3.1l Let Fry = F}2 UF‘"ATigl_l U F@i;il We
claim that there is a linear combination of vector fields in the form (I4]) with length o, say

Y oheH ath’i(l/Jl, ..., 1) so that modulo complete contractions of length > o + 1:

Z arCl(Wy,... 1) — div; Z apCli(y, ..., bs)
feF;_1 heH

s

s w—1
= Z(const)ucg(i/)l, co ) F Z Z(const)q@C;”’q(q/)l, coy 1)
u=1

w=1 g=1
+ (const) Co(thr, . ths) + Y azC3 (... ), (3.4)
z2€Z
where Cy (11, ...,1s) stands for the complete contraction:

1@ _3(c-1) .
contr (V -y Ric,

a1-Gn-2(c-1) , n=2(c=2) ,%n-2(c-1)
—z - LA 7

@ V®Ricyy @ R 2R A1 @ -+ ® Aws),

whereas each C’;‘wl, ..., %) stands for the complete contraction:

a1elp_2(o-1) . ab
contr (V —z 1Va1...a%73RICan,2(;,2)71%,2(20,1)71 QR Vot
QR QAN® - @AY, ® Aws),
and each Cg"(¢1,...,15) stands for the complete contraction:
contr (ValmawflVal...an,g(a,l) 1¢w ® Vabalﬂ/’q
n=20o-1)
®R"‘S®A¢1®---®A%q®---®A€bw®---®Aws).

Finally, >~ .., ang(l/Jl, ..., %) stands for a generic linear combination of complete contrac-
tions in the form (4] with |A| < o —3 and 0 > u + 2. Moreover, we claim that each of the
complete contractions C*, C"4, C* above has 6 > u + 4.

Proof of (8.4]). We present the proof of this claim in detail, as the same argument will be
used repeatedly in many other instances. We have already observed that we can write out:

Z ang(wl, co ) = (const)lC;(wl, ceys) F Z(Const)ngH’y(l/Jl, coyts).

feF;—1 y=1

Here C! is the complete contraction with one factor as in (3] and o — s — 1 factors R and s
factors Avy, ..., Avs. C!1¥ is the complete contraction with one factor as in (3.2 and o — s
factors R and s — 1 factors Ayy,..., Ay, ... Ay,. In particular, C! is in the form:

ai...p—2(c—1)

contr <V —=z V Ric,

a1...Qp—2(c—1) 2 n—2(c—1) 1an72(o'71)
2 - 2 - 2

@R @ A @ @A), (3.5)
Now, if we can show that we can find vector fields

Z ahcgl’i(wla"'7w8)7 Z ahcgl’i(wlw’wws)a

heHy heHs
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so that:

Cé(wlw . 71/18) - dlvl Z ahc‘;l’i(wla o 7w8)

heH,
s s w—1
= > (const),Cg(P1,...,0s) + Z Z (const)g wCy (Y1, ... )
u=1 w=1 g=1
+ (const ) Cy (Y1, ..., s) + Z a,Cy(¥1, ..., s) (3.6)

z€Z

and

CI(py,. . ) —divy Y apCli (e, ... )

heH»>
s s w—1
= ) (const), O (Y1,...,9¥s) + Z Z const)qwCy (Y1, ..., Ys)
u=1 w=1 g=1
+ (CODSt)*C;(¢1, s 771Z)S) + Z a205(¢17 s 7¢S)7 (37)

z2€Z

then clearly (4] will follow. We first prove (3.0)).

Proof of (3.6]). We define C’;’al ({1, ...,%s) to stand for the vector field that arises from C!
by erasing the index “ in the first factor (see (B.1)) and making the index ,, that is then left
into a free index. We then calculate:

Cl(tp1, ..., s) — divg, Co (Y. ., 1bs)

—(0 =5 = DCIA W1, bs) =Y CH My, 1),

h=1

where CT4 stands for the complete contraction that arises in divalCI My, ... ,1s) when Vg,
hits one of the factors R and C1" stands for the complete contraction that arises when V,, hits
the factor Aty,. Given CT4, we then define C’IAC” (11,...,1s) to stand for the vector field
that arises by erasing the index 4, in its first factor (note it is a derivative index) and making
the index 4, in the factor V,, R into a free mdex Also, for each h, 1 < h < s, we define C’I ohio1

to stand for the vector field that arises from C’ (1/)1, ...,1s) by erasing the index 4, in its first
factor (note it is a derivative index) and making the index ,, in the factor V,, Ay, into a free
index. We then calculate:

[Cé(djh L) 71/18) - div(hchal (1/}17 LU 7¢8)]

— (0= 5 = D)dive, CPY (¢, . 4hs) — divg, Y CIPm (g, 1)
h=1

= (0 —s—=1)C5 (W1, .. Ps) + D Co(tr,. o s) + > azCr (.., 1) (3.8)

u=1 z€Z

(We are using the notation of ([84).) (38)) just follows by the definitions. This proves (B.6]).
Proof of (3.7]). We denote by C’;I’y’*wl, ..., %) the complete contraction:

—2(c—1)
2

contr (A" Y, ®ARQR T IQAY @ @AY, ® - ® A%).
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Then, by complete analogy with the previous case, we explicitly construct a divergence,
IT,
divi ) pem ahC’ "1y ..y 10s) from Cg (e, ..., 1bs) so that:

Cyl(Wr, - otbs) = divi D anCy'(vn, . s)
heH

=YY (r, ) + UV () D asCE(n 1), (3.9)

y'#y 2eZ

Now, clearly C;I’y’*(wl,...,ws) is not in the form C" or C* above. Also, for each of the
complete contractions C§ ’ylwl, ..., 1), we inquire whether y > ' or y < ¢/. In the first case,
we actually have a complete contraction in the form C%" that is allowed in the right hand side
of B1). So in that case, we keep the complete contraction cvv,

In the second case, C¥¥ is not a complete contraction in one of the forms on the right hand
side of ([B.1). Now, by repeating the same argument as before, it follows that we can explicitly
construct a divergence div; ), p ahC’gl ’i(wl, ..., 1) such that y < 3 and deduce that modulo
complete contractions of length > o + 1:

oY (s ths) = divi D anCy ()

heH

= CY V(1. ) + Y aCE(, . 1),
z€Z

Cél7y7*(¢17 P ,1/}5) - lez Z ahcgl’l(wla AR 7’1/18)

heH

:Cg’*(wla"'7¢8 +Zaz 7/)17--'77%)-

z2€Z

Thus, we have shown ([B.1) and therefore (3.4)).

A study of the complete contractions with |A| = o — 2 in (3.d). Now, we focus
on the complete contractions in the index sets F'9, ¢ > 0 in (B:[I) that have \A] =0 -2 We
have observed that only complete contractions in Fo=%, F°=5~! and F°~*"2 can have |A| =
o — 2. We have denoted the respective index sets by F|UA‘SU , C P78 F\JA|501 5 c po—s-1

and F|°'A‘8022 C Fo=572, Clearly, since we are dealing with the case s < o — 2, each complete
contraction C/ indexed in one of the three sets above must have at least one factor R. Hence
(by the “Important remark” in the introduction) it follows that each complete contraction Cf

above has 6 > p+ 2. Therefore, by the definition of F, | A\ , we derive that we can write out:

> afcgwl,...,ws): > arCl(r, 1)

feF“JA‘S feF‘\JA\SJ 2,A
+ Z afcg(wlv"'aws)—i_ Z afcg(wla'”yws)-
FEF A o 2B S AN
Here > FeFTt, ang (11,...,1,) stands for a linear combination of complete contractions

in the form:
r1.7p 21...2

contr <va1 atv( D) RiCij ® vb1...bsV(Q) qRiCi’j’ ® Ro—s—2 ® Awl QR ® Aws), (310)

with 6 > p + 2 (we observe that all the indices ,,...,r,,i,; in the first factor that are not
involved in an internal contraction must contract against an index .,..., .., in the second
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factor and vice versa). Y feFo=s a ng (¥1,...,1s) stands for a generic linear combination
|A|l=c—2,B

of complete contractions in the form:

pRiCij ® vb1...by V,(z(i)...zqwh ® RO—52

1.7

contr (va1~~“tv@’)
®A¢1®---®Aibh®---®ms), (3.11)

with § > p+2 and where y+ ¢ > 2 (but the second factor is not in the form Ay, by definition)
and where as above all the indices ,,...,r,,i,; in the first factor that are not involved in an

internal contraction must contract against an index .., ..., ., in the second factor and vice versa.
Finally, > FEFE e a ng (11,...,1s) stands for a generic linear combination of complete
contractions in the form:

contr (V-0 V). 0n © VW) e RO
®A1/’1®"'®A@h®'“®A{ﬁh'®'~®Aws)= (3.12)

with 0 > p+2 and where t+p, y+¢ > 2 (and neither of the first two factors is of the form Auy)
and all the indices ,,...,,, in the first factor that are not involved in an internal contraction
must contract against an index ., ..., in the second factor and vice versa.

Similarly, we see that we can write out:

Yo @Ol ) = Y aCln, )+ Y apCf (Y1),
TS N FEFGSY FEFG 0 s

where feFssT! a ng (11,...,1) stands for a generic linear combination of complete con-

=0—2,a

tractions in the form:

contr <va1...at V(m) Rijkl ® Vbl~~~bs Vg{)zcﬂﬁh ® Ro—s—l

1. Tm
@AY @ @AY @ @A),

with 0 > pu + 2 and where s + ¢ > 2 and where as above we observe that all the indices
Fis+ -+ srmaisjr ks 1 0 the first factor that are not involved in an internal contraction must contract
against an index ,,..., ., in the second factor and vice versa.

Also, > ferss! afC; (11,...,1s) stands for a generic linear combination of complete
Al=0c-2,8

contractions in the form:

contr (va1~-~“tv<m> Rijra ® V"2V _ Ricyy @ R7* 2@ A @+ @ Aws), (3.13)

T1...Tm Z1...2
with 6 > p + 2 and where as above we observe that all the indices ,y,...,r,,4,5,k,¢ in the
first factor that are mot involved in an internal contraction must contract against an index
215+ zgits 4 i the second factor and vice versa.

Finally, it follows that:

S apCi(h, ) = DY apCl (1),

—s—2 —s—2
SN LS NE
where feFo a2 @ ng (11,...,1) stands for a linear combination of complete contractions
|[Al=0—2,y

in the form:

contr <va1...at V(P) Rijkl ® Vbl...bs V(Q) Ri’j’k’l’ ® Rcr—s—2 ® Awl R ® A¢s> (314)

r1..Tp 21...2q
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(all the indices ., ..., .4, j, ks in the first factor that are not involved in an internal contraction
must contract against an index ,,..., .., 4,k in the second factor and vice versa).
Second step in the proof of Lemma [B.Il The second step consists of proving the

equations (BI15), BI0), BI7), BII), (B]:QI) (B20), B.2I) below. We firstly claim that

we can subtract a divergence, div; Zhe " ahC (1/11,...,1/15) from the sublinear combination

> fers: ang (11,...,1s) so as to obtain an equation, modulo complete contractions of
A

length 2 o + 1:

S apCl(r,. ) —divi Y anCli(y, 1) (3.15)
fe‘F\UA\so' 2,A heH
= (comst) - Cp(thr, .. ,hs) + > apCl(, . ) + Y a:Ci(r,. .. 1),
fEF\UA\Salzg z€Z’
where C7 (11, ..,1s) stands (as before) for the complete contraction:

contr <Va1'"a%*4ijvgf a)n _,Ric;; @ V' "I'Ricy G RRTITRAY @ ® Aﬂis),

while feFssT! a ng (¢1,...,1s) again stands for a generic linear combination of complete
Al=0c-2,8

contractions in the form BI3) and ) ., a.C7 (¥1,...,9s) stands for a generic linear combi-
nation of complete contractions in the form (4] with length o, 0 > p+ 1 and |A| =0 — 3.
Next, consider the linear combination ) FeFo® ang (¥1,...,1%s). We then claim that

|A]=
there is a divergence of a vector field, div; )",y ath (zpl, ..., %), so that, modulo complete
contractions of length > o + 1:

S apClr,. e — divy Y anCli (. 1bs) (3.16)

feF‘\JA\SJ 2,B heH

:ZCODSt 7/)17-"77%)‘1‘ Z afcg(wlv"'7¢s +Zaz ¢17 "7¢s)7

y=1 fe‘F\UA\so'l2a =€z
where the complete contractions Cj (11, . .., %) are in the form (BI1]) with every index involved
in an internal contraction, and the linear combination »_ . a,C5(31,...,1s) is the same as
in (B.I3).
Finally, we consider the linear combination ) fert, ang (1, ...,%s). Just by swit-

ching two factors, we assume that h > b’ in (BI2). We then claim that we can construct
a divergence of a vector field, div; Y,y ath (1, ... ,1s), so that, modulo complete contrac-
tions of length > o + 1:

Z ang(wl,...,z/zs)—diviZath’i(zpl,...,ws)

feF“’A‘SJ 20 heH
s h—1
= (ConSt)h,h’ ’ C;’h/(ﬂ)h T 7¢s + Z a,C ¢1) e 7¢s)7 (3'17)
h=1h'=1 zeZ!
where the complete contractions Cg ’h/(”L/Jl, ...,1s) are in the form (BI2) with every index in-
volved in an internal contraction and the linear combination } __. 7/ a.C5 (¢1,. .. ,9s) is the same

as above.
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More claims. We now consider the generic linear combinations fepo -1 @ ng (U1, . 0s),
|A|=0—2,a

ZfEF‘o' o L ang(q/Jl,...,ws). In order to state our next claims, we define two complete
A
contractlons C’; (11, ...,1s) will stand for the complete contraction:

lp_s il . g e
contr (Val fnpe ! Vi an o 1Rijkl QRIFQRTT 29 AY @ @ Al/)s>,
n20 _
and C’gJr +’h(¢1, ..y s), 1 < h < s will stand for the complete contraction:

ai...an—2s il : e
contr <V 2 "' Vaan e Riju® V]k¢h ® RO—571
]

®Aw1®---®A2ph®~-®Aws).
Moreover, we define Cg(¢1, ..., 1) to stand for the complete contraction:

ln—2g il ,
contr (Val R Vaioan on SRijkl QVURIF,QRTFIQAYI @+ ® Aq/}s>.
-2

Next claims. Consider the linear combination fe F‘o—‘s—l ang (¥1,...,1s). We claim
Al=0c—2,a
that there is a divergence of a vector field, div; Y,y ath”(l/Jl, ..., 1s), so that, modulo com-

plete contractions of length > o + 1:

Z afC;(q/zl,...,ws)—diviZathL’i(dzl,...,ws)

1
feF\UA\SU 2, heH

Z const C;J“y(l/}l,...,ws )+ Z aCg (1, ., s), (3.18)

zeZ’
and furthermore, for each C*t+¥, we have §(CtH") > 1 4 2.
On the other hand, we consider the linear combination ) feFrzest, @ fC'g (1,...,1s). We

then claim that there is a divergence of a vector field, div; ZheH ahC’gL’i(i,Z)l, ..., %), so that,
modulo complete contractions of length > o + 1:

S apCl () —divi Y anCt (W, 1) (3.19)
FEF L, 5 heH
= Z afC’g(q/)l,...,zZ)S)+(const)”-C'ngwl,...,zbs )+ Zaz (V1,...,1s)
fEF‘UA“Sol2,Y ZEZ/

and furthermore for C*, we have 6(CT) > p + 2. (For the definition of ZfEFo' s=1 e,

[Al=0—2,v
see (314).)
Finally, we claim that there are divergences of vector fields, div; ),y ahC’g ()1, ..., s) SO
that:
C;_(wla cee 71/18) - leZ Z ahC;l’i(wh o 7¢8)
heH
:Cg(wlv"wws + Zaz wla'--,ws), (320)

zeZ!
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modulo complete contractions of length > o + 1 and also:

C;+’h(¢1, . ,1)[)5) — leZ Z (lhog7i(¢l7 toe 7¢s) = Z a205(¢17 o 71!)5)7 (321)

heH zeZ’

modulo complete contractions of length > o + 1.

We will now derive 310), B.16), BI7), BI8), BI9), B20), 32I). Before outlining the

proof, however, we note that once we show the above equatlons we can derive that there is
a linear combination of acceptable vector fields, >,y ath ‘(31,-..,%s), so that:

Z afcg(wla"'aws)

2 1
fer \A\ o— IUF‘\ =o— IUF\O-A\ =o— IUF‘\A\ =o— 2UF‘\O-A\ =o— 2UF\A\

— div; Z apCi(ihy, ... 1bs) = (comst), - C (¢, ... ,¢s)

heH
s s w—1
+ Z(const)y,* SCY (Y1, 1bs) + Z Z(const)w,q SCP (1, )
=1 w=1 g=1
+ (const)ﬁC’gwl, ceys) + Z a;Cg (1, s). (3.22)

zeZ!

Proof of (3.13), (3.16)), (3.17), (3.18), (3.19), (3.:20), (B:2I)). The divergences needed

in all the above equations are constructed “by hand”, by consecutively picking derivative indices,
making them into free indices and taking the corresponding divergence. As the proof is essentially
the same for the equations [B.I3), BI6), BI7), BI8), (BI9), we will only demonstrate the
first one. Afterwards, we show ([B20) and B.21]).

We consider a complete contraction Cy ! (¥1,...,1s) in the form BI0). We first show that
modulo 1ntrodu(:1ng complete contractlons of length > o + 1, we can subtract a divergence
divi Y pem ahC’ "(41,...,1s) from C’ (11, ...,1s) and obtain:

%—0'—4
CJ (W1, ) —divi Y anCl(n, ... ) = (const) s - CoT (1, ..., 1s)
heH =
+ Z afcg(w17”’7¢8 + Zaz 1/}17”’7¢8)7 (323)

— !
fer N2, s 2€2

where Cg'" (11, ..., 1) stands for a complete contraction in the form (BI0) where and all the in-
dices vy, ... pprirj and 2, ..., 2, i, j# are contracting against a derivative index (such a complete
contraction has ¢ > p + 2) and also the first factor has t = v.

We observe that once we show the above, we can then repeat the proof of equation (B3] to
this setting to find a divergence div; Y,y ahC’gL’i(ipl, ..., 1s) so that for each v:

COT (1, y1hs) — divy Y apCpi(hn,. .., bs)

heH

:C;(¢17“'7¢s + Zaz 1)[)17"'71[)8)7 (324)

zeZ!

modulo complete contractions of length > o + 1.

Then, combining equations ([B.23]) and ([B.24]), we will deduce (BI3)).

We show ([B:23]) by an induction. Firstly let us observe that the maximum value that ¢ can
have for a complete contraction in the form [B.IQ) is § + (¢ —s). If 6 = § + (0 — s) then all
indices appearing in (8I0) must be involved in an internal contraction (and thus there is nothing
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to show). Now, let us suppose that Cg(zpl, ...y¥s)has d =P > p+ 2 P<%+(0—s). We
then construct a vector field Cg (1, ...,1s) so that modulo complete contractions of length
>0+ 1:

Cg(wla cee 7’1/18) - div’icg’i(wlu cee 7w8)
= ()@, )+ D apCi, ) + ) aCEi (). (3.25)

feF“’A‘SJ 28 zeZ'!
Here (Cf) (1,...,1) is a complete contraction in the form (B.I0) with 6 = P + 1. Clearly, if
we can Show the above then by iterative repetition (3.23)) will follow.

The vector field C;L "1, ...,15) needed for BZH) can be easily constructed. We observe
that since 0 < 5 — 1 and the weight is —n, we have that at least one of the first two factors
in (3I0) has at least four indices. With no loss of generality, we assume it is the first factor,
V“l"'“tv7(~117?__rpRic,~j for which ¢t 4+ p 4+ 2 > 4. Moreover, since we are assuming § < % + (o0 —s),it
follows that at least one of the indices ,,...,r,,i,; is not contracting against an index 4, ..., 4
That index can either be a derivative index (say ,, with no loss of generality) or—if all the indices
15+, are each contracting against one of the indices 4,,...,q, — an internal index (say ; with
no loss of generality).

In the first case, we define C’gl’i(ﬂ)l, ..., 1) to be the vector field obtained from C be erasing
the derivative index ,, in the first factor and making the index " in the second factor in (3.10])
into a free index. We check that for this vector field, ([B:25]) indeed holds.

In the second case, we see that since ¢t +p + 2 > 4, we can apply the second Bianchi iden-
tity (modulo introducing a complete contraction that will belong to the linear combination
EfeF afC’g(zbl,...,zbs)) and be reduced to the previous case, where the index ,, is

\A\
not contractlng against one of the indices 4,,...,q,. Thus, we have proven (BI5). The equa-

tions (B.16), (BI7), (BI8), (319) follow by essentially the same reasoning.
We now show [B.20), (3:2I)). In both cases, we define C’g’l(i/)l, ..., 1) to stand for the vector

field obtained from C; (1,...,1s) and C; +’h(zp1, ..., 1) respectively, by erasing the derivative
index * in the first factor. Then, for (32I)) we define

Z ahcg’i(wla s 7¢S) = Cgl))’i(wlv s 7¢S)'

heH

Since C*T 1" has 6 > p+ 2, we observe that if V; in diVng’i(”L/Jl, ..., ) hits the first factor, we
cancel out the complete contraction CtH". When V; hits the second factor, we get a complete
contraction that is equal to a complete contraction of length o+1 (this is due to the antisymmetry
of the indices ;, ;). If it hits one of the other factors, we get a complete contraction that belongs
to the linear combination ), a.CZ (31, ..., s).

The case of ([3:20) is more complicated. We again consider the same vector field C’g’i(i/)l,
..,1s) as above. We then observe that modulo complete contractions of length > o + 1:

Cf (1, the) — diviCl Yy, ) = Colar, o s) + Y a:Ci(hr, .. ), (3.26)

zeZ'

where C” is the complete contraction:

contr (A2 1OVIR iy @ VIR, @ R7T52 @ Ay @ - @ Ay).

2>This inequality holds by virtue of the “Important remark” in the introduction, and because of the fact that
s<o—2.
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Notice that since 0 < § — 1, we have ¢ > 1 derivatives on the first factor. We then apply the
second Bianchi identity and write:
Cl(1,. .., ¥s) = contr (A2 07 IVHUR, 1, @ VI RIF,
QR TI@ Ay @ - @ Avy). (3.27)

We then define C’g’i(i/)l, ..., 1) to stand for the vector field that arises from the right hand
side of the above by erasing the index * in the first factor and making the index ; that it
contracted against in the second factor into a free index. We observe that:

ChWn, .- 1) — diviCE (1, 1hy) = Chth, o 00) + 3 aCien, . ). (3.28)
z€Z’!
Therefore, combining ([3.20)), (3:27)) and ([B3:28]) we have that the vector field needed for (3.20)

is precisely:

S anCli (r, 1) = CO by, thy) — COA (i, - ).

heH

The third step of the proof of Lemma [B.1] In view of equation ([3.:22]), by subtracting
the divergence div; ) CLhCZ]L’Z(T/Jl, ooy s) from I5(31, ... 1bs), we have obtained a relation,
modulo complete contractions of length > o + 1:

Loy, ythe) —dive Y anCi(hy, .. the) = Y wCe (W, ..., )

heH leL,

+Z%‘Cg(¢1,---ﬂ/}s Z Z (IfC ¢17 "7¢S)+(COHST’)*'Cg(wlv"wws)

jed =1 feFu
s s w—1
+ Z(CODSt)y’* : Cg’*(wlv te 771Z)s) + Z Z(CODSt)w,q ' C;mq(wlv t 7¢s)
=1 w=1 g=1
+ (const)ﬁcgwl, ceys) + Z a;Cg (1,5 s). (3.29)
zeZ’

We next claim that (const),, (const), ., (const), 4, (const); = 0; if we can prove this, we will
then have proven Lemma [3.1]in this case where s < o — 2.

We first prove that (const), = 0. We denote the r.h.s. of the above by Z,(¢1,...,1;). Clearly,
an wla“'yws)dVg:O

We now apply the “main conclusion” of the super dlvergence formula to this integral equation
(see [I]), deriving an equation supdiv[I;(¢1,...,vs, Q77°) — 029 We focus on the sublinear
combination supdiv, [I5(¥1,. .., s, Q77%)] of complete contractlons with 6 = 0, s factors Vi,
and 0 — s — 2 factors V(2. Since the “main conclusion” of the super divergence formula holds
formally, it follows that:

supdiv, [Zg (¢, ..., s, Q277%)] =0, (3.30)

modulo complete contractions of length > o + 1.
Since each C/ in [(329) has |A| < o — 3, it follows that:

supdiv, [Zg(¢17 oy WUsy QU_S)] = (—1)%(CODSt)* ’ C;(¢17 s 7111)8)7

26Recall that I5(1, ... 96, Q2777) stands for the linear combination that arises from I (1, ..., %) by formally
replacing each factor Vgﬁ’)mrpRicij # R by V(p+2) Q and each factor R by —2AQ.

T1..Tpi]
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where Cg(zpl, ...,1s) is the expression:
contr(Vyl“'y"*S*le"'wS (Vxl TR0 Q V. @y UHQ)
DV,Q® @V, . ,Q® Vi ®---®szws). (3.31)

Since this complete contraction is clearly not zero, we deduce that (const), = 0.

Showing that the other constants in ([3.29]) are zero follows essentially the same pattern. We
next show that each (const), , = 0. In order to do that, we again consider the main conclusion of
the super divergence formula applied to Zg(in,...,¥s), supdiv[Z,(¢1,. .., 1, Q77%)] = 0. We
pick out the sublinear combination supdiv,, ,[Z;(¢1,...,%s,Q77%)] of complete contractions
with length o, 6 = 0 and s — 1 factors Vb, h=1,...,9,...,s and 0 —2 — (s — 1) factors V.
Since the main conclusion of the super divergence holds formally, we deduce that:

supdiv,, ,[I5(¥1, ..., 95, Q77%)] =0, (3.32)

modulo complete contractions of length > o + 1.
Analogously to the previous case, we deduce that:

Supdiv**,y[lg(wh s 7¢S7 QU_S)] = (_1)% (ConSt)y,* ’ ng(¢17 cet 771Z)s)7

where C’gx(zbl, ...,1s) is the complete contraction:
contr <vy1...yo,s,1w1...u?y...ws (Vibl IEn o-+2Q ® v.’El wn U+2r¢)y) (333)
BV, Q@ ®Vy QR V 1 @ @Vihy @ ® szq,z)s). (3.34)

Therefore, we deduce that each (const), , = 0.

To prove that (const),, = 0, we again consider Z,(v1,...,%s, Q"_S) for which
S Zg(W1, ... 1hs, 277°) = 0. We apply the super divergence formula to this equation (see [1]),
derlvmg a new local equation, supdiv[Z,(¢1,...,1s, 277%)] = 0; we pick out the sublinear com-
bination supdiv,. (u,q) [ S(h1,y .., s, Q" #)] of complete contractions with length o, 6 = 0 and
s — 2 factors V¢h, h = 1 w,...,q,s and o — s factors V(). Since the super divergence
formula holds formally, we deduce that:

Supdlv*** (w,q) [ (7,[)1, oy Psy QJ_S)] =0, (335)

modulo complete contractions of length > o + 1.
We now claim that:

SUpdiv,.e, (uw,q) [I;(wl, s, Q77%)] = (—1)%(const)ﬁ SO (1, - s), (3.36)

where Cgm(wl, ...,%s) is the complete contraction:

N F 2 (T T
COII'EI"(Vyl""1/"757221"'27“0mzqmzé (V bl U+2¢w®vx1 =2 g+2¢Q)

®vy19®.--®vy(,,39®vwlw1®---®ww®---®wq®~-®vwsws). (3.37)

In order to see this, we recall that we have already shown that (const),, (const)rz,y «, (const)., 4
= 0, and also each other complete contraction C/ in ([3.29) has |A| < o — 3, hence each complete
contraction of length o in each Tail[C7] can have at most o — 3 factors VQ or V. Therefore,

we deduce that (const), q) = 0.

2TSee the “Main consequence” of the super divergence formula in Subsection 2.2.3 in [3].



26 S. Alexakis

Finally, to show (const); = 0, we again consider Zy(v1, ..., s, QC’_S_2)J§ for which we have
an Zg(1, ..., 0s, Q"_S_Q)dVg = 0. We apply the super divergence formula to this equation,
deriving a new local equation: supdiv([/; (1, ... L5, Q2°7572)] = 0; we pick out the sublinear
combination supdiv,,,,[Z;(11, ..., s, Q77°72)] of complete contractions with length o, § = 0
and s factors Vi, and o — s — 2 factors V(2. Since the super divergence formula holds formally,
we deduce that:

supdiv**** [29(1/117 s ﬂbs, 90—8—2)] = 0’

modulo complete contractions of length > o + 1.
Analogously to the previous case, we deduce that:

SUPAIV, s [I5 (01, . 5, Q7 72)] = (—1) 2 (comst)y - C2™ (¢, ..., 1by), (3.38)

where Cgmx(wl, ...,%s) is the complete contraction:

e 2m1zs (TR ool i i
contr(Vy1 Yoms=221Zs (YRt —o =2t Ry ®Vm1...x%,0,2ile”] v)

& vylg ®-® vy073729 ® vwlwl Q& vws¢s>-

Hence (const); = 0. We have shown Lemma [3.1in the case o < § — 1.

Proof of Lemma 3.1l in the case o = g — 1. The case 0 = 5 —1 follows similarly. In this
case, we can apply the same method of explicitly constructing divergences to show that there is
a linear combination of acceptable vector fields, >, ath (1, ... ,s), so that ([322]) holds,
where in this setting C(¢1,...,vs) is in the form:

contr (V“Ricai ® VbRicé QR 2QAY ® - ® A?[)s),
whereas C" (1)1, ... ,1s) is in the form:

contr (VoRicy; ® Viihy @ RO 2@ A @ -+ @ Ay @ -+ - @ A,
and C&" (11, ...,1s) is in the form:

contr (V&, @ Vi @ R 2R A1 @ - @ Athy @ -+ @ Athy @ -+ @ Avy),
and finally Cg(wl, ..., 1) is in the form:

contr (V“Riﬂm Q@ VPRI, Q R 2R Ay ®@ -+ ® A¢s)-

Therefore, by subtracting the divergence div; ),y ahC’g’i(i/)l, oy ts) from 15 (31, ... 1)s),
we again obtain ([3:29)) (modulo complete contractions of length > o+1), with the new notational
conventions of this setting.

Hence, if we could show that (const), (const)y ., (const), q, (const); = 0, we will then have
proven Lemma [3.1]in the case 0 = § — 1.

Now, we show that (const),, (const)sry, (const), 4 = 0. As before, we take supdiv|Z,(¢1, ...,
s, 2°7572)] and focus on the same sublinear combinations supdiv,,supdiv,,,supdiv,,, as in
the previous case, and then observe that the same equations ([B30), (332), (B35]) also hold in
this case. The complete contractions C*, C** C*** are the same as in equations (B.31]), (3:34)),
B.37), where we set 0 = § — 1.

Now, in order to show that (const); = 0, we apply the same method as for the previous case:
We consider and focus on the sublinear combination of complete contractions with length o,

28See the “Main consequence” of the super divergence formula in Subsection 2.2.3 in [3].
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0 = 0, and s factors Vi, 0 — 2 — s factors V2. We denote that sublinear combination
by supdiv****[lg(i,bl, oy 1hs, Q2°7572)]. By the same arguments as before, we again deduce an
equation (338]), where C**** here stands for the complete contraction:

contr (Vyl"'y"*“?zl“'“ (VllRijkl ® VzRijkl,)
® vyl&’2 ® T ® vy07372Q ® vwlwl ® e ® vws¢3>‘

We thus deduce that (const); = 0 in this case also. [

3.2 The proof of Lemmas 1.2, 1.3l 1.4l and Lemma when s = o — 2

We observe that if o < § — 1 then p < 3. We distinguish subcases, based on ¢ and p. Our
threesubcasesare(a<2 Lu<g),(c<g—1Lu=%),ando=7%5—1.
Firstly, we consider the subcase Where o< % —landp<g

Proof of Lemma when s =0 — 2, 0 < 5 — 1. Consider P(g)\@(,,2 We pick out the
sublinear combination of complete contractions in the form:

Contr(val...atv(ml)mjkl ® vbi...bsv(mz)m/j/k/l/ ® (Péz)o—2)‘

We index those complete contractions in the set ©%_,. We then easily see (by repeating
the explicit constructions from the previous subsection) that we can subtract a divergence from
P(g)lex_, so that, modulo complete contractions of length > o + 1:

P(g)

o:_, —div; Z anC™(g) = (const), )+ Z a;:C'(g
heH teT

where C%(g) in the complete contraction in the form:
contr (A2 772V, @ VW, @ (P)772), (3.39)
whild®] >ier a:C*(g) stands for a linear combination of complete contractions in the form:
contr (V-4 VMW, 4 @ V00T, @ VI Py @ (P2)7 )

(with fewer than o — 2 factors PJ and with § > p).
Therefore, from now on we may assume with no loss of generality that the sublinear combi-
nation P(g)|e:_, is precisely (const),C(g). |

Proof of Lemmas [.2], 1.3l L4 when s =0 — 2,0 < 5 — 1, up < 5. We again observe
that the complete contractions in Ij(¢1,...,%s) with [A] > o — 2 will be indexed in the
sets F2, F! and?] in this case, also in the sets J and L, where for each C!, I € L and each C7,
j§ € J we recall that C!, C7 are in the form (4] with no factors V" Ric.

We now again consider 7 (11, ...,s), written out as a linear combination in the form (L3]).

We recall the definition of the index set F™* (see the notation above Lemma [[.2)). It follows
that F* = F2 | |JF2 ,|JF! , (recall that the upper labels count the number of factors V®)Ric
or R and the lower labels count the value of |A|). Furthermore, since P(g)|e, is “good”, it follows
that L}, = @, while } . ;. a;Cy (1, ... bs) = (const)Cy(¢1, . .., 1), where Cy(¢1, . .., 1) is the

2Recall that ©,_2 stands for the index set of complete contractions in P(g) (which are in the form
contr (VW @ - @ VW @ VWP @ ... @ V(@) P) with length ¢ and with o — 2 factors V() P.

#If o = 2 — 1 then C*(g) is in the form contr(V'Wijn ® v Wik g (P&)7~2).

31Recall that F'? C F stands for the index set of complete contractions with ¢ factors V® Ric or R.
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complete contraction contr(A%_"_2V“Rijkl QViy R @ A1 @ -+~ ® At)g) or contr(ViRijkl ®
VyRIM @ Ay @ - - @ Ay).

A study of the sublinear combination Zf€F3—1 ang (¥1,...,%s). As before, we see
that since |A| =0 — 1, s = 0 — 2 for each C/, f € Fg_l it follows that each C/, f € F2_
must have at least one factor R and will hence have §(C¥) > 1+ 2 (by the decomposition of the
Weyl tensor).

As before, it follows that:

o—2
Z ang(wl, ceytg) = (const)@Cf/(wl, ooy s) + Z(Const)uC;‘(l/Jl, ooy ),
fEFZ 1 u=1

where here C;@ is the complete contraction:
contr(A(%_")R QR AP @+ @ Athy_g),

and Cg' (11, ...,9s) is the complete contraction:

contr (A2, @ R? @ Ay @ Ath, @ -+ @ Athy_3).

As before, we denote by angZ(zpl, ...,%s) a generic linear combination of complete
contractions in the form (L4]) with length o, |A] < 0 —3 and 6 > u+ 1. It follows as in
the previous subsection that we can construct a vector field ), ath (1, ..., 1) so that,

modulo complete contractions of length > o + 1:

S arCl(W, .. ws) = divi > apCli(, . 1)

feF?_, heH
o—2
= (const);C;(wl, ceths) + Z(const)g,uC;’“(q/Jl, oy tbs)
u=1
o—2 q—1
+ Z Z(const)!,(qw)C';’(q’w)(¢1, o ts) + Z a,Cg(¥1, ... 1s),
=1 w=1 z€Z'
where C;(wl, ...,1s) is the complete contraction:

contr(A(%_"_l)R ®AR® A @ - @ Athy_3),
C;’“(q,bl, ...,s) is the complete contraction:
contr (AT DR ® A%, @ R® Ahy ® Athy @ -+ ® Athy_s),
C;’(q’w)(wl, ...,%s) is the complete contraction:
contr (AE ™, @ R @ A%y, @ Aty @ Athy ® -+ @ Ahy @ -+ @ Aty_s).

This follows by the same explicit constructions as for equation ([B.4]).
A study of the sublinear combination }_ ;. p2 , afcg(@bl, ...y Ps). We claim that

ZfeFQ,Q afC’;(zﬁl, ...,%s) can be expressed as:

Z afcg(wla'-'yws Zav wla"'aws +Zav 7/}17---77/}5)

feF?_, veVy veVs

32Recall that the subscript »—1 means that |A] = o — 1 for the complete contractions indexed in Fg,l.
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+ ) ayCl(r,- . 1)s) + (comst)spec - C5P (1. ., 1)), (3.40)
veEVS
where > v @, Cg(1,...,15) stands for a linear combination of complete contractions in the

form:

contr (V‘“"'“tv(”) g @ VO Vg‘i)___qu/fw ® R?

r1...Tp
DAY @ DAYy D @ Ay @ - @ Ady), (3.41)
with 6 > u+2. 37 oy, aCy(P1, ..., 1s) is a linear combination of complete contractions in the

form:

contr (V- ®) 4 @ V-t y@ | Ric; @ RQ A @ -+ @ Ay, @ --- ® Ady), (3.42)

T1..Tp Z1...2q
with 6 > u+ 2. ZvGVg aUC;’(wl, ...,%s) is a linear combination of complete contractions in the
form:

contr (V- V® | Ric; @ V-9 | Ricyy @ Ay @ @ Agy), (3.43)

with § > u + 2. Finally, Cg"“(¢1, ... ,1s) stands for a complete contraction in the form:
contr (A(%_U_mVin R VIR® AP @ -+ @ Aty),

where 6 > p+ 1.

(B0) follows by the definition of } ;. p -+, apart for the claims regarding the numbers of
internal contractions in the different factors. We check these claims by virtue of our assumptions
on I7. Firstly, polarizing the function ¢, we write out /; as a linear combination of contractions
in the form:

contr (V“l“'“tv(m)Wijkl Q- ® Vbl"'b“V(m"*S)Wi/j'k'l'
2 Vvl...vzv(p1+2)¢ R ® Vy1...ywv(ps+2)¢), (3.44)

Now, using the decomposition of the Weyl tensor we decompose the above complete contractions.
As noted in the introduction, we observe that each complete contraction with a factor R must
have 6 > p + 2, This shows our claim for (341 and ([342). Moreover, we recall that all
complete contractions C!(g), | € ©,_5 with s factors P2 are in the form C%, as in [B39).
Hence, by applying the decomposition of the Weyl tensor to the complete contraction C'%, we
see that the contribution of C* to the linear combination ferz_, @ fC’f is precisely the complete
contraction C*P°° (times a constant). For each other complete contraction C!, 1 € ©,_5\0% ,, we
have that C’é(?/)l, ..., ), written in the form (3.44]) does not have s factors Ay, (by definition).
Hence, each complete contraction C7f, f € F2?_,, in the decomposition of each Cé(z/;l, ooy ),
l €O,_9\ 0% _5 must have § > p + 2. This shows ([B.43]).

In view of ([B.40]), and by applying the same “by hand” technique as for equation ([B.4]), we see
that we can find a vector field ), ahcg’i(zbl, ..., %s) so that modulo complete contractions
of length > o + 1:

> arCl(, ) = divi > anCl (1) = (const)iCy (o, - .., 1))

fer?_, heH

o—2 o—2q—1

+ Z(const)g,uC’;’“(i/Jl, o ts) Z Z(const)h(q,w)C;’(q’w)(1/11, ey g)

u=1 q:l w=1
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> @Ol )+ Y @G, 1), (3.45)
peEPZOZHT? 2€2’
where Zp e p2ozu+2 apCl (11, ..., 1s) stands for a linear combination of complete contractions in
o—2

the form (L4) with length 0, s =0 — 2, |[A] =0 —2 and ¢ = 1 and also § > p + 2. The “by
hand” construction of the vector field for ([B45]) is the same as the proof of equation ([B4), with
the slight caveat that we now also have the complete contraction C®P°°. In particular, since we
only know that § > p + 1 for C®P°°) we have to check that we get no correction terms of the
form (I) with ¢ = 1. But this follows by the form of C*P*°, i.e. that we have two factors VR,
so we never have to introduce correction terms by virtue of the second Bianchi identity.

A study of the sublinear combination Zfch}_z ang(@bl, «v .y Ps). We claim that

this sublinear combination will be of the form:

D apCn, ) = Y aaC(n, 1)

feF} deD
+ (const)gCg(wl, o) + (const), CJ (Y1, . ., s), (3.46)
where >, p adC’gwl, ..., 1) stands for a generic linear combination of complete contractions

in the form (L4) with length o, s =0 — 2, |JA| =0 —2 and ¢ = 1 and also 6 > p + 2 (just
like the linear combination ZpePﬁfzz““ apC¥ (41, ..., 1s) in (B2H)), while C’gﬁ(wl, ..., %) is the

complete contraction:

contr (AGT7AVIR 1 @ VIFR @ Ay @ -+ @ Adby), (3.47)
with 6 = § > p+1, and Cy (1, ..,1s) is the complete contraction:

contr (A~ "IVIFR @ VIR 1 @ Avy @ -+ ® Ahy), (3.48)

with o =5 > p+ 1.
Observe that the sublinear combination

(const)gCP (Y1, ..., ¥s) + (const), CF (¥, ... ,1bs)

above is exclusively the contribution of the complete contraction C'* in I® to the linear combi-
nation »- et arCL (41, ..., 1s). (The fact that such contractions in the forms B4T), (345)

do arise in the decomposition of C'“ can be directly checked.)
Now, we check that the contribution of all the other complete contractions in I° (i.e. other
than C®) to the sublinear combination ZfEFLQ ang(wl,...,l/Js) is indeed e agC(¢n,
.., ¥s), as described in (3.44]).
But this is straightforward to observe. We only need to check that each Cé(wl, co, ) in
the form ([B:44]), with 6 > p and with less than s factors Ats can be written out as:

2

Cothr, -y ts) = Y aaCy(r, o)+ > > apCy(hn, ... ,1b), (3.49)
deD q=0 |A|<o-3 feF‘qA‘
where Y, p adC’g(ipl, ..., 1) is as above. ([3.49) just follows by the decomposition of the Weyl

tensor.
Now, we seek to “get rid” of the complete contractions C?, C7. We construct vector fields
CBi, v where CP' arises from CP by erasing the index 7 in the second factor and making
the index ; that it contracted against in the first factor into a free index i. C7* arises from C?
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by erasing the index 7 in the first factor and making the index ; that it contracted against in
the second factor into a free index ;.
We then observe that modulo complete contractions of length > o + 1:

Cgﬁ(wlv"'v¢s)_divi057i(w17"'v¢s Zaz 7/)17-"77%),

zeZ'
Cl(Wn, .- ) — diviC (W1, ) = D aCh(tr, ... ).
zeZ'
Next, we claim that we can subtract a divergence ), ahC’Z]l ’i(wl, ..., %) from the linear

combination ), adC’gwl, ..., 1) so that:

Z ang(wla v 71/18) - dlvl Z ahC;l’i(wla v 7¢8) = (COI]St)’g : C;(l/}h v 71/18)

deD heH
S
+ Z(CODSt)?‘Lu : C;?’u(wla s 77;Z)s + Z az 7/)17 cee 77;Z)s)7
= zeZ!
where C’; (11, ...,1s) is the complete contraction:

contr (A%—"—UV“RW ® Ric* ® AP ® -+ ® A?,Z)S),
and it has 6 > u + 2, while C;?’“(wl, ...,1s) is the complete contraction:
contr (AT TIVIR 1y @ ViR, @ Ay @ -+ @ Athy, @ -+ @ Adhy),

and it has § > p+2. This follows by imitating the proof of the previous case. Then, we explicitly
construct a vector field ),y ahC‘g “(11,...,1s) so that:

(const) - C;(wl, s ths) Z(const)fg?,u : C;?’“(wl, cests)

u=1
— div; Z athJ(qm, ..., ¥s) = (const)y - Cg(wl, o ths) Z aCq(P1,- -5 s),
heH P
where C’g(?pl, ..., 1) stands for the complete contraction:

contr (A AVIR 1y @ VIV RI*, @ Ay @ -~ @ Aghy),

which has § > p + 1. '
Now, recall that by our lemma’s assumption L, = &, and ZjeJ* a;Cy(1, ... ) =

(COHSt)//Cﬁ(wl,...,T/JS). Therefore, by our study of the three sublinear combinations

ZfeFl . Efer L, ZfeFﬁ,l --- we have shown that we can subtract a divergence from I
so that:
Io(r, o tbs) = dive > anCli (e, he) = D aiCht, ... )
heH leLy

2 o0-3
+ > @G, )+ DD Y apCl (... 1hs) + (const)y - Cy (1, s)
jeEJ\J* @ =0v=0fcpi

s w—1

+Z const)y1 - C¥* (Y1, ..., 1s) +ZZ (const )y q - ;’w’q(wl,...,ws)

y=1 w=1 g=1
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+ (COHS‘U)ﬁCE(T/Jl,...,ws + Z aCy (Y1, ., 1hs).

zeZ'!

Here each C', C7 has |A| < 0 — 3. We then apply the exact same proof as in the third step in
the previous subsection to show that (const), = 0, (const), = 0, (const), 4 = 0, (const); = 0.
We have thus shown our claim in the case s =0 — 2, u < 3. |

The proof of Lemmas [[.2}, 1.3, T4 when s = 0 — 2, 0 < §—1 and p = 3. In this ca-
se, we have that P(g)|e, , can be written out as follows:

|®O’ 2 Zalcl

leL
where each C!(g) is a complete contraction in the form:
contr (ACOVIW, 1y @ AT, WiTH @ Al pa g ... g Alee) pay, (3.50)

This is true by virtue of the fact that each C'(g), | € ©,_2 must have § = 5. We assume
with no loss of generality that the last ¢ — 2 factors are arranged so that ag > a4 > > Q.

We denote by Ly C L the index set of the complete contractions C!(g) with ag = - -+ = a, = 0.
We claim that:

> aCl(g) =0. (3.51)

leLg

We observe that if we can show this, we will then have shown our claim. This is because
every complete contraction C'(g), I € L\ Ly will have a factor A(® P? with a > 0, hence each
complete contraction C!, C7, C/ in (L) will have a factor V), with p > 3 and two curvature
factors that are not R (scalar curvature). Hence, if we can show (B.51]), we will have shown the

remaining cases of both our Lemmas when y= 5 and 0 < 5 — 1.

We will, in fact show a more general statement: We denote by L, C L the subsets of complete
contractions in the form with a3 = v, a4 = -+ = a, = 0. We will then show that for each
v > 0:

> aCl(g) =0. (3.52)
l€L,

We show the above by an induction. Let us assume that (8.52)) is known for every v > ;.
We will then show ([B.52]) for v = ;. By our inductive assumption, we may cross out from P(g)
the sublinear combination »_ . ZIGL7 a;C*(g). Now, we consider I (1, .. s 9s). We pick out
the sublinear combination of I (11, ...,1s) of complete contractions in the form:

contr (ACYOVIW, 1 @ ALY Wik @ A+ Dy @ Ay @ - ©@ Athy_s) (3.53)

(we make the convention that oy > ao).
Clearly, if we can show that modulo complete contractions of length > o + 1:

I (Y1, -, 0s) =0,

we will then have shown our inductive claim.
By the transformation law of the Schouten tensor under conformal re-scalings (see [3]), and
by virtue of our inductive hypothesis ([B.50) for v > 71, we deduce that we can write out:

I3(n, s ts) = I (W, 0) 4 D auCa (@, ts) + D auCy(thr,. ., s), (3.54)

uelU; uelUs
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where each C'* is in the form ([B50), and for u € Uy ayp, > 0 for at least one h > 0, while for each
u € Uz we have that ag < v;.
We now use the silly divergence formula for I7 (recall this formula from [I]), by integrating by

parts with respect to the derivatives on the factor V(@) We denote the silly divergence formula
for I° by silly[I;]. We focus on the sublinear combination silly, [I;] of complete contractions in
silly[/;] in the form:

contr (vtl...t’y1+1 A(al)vilWijkl ® thmtwﬁlA(az)vi,llwi/jkl/
Y1 @AYy @ -+ ® Ahy_). (3.55)

Now, let us write out Iy (1, ...,1s) in the form:

Igﬁl (1,5 0s) = Z a(p7q)0£§p’q)(¢1, e ths),

(»,9)

where C'?9) stands for the complete contraction in the form B53) with a1 = p, ae = q. We
then denote by C’ép D2 the complete contraction that arises from C'®9 by replacing the factor
Aty by a factor ¥y (with no derivatives) and hitting the factor A(p)V“Wijkl by derivatives
Vitn+1 and the factor A(q)VWWi/jkl/ by derivatives Vi, (we are using the Einstein
summation convention). We then make three claims. Firstly:

v1+1

silly, [1,] = 2" Z a(p,q)Cép’q)’ﬁ(l/fh s s).

(p,q)

Now, for each C'®9:% above, we denote by Cép’q)’ﬁ’b(wl, ..., 1) the complete contraction that
arises from it by replacing the two factors th"'t71+1A(°‘1)VilW/,~jkl, vtl,,,tmlA@)vi,l,wi’ﬂd’
by factors Vi-tn+1 ACDYVIR, ) th,,,twﬁlA(O‘2)Vi/l/Ri/jkl/. Our second claim is that modulo
complete contractions of length > o + 1:

Z a(p7q)CépvQ)7ﬁ7b(w1’ cee 771Z)S) =0

(p,q)

Our third claim is that from the above we can deduce that each a
the above three claims, then clearly ([B.52]) with v = ~; will follow.

We begin with our first claim. For each complete contraction Cy(11,...,%s) in (B.54]), we
denote by sil[Cy(¢1, ... ,1s)] - ¢ the sublinear combination of complete contractions in the right
hand side of silly[77]. This notation extends to linear combinations. The silly divergence formula
just tells us that:

pq) = 0. If we can show

Sil[Igm(?ﬁl, ey s)] Z asil[C 1/)1, ey )] Z asil[C 1/)1, o s)] =0

uelUy u€clUs

If we can show that for u € U;|JUs, sil[Cy] contains no complete contractions in the
form ([B358]), our first claim will then follow.

This claim is trivial for the complete contractions C, u € U;. We notice that if Cj has
a factor A@q,, o > 1, h > 1, then each complete contraction in sil[Cg] will have a factor
VP, p > 2a > 2. On the other hand, for each v € Us, we observe that each complete
contraction in sil[Cg] will have less than =1 + 3 indices in the first factor v(m) Wijr contracting
against indices in the second factor V(m/)Wijkl. So we indeed see that sil[Cg], u € Us has no
complete contraction of the form ([B55]). Therefore we have shown our first claim.



34 S. Alexakis

Now, we check the second claim. We write out silly[I;(¢1,...,%s)] as a linear combination
of complete contractions in the form (L4)). We define sillyg,e.[I; (11, .. ,%s)] to stand for the
sublinear combination of complete contractions with s — 1 factors A, ..., Ay, one factor

and two factors V(m)Ri]—kl, V(m/)Ri/]—/k/l/ with ~7 + 3 particular contractions between them. (We
write V(m)Rijkl, V(m/)Ri/jrk/l/ but there is no restriction on the particular contractions of the
indices 4, j, ks 1,45 j7, k5 1, 1-€. We can have ;, , contracting between themselves etc.) Since the silly
divergence formula must hold formally, we deduce that:

sillygpec[lg (Y1, - -+, ¥s)] = 0, (3.56)

modulo complete contractions of length > o + 1.

Moreover, clearly any complete contraction Cy(t1,...,1s) in the form (BE0) with either
a factor VP, p > 3 or with less than 4, + 3 pairs of particular contractions between
the first two factors V(m)Wijkl, V(m/)VVijkl cannot contribute to the sublinear combination
sillygpec 15 (Y1, - - -, ¥s)]. Hence, we derive that sil[C], u € Uy |JUz do not contribute to the sub-
linear combination sillygp,e.[[;], whereas by virtue of the decomposition of the factor vi Wik
we have that:

SillypeclIg (U1, - )l = > 2”1“2 — ;a(p,q)cép’q)’ﬁ’b(l/}l’ ) D> aClapy, ),
(r,9) teT

where each is in the form () with either two factors of the form VPR, V(p’)R or one factor
of the form V® R and one factor of the form V(m)Rijkl where none of the indices ;, j, r, ; are
contracting between themselves. In fact, in order to distinguish these two cases we break the
index set T into subsets 17, 15 accordingly.

Now, since (3.56]) holds formally we deduce that modulo complete contractions of length
>0+ 1:

Z atC;(T,Z)l, e ,T/JS) =0.

teTy

Then, again since ([356]) holds formally, we deduce that modulo complete contractions of length
>0+ 1:

> aChar,. . 1) = 0.
teTs
Therefore, we have shown that modulo complete contractions of length > o + 1:
D g O P (. 1) = 0.
(p,a)

Clearly, since the above holds formally, we can deduce that for each different pair (p,q) we
must have:

a(nq)cg(’p,q),ﬁ,b(wl’ cibs) =0,

and since each complete contraction C’ép ’q)’ﬁ’b(zbl, ..., 1) is not identically the zero contraction,
we deduce that each a(,,) must be zero. This was our third claim. We have thus shown our
inductive statement, and we have proven our claim in the case s =0 -2, 0 <g5-1, u=5. B

The proof of Lemmas [[.2}, .3l .4 when s = 0 — 2 and 0 = § — 1. We observe that
any complete contraction C'(g) in P(g)|,, when o = 2 — 1 must be in the form:

Contr(v(m)Wijkl & v(m/)Wi’j’k’l’ ® V(pl)Pab - Q& V(p%*?’)Pa/b/)

must have exactly two derivatives (i.e. m+m/+p;+--- +pz_3 = 2) and moreover § < § —1

33Recall that R here is the scalar curvature.
311t follows easily that in this case p < 5.
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We distinguish two cases. Either p =5 —1 or p < § — 1. We start with the first case. Then
we see that:

P(g)le,_, = (const) - C(g),

where C(g) is the complete contraction:
contr (VZVVUM ® VWi g (P;)”—Q). (3.57)

We will show that (const) = 0. This follows easily by the silly divergence formula. We
consider I3 (¢1,...,%s). It follows that:

I;(?ﬁb ,T;Z)s) =s!- Cg(ﬂll,... ,¢s),

where Cy(11,...,1s) is the contraction:
contr (VWi @ Vi W @ Ay @ -+ @ Adpy_s).

We consider silly][[, 5], with integration by parts with respect to V¥, and we focus on the
sublinear combination:

silly  [I5 (Y1, ,s) = (const)"contr(vlaWijkl ® VigWik Y RAYs ® - ® AT/JU_Q).

It follows by the same arguments as before that silly_ [I 5] = 0, modulo complete contractions
of length > o + 1 and that (const)’ = 2 - s!(const), and hence we deduce our claim in the case
p=735—1

Now, the case u < 5 — 1. We notice that in this case, the sublinear combination of complete
contractions C(g), | € ©4,_5 that have o — 2 factors P2 is precisely of the form (const) - C(g),
where C(g) is in the form BI1) (since P(g)|e, , is assumed “good”). We can then prove our
claim in this case by exactly applying the method of the case 0 = § — 1 when s <o — 2. |

3.3 The proof of Lemmas 1.2, 1.3, 1.4 when s = o — 1,
and Lemma when s = o0 — 1

In this case, we follow the same pattern as in the two previous ones. We begin by a trivial
observation regarding the maximum value that p can hav. By virtue of the formula [5—1 (p) :=
C‘li;—:h:oe"t‘bP(e%‘f’g)E and since we observe that any complete contraction in the form (L.3))
with length o and o —1 factors P must be zero, modulo complete contractions of length > o +1,
we observe that necessarily p < § — 1 in this case.

We again distinguish the two cases = 5 —1 and u < 5 — 1. We start with the second case.

Proof of Lemma when s =0 — 1, p < § — 1. We focus on the sublinear combination
of complete contractions C'(g) in P(g)|e,_, that have o — 2 factors P?. We denote their index
set by @;’_1 C O,_1. By the usual “manual” construction of explicit divergences it follows
that we can subtract a divergence div; >_,c y anC"(g) from P(g)lgj 80 that modulo complete

contractions of length > o + 1:

P(g)lgr | —divi ) apC™(g) = (const)y - CV(g) + D aC*(g) + Y a,C¥(g),
heH teT yey

35Recall that p stands for the minimum value of 6 = dw + dp among the complete contractions C'(g), | € ©,.
*Thus in particular the terms of length o — 1 in I '(¢) arise from the sublinear combination P(g)e by

just replacing each factor V&‘f)mra Py by _ylet?) 0.

T1...Tq 1]

o—1
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where CV (g) is the complete contraction:
contr (A%_("_2)_3V“Wijkl ® Pi* g (Pg)(’_2),

and where each C¥(g) is in the form (3] with at least two factors V™ W;y;. Also, each C*(g)
is in the form (L3]) with § > u and also with less than o — 2 factors P¢.

Now, we observe that CV(g) has § = 2 — 1 > p + 1. Therefore, if we define C"(g) to stand
for the vector field that arises from CV(g) by erasing ! and making ; in the first factor into
a free index, we will then have:

CV(g) — div;CV(g Z a,CY(g) + Z aqgC%g)
yey deD
Here each CY(g) is as above, while each C’d(g) has 6 > p and also has strictly less than o — 2
factors P?. Thus, by subtracting the divergence din’[zheH apC™(g) + (const)y - C’Vvi(g)]

from P(g), we may assume with no loss of generality that P(g)|e,_, contains only complete
contractions with at most o — 3 factors P!. We will be using this fact below. [

Proof of Lemmas [[.2], [[.3], .4l when s = 0 —1, u < 5 —1. We focus on 15(1/11,...,1/15)
for the global conformal invariants P(g) above, and we decompose the Weyl tensors (i.e. we
write I7 as a hnear comblnatlon in the form (). In the notation of the introduction, we have
that F *— LUE;

We first focus our attention on the sublinear combination F} ;. As in the previous cases, it
follows that we can write out:

Z afcg(wla"wws) = (COIlSt)+ 'C;(wla"wws +Zau wla"'7w8)7

fer! |

where C’; (11, ...,1s) stands for the complete contraction:
contr(A(%_")R QAP ®---® Al/Js),

while C¢'(¢1,. .. ,1s) stands for the complete contraction:
contr (A7, @ Ay @ ... Ay -+ @ Ah, ® R).

We observe that each of the above complete contraction has 6 = 5 + 1 > p + 2. As before,
we can explicitly construct a divergence div; ),y ath (1, ... ,1s) such that:

s

> arCl(, ) = divi > anCl (1) =D (const)wwCp (W, -, )

fer; heH u=1
S
+ZZCOHSt (qw qw(l/fly---ﬂ/fs +Zaz 1/}17”’7w8)7
q=1w=1 zez!
where Cy" (11, . .. ,15) stands for the complete contraction:

contr (A 7VR@ AP, @ Aty @+ @ Ahy @ - -+ @ Ay),

#"Recall that I3(¢) = %|t:o(e”t¢P2t¢g) and that Ij(v1,...,1s) arises from Ij(¢) by just polarizing the
function ¢.
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while C’;’(q’w) (11, ...,1s) stands for the complete contraction

contr (A", @ APpy, @ Ay @ -+ @ Ay @ -+ @ Athy @ -+ @ Agy),

and Y a,Cy (11,...,1s) stands for a generic linear combination of complete contractions
with [A| <o —3and 0 > p+ 1.
We next focus our attention on the sublinear combination ;. £, ng (¥1,...,1s). Since

P(g )]@0 , has no complete contractions with o —2 factors P?, it follows that any C'f (U1, .., 0s),
f € F;_, must have 6 > p1+2. Therefore, as in the previous subsection, we can construct a vector

field ZheH ahC’g "1, ..., 1bs) so that, modulo complete contractions of length > o + 1:

S

S arClWr, ) = D anCli (W, 1hs) =D (const), , Cot (... )

feFr , heH u=1

+ Z Z(ConSt);,(%w)C;’(q’ll))(wl7 cee 7¢8) + Z ang(”l/le e 7¢8 + Z az ¢17 cee 7¢8)’

q=1 w=1 beB zeZ'!

Here the complete contractions C*%, C*(%%) are the same as above, while > beB ang(T,Z)l, cey )
stands for a linear combination of complete contractions in the form (L4 with length o, § > p+2,
g=0and Al =0 —2.

Finally, we focus on the sublinear combinations in [ (¢1,...,1s) which have ¢ = 0 (i.e. we
consider the complete contractions that are indexed in the sets L, J in ). Now, since we
have that each C!(g),l € ©,_1 has less than o — 2 factors P2, it follows that all the complete
contractions in L, J in (L5 must have [A| <o — 3.

Then (by the usual construction), we can construct a linear combination of vector fields,
Y oheH ahC’g’i(zbl, ..., %s) so that, modulo complete contractions of length > o + 1:

D anCo, . ) — divi > anCl (.. 1))

beB heH
S
= (const) L uCL" (W1, the) + Y azCr(n, .., by,
= zeZ'
where C’;’“(qﬁl, ..., 1) is the complete contraction:

contr(A(%_((’_m_?’)V”Rijkl ® ijﬂ)u QAP ® - ® A;,Z)u Q- A¢s),

which has 6 > p + 2, and where }°__, a,C5(¥1,...,9s) is as above.

Moreover, we define C’gL ’“’i(i/)l, ..., 1) to stand for the vector field that arises from C’gL T
.., %) by erasing the index * and making ; into a free index. We then observe that, modulo
complete contractions of length > o 4 1:

CEM (4, ) — diviCEm (b = 3 auCE(th, 1y,
zeZ'

In conclusion, we have shown that we can subtract a linear combination of divergences from
Ig(wl, ..., 1) so that, modulo complete contractions of length > o + 1:

L (e ) — diviC () = 3 @Ol (W, ) + > a;CI(, -, 3)

l€L, jeJ

38These sets index the complete contractions in I with no factors VP Ric.
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+ Z CLfC;(T/Jl, ooy hs) Z(const)*7uC;’“(w1, ooy ts)
u=1

feFN\(F;_ UF;_,)

s q—1
+ZZ (const), (q,uw)C (¢1, ) +Zaz (1, 1)s).
q=1 w=1 zez’

(The terms in the second line are not generic linear combinations — they stand for the original
linear combinations in I3 (¢1,...,%s) as in (L3).)
Then, using the super divergence formula as in the previous subsection, we deduce that
(const), , = 0 forevery u =1,...,sand (const)*7(q,w) =0foreveryqg=1,...,s,w=1,...,q—1.
Therefore, we have proven Lemmas [T}, .3 L. when s =0 — 1 and p < 5 — 1. [ |

Now, we consider the subcase where y = § — 1. We see that in this case (modulo introducing
correction terms with length ¢ and two factors V™ W;;x,), we can write out P(g)|e, ,:

|@a 1 Za’*f 7!’17---77% +Zae ¢17 "71;[)8)7

vel ecb
where each C7(g) is in the form:
contr(A(a)V“VVijkl @ AP Pk APl g ... g A(p"*)P;) (3.58)
(we are making the convention that p; > -+ > p,_2), while each C¢(g) is in the form:
contr (A VW, @ APIVIP @ APV Pk o AP Pl ... g Alr—3) po) (3.59)

(we are making the convention that p; > -+ > ps_3).
Now, a small observation. For each C7(g) with 5 > 0, we can construct “by hand” a vector
field C7*(g) so that:

C(g) — diviC7(g) = > a,C¥(g) + Y _ a:C'(g) (3.60)

yey teT

where each CY(g) is a complete contraction in the form @59) and Y, ., a;:C*(g) is a linear
combination of complete contractions in the form (3] with at least two factors v(m) Wijri. The

above holds modulo complete contractions of length > o + 1.

In view of (B.60), we can assume that each C7(g) in P(g)|e,_, has = 0.
We then define I, to stand for the index set of the complete contractions in the form (358
with =0, py =k >0 and ps,...,ps—2 = 0. We observe that, by definition:

> a,07(g) = (const). - O™ ().

yel'x
where C*(g) is in the form B58) with 8 =0, py = Kk, p2 = -+ = ps_o = 0 and with a =
5—(0—-2)-3.
We will show that under the above assumptions, for each x > 0:
> a, G- 1) =0, (3.61)
yel'x

modulo complete contractions of length > o + 1.
If we can show the above, we then see that we will have shown Lemmas [.1] .3 L4 in
this setting. This is true since if we consider any P(g) with P(g)|e, , that satisfies ([B.GI])
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and we then write out Ij (11,...,1s) by decomposing the Weyl tensors, then each complete
contraction C4, Cf, €7 in I* must have at least two factors V®e)y, with ¢ > 3 and at least one
factor either in the form V(m)Rijkl, m > 2 or in the form V®Ric, p > 2.

We show ([B.61]) by an induction. We assume that ([B.6I]) holds for each k > k1 and we will
show it for k = 1. We consider the silly divergence formula for /] (¥1,...,1s) — we denote it by
silly[Z3(¢1, ... ,%s)] — and we focus on the sublinear combination silly,[/;] that consists of the
complete contractions in the form:

COD'EI"(th...tHI A(%_(U_2)_3_m)vilRijkl ® vt1...tﬁljk¢1 Ry @AY R -+ ® A¢s—2)- (3.62)
We then make two claims. Firstly, that modulo complete contractions of length > o + 1:

SIHY* [I;(¢1, ce 7¢S)] =0,

and secondly that:

. s K _3 K
silly, [ (b1, )] = 2 2 (const ), - O (. 1),

where € is in the form B62]). Since C** is clearly not identically zero, we will then deduce
that (const),, = 0, and we will have shown our inductive claim.

We begin with the first claim. We initially denote by silly, [I]] the sublinear combina-
tion in silly[] 5] that consists of complete contractions with length o and a factor 1o, factors
Ats, ..., A)s_o, a factor VT2, with no internal contractions and a factor V(™) Rijii (where
now we are allowing any two indices in this last factor to be contracting against each other). In
other words, we are looking at the sublinear combination of complete contractions in the form:

contr (V(m)Rijkl ® V(“1+2)1/11 R QAY3R - ® Aiﬂs); (3.63)

where V(*¥112)4); has no internal contraction.
Since the silly divergence formula holds formally, we deduce that:

silly  [1;] = 0,

modulo complete contractions of length > o + 1.
We are now in a position to show our first claim above. By just applying the decomposition
of the Weyl tensor, we calculate:

silly (13t .- )] = silly, [£3 (... w0)] + (const) - Ch(eh, ..., ), (3.64)

where C¢ (1, . ..,s) is the complete contraction:

contr (th"'t”1+2A(power)R ® Vi ity 121 ® P2 ® APz ® -+ ® AT/’s)'

Now since silly  [I7(¢1,...,%5)] = 0, we may derive that the second sublinear combination
in ([B.64]) vanishes separatelyt™]. Hence we derive our first claim, that silly,[I7(¢1,...,s)] = 0.

We now proceed to the second claim. We would like to understand how the sublinear combi-
nation silly [I7] is related to I;(¢1,...,%s). Given that u = 5 — 1 in our case, while silly_, [I;]
consists of complete contractions with factors As, ..., A, 1, it follows that a complete con-
traction Cy(¥1,...,%s1) in I] (where Cy is in the form (3.44])) can only contribute to silly_, [/;]
if it has factors Avs, ..., Aths_1. (Otherwise, it must have at least one factor A¥,, v > 3 with
y > 2). Moreover, since the complete contractions in silly [I;] each have a factor V1 +2)ah; with

39Using the operation Sub,,, defined in the section on technical tools, in the Appendix of [3].
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no internal contractions, it follows that a complete contraction Cy(¢1, ..., %s—1) in I M (where C,,
is in the form (3.44])) can only contribute to silly_ [I]] if it has a factor VWi with no internal
contractions (in the form ([3.44])). Moreover, since we are considering complete contractions in
I3 (1. .., 9s) with 6 = 5 — 1, it follows that y = 2, and therefore the two indices 4, j in the
factor Vﬁ)wl must be contracting against two internal indices in the one factor v(m) Wijr (other-
wise, if they contracted against at least one derivative index, we must have at least one pair of
antisymmetric indices ;, j or i, ; in vm) Wijr both involved in an internal contraction, but such
a complete contraction must clearly be zero modulo complete contractions of length > o + 1).

Therefore, we have that the complete contractions in Ij (¥1,...,1s) that contribute to
silly  [15 (41, ... ,1s)] must be in the form:

contr(A(a)VilVV,-jkl @ Viky ® A(B)¢2 RAY3R - ® A¢s)-

We denote the above complete contraction by Cy' B (11, ...,1s). We recall that by our inductive
assumption, each Cg' Pin 1 ; must have § < k1.

Clearly, we also observe that for each Cy' # above, the contribution of Cq P to silly 4[] can
only be in silly[C;’B] if we integrate by parts all the 23 indices (*,4,),..., (", q,) in the factor
A(B)”L/Jg and we make the derivatives V... V% hit the factor V(m)Rijkl and the derivatives
Vays .- Va, hit the factor V@), . We observe that otherwise, we will either have an internal
contraction in the factor VP, or a factor VP, p,h > 3, or a factor Vi, t > 1, or
a factor V(®4); with an internal contraction.

We denote the complete contraction that we thus obtain by C’; B Moreover, we clearly

observe that unless f = k1, C’; # does not belong to silly_, [I 5] To summarize, we have seen
that silly  [/;] is the sublinear combination in Eﬂ/epﬁl ayCq (11, ..., 1) that consists of complete

contractions in the form (B.63]).
We will now demonstrate our second claim. We employ the decomposition:

n

. -3 .
V”Wijkl = — 2V”Rijkl + (const)lvgkR + (const)s ARgjp.

n

We deduce that:

n—3
n—2

silly, [15 (1, )] = D ay

RISV

C;7L(w17 cee 7¢s)'

This shows our second claim.
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