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The trace formula in invariant form

By JamESs ARTHUR*

Introduction

The trace formula for GL, has yielded a number of deep results on
automorphic forms. The same results ought to hold for general groups, but so far,
little progress has been made. One of the reasons has been the lack of a suitable
trace formula.

In [1(d)] and [1(e)] we presented a formula

(1) 2= ZI(f)

0e0 xeX

or, as we wrote it in [1(e), §5],
(1*) R (f) = ZINF) - 2 L)

0ed xeX\X(Q)
G is a reductive group defined over Q, and f is any function in C*(G(A)"). The
Ieft hand side of (1*) is the trace of the convolution operator of f on the space of
cusp forms on G(Q)\ G(A). It is a distribution which is of great importance in
the study of automorphic representations. One would hope to study it through
the distributions {J': 0€ 0} and {]XT: X € X\ X(G)}. Unfortunately, these
distributions depend on a number of unpleasant things. There is the parameter
T, as well as a choice of maximal compact subgroup of G(A)! and a choice of
minimal parabolic subgroup. What is worse, they are not invariant; their values
change when f is replaced by a conjugate of itself. In any generalization of the
applications of the trace formula for GL,, we would not be handed the function
f. We could only expect to be given a function such as

¢(f): 7~ trm(f),

whose values are invariant in f. Here # ranges over the irreducible tempered
representations of G(A)!. The decomposition of trR . (f) into the right hand
side of (1*) would then be of uncertain value, for the individual terms actually
depend on f and not just ¢( f).
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2 JAMES ARTHUR

The purpose of this paper is to modify the terms in (1) so that they are
invariant. Under certain assumptions on the local groups G(Q, ), we will obtain a
formula
(2) 2 L(f)= 2 L(f)

0el x€X

in which the individual terms are invariant distributions. The definitions will be
such that I, = J T if x belongs to ¥(G). We will therefore also have

(2*) (R (£)) = 2 L(f > L(f)

o0eb xeX\X(G)

the analogue of (1*).

The main assumptions on the local groups G(Q,) are set forth in Section 5.
One expects them to hold for all groups, but they are a little beyond the present
state of harmonic analysis. They are, essentially, that any invariant distribution, I,
on G(A)! can be identified with a distribution, I, on the space

5.(G@A)) = {6 = o(f): Fe CZ(G(A)')}.
This will apply in partlcular to the invariant distributions I, and I_ . In Section 13
we shall show that I and I are natural objects on G. They are 1ndependent of
any choice of maxunal compact subgroup, maximal split torus, or even Haar
measure. In this sense they are similar to the terms in the trace formula for
compact quotient.

A formula akin to (2*) is proved for G = GL, in {10(b), §8]. (See also [9].)
The main step is the Poisson summation formula on the group of idéles. At the
right moment a sum over the multiplicative group of the field is replaced by a
sum over Grossencharakters. Likewise, our main step is to apply the trace
formula to the Levi components, M, of proper parabolic subgroups of G. To do
this, we need to derive a function in C*(M(A)') from f. Therein lies the
difficulty. We can always assume inductively that (2) is valid on M, and use it
instead of (1). Then we need only produce a function in § (M(A)'). However,
this is difficult enough. It will not be done completely until Section 12. The main
step is a splitting formula for some tempered distributions, I, ., proved in
Section 11.

In the applications of the trace formula for GL, it is important to show that
on certain functions, ¢, many of the distributions vanish. In Section 14 we shall
study this phenomenon on a group of higher rank. The group will be GL . ¢ will
be the function in 9 (G(A)') one expects to associate to a function on the general
linear group of a division algebra. Our main tool is again the splitting formula of
Section 11. The reduction to this formula is an elementary exercise.
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The formula (2) actually follows rather formally from the existence of some
auxiliary data. We present the formal manipulations in Section 4, along with an
attempt to motivate our definitions. It is the proof of Theorem 4.2 that contains
the crucial application of (2) to Levi subgroups. The best way to first read this
paper is to look at (2.5) and the statement of Theorem 3.2, and then go directly
to Sections 4 and 5. Section 4 is in fact intended as a second, more technical
introduction to the paper. After Section 5 the reader might return to the earlier
sections. Section 6 contains some lemmas which are used frequently throughout
the rest of the paper. They are best motivated by the calculations of Sections 2
and 3.

We shall conclude this introduction by illustrating how our methods apply
to the trace formula of G = GL,. Let I be the group of idéles (on Q) and let I!
be the subgroup of idéles of norm 1. We have subgroups

M(A) = {(g g):a,ﬁel},

P(A) = {(‘(’)‘ z):a,ﬁel,ueA}
and
K = 0,R) x [[coL,(z,) =IIK,
p v
of G(A). Suppose that fis a smooth function of compact support on
G(A)' = {x € GL,(A): |detx| = 1}.

Let J,(f) and J.(f) be the values of J(f) and J[( f), respectively, at T = 0.
Then the trace formula for GL, is

tr(Ro(f) = 21— 2 L)
0el xeXX()
Since we are in the special case of G = GL,, the distributions on the right can
be evaluated explicitly (see [7], [4]). We shall copy them from [7], with minor
modifications to fit our setting.
Associated to each 0 € O is a semisimple conjugacy class {y} in G(Q). Let

€(G) be the set of o for which the eigenvalues of y are not rational. For
0 € &(G), J,(f) equals

() vol(G(Q¥)\G(4)' N G(A,Y)) [ flxyx) dr,

GA NGA, YNGAY
where G(A, y) denotes the centralizer of y in G(A). If o belongs to O\ 6(G) we
can take y = ( g g . Then we can and do identify o with the set
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{(a, B),(B, )} (consisting of one or two elements) of ordered pairs of nonzero
rational numbers. If o contains two elements, J ( f) equals

x 2 - 0
(b) VOI(Q \Il) (a’%eo -/G(A)lmM(A)\G(A)lf(x 1(8 B )x )v(x)dx,

where if x = a ((1) tlt)k, fora @ M(A), k@ K, and u = ][ ju, in A, then

v(x) = logyl + |ug|® + Elog(Max{1,|up|}).

p

If o consists of one element, («, a), J.( f) equals the sum of

B 0
¢) vol(O* NI Y lim Jlu — o f(x 1(au ~ )x)
() vol(Q\IY) u—-l{l I-/c«)svmM(QN}(Qs)1 0 ou

(o(x) + rs(u))dx}

and
(@) val(G@\c@'r(s 9.
Here S is a sufficiently large finite set of valuations,

QS = DI;IS Qv’

and rg(u) is a certain smooth function on {u = [I,_su,: u,€ Qf — {1}} with the
property that the expression in the brackets in (¢) extends to a continuous
function of ue Il Q.

An irreducible unitary representation of M(A) consists of an ordered pair
(p,v) = (?uv, ?Vo)
of characters on I. There corresponds a representation
I(p,v) = ®I(p,,7,),
induced from P(A) to G(A). If s € C, write

py(u) = p(u)|ul’, uel,
and

I(p,v,s,f) :/;(A)lf(x)l(ﬂs/w”fs/z’x)dx-

Note that the restriction, i, of g to I' can be identified with the orbit
{p; s ®iR}. Let
R(p,v,s) = ®R(u,,»,,5)
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be the normalized intertwining operator between I(u,»v,s) and I(», p, —s)
defined as in [7, p. 521]. (Here, as in the rest of the paper, we shall agree that
I(p, v, s) acts on a space of functions on K. The space is independent of s, so the
derivative R'(u, v, s) makes sense.) If

L(l =s,prt)
L(1+s,ur )’

m(p,v,s)=

then
M(p,v,s) =m(u,»,s)R(n,v,s)

is the operator which arises in the functional equation of Eisenstein series.
Suppose that x € X\ X(G). It corresponds to a Weyl group orbit of automor-
phic representations of M(A)%, or as we prefer, a set {(f, 7),(7, i)} (containing
one or two elements) of ordered pairs of characters on Q*\ I'. Then Lf) equals
the sum of

(e) — e, tr(M(p, 1, 0)I(p, 1,0, f)),
(f) ?}7; > f m(p,v,s) 'm (v, s)tr(I(p, v, s, £))d|s

(i, 7)ed” —io

and

(g) 4—17; _2 f R(u, v,s)*lR’(u,v,s)I(u,v,s,f))d\s

(£, 7)e®” Tie

where e, = 1 if i = 7 and is O if they are distinct.

If we sum over 0 € 0 and x @ X \X(G), the contributions to the trace
formula from the expressions (a), (b), (c¢), (d), (e), (f), and (g) are the respective
analogues of terms (ii), (iv), (v), (i), (vi), (vii) and (viii) in [7]. As distributions in
f, the expressions (a), (d), (e) and (f) are invariant. They remain unchanged if fis
replaced by the function

foox - flyxy '), ye G(A)

This is not true of the other terms. If o belongs to O\ O(G), J,( fY — f) does not
vanish, and can in fact be calculated explicitly. It equals

(b*) volQ\I') 3 (fp,(a,B) + f5 (. B)),

(a, B)eo

where
Fo. (e B) = |aB " 1\1/2fff(k*1(g 2)((1) ll’)k)u;,(k,y)dvdk,
5. B) =5 (B, a), a,Bell,
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and
up(k,y) = —élogialﬁl_1|>
if
o O 1 o
k”:(o Bl)(o 11)'“’ anBiell v A ke K.

Both f, , and f7 , are smooth functions on I 1% I'. Similarly, one can calculate
the result of replacing f by f¥ — fin (g). It equals

(2*) S (HlE7) + fi(79)).
(i, ¥)ex
Suppose that f is any function in C*(G(A)) whose restriction to G(A)" is f.
If p and » are characters on I set
¢M(f, w,v)= tr(R(p, »,0) 'R'(u, V,O)I(,u, v, f))
Then

ou(f): (w.v) = ou(fip.v)

is a Schwartz function on [ X I. It is the Fourier transform of a Schwartz
function on I X I. Let ¢},(f) denote the restriction of this latter function to
I' X I'. It depends only on f, and not f. The expression (g) equals

1 /ioo /"°° ¢M(]E’#S,V,)d|s|d|t|.

1672V i ~ico

This is just the sum over (i, 7) € x of the values of the Fourier transform of
o4 (f) at (i, 7). We would like to apply the Poisson summation formula on
I' X I' to ¢%(f). In this case it is enough to know that ¢%,(f) is a Schwartz
function; however if there is to be any hope for the general case it will be
essential to show that ¢%,( f) is compactly supported. The proof of this fact for
general G and M, as we have already noted, is the main goal of this paper.

The proof for GL, is actually rather trivial. At first glance, it might appear
hopeless, for the function

(S,t)—)‘;bM(f,us,V,), s, teC,

certainly has poles. Remember, however, that ¢%,( f) is not a function on I X I,
but the restriction of a function to I' X I'. This is what saves the day. We can
assume that

f=@f, f.e C2(G(Q.))-

Since R(p,»,0) is a restricted tensor product ®,R (p,,7,,0) of local inter-
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twining operators, ¢,,( f, 1, ) equals
Etr(Rv(/“l‘u’Vv’O)_lR,v([J‘u’Vv’O)I(p'v’Vv’ﬁ))){ H }trl(p‘w’yw’fw)'

w: wFo
Almost all the terms in this sum over v equal 0. For any w,
(p'w’ Vw) - trI(H’w’ Vw’ fw))

is the Fourier transform on QZ X QX of the function
_ _ 0 .
fo pla, B) =|aB 1|1/2/wawaw(k l(g B)xk)dxdk, a, B e Q.

It is clear that f,  is a smooth, compactly supported function on Q;, X Q7. For
any v,

(p‘v’ Vv) - tr(Rv("'l‘v’ VU’O)_IR,U(,J‘U’ Vv’O)I(,J‘v’ Vv’ ﬁ)))

is the Fourier transform of a Schwartz function on Q} X Q. It need not have
compact support. However, if C* is any compact subset of I, ,,..)Qs,, and
C = Q* X C*, the intersection of C X C with I' X I' is compact. The support of
¢%(f) is certainly contained in a finite union of such sets and is therefore
compact. It depends only on the support of f.

Now apply the Poisson summation formula on I'X I!. The sum over

x ® X\X(G) of (g) equals
vol(Q\I'Y 3 ¢y(fiaB)= 3 vol(Q\I') 3 ¢(fia,B).

a, BeQ” 0€ONO(G) (a, B)€0
If 0 belongs to O\ O(G), define

L(f) = I(f) = vol(Q\I')* 3 ¢4 (f aB).

(a,B)E0
It follows from (b*) and (g*) that

I o(f v— f ) =0,
so that I, is an invariant distribution. If x € X\ X(G), define I (f) to be the
sum of the expressions (e) and (f). Then I, is clearly an invariant distribution.
Finally, set I, = J if o @ O(G). This of course is also an invariant distribution.
Then we have
trRoo(f) = 2 L(f) = 2 L)
0echd xeXX(G)

This is our trace formula in invariant form for GL,. The reader familiar with the
invariant trace formula for GL, in [10(b)] will observe that it is different from the
formula we have just given. For in [10(b)], Poisson summation was applied to
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the contribution from terms (b) and (c) above, whereas we have applied it to the
contribution from (g). While being more immediately suited for the applications,
the formula in [10(b)] is harder to prove for GL,, and may be impossible to
establish directly for arbitrary G.

Contents

A review of the trace formula

The distributions J, and ]x'
Noninvariance

The main problem: Discussion and motivation
Invariant harmonic analysis

Convex sets and some related functions
Some examples

The distributions J,, , and J,, ,

The map ¢

The invariant distributions I, .,

. A splitting property

Compact support

. The invariant distributions I, and I,

. An example

S O 0NN

el ol ey
B WM

1. A review of the trace formula

Suppose that G is a reductive algebraic group defined over a field I of
characteristic 0. More than anything else this paper concerns Levi components of
parabolic subgroups of G defined over F, or as we shall call them, Levi subgroups
of G. If M is a Levi subgroup, let A = A, be the split component of the center
of M; set

a = a, = Hom(X(M),,R),

where X(M);. is the group of rational characters of M defined over F. Now a is a
real vector space whose dimension equals that of the split torus A. Suppose that
L is a Levi subgroup of G which contains M. Then L is also a reductive group
defined over F, and M is a Levi subgroup of L. We shall denote the set of Levi
subgroups of L which contain M by £X(M). Let us also write §“(M) for the set
of parabolic subgroups of L, defined over F, which contain M, and let ?X(M)
denote the set of groups in $%(M) for which M is a Levi component. Each of
these three sets is finite. If L. = G, we shall usually denote the sets by £(M),
% (M) and P(M). (In general, if a superscript L is used to denote the depen-
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dence of some object in this paper on a Levi subgroup, we shall often omit the
superscript when L = G.)

We shall try to reserve the letters L and M for Levi subgroups of G, and to
use the letters P, O and R for parabolic subgroups. If M, C L are Levi subgroups
of G, and Pe F4(M,), there is a unique Levi component M, of P which
contains M. It is defined over F. The unipotent radical, N;, of P is also defined
over F. We shall write A, and a, for Ay, and a,, . Suppose that M C M, C L
are Levi subgroups of G. If Q € ?(M,) and R € $M (M), there is a unique
group, Q(R), in P*(M) which is contained in Q and whose intersection with M,
is R. Notice that there is a natural map from a,, to a,. We shall denote its kernel
by a’;.

Suppose for the moment that F is a local field and that M, is a Levi
subgroup of G. We will want to work with particular maximal compact sub-
groups of G(F), which we will call admissible relative to M,. If F is Archi-
medean we will take this to mean that the Lie algebras of A, and K are
orthogonal with respect to the Killing form of G. If F is non-Archimedean the
vertex of K in the Bruhat-Tits building of G must be special and must belong to
the apartment associated to a maximal split torus of M,. Any K which is
admissible relative to M, has the following properties.

(i) G = P(F)K for any P € P(M,).

(if) Any coset in G(F)/M(F) which normalizes M ( F) has a representa-
tive in K.

(iii) K = (Np(F) N K)-(Mp(F) N K) for any P € 5(M,). If L is a group
in £(M,), K N L(F) is a maximal compact subgroup of L(F) which is admissi-
ble relative to M,.

For the rest of this paper G will be a fixed reductive group defined over the
field Q of rational numbers. We fix a minimal Levi subgroup M, of G. Then
A= Ay, is a maximal Q-split torus of GG. We shall say that a maximal compact
subgroup

K =]IK,
v

of G(A) is admissible relative to M, if for each valuation v on Q, K is a maximal
compact subgroup of G(Q,) which is admissible relative to M, and if for any
embedding of G into GL,, defined over Q,

,=GL,(0,) N G(Q,)
for almost all v. Fix such a K. Then K satisfies the conditions of [1(d)]. For any
P e %(M,) we can define the function

Hp(nmk)=Hy, (m), neNy(A),me My(A),keK,
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from G(A) to ap as in [1(d), §1]. Let  be the Weyl group of (G, A). For any
s € Q let w, be a fixed representative of s in G(Q). w, is determined only modulo
M (Q), but for any Pe F(M,), Hy(w, !) is uniquely determined. In [1(c)],
thinking of the standard maximal compact subgroup of GL (A), we mistakenly
stated that w, could also be chosen in K. However, we can chose an element
@, € K such that

S -1
W,aw, * = w,aw,

for all a € A (A). It follows that w, belongs to KM(A) for every s € {.

LemMa 1.1. There is a vector Tye a, uniquely determined modulo o,

such that
HPo(ws_1> =T,— s 'T
for any P, e P(M,) and s € Q.

Proof. The uniqueness follows from the fact that a . is the set of fixed points
of the group { acting on a,. Since w; lies in KM(A), Hp( w, ') is independent of
Pye P(M,). Fix F,. We have the set, Ay, of simple roots of (P, A,), the set
{a"s a €Ay} of coroots, and the basis {& : a € Ap } of (af‘;lo)* which is dual to

A, . For each simple reflection s,, a« € Ap, there is a real number h, such that
Hp( wszl) = h,a". Define

ad

TOZ Z ha&')a'

aedy,

The lemma will be proved inductively on the length of s. Suppose that
§1= 8,5, aeAPO,
and that the length of s, is greater by one than the length of s. If we write
w,. = mp; !, for m; € My(A), we see that
Hpo(wsjl) = Hp(m,) + S_IHPO(wszl) = HPO(wS_l) + silHPO(wszl).
It follows by induction that Hp(w, ") — (T, — s; 'T,) equals
Hpo(w;l) - HPO(ws_l) - (To - SflTo) + (To - S_lTo)
= s 'Hp (w, ) ~ s NIy~ 5,T;).

By the definition of T, this equals 0. The lemma follows. O

We will eventually end up with objects which are independent of any choice
of Haar measures, as well as our choices of K and M,,. In the meantime, however,
we had best fix some measures. Suppose that v is a valuation on Q. If M_ is any
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Levi subgroup of G defined over Q,, for which K, is admissible, we assign
K, N M(Q,) the Haar measure for which the total volume is one. Suppose that
L, e £(M,)and P e F(M,). If v is discrete, we take Haar measures on N,(Q,)
and M (Q,) such that the intersection of each group with K, has volume one.

Then if fe C(1(Q,)),
1.1 dx =
(11) '/;W(Qr)f(x) g f fMp(Qu)

/ frmk )8, (m ) ™" dk dm dn.
Np(Q,)

K, NL.Q,)

Here, 8, is the modular function of the group P(Q,). If v is Archimedean, simply
fix Haar measures on all groups { N,(Q,), Mp(Q,)} given as above, so that (1.1)
holds, and so that groups which are conjugate under K, have compatible Haar
measures. Now suppose that S is a set, possibly infinite, of valuations on Q.
Suppose that L e £(M,) and Pe F(M,). We take the restricted product
measures on all the groups II,_.¢M,(Q,) and I, _sNp(Q,). Then the analogue of
(1.1) holds for functions fon [I,_¢L(Q,). In this way we obtain Haar measures
on the groups Ny(A) and M,(A). By further restricting our choice of measure on
Ny(Q,), v Archimedean, we can assume that for each P, the volume of N,(Q)\
N;(A) is one. Then our measures on adéle groups satisfy the conditions of [1(d)].
We take the Haar measure on a,= a,, associated to some Euclidean metric
which is invariant under the Weyl group {. The metric also gives us a measure
on any subspace of a,. If P € P(M,), ia} is isomorphic to the group of unitary
characters on a,. We take the Haar measure on ia} which is dual to that on a,.
The measures on M(A) and a,, yield a measure on M(A)', the kernel of the map

H,: M(A) - a py

defined in [1(d)]. M(A) is the direct product of M(A)' and A(R)°, so we also
obtain a Haar measure on A(R)°, the identity component of A(R).

In the first three sections of the paper we shall examine the trace formula
presented in [1(d), (e)]. In these sections we will try to use the notation of [1(d),
(e)], so any undefined symbols will have the meaning assigned there. In particu-
lar, if P and Q are groups in §(M,), with P C Q, a¥ is the subspace a%o of ap.
To the set, AS, of simple roots of (P N M, o> Ap) there was associated a basis {a":
a € A9} of a§; A9 was defined to be the corresponding dual basis of (ag)* Then
A9 and A9 are naturally embedded subsets of a¥. Remember also that 7€ and #§
denote the characteristic functions of {H € a,: a( H) > 0, a € A}} and {H € a:
dH)=0,de Ag} When there is an obvious meaning, we shall allow notation
established for parabolic subgroups of G to carry over to parabolic subgroups of a
Levi subgroup of G. For example, if R D Q, and Q, and P, are the intersections
of Q and P with Mg, A% AS, = 8, ap, = ag, etc.
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As it is given in [1(d), (e)], the trace formula depends on a fixed minimal
parabolic subgroup P, & %(M,). Until we remove this dependence at the end of
Section 2, P, will be fixed, and the letters P, Q or R will denote groups in P(M,)
which contain F,. The terms in the formula are indexed by sets © and X. O can be
defined as the set of semisimple conjugacy classes in G(Q). The elements in X are
Weyl orbits of irreducible cuspidal automorphic representations of Levi sub-
groups of G (£ clearly acts on the set of pairs {(M, p)}, M a group in £(M,)) and
p a cuspidal representation of M(A)'). The trace formula is an identity

2 1) = Z L)

0e® xeX
associated to functions fin C*(G(A)"). T is any suitably regular point (depend-
ing on the support of ) in ag, the positive chamber in o, defined by P,. JT and
]xT are distributions whose definitions we will recall in the next section.

Many of our arguments will be inductive, so we will need to keep track of
distributions on Levi components L = M, of parabolic subgroups P, P, C P. We
can certainly define the sets of equivalence classes O and X associated to L. If o
is a class in O, 0 N L(Q) is a union, possibly empty, of classes 0,,..., 0, in O
P, N L is a fixed minimal parabolic subgroup of L and T remains a point in the
associated positive chamber of a,. We therefore have the distributions J;» on
C*(L(A)"). Define

n

JeT= 3 gk

i=1
Similarly, suppose that x belongs to X. Then x is a G-Weyl orbit of irreducible
cuspidal automorphic representations on Levi subgroups. This decomposes into a
finite union, again possibly empty, of L-Weyl orbits x,,..., x, in X*. Again
define

n
LT — L,T
I El]x, :
i=

The trace formula for L then implies that

(1.2) 210N = 21T,

oef xeX

for all fe C=(L(A)").

2. The distributions J, and J,

In this section we shall show that J1( ) and ]XT (f) are polynomials in T’; that
is, as functions of T they belong to the symmetric algebra on af . We will also
take the opportunity to recall the definitions of the distributions. Fix fe
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C®(G(A)") and o @ O. Then J( f) is the integral over x in G(Q) \ G(A)* of

2 (_l)djm(AP/Z) 2 KP,o(sx,sx)'f'P(HP(Sx) - T)>
(P: PDR,) SeP(QING(Q)

where Z = A, and

Keo(x,y)= 2 [ flx"'yny)dn.
yEM(Q)No * Np(A)
Suppose that T, is a fixed suitably regular point in a,. We shall let T vary
freely in T, + a , and try to relate JT with the distributions J} T:. It evidently
will be a question of expressing 7,(Hp(0x) — T) in terms of the functions
+¥(Hp(8x) — T,), Q ranging over parabolic subgroups that contain P. This
suggests making the following inductive definition:

If X is a point in a,, define functions
To(H,X), Hea,,

on a,, indexed by parabolic subgroups Q D F,, by demanding that for all
QDPp,
tW(H-X)= ¥ (—1)"™28(H)TH(H, X).
(R:RDQ)

The definition is indeed inductive; if T'y(H, X) has been defined for all
R;_ Q. then I'5(H, X) is specified uniquely by the formula. I'5(H, X') depends
only on the projections of H and X onto a, and it is invariant under a.. To
express it in another way, consider the sum

(2.1) S (—1)AIR(H ) d(H - X).
(R:RDQ)
This equals
S L(HX)  F (m1)MOmB(H)R(H).
{(R,: R, DQ) {R: QCRCR,)}

It is easy to verify that if Qg; R,, the sum over R vanishes (see the remark
following [1(d), Corollary 6.2]). It follows that I';( H, X) equals (2.1).

If G=GLj, ap /ag is two dimensional. If X is in ag, [p(+, X) is the
characteristic function of the shaded region.
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It is the algebraic sum of the characteristic functions of the chambers at each of
the four vertices. In general we have

LemMa 2.1. For each X in a fixed compact subset of ap /a ., the support of
the function

H - T;(H, X), Heap/ag,
is contained in a fixed compact set, which is independent of X.
Proof. If Q D P, set #9/¥(H) equal to the characteristic function of
(Hio(H)>0,5eAnA,).

Mimicking the construction of I';(H, X), we define functions f‘Q(H , X) induc-
tively by demanding that for all Q D F,,

W(H=X)= 3 (=10 (H, X).

{(R: RDQ)
Then
[(H.X)= 3 (—1)"™/2R0(H)4(H - X).
(R: RDQ}

The values of these functions are easily seen from inspection. Modulo sign,
T o+, X) is just the characteristic function in ag/a of a parallelepiped with
opposite vertices 0 and X. In particular, [;( H, X) is compactly supported as a
function of H € a, /a.

The lemma will be proved by induction on dim G. We have

TH(H,X)= 3 (=1)"™70(H)4(H - X)

{Q: 0OP)
= 3 TuH,X) T (—1)"0r0(H)AO(H).
(R: RDP)} {Q: PCQCR)

We have already noted that if P # G,
S ()M TR(H) g, (H) = 0.
(Q: PCQCG}
Therefore the outer sum may be taken over only those R not equal to G. For a
given R # G, and H € af, put

H = H* + H,, H* ¢ af, Hieaf.
Then f‘R(H, X) = f‘R(H*, X). Moreover,

#R/O(H) = +5(H* - L(H*))’
where
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is a linear map from a$ to af which is independent of Q. If the summand
corresponding to R does not vanish, H, will lie in a fixed compact set. So,
therefore, will L( H,). Applying the induction assumption to the group My, we
see that H* must lie in a fixed compact subset of a%. It follows that H is
contained in a fixed compact subset of a . O

The Fourier transform of I';(-, X) will be an entire function on a} . It is
easy to calculate. Let A be a point in a} o whose real part belongs to —(a3)™".
Then

J THH x)eMdH = 3 (1) [ 0(H)(H — X)eM dH.
af (Q: ODP) af
In this integral set
H= 2 -+ D ta.
5eAY a&l,

With this change of variables we must multiply by the volume of a$ modulo
L9 % L, where L9 and L, are the lattices generated by {&': & @ A}} and
{a" @Ay} respectively. The result is the sum over Q) D P of the product of

(— l)dim(AQ/Z)(_ 1)dim(Ap/Z)V01( a%/ﬁ% X LQ)
with
[T A@) ™" I ereracon(a)

5eag acly

Here, &, is the element in AQ dual to o*. Let A, denote the projection of A onto
a5 ¢ Then

H e M@ BAX) = pAo(X)

Define

and
65(N) =vol(ah/LE) " IT Aa¥),

aEA'Z)

if R D Q. (As suggested in §1, we sometimes write 05‘ as BQ if R = G.) We have
proved

LemMma 2.2. The Fourier transform of the function
H-T;(H,X), Heap/a,
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is

S (1) AN FIO(N) T (N) Aeakc.
{Q: ODOF)}
In particular, this latter function of X is regular. O

To evaluate the integral over a, /a of I';(-, X), replace A by tA, t > 0, in
the formula and let ¢ approach 0. The resulting limit must exist and be
independent of A. Since él?(}\)_lﬂo(}\)fl is homogeneous of degree g =
dim(A, /Z), the result is

DN CE VD WU FED R IV
{Q: QOF}
It is a polynomial in X which is homogeneous of degree q.
Now we can return to our discussion of J( ). In the expression for J]( ),
make the substitution

"A'P(Hp(gx) - T) - 2 (—l)dim(Ao/Z)ﬁ?(HP(ax) - Tl)
(0: 0OP)
XTH(Hy(8x) — T, T — T)).

Take the sum over Q outside the sum over P, and write the integral over (x, §) in

(GIQNG(A)") X (P(QNG(Q)) as an integral over (Q(Q\G(A)') X (P(Q\Q(Q)).
Then JI( f) is the sum over {Q: Q D P}, and the integral over x in Q(Q) \ G(A)",
of

S (=)t B Ky (83, 6x) 8 (Hp(8x) — T))
{P: P,CPCQ)} eP(Q1Q(Q)

TH(Ho(x) — T, T — T).

Decompose the integral over x into an integral over n in Ny(Q)\Ny(A),
m € My(Q) \My(A)', a € An(R)’ N G(A)" and k @ K. Since

K, (8namk,dnamk) = 8,(a)K, ,(8mk, §mk),
for 6 € Mo(Q), JI(f) equals the sum over Q D P, of the product of

f Io(H, T —T,)dH

ap/ag
with
dim
@2 [ 3 (mpyme
K Mo(Q)\WMy(A) (p. Py CPCQ)

E KP)D(Smk,Smk)'ﬂQ(Hp((Smk)_ T,).
8 EPQ) NMu(Q)WM(Q)
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If u,, u, belong to M(A)',
fKKP,D(ulk,uzk)dk
equals

fQ(uflynu2 ) dn,
SEMAQ) M0 * Ne(A) N Mo(A)

where

folm) =8(m)"* [ [ f(k~'mnk)dndk,

KYNy(A)

a smooth compactly supported function on MQ(A)I. The sum over P can be
regarded as a sum over standard parabolic subgroups of M o- It follows that (2.2)
equals J)'o' Ti( f;,). We therefore have

@3)  I(f)= I IT(f) [ TH(H.T-T,)dH.
(Q: QD Py} ap/ag

In particular, JI( f) is a polynomial in 7.
Next, take x € X. Then J[(f) is the integral over x in G(Q) \ G(A)! of

2 (_l)dim(AP/Z) 2 KP,X(ax,gx){'P(HP(Sx) - T)'
(P: PDOP,) 8 P(QNG(Q)

K, ,(x,y) is the kernel of the restriction of the operator Ry( f) to the invariant
subspace LA Np(A)Mp(Q)\ G(A)"), of LANHA)MH(Q) \ G(A)'). (See [1(d), §3,
§4].) It can be obtained by projecting

Kp(x,y)= 2 f f(x~'yny)dn,
YEMHQ) “Nr(A)

regarded either as a function of x or y, onto L*(Np(A)M4(Q) \ G(A)"),. Then
K, (x,y), regarded as a function of either x or y, is smooth. The analogue of
(2.3) is established as above. The argument for J!(f) follows that for J(f)
identically until we come to the integral

/KP,X(ulk,uzk)dk.
K

However, if we allow u, u, to belong to G(A), this integral is just the kernel of
the restriction of the operator

fK R (k)R (£)R,(k) " dk

to the invariant subspace L*( N(A)M(Q) \ G(A)),. Suppose that QO O P. There
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is a representation meo of M (A)1 on the Hilbert space L* Ny(A)Mp(Q) N
Q(A)l\M (A)Y). Associated to X, we have a subspace L*(N,(A)Mp(Q) N
Q(A)l\ MQ(A) ), Which is invariant under the operator R P’gw (fo). 1f we take

u, and u, to be elements in M(A)!, we obtain the kernel of the restriction of

Rl‘fm’w (fo) to this subspace. We therefore have

@4)  F(fH)= I Ben(f) [ TYHT-T,)dH.
{Q: OO Py} ap/ag

Analogues of (2.3) and (2.4) certainly hold for the distributions J-*7 and
];“’T. In particular, we have

Proposition 2.3. Suppose L = L? for Q D Py, and that fe C*(L(A)"),
0€0,and x € X. Then JLT( f) and ]L (f) are polynomial functions of T. [

These polynomials can be defined for all T. We shall denote the values
assumed at T, the vector defined by Lemma 1.1, by J)(f) and J( f) respec-
tively. It follows from [1(d), Theorem 7.1] and [1(e), Theorem 2.1] that the series
2 |JEH(f)| and Z, | JX(£)| converge. We obtain the identity

(2.5) 2IH(f) = ZI(f)

0ed xeX

from (1.2).
Suppose that Fy is another minimal parabolic subgroup in P(M,). There is a
unique element s in @ such that P; = w,” 'Pyw,. If P is a parabolic subgroup that

contains P,, P’ = w, 'Pw, is a parabolic subgroup containing P;. Suppose that
y=nmk, neNy,(A), meM,(A), keKk,

is an arbitrary element in G(A). Writing

e PP VUESS N
w, Yy = w, nw;w, mw,w, k,

we see that
HP'(wsvly) = HP’(ws—lmws) + HP’(ws—l)
=s 'Hy(y) + Hp(ws_l).
Therefore
TP(HP(':I) - T) = +P(SHP’(ws_1y) - SHP(ws-I) - T)

= fp.(Hp (w; ly) — Hp(w, ') —s71T).

$



TRACE FORMULA IN INVARIANT FORM 19

It follows that JI( f) is the integral over G(Q) \ G(A)! of

S (TP 3 K, (8x,8x)
{P: PDF,) SeP(ONG(Q)

Ap(Hp(w;'0x) — Hp (w,}) — s7IT)

= 3 (TP 3 Ky (wdrwdx)
{P’: P'DF} SeP(QNG(Q)

Ao (Hp(8x) — Hp(w;!) — s7'T).

Now
Ky J(wy,wy) = 2 f f(y_l'wsﬁles'ws_lnws‘U)d"
yeMp(Q)No " Np(A)
= 3 fly'yny)dn
yeMp(Q)No “Np(A)
= KP’,o(y’ y)

We have shown that if P, and T are replaced by Py and Hy(w,”") + s ~'T'in the
definition of JI( f), the result is the same. By Lemma 1.1,

HPO(wS_l) + s 7T, = T,
It follows that J7o(£) = J(f) is independent of P,. The same argument applies
to J7(f) and also to the corresponding distributions on Levi subgroups. Thus,
each of the distributions J- and J depends on M, and K, but not on a minimal
parabolic subgroup of L. They are defined for any L in £(M,).

Suppose that L’ and L belong to £(M,), and that L’ = w,” 'Lw, for s @ .
Suppose that f & C*(L(A)!), and

fim) = flamd ), m’ e L'(A)".

Then from the argument above we see that

IF(f) =1:(f)
and =

I () =Te(f)
for all 0 and .

3. Noninvariance

If fis a function on G(A)! and y @ G(A)!, define
fux) = fluxy ™).
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A distribution J on G(A)! is said to be invariant if J(f¥) = J(f) for all £ and y.
Our distributions J, and J, are definitely not invariant. In this section we shall
evaluate them on functions of the form f¥— f.

The calculation is similar to that of the last section. Fix a minimal parabolic
subgroup P, in P(M,). Given fand y, fix a suitably regular point T in a . In the
formula for J7(f¥), Kp ,(6x,8x) will be replaced by

> f FY(x 718 tyndx)dn = K, ,(8xy !, 8xy ).
yeMp(Q)No ~Ne(A)
Thus, J7(f*) equals
J S (=TT Ky (8 day )
GIQNG(A) (P. PO P,) S PIONG(Q)
to( Hp(8x) — T ) dx,

which, after a change of variables, may be written as the integral over x in
G(Q)\ G(A)! of

2 (’Udim(AP/Z) 2 KP,o(‘sx,gx)’?P(HP(axy) - T).
{P: PDP,) e FQNG(Q)

Let K,(8x) be any element in K such that 8x-Ky(8x) ! belongs to P(A). Then
qA-P(HP(axy) -T)= +P(HP(8x> — T+ Hp(Kp(8x)y))
= S (-1, (ox) - T)
{0: QOF}
-F(')(HP(Sx) — T, _HP(KP(Sx )y))-
The argument can now proceed as in Section 2. As a function of x,
ré(HP(x) — T, —Hy(Kp(x)y)) = ré(HQ(x) - T, _HQ(KQ(’C)U))
is left Q(Q)-invariant. Set

uplz.y) = [ o cay ¢ Hol@) = T, ~Ho(Ko(ax)y)) da

[ To(H,=Hy(Ky(x)y))dH,

ap/ag

and
1/2 l l k, In dk
fé,y( ) foN (A)f ( y)

for m € My(A)". Then ug(k,y) is a smooth function of k € K, and f, , is a
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smooth compactly supported function on MQ(A)l. The net result of the calcula-
tion is the formula

(3.1) = 3 Be(f,)
{Q: Q2 P}
Next, take x @ X. The analogous formula holds for J[(f¥). It is proved the
same way. The only additional point is that
Ry(fY) = RP(’J)ilRP(f)RP(y)-
Therefore the kernel of the restriction of Rp( f¥) to LA Np(A)M4(Q) \ G(A)"), is
KP,x(ulyfl,uzyil)’ Uy, Uy & G(A)l~

Modifying the discussion above (in the way we obtained (2.4) in the last section),
we come to the formula

(3:2) K= 2 Reff,)
{Q: Q2 F)
Both sides of (3.1) and (3.2) are polynomials in T. If we take the values at
T =T, of each side, the resulting distributions are all independent of P,.
However, the sums are still only over those Q which contain F,. Suppose that Q’
is any parabolic subgroup in %(M,). There is a unique Q containing P, such that
Q' = w, 'Qu, for some s in Q. Then u(, (1B, 'k, y) equals

/ ( 2 (—l)dim(A“’/z)frg(H)-fFR,(H+HQ,(d')S”‘ky)))dH
Qo /ac\ (R: Q'CR’}

- S (— 1) A DR H )b (H + s 'Hy(ky)) dH
C1()'/0(.' R’

= S ()" P (H)#(H + Hy(ky ) dH
ap/8¢c {R: QCR)

= up(k,y).
If m belongs to MQ(A)I, for (B, lmid,) equals

8o (B, 'mat, )I/Z/j F(k @, tmub,nk )y (k. y ) dn dk
KYNo(A)

- SQ(m)l/Zf £k tmnk Yug, (@ %, y ) dn dk
KYNy(A)

- fO y(m )
It follows that I'(f, ,) = J'o(f, ) and (£, ) = I}e(f;, ) for all o and
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x. Thus, the sums from (2.1) and (2.2) may be taken over all Q € %(M,). The
number of Q which are conjugate to a given parabolic subgroup containing P,
equals the order of Q divided by the order of the Weyl group of the given Levi
component. The corresponding summands must then be multiplied by |2¢| /|Q|.

We summarize the results we have just established as a theorem. We want to
leave room for future induction arguments, so we shall state the results for
distributions on L(A)! rather than on G(A)'.

THeEOREM 3.2. Suppose that L & £(M,), that fe& C*(L(A)'), and that
y € L(A).. Then

JEfy= 32 |@Me ek T uMe(f,,,)
QeF (M)
and
JE(fy = 3 |@¥%|Q8 (S, ),
0eF (M)

foralloe Cand x € X. ad

Here f; , is defined in the obvious way. That is, f, ,(m) equals
(3.3) Sé(m)l/z-/ F(k " mnk)-up(k, y ) dn dk,
KNLA)Ny(A)

where

uplk.y) = [ S oS (H)(H + Holky))dH.
90/8L (ReFL(M,): QCR)
This theorem is the basis of all that follows. We shall explain its role in the next
section. ¢

4, The main problem: Discussion and motivation

The object of this paper is to derive a trace formula whose terms are
invariant. We want an identity which is of the form (2.5) but such that the
distributions indexed by O and X are invariant. The computation of the last
section gives a measure of the failure of the distributions J, and J, to be invariant.
We will later use this information to construct the required invariant distribu-
tions.

Suppose that S is a fixed finite set of places in Q. Write Q¢ = I, Q.. Then
if H is any subgroup of G defined over Q,

H(Qy) = I H(Q,).
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Suppose that for every L € £(M,), U(L) is some vector space of functions with
common domain a subset of L(Qg). We assume that U(L) is complete with
respect to some topology. We assume in addition that for any y € L(Q,)' =
L(Qg) N L(A)}, the map

f-f' feU(L),
is a continuous endomorphism of U(L); and that for any Q € (M), the map
f - fQ, y°

given by the formula (3.3), sends U(L) continuously to U(M,). By a distribution
on U(L) we mean an element in U(L)’, the dual topological vector space of
U(L). We suppose, finally, that we have been given a family of distributions
{J5- € U(LY'} and a family of nonzero complex numbers {c( L)}, each indexed by
£(M,), such that for any L, y € L(Qy), and fe U(L),

(4.1) )= 2 e(Mp)e(L) Ie(f, ).
Qe (M)

Our primary example of such a scheme comes from letting U(L) =
C=(L(Qg)") and ¢(L) = |Q"|. If S contains the Archimedean place, we can take
{J"} to be one of the families { ]} or {J"}. For if fis a function in C*(L(Q)"),
the product of f with the characteristic function of

IL(K.nL(Q,)
is a function in C*(L(A)!). Conversely, any function in C*(L(A)') can be
obtained in this way, for a large enough set S. It is in this sense that J* and ]XL are
regarded as distributions on C*(L(Qs)%).

We would like to be able to associate a natural family of invariant distribu-
tions to each family {J*}. This will be possible if we are given some additional
data. Suppose that for every M € £(M,,), V(M) is a second complete topological
vector space. Suppose that for every pair M C L, we are given a continuous map

¢yt U(L) = V(M)
such that for every y € L(Qs)*,
(4.2) ou(f)= 2 &lh.,)
QeF (M)

We shall sometimes write ¢ for ¢}.. In this case, (4.2) says that ¢( f¥) = ¢( f) for
each y and f. It follows that for every i in V(M)’, the distribution

o'(i): £ = i(o(f)), feUM),



24 JAMES ARTHUR

is invariant. We make the further assumption:

(4.3) For every M € 2(M,)), ¢ maps U(M) onto V(M); the image of the
transpose, ¢’, is the space of all invariant distributions on U(M).

The first statement of (4.3) implies that ¢’ is injective; the second states that
any invariant distribution on U(M) is of the form (¢)'(i). If I is any invariant
distribution on U(M) we shall let I be the unique element i in V(M) such that
¢'(i) = L

ProrosiTioN 4.1. Suppose that {¢%,) satisfies (4.2) and (4.3). Then for
every family {J*)} of distributions satisfying (4.1) there is a unique family
(I € U(LY) of invariant distributions such that for every f € U(L),

()= 2 e(M)e(L) T (f)).

Me (M)

Proof. Fix {J*}. Assume inductively that I* has been defined for all groups
M e £(M,) such that dim M < dim L. Define

I(fY=T5(f)— T co(M)e(L) (% (£)),

Mel “(M,)
M=L

for fe U(L). We want to evaluate I“(fY— f), for y € L(Qs). The function f
equals f; . Therefore J L(fv— f) equals the sum on the right hand side of (4.1),
but taken only over those Q #* L. The same observation gives a formula for
&% (fY— f). It follows that I( fY— f) equals the difference between

S e(Mg)e(L) ' TM(f )

QeFhMy)
Q=L

and

2 S e(M)e(L) M e¥e(f,))-

MeB*(My) QeF (M) .
Q=L

Now FX(M) is a subset of FL(M,). A group Q € F*(M,) belongs to F*(M) if
and only if M C M,,. Therefore I"(f*— f) is the sum over all Q € F*(M,),
Q # L, of the product of c(M)c(L) " with

Po(fo,) = 3 eM)e(My) P (8( 5, )

{M: MCM,)

This last expression is 0 by our induction assumption. Thus, I” is an invariant
distribution, as required. O
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Suppose that U(L) = C*(L(Qs)") and that maps ¢}, satisfying the hy-
potheses of the proposition, have been defined. If S contains the Archimedean
valuation, we can regard J' and J as distributions on C?(L(Qj)'), as we
noted above. Then by Theorem 3.2 we obtain two families {IX: 0 € 0} and
{I)’;: x € X} of invariant distributions on C*(L(Qs)"). Our invariant trace
formula is a formal consequence of the definitions.

THEOREM 4.2. Suppose that f e C*(L(Qs)'). Then the series 2 IL(f) and
2, I:(f) converge absolutely, and

2I5(f) = 2L(f)-

Proof. Assume inductively that the theorem holds if L is replaced by any
group M € £(M,) with dim M < dim L. The series

S (F))
equals

S = 2 e(M)e(L) Lk (1))

0 MelM(M,)
M=L

It is bounded by the sum of

211 (fF)]

0

and

S e(M)e(L)”!

(M:MG L) 0el

I EATIN

The first term is finite (see the remark following Proposition 2.3). By the
assumption (4.3) ¢%,( f) can be regarded as the image under ¢}, of a function in
C*(M(Qg)"). The second term is then finite by our induction assumption. Thus,
2| IE(£)) is finite. The same argument shows that

SIHF)=2THf)— T o(M)e 21"<¢\, f)).
0 0 Melh(M,)

Similarly, 2 | LX( f)] is finite and
S =3I - T e 21 (¢ ().
X X

MelM(M,)
M=L

The required identity now follows from (2.5) and our induction assumption. [
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We have tried to motivate why we must define maps
oy U(L) = V(M),

with UM) = C*(L(Qs)"). It is a task which will consume the rest of the paper.
We conclude the section with an attempt to motivate how we will make the
definition.

The first step is obviously to define the spaces V(M) and the maps ¢ = ¢3.

There are two apparent possibilities. We could try taking ¢( ) to be what is
sometimes called the Harish-Chandra transform of f, obtained by taking orbital
integrals of f. Then V(M) would be a space of functions on the regular
semisimple conjugacy classes of M(Qg)'. This was the approach taken in [5(a)].
Alternatively, we might take V(M) to be a space of complex valued functions on
the irreducible tempered characters of M(Qs)'. Then ¢( f) would be defined by
the character values of f. It is this second alternative that we will choose. The
solution that it eventually yields seems quite natural. We will discuss our
candidates V(M) and ¢ in Section 5, and the extent to which the hypothesis (4.3)
is known.

Once V(M) has been chosen we will define the maps ¢4,. This amounts to
associating distributions

Li.. Le@(M,),

on C*(L(Qs)") to irreducible tempered representations 7 of M, which vanish if
L does not contain M, and for which (4.2) holds. The only distributions that we
know at present which satisfy (4.2) are the families {J;'} and {J}}. But x can be
represented by a cuspidal automorphic representation on a Levi subgroup of G
(which is a Levi subgroup of L if ];‘ does not vanish). For certain x (those we
called unramified in [1(e)]) J.(f) can be expressed explicitly in terms of these
corresponding cuspidal representations [1(e), §4]. We shall simply define J; . by
the appropriate analogue of this formula. At the same time, we define distribu-
tions

Fiy  Le®(M,),

for regular elements y in L(Qy). They are obtained from an appropriate analogue
of a formula [1(d), (8.7)] proved for J (f) for unramified classes o. In Section 8
we shall show that these distributions satisfy (4.2).

We can then define the value of ¢}, at  to be J; _( f). It is still necessary to
show that ¢%,( f) belongs to V(M). This can be regarded as the main problem of
our paper. We will first solve the analogous problem for C(L(Qy)), the Schwartz
space on L(Qy). For if U(L) is taken to be C(L(Qy)), the spaces V(M) and maps
¢4, can also be defined by the prescription outlined above. In Section 9 we shall
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show that ¢%, maps C(L(Qs)) continuously to V(M). The distributions {]\ll‘y}
will all be tempered and satisfy (4.2), so Proposition 4.1 will provide us with a
family {1 \Ll ,) of invariant distributions on C(L(Qy))- In Section 11 we show how
each I} ., decomposes into distributions on the local groups L(Q,). This allows
us in Section 12 to prove finally that ¢% maps C*(L(Qs)") continuously into the
associated space V(M).

5. Invariant harmonic analysis

We shall now discuss candidates for the spaces U(M) and V(M), and also
for the map

¢ = ¢y: UM) - V(M).

Condition (4.3) becomes a question in local harmonic analysis, which has not yet
been answered in complete generality. It is possible that an affirmative answer is
not too far distant. At any rate, we shall simply assume what is needed.

If H is any locally compact group, let I[I( H) denote the set of equivalence
classes of irreducible (continuous) unitary representations of H. If the notion of a
tempered representation is defined for H, we will let IT,, (H) stand for those
classes that are tempered. Suppose that v is a valuation on Q. If v is discrete
there corresponds a rational prime p, . If v is real, set p, = e. Suppose that M is a
Levi subgroup of G defined over Q. Harish-Chandra defines the map H,, from
M (Q,) to a, = Hom(X(M,)q ,R) by setting

pf‘HMC(mC),X> = |Xc(mv)|v’ X €& X(ML )Qc’ m, & Mt?(Qv)‘
Suppose that 7, € II(M (Q,)). If {, is a vector in a¥ , we set
5 m,) = (1, ) pi e

Suppose that M/ is another Levi subgroup of G defined over Q,, M, C M, and
that o, e II(M/(Q,)). If P, € PY(M!), we can lift o, to the parabolic subgroup
P(Q,), and then induce up to M (Q,). The class of the resulting representation
of M (Q,) is independent of P,. We denote it by 6. It is convenient to define,
in a noncanonical way, a “norm” function on II(M (Q,)). If v is discrete and
7, € II(M(Q,)), set llm, Il = 0. However, if v is Archimedean, let A be a fixed
left invariant differential operator on M (Q,) of order two. We assume that A is
positive definite and that it commutes with right translations on M (Q,) by
K. N M(Q,). For any =, e II(M(Q,)) we obtain an operator 7 (A) on the
space on which 7, acts. Let |7, |l be its smallest eigenvalue. It is a positive
number. We can follow the same prescription to define |W || for any W in
II(Ky).
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Now suppose that S is a finite set of valuations on Q. Suppose that for each
v € §, M, is a Levi subgroup of G defined over Q. We shall refer to I = II,_ M
as a Levi S-subgroup of G, and we write M =1, M (Q,). Any 7 @ II(Iy) is
a unique tensor product ®, 57, of irreducible representations of the groups
M (Q,) [3(a)]. If § = ®,.¢{, is a vector in ®,a}  we shall put

= ® )
7T§ oeSWU’g”
We shall also put
il = supllm,|l.
vel

If 9 =1I,.sM/ is contained in I, and ¢ = @50, belongs to TI(INy), set

os'm’: ® O'éwv.
vES

Most of the time we will take each M, equal to a fixed M € £(M,)). Then we
shall write o™ for ¢™*. In this situation, we shall sometimes want to embed a
vector A € a§ diagonally into &, sa¥ . by

A-¢= @ (logp,) 'A.
ves
We shall then write 7, for 7, so that we have

m(m) = 7(m)eHulm), m e M(Qy).

Our first candidate for U(M) will be the Schwartz space on M(Qy).
Actually, only the Schwartz spaces C(M(Q,)), v € S, appear in the literature.
However, Harish Chandra’s definition ([5(a)], [5(b)]) extends easily to M(Qy).
Indeed, if v € S let =¥ and oM be the functions on M(Q,) used in [5(a)] and
[5(b)] in the definition of C(M(Q,)). Given m = [[,_gm, in M(Qy), set

and

o¥(m) = I o¥(m,).
veSs
If the Archimedean valuation v belongs to S, let X; and X, be operators on
C*(M(Qy)) which act, through C*(M(Q,)), as left and right invariant differen-
tial operators. If the Archimedean valuation does not belong to S, set X; = Xz =
1. For any n = 0 and f € C*(M(Qy)), put

1f e, xpn= sup  {{(X Xaf)(m)EM(m)(1 + 0M(m))"}.

meM(Qs)
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Now, for any open compact subgroup K, of

K= I] K,
{veS: v discrete}

let Cy (M(Qs)) be the space of smooth, K, N M(Qs) bi-invariant functions f on
M(Q;) such that

Ifllx, xpn<
for all X, , X and n. The seminorms || - ||y, x_ , induce a topology on @KO(M(QS)).
The Schwartz space C(M(Qg)) can then be defined as the topological direct
limit, over all K, of the spaces Cy (M(Qs)).

When U(M) = C(M(Qys)), we will take V(M) to be a space of functions on
IT,..(M(Qs)). If V is any real vector space, let Diff(V) denote the space of
differential operators with constant coefficients on V. Now, suppose that ¢ is a
complex valued function on IT,,, (M(Qy)). If 7 is a finite sum of representations
{7} in I, (M(Qy)), put ¢(7) = Z;¢(7’). Suppose that M =1I, M, is a
Levi Ssubgroup of M and that D € Diff(®,.sia%). If o€ II,,(9Ng) and
{ € ®yesiak, (o)™ is a finite sum of classes in IT,,, (M(Qg)). Then ¢((o;)") is
defined. If it is a smooth function of {, we shall denote its derivative with respect
to D at { = 0 by D,¢(o™). Otherwise, put D,¢(6™) = 00. Suppose that K, is an
open compact subgroup of K. Let QKO( M(Qy)) be the space of complex valued
functions ¢ on II,. (M(Qg)) such that

(i) ¢(7) = 0 unless 7 has a (K, N M(Qy))-fixed vector.

(ii) For any 91U, D the n = 0, the seminorm

lollp .= sup  (1+llal)"| Do (™)
aEHtemp(%S)
is finite,

We topologize ?{KO( M(Qy)) with the seminorms || -1/, . Define $(M(Qs)) to
be the union over all K, of the spaces QKO( M(Qy)), equipped with the direct limit
topology. 3(M(Qy)) is our first candidate for the space V(M).

Given M and fe C(M(Qy)), let ¢(f) be the function on II,. (M(Qys))
whose value, ¢( f, 7), at 7 is the trace of the operator

m(f)=[  flx)m(x)dx.
M(Qs)
(For the existence of the integral and of trace class see [5(a)] and [12].) It follows
fairly readily from the definition of C(M(Qs)) that

oY= ¢: f > o(f), feC(M(Qy)),

maps C(M(Qg)) continuously into $(M(Qg)). Then (4.3) is the following assump-
tion, which we take for granted from now on.
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AssuMPTION 5.1. For every M € £(M,), ¢ maps C(M(Qy)) onto $(M(Qy)).
The image of the transpose, ¢, is the space of all tempered invariant distribu-
tions on M(Qy).

The assumption will hold for S if it holds for each v in S. If v is
Archimedean, it can be established from the results of [1(a)] and [8]. If v is
discrete, the first statement of the assumption can probably be proved with the
results of [5(c)], but the second statement is not known. However in the case that
G = GL,, the induced representations ¢ are all irreducible (see [2] and [6]),
and the second statement of the assumption can presumably be proved from this
fact.

Important examples of invariant tempered distributions on M are the orbital
integrals. Let M(Qyg),., be the set of regular semisimple elements in M(Qg). An
element y belongs to M(Qy),., if and only if M(Qy),, the centralizer of y in
M(Qs), is of the form I =1I, T (Q,), where each T, is a maximal torus M
defined over Q,. Let

D¥(m), m € M(Qs),

be the coefficient of degree equal to the rank of M in the characteristic
polynomial of 1 — Ad(m). If m = I[,,_gm, belongs to M(Qy), set

D¥(m)| = I1|D(m,)..

The orbital integral of f & C(M(Qy)) at y € M(Qy),., is then defined as

reg

LA(f) = DY) 2 f flx~tyx)dx,
M(Qs).N M(Qs)
I is an invariant tempered distribution. In view of our assumption, we can
identify I i" with a uniquely determined linear function of I}' on $(M(Qy)).

Suppose that L € £(M) and that P € PL(M). If f e C(L(Qy)),

fi(m) = ap(m)l/zf f(k ‘mnk ) dn dk
KNL(Qg)” Np(Qs)
is a Schwartz function on M(Qs). For 7 € 11, (M(Qy)), it is a simple exercise
to show that ¢( f, ), the character of the induced representation 7~ evaluated
at f, equals ¢( fp, 7). In particular, the element ¢( f) in $(M(Qy)) depends only
on M and not on P. We denote it by f,. As a function of f, fy,(7) is an invariant
distribution. Assumption 5.1 then implies that the map f — f,, factors through a
map ¢ — ¢,, from J(L(Qy)) to J(M(Qy)). It satisfies the formula

(5.1) ou(m) = o(m), ¢ € $(L(Qs)), 7 € I, (M(Qs)).
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The map behaves well with respect to orbital integrals. If y belongs to
L(Qg),.e N M, it is easy to show that

(5.2) IL(¢) (¢M)
for all ¢.

As we suggested in Section 4, our second and main candidate for U(M) is
the space C*(M(Q;)"). It could be defined as the space of compactly supported
functions on M(Qs)" which are restrictions to M(Qs)! of functions in C(M(Qy)).
The orbital integrals of a compactly supported function should differ from those
of an arbitrary Schwartz function only by being of bounded support in the
variables y. This suggests a definition for our corresponding candidate for V(M).
It will be a space of functions on IT,, (M(Qs)"). Now IT,, (M(Q;)") is the set
of orbits of ia* in IT,, (M(Qy)) under the action

(W,A)—)WA,WEHtemp(M(QS)), Aeia*.

Let Lat(S) = Lat(M, S) be the stabilizer in ia* of any #. If ¥ is as above, put
Jg' = Ts N M(Qy)' and Ty, = T N M(Qy),.,- We can project any ¢ €

E‘/( M(Qy)) onto a function

(5.3) mo [ e(m)dA, 7 e Tl (M(Q)),

ia* /Lat(S)

on I ..( M(Qs)"). If y belongs to J', I M(<i>) depends only on the function (5.3).

We can define the notion of the support of a function in $(M(Qy)), or as we
prefer, of the function (5.3) on Htemp(M(Qs) ). If ¢! is the function (5.3), let
supp(¢') be the set of pairs (7, suppg(¢')), where J is as above and suppg (¢') is
the closure in ' of the support of the function

Y - IA'ZYW((P)’ Y € qsfreg‘

Suppose that & = (¥, S(9)) is any collection of pairs such that S(J) is a
compact subset of J' for each J. Let %(M(Qs)') be the set of functions ¢' of
the form (5.3) such that supp(¢') C §; that is, such that suppg(¢') is contained
in S(9') for every 9. The inverse image of J5(M(Q;)") under the map (5.3) is a
closed subset of $(M(Qs)). We give %(M(Q;)') the topology induced by this
map. We then define 9(M(Q;)") to be the union over all such collections & of
the spaces $(M(Qs)"), equipped with the direct limit topology. Now if ¢ = ¢( f),
for fe C(M(Qy)), the function (5.3) depends only on the restriction of f to
M(Q;)". In other words, for every fe C®(M(Qs)') we obtain a function on

T, p(M(Qs)"), which we continue to denote by ¢( f). It follows from standard
properties of orbital integrals that

S =¢: f — (f), fe C=(M(Q,)"),
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is a continuous map from CF(M(Q)") to 9.(M(Qs)"). Then with UM) =
C2(M(Qg)"), V(M) = §(M(Q,)") and ¢ equal to this map, (4.3) becomes the
following assumption, which we also take for granted.

AssuMPTION 5.2. For every M e £(M,), ¢ maps CZ(M(Qs)') onto
9(M(Qg)"). The image of the transpose, ¢', is the space of all invariant
distributions on M(Qg)*.

This assumption, too, will hold for S if it holds for each v in S. For
archimedean v, it is essentially the characterization of orbital integrals of smooth
functions of compact support, a well known problem. It has been solved for
G = GL, in [10(b)] but there has apparently been nothing established for other
groups. However, it will certainly be needed in any of the applications of the
trace formula, so there seems no harm in assuming it at this point. If v is discrete
the assumption does not amount to anything new. The orbital integrals of
compactly supported functions can be characterized in terms of their Shalika
germs. Moreover, Harish-Chandra has shown that the linear span of the orbital
integrals is dense in the space of all invariant distributions on a p-adic group. His
unpublished argument also uses Shalika germs.

In summary, Assumptions 5.1 and 5.2 each contain two assertions; the
statements in each case apply separately to real and p-adic groups, so there are
eight assertions in all. The two assertions of Assumption 5.1 are known for real
groups and unknown for p-adic groups, although probably within reach of
present methods. The two assertions of Assumption 5.2 are known for p-adic
groups and unknown for real groups.

6. Convex sets and some related functions

Throughout this section, M will be a fixed Levi subgroup in £(M,). We shall
establish some elementary properties for smooth functions on the real vector
space ia%. Suppose that P & P(M). We saw in Lemma 2.2 that for fixed
X @ a, = a,, the function

2 (_l)dim<Ap/Ao>e>\Q<x>§l?(>\)*lgo(A)—1,

{0: 0D0P)
could be extended to a smooth function on ia%,. We proved this geometrically,
by exhibiting the function as the Fourier transform of a compactly supported
function. We could have proved the result directly by transcribing the proof of
Lemma 2.1. We shall in fact do this. We will obtain a more general statement, in
which e*%) is replaced by an arbitrary function of A.

In the discussion of the functions I')(-, X) we used the fact that if P; R,

S (—0)MWR(H ) (H) = 0.
(Q: PCOCR)
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If the real part of A belongs to —a;, we can integrate each summand against
eMH) (see the proof of Lemma 2.2). We obtain the formula

(6.1) > (—l)dim(A"/Ao)ég(A)_l%‘()\)"1 =0.
{(Q: PCQCR)
By analytic continuation, it is valid for all A @ a7} .

Now, suppose that ¢;(A) is any smooth function on ia% = ia}. If Q D P,
define

CQ(A) = CP(AQ)’

where, as before, A, is the projection of A onto iaf. Copying our construction in
Section 2, we define functions

c{)(k), QDP,
inductively by demanding that for all Q O P,
(6.2) oMM = Z (M)
(R: RDQ}

They are each defined on the complement of a finite set of hyperplanes in ia%. It
follows from (6.1) and (6.2) that if Q D P,

(63) M) = 3 (DTN Tea(M)Ba(N)

{R: RDOQ)
If cp(A) = ™Y, ¢/(A) is just the function mentioned above.

LemMA 6.1. If ¢p(A) is a smooth function onia}, cp(A) extends to a smooth
function on ia’}.

Proof. Any element A in ia} can be written
2 C;(:) + }\Z
<A,
where each c; is a complex number and A, belongs to af . If Q D P, AQ is a
subset of A ,. Let Ao, p denote the element

2 Caw + }\Z
5630
inafq If ¢9(>\) is a function on ia} which depends only on }\Q, set
¢Q/P()\) = ¢Q(AQ/P)'
We then have the function ¢, » and also the function 05/,,, for R O Q. Suppose

that « is a root in A, which does not belong to A$. If ay, denotes the projection
of a” onto a,

AQ/P(“Z)) = Ao p(a’) = A(a’).
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Since

vol(a§ /LS ) = vol(af /L )vol(a§ /LR),
it follows that
BQ/P(A) = HS/P(A)HR/P(A),

whenever R D Q D P. Similarly, Hg/lp(}\) = HS/P(A)Hﬁ}P(A) fR,DRDQDP.
Mimicking the construction of cé(}\), we define functions &, ,(A) on F
inductively by demanding that for all Q D P,

cop(Mbop(N) = 3 G p(A)5,p(N)

(R:RDQ)
Then
2 (—l)dim(Ao/Aﬁ)Bg/P(A)7ICR/P(>\)0R/P(>‘)—1
(R:RDQ)
= 3 (MR (N) e, (M)
(R,R,: R,DRDQ)
= 2 0§}P(>‘)_1531/P(>‘) 2 (—1ytmie/An
(R: R, D0} (R:R,DRD0Q)
= ¢op(N).
Thus ¢, ,»(A) equals the product of 6, »(A) ™! with
(6.4) S (=)Ao (A,
(R:RDQ)

Now b5 p(A) ~! is a product of linear forms defined by those roots a in A\ AS.
Fix such an a. Then the parabolic subgroups R, with R D Q, occur in pairs
(R, R'); if R is such that « does not vanish on a,, we define R’ by setting
ap={Heaz a(H)=0]}.
If A(a¥) = 0, it is clear from the definitions that
CR/PO‘) = CR'/PO‘)'
Since
dim(A, /Ap ) = dim(A, /AR) + 1,
(6.4) vanishes whenever A(a") = 0. It follows from Taylor’s theorem that (6.4) is
divisible as a smooth function by the linear form A(«). Therefore, &, (A) is a
smooth function of A.

The lemma will now be proved by induction on dimG. Notice that if
RDODQDP,

CQ(A)HQ(A)AI = CQ(AQ)OO(AO)AI = CQ/P(AQ)BQ/P(AQ)A’
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and
OS/P(}\Q) = OS(A).
Therefore,
M= T (=)Ao M) (M)
{Q: ©DOF}

= > (=) A AOGON) an p (Ao )BT (N)
(R, Q: RDQDP)}

Suppose that R = G. Then &, /P(}\Q) equals ¢ ,p(A), and is independent of Q. In
view of (6.1), the sum over Q will vanish. It follows that c;(A) equals the sum
over {R: P C R% G} of (&4/p)pna, (M), the function defined by (6.3), but with
(G, cp(A), Q) replaced by (Mg, éx,p(A), PN Mp). Since & ,p(A) is a smooth
function on F, our lemma follows from the induction assumption. a

To motivate the next lemmas we turn again to the example
cp(N) = MY,

where X is any point in a, . Then cy(A) is the Fourier transform of the function
(-, X). Consider first the function I'7(-, —X). If there is no Q D P with
m9(H)%(H + X) = 1, then [';(H, —X) equals 0. Otherwise, let R be the largest
group with this property. (R is defined by letting A%, be the union over all such Q
of the sets AS.) As X is in the positive chamber, 7/ H 4+ X)74( H + X) equals 1.
This implies #5(H + X)#x(H + X) = 1, from which one can verify that #,(H +
X) = 1 (see [1(b), Lemma 2.2 and the ensuing discussion]). Thus, &(H + X) > 0
for all & @ A,. It follows that
T,?(H)%O(H +X)=1
for all Q with P C Q C R. Therefore [';( H, — X) equals
D (_1)dim(Ao/Z)’
{Q: PCQCR)
which is (—1)%™4»/% if R = P, and 0 otherwise. Thus, [j(:, —X) is the
product of (—1)4™4r/%) and the characteristic function of

(Heapa(H)<0,aeAp;a(H+X)>0,0ed,}.

It follows from Lemma 2.2 that (—1)%™4+/2T/(—H, —X) and T;(H, X) have
the same Fourier transforms. Therefore, modulo a set of measure 0, T'5(-, X) is
the characteristic function of

(Heapa(H)>0,ac Ay (H—X)<0,8el,).
In other words, the figure drawn for GL; in Section 2 is valid in general.
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In [1(b)] we studied families of points {X,: P P(M)} which we called
A, -orthogonal. This means that for every pair (P, P’) of adjacent groups in
P(M), X, — X, is a multiple of the co-root associated to the unique root in
A, N (—A;.). Suppose that this multiple is always positive, and that, in addition,
each point X, lies in (a$) ™. It follows from [1(b), Lemma 3.2] and what we have
just shown, that the characteristic function of the convex hull of {X,: Pe (M)}

equals the function
> Ty(H,X), Hea§,

PEPM)

almost everywhere. For G = GL, the convex hull is the region

In [1(b)] we calculated the Fourier transform of the characteristic function of the
convex hull. It equals
S Mg (N)
PeP(M)
In particular, this function of A extends to a smooth function on ia%.

Suppose that for each P € P(M), c¢p(A) is a smooth function on ia},. We
shall call the collection

{cp(N): Pe P (M)}

a (G, M)-family if the following condition holds: suppose that P and P’ are
adjacent groups in (M), and that A belongs to the hyperplane spanned by the
common wall of the chambers of P and P’. Then

cp(A) = cp(X).
This condition is equivalent to the property that whenever P and P’ are elements

in P(M) which are contained in a given parabolic subgroup Q, and A belongs to
ia®, then cp(A) = cp(A). In particular, there is a well defined function, c5(A),
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on ia¥. The collection {*?} is a (G,M) family if and only if {X,} is
A, -orthogonal, in the sense defined above.

LemMa 6.2. If {cp(A): P € P(M)} is a (G, M) family,
cuM) = 3 (M6 (N7

PeP(M)

can be extended to a smooth function on ia%,.

Proof. The only possible singularities are along hyperplanes A(a’) = 0
where a is a reduced root of (G, A,,). Such a singularity occurs only in the terms
corresponding to those P for which either « or —a is a simple root. But such
groups in (M) occur in pairs (P, P’) where P and P’ are adjacent, and have a
and —a« respectively as a simple root. If we multiply the corresponding pair of
terms by A(a'), and then take A to be a point in general position on the
hyperplane A(a') = 0, the result is 0, since cp(A) = cp(A). It follows from
Taylor’s theorem that ¢, does not have a singularity on the hyperplane.

Fix a (G, M) family {cp(A)}. We shall often denote the value of ¢, (A) at
A = 0 simply by c¢,,. To calculate it, set

A =¢A, teR, AcF,
and let ¢ approach 0. If p = dim(A,, /A;) we obtain
(6.5) = 3 (lim (i )pcP(tA))a,,(A)‘.
Pl b \ 1m0 dt

In particular, this expression is independent of A. Likewise, if () contains some
group in P(M), we shall write ¢, for ¢/(0). It equals

1 _ 1\dim(Ag/AR) AR 41( . (i)q ) ;
q! {R:sz()}( b éO(A) }l—r.r(l) dt ca(tA) |0g(A) 7,

where ¢ = dim(A, /A¢). Now, fix a group L in £(M). If Q € ¥(L), P € P(M),
and P C Q, the function
A= cp(N), A eiad,

depends only on Q and not on P. We have agreed to denote it by co(A). Then

{CQ(A): Qe @(L)}

is a (G, L) family. Suppose that Q @ (L) is fixed. If R @ $(M), Q(R) is the
unique group in (M) such that Q(R) C Q and Q(R) N L = R. Define a
function c§ on ia¥ by

cg(N) = CQ(R)O‘)-
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Then {cf(A): R € $*(M)) is an (L, M) family. In particular, we have functions
c§i(N) and (c§)(N), Pe PH(M), and their values c§} and (c§) at A =0. In
general, cf; depends on Q, and not just on L. If it is independent of Q, we shall
sometimes denote it by cy;. If each of the functions

cf (M), R e ®L(M),

depends only on L, and not on Q, we shall denote it by cf(A), or even cy(A),
since R determines L uniquely.

Suppose that {d,(A)} is a second (G, M) family. Then {(cd)p(A) =
cp(M)dp(A)} is also a (G, M) family. There is a very simple formula for
(cd)p(A). For geometric intuition, consider the case that G = GL;, M = M,,,
and cp(A)dp(N) = eMXrlghTr),

The volume of the shaded region equals ¢,,. The volumes of the six hatched
regions add up to d,,. Each of the other six regions has volume equal to c§}d o>
for a maximal parabolic subgroup Q.

LemMma 6.3. We have, in general,

(Cd)M(A) = 2 CAOI(}‘)d/QO‘)-

QeF(M)

Proof. (cd )y, (M) equals

S oMdM)eN) = F 3 (AP ().

PeP(M) PeP(M) {Q: QDP}

Since {dp(A)} is a (G, M) family, each function d((A) is well defined, in that it
depends only on Q and not on the group P C Q. Interchanging the order of



TRACE FORMULA IN INVARIANT FORM 39

summation yields the sum over Q of the product of d,(A) with

2 cp(N)IP(N) .
(PeP(M): PCO}

This last expression is just c§J() ). O
CoROLLARY 6.4 d,(A\) = do(N).
QeP(M)
Proof. Set

cp(A)=1= XlimOeMX”
i

for each P & P(M). In view of our earlier remarks on convex hulls, c{j(A) will
vanish if Q belongs to the complement of (M) in F(M); if Q belongs to P(M),
c§}(\) trivially equals 1. The corollary follows from the lemma. O

CoroLLARY 6.5. Suppose that if L & £(M),

ck=cf}, QeP(L)
is independent of Q. Then
(Cd)M = 2 C;{}dL'

LelR(M)

Proof. This follows from Lemma 6.3 and Corollary 6.4.

We remark that all of the results of this section are valid if the functions
cp(A) take values in a complete topological vector space, instead of just C. Of
course for Lemma 6.3 we would need to assume the space was also an algebra.

7. Some examples

Examples of (G, M) families occur naturally in harmonic analysis. One
elementary example is obtained from the Weyl group translates of a point. Take
M=M,, fix P& P(M,) and let T be a point in a,. Any P € P(M,) equals
w, 'Pyw, for a unique element s & Q. Define X, = s 'T. Suppose that P’ =
(w,) 'Pyw, is adjacent to P. Then s’ equals s,s, s, the simple reflection
corresponding to @ € Ap. The point X, — X, equals s YT — s, 'T), which is a
multiple of s 'a*. But s !a*= B8Y, where f is the unique root in A, N (Ap).
Thus

cp(A) = eMXn), PeP(M,),
is a (G, M,) family.
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There is another elementary example, which we will use later, in Section 11.
Fix M € £(M,). If B is any reduced root of (G, A), we can form the co-root 8.
For any P & P(M), set X5 = B" if B is a root of (P, A), and let X£ = 0 otherwise.
Let {73} be a set of real numbers, and define X, to be the sum over all reduced
roots 8 of 7, X 8. Suppose that P and P’ are adjacent. If f is a root of both (P, A)
and (P’, A), X8 equals X&.. If it is a root of neither, both vectors are zero. The
only reduced root of (P, A) which is not a root of (P’, A) is the unique root 8 in -
Ap, N (—Ap). It follows that X, — X, is always a multiple of 8. Thus,

cp(N) = X, PeP(M),
is a (G, M) family. Suppose that L € (M), and that Q € P(L). We have the
(L, M) family
[cR(N) = eM¥ow): R € §1(M )},
Write

Xoim = Xp+ X,

Q(R)
where X, is the sum of 7, X g(ﬂ , over those reduced roots $ which do not vanish
on a,;, and X is the sum over the remaining 8, namely, the reduced roots of
(L, Ay). It is clear from the definitions that X is independent of © and that X
is independent of R. Therefore,

=l T g
Re®"(M)

= lim 3 eMXngl(n) !,
A-0 R

It is independent of Q. If L, € £(L) and Q € P(L,), the same is true of the
(L,, L) family

{e§(\): Re 9™ (L)},

That is, ¢f depends only on L, and L, and not on Q. We denote it by ¢}

For our next example, fix a finite set S of valuations on Q, and fix
M e £(M,). Now G(Qy) is a subgroup of G(A), so for any x € G(Qy) and
P € P(M), we have the vector Hp(x) in a. Suppose that P and P’ are adjacent
and that « is the unique root in A, N (—A;). Then —Hp(x) + Hp(x) is a
multiple of «". For the case that S = {R} this is [1(b), Lemma 3.6]. The proof for
general S is identical. Therefore,

vp(A, x) = e M) PeP(M),
is a (G, M) family. Suppose that L & £(M). For A € ia} there are two possible
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ways to define
vo(A, %), Qe (L)

There is the (G, L) family {e “MH#e(*)} or there is the (G, L) family derived as in
Section 6 from the (G, M) family {vy(A, x): P & P(M)}. The two are obviously
the same. Notice also that if Q € P(L) and x belongs to L(Qy), the functions

vR(A, ) = vy (A, x), Re PHM),
depend only on R and not on . We denote them by vi(A, x) or vg(A, x).

Sometimes, however, we will take x to be a general point in G(Qy) and use the
function

of(x)=1lm F oA x)6P(N) "
(PeP(M): PCQ)

As a function on G(Qy) it is left M(Qy) invariant. Indeed
(A, mx) = e MmO (A, x), me M(Qy),

since Hy(m) = Hy,(m) is independent of P. Setting A = 0 we see that v{;(mx)
= ofi(x).

Our final three examples, which are all basically the same, are derived from
the intertwining operators between induced representations. Let v be a valuation
on Q, and suppose that M, is a Levi subgroup of G defined over Q,. (From now
on, unless we state otherwise, we will only consider groups M, for which K is
admissible.) Take a representation 7, € II(M(Q,)) and a vector { @ a* .. If
Pe P(M,), we can lift the representation 7, ¢, to P(Q,), and then induce to
G(Q,). This gives a representation Ip(7, ) of G(Q,) on a Hilbert space
I p(m,). We take JC,(m,) to be the space of square integrable functions ¢ from
K, to the space on which 7, acts such that

¢(k k) = m,(k )o(k), ki€ K, N P(Q,).

Then 3(,(7,) depends only on 7, and not on ¢,.
Suppose that v is real. Then there are canonically normalized intertwining
operators

RP"P(WU):%P(WU) - (JCP’(WD)’ P’P,.@(Mu)’
such that for all x € G(Q,),
(7.1) RP'\P(WU)IP(Wu’x) = IP’(Wu’x)RP’\P(Wu)‘

The operators are unitary, and
(7.2) RP”|P(7TU) = RP”\P'(WU )RP'\P(%),
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whenever P, P’ and P” belong to 9(M,). Suppose that v, is a function in
Hp(m,) such that Yo(k) = (1) for all k @ K. (In particular, the representation
7, is of class 1.) Then the normalizations have the property that

(7.3) RP'|P('”U)%: Yo

for all P’. Suppose that L € £(M,) and R € P*+«(M_). Consider the induced
representation
7, = Igo(m,) = Ip(m,)

of L(Q,). Then H(7)) = Hppy(m,) and In(m)) = Iopy(m,) for any Q in
P(L,). The intertwining operators are related by

(7.4) RQ"Q(WL{) = RQ’(R)\Q(R)(WU)’ Q.Q € P(L,).
If Y is a continuous function in ‘JCQ< r(m,) and k € K, the function

Yy k= Y (kik), ke K,NL,(Q,)
belongs to JCke(7,). If R’ is another group in $*«(M,),
(7.5) (RQ<R’)|Q<R)(WU)¢/),( = Rn'm(%)\l/k'

Finally, suppose that W e II(K,). The space, J (), of vectors in JCp(m,)
which transform under K, according to W, is finite dimensional. Let Ry, p(7,)
be the restriction of Rp. p(,) to this space. Then for any D € Diff(ia) there are
constants C and N such that

(7.6) 1D, Rpp(m, )y Il < C(L + I, N1+ IW )Y,
v |

for all =, € II(M(Q,)), and W @ II(K,). These properties were established in
[1(5)].

Now take v to be a discrete valuation. There should also be a canonical way
to normalize the intertwining operators between induced representations (see
[10(a), p. 282]). However to check the required properties, or even make the
definitions in full generality would require a better understanding of harmonic
analysis than is now available. Shahidi [11] has introduced a normalization which
applies to a large number of cases and is presumably the one of [10{(a)]. At any
rate, given Harish Chandra’s work on the unnormalized intertwining operators
(see [12]), it should be possible to define ad hoc normalizations with the right
properties. From now on, we shall just assume the existence of operators

RP'|P(7TU):“}CP(7TU) - ‘JCP/(WD)’ P’P,E@(Mu)’
for which properties (7.1)—(7.6) hold.

Suppose that S is a finite set of valuations. Let M be a group in £(M,) and
let 7 = ®,_sm, be a representation in II(9Mg). For P € P(M) we define the
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induced representation

We have intertwining operators
RP'\P(W) =9 RP'|P(7TD)
veS

which satisfy the analogues of (7.1)-(7.6).
Suppose that Py € P(M) is fixed. Then, with 7, as defined in Section 5,

Rp(\,7,By) = RP\PO(’”)_lRP\PO(Wx)’ Pe (M),

is a family of operator valued functions of A € ia*. We can interpret each
operator as a direct sum of operators on finite dimensional spaces. In fact, let K,
be an open compact subgroup of K, and let W be an irreducible unitary
representation of Ky. Let JCp(7) g w be the space of vectors in 3,(7) which are
invariant under K, and which transform under Ky according to W. Then
‘JCPO(W) K,,w is finite dimensional, and is an invariant subspace of each operator
Rp(A, m, Fy). Suppose that Q € ¥(M), and that groups P, P’ € (M) are both
contained in Q. Then P= Q(R) and P’ = Q(R’) for uniquely determined
groups R, R’ @ $Yo(M). It follows from (7.5) that if A @ iaf,

RP'|P(7T>\) = RP’\P(W)'
Consequently for any such A,
Rp (A, 7, F)) = RP\PO(’”)_IRP'|P('7T)ﬂRP’\P(Wx)RmPO(WA)
= RP(A,W,PO).

Therefore {Ry(A, 7, Py): Pe P(M)} is a (G, M) family. More generally, if
L e £(M)and Pye P*(M) we have the (L, M) family

Ry(A,m, Py) = R5(A, 7, Py), Pe 94(M),
composed of the intertwining operators acting on ‘JC{;O(W). We can form the
operators R%/(w, P)) and Roy(m, Fy), Qe FE(M), (the values of A =0 of
R% (A, 7, B,) and R,(A, 7, Fy).) In general, each of these new operators is
unbounded, but it can still be regarded as a direct sum of operators on finite

dimensional spaces. It follows from the definition that if P, is a second fixed
group in PE(M),

(7.7) Ry (m, P)) = RP0|P1(W)_lRf\;I(W’ Fy )RP0|P1(W)'
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For any L € (M), we can define a scalar valued (L, M)-family. Fix
fe C(L(Qy)), me I, (M(Qy)) and Py e $PL(M). Define

¢p(A, fo 7, By)) = ©F(N, f, 7, By) = te(Ip (7, f)Ry(A, 7, By)), PePH(M).

This is certainly an (L, M )-family. That each function is smooth in A can be
obtained from (7.6) and the differentiation variant of the dominated convergence
theorem. In particular, any differentiation with respect to A can be interchanged
with the trace operation. It follows that for any Q€ F'(M) the number
oo(f, 7, B,), obtained a priori from the family {¢,(A, f, 7, By): P € $*(M)}, also
equals tr(Ip(7, f)RG(7, F,)). Similarly,

¢M(f’W’P0) = r( PO(W’f)Rﬁl('”’Po))'

Combining this last formula with (7.7), we find that ¢%,( f, 7, P,) is independent
of P,. We shall denote it simply by ¢%( £, 7). The similarity to our notation of
Section 4 is of course intentional. Incidentally, the same reasoning establishes
more generally that for any Q € F*(M), the number ¢%,( f, 7, P,) is independent
of the group P, e PX(M).

It is obvious that each function ¢5(A, f, 7, P,) depends only on the unitary
equivalence class of #. Suppose that M, e £4(M). Fix Q,e $%(M,) and P, e
PHUM), with P,C Q,. Then P,= Qy(R,) for R,e P¥(M). Given me

IT, enp( M(Qy5)), let m, be the induced representatlon I Ml(w) of M\(Qg). If Q is
any other group in #“(M,), and A € ia* My

Rl{)()\,’”l’Qo)— 0\00(771) R

= Rory)i0u(Ro)

o{712)
(7) 'R
=R\, 7, Fy),

elfo}
) O(Rm\oomn)(”x)

by (7.4). It follows that
(7.8) $6(N, f.m, By) = ¢5(N, £, 7,0y ),

for fe C(L(Qs)). In other words, the (L, M) family associated to 7™ and Q, is
the same as the one derived from the (L, M) family {¢%(X, f, 7, Py): P e PH(M)).
The (M;, M) families derived from (L, M) families are also related to intrinsi-
cally defined (M,, M) families:

LemMa 7.1. Suppose that Q € P(M,), and P,e P*(M), with P,C Q.
Then for f € C(L(Qy)) and 7 € 11, ,(M(Qy)),

SR, fom, By) = (A, o, 7, O M), ReP¥i(M).

Proof. Let R, = P,N M,. Then P, = Q(R,). We need to evaluate the trace
of an operator on f}leo(w). Now E}CI%O(W) can be regarded as the space of square
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integrable, KN Q(Qs) equivariant functions from K N L(Qg) to the Hilbert
space ‘JCQ{"(W). Then I ,%0( f) is an integral operator with kernel K(k |, k,) equal to

f I;}’(}l('rr,m)-S;}‘O‘(m)lﬂf f(k{ ‘mnk, ) dn dm.
M(Qs) No(Qs)
By (7.4) the operator
Rop)(A, 7, By), R e PMy(M),
on X II;O(W) is just fiber multiplication by the operator
R¥(N, 7, R,)
on f}C;;lol(w). Therefore, the trace of
I (f)RGm (N, 7, Fy)
equals

tr(K(k,k)RY:(A, 7, R,)) dk.
KNM(Qs)\ KNL(Qs)

This is just
tr(Iﬁlol('rr, fb)R%l(A,W, Ro)) = ox' (A, fo-m Ry ).
This establishes the lemma. O

Finally, suppose that f belongs to C*(L(Qg)) and that = € II(M(Qy)). Fix
P, € (M) and consider the functions

tr(IPO(w,f)RP(}\,W,PO)), PePL(M).

That they are smooth in A follows again from (7.6). Notice that

f tr(IPr>(7TA’f)RP(>\77TA, P()))dA

ia*/Lat(S)
depends only on the restriction of f to L(Qs)! and the orbit of 7 under ia*. We
denote this last function of A by
¢’P(>\, f,ﬂ', P()),

where now fis taken to be a function in C*(L(Qs)"') and 7 is a representation in
II(M(Qq)"). Then {¢p(A, f, 7, Py): Pe PH(M)) is an (L, M) family which
satisfies properties analogous to those described above. In particular, we can
associate a number

¢%4(f>77):}i£n 2 ‘ISP(}\’f’WaPo)aP(}\)il
PePl(M)
to every f e C*(L(Qq)") and 7 € TI(M(Qq)").
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8. The distributions J,, . and J,, ,

In this section, S continues to be a finite set of valuations on Q, and M C L
are fixed groups in £(M,). We will use the examples of the last section to define
two families of tempered distributions on L(Qy). They are to be regarded as local
approximations to the distributions J;* and J.

Our first distributions are similar to those studied in [1(b)]. They are
obtained by taking orbital integrals on L(Q;), weighted by the function vj(x).
We need a lemma to guarantee that they are tempered. Recall the functions =-.
and o’ defined in Section 5.

Lemma 8.1. If vy € L(Qs),., N M and n is sufficiently large,

reg

= (x Ty ) (1 + of(x tyx)) ok (x)dx
LQs) L(Qs)

is finite. (Since v (x) is left M-invariant, the integrand is L(Qs),-invariant.)

Proof. Write the variable x as I, _¢x, and let y = Il _¢v,. Since
Hp(x) = X Hp(x,), and

i) =2 S (MH) G0
T PePHM)

g = dim(A,, /A,), we can rewrite the above integral as a sum of products of
integrals over L(Q,),\L(Q,). If v is Archimedean, the convergence of the
resulting integral can be proved as in [1(b), Lemma 7.2]. If v is discrete one
knows that any finite dimensional L(Q,) module over Q, has a basis of
eigenvectors for any given split torus in L(Q,), such that the corresponding
lattice is stabilized by K. This fact, together with {5(b), Lemma 13] (see also
the proofs of Corollary 4.7.3 and 4.8.4 of [12]), allows us to transcribe the
Archimedean proof. The argument is the same, so we need not present the
details. O
If y € L(Qs), N M and fe C(L(Qy)) define

B =IDHIf Sl el dr.

By the last lemma, the integral converges absolutely, and each Jj; , is a tempered
distribution. If Q € $*(M), we have

B B(R) =D e )y x)ds.
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This follows from the change of variables formula

D[ o (mtym) ™0y )n ) d

= |DYe(y)|285(v)* [ ¢(n)dn,  meMy(Qs).
Ny(Qs)

Notice that if L = M, J); . is just the ordinary orbital integral I}, defined in
Section 3.

LeEmMMA 8.2. Fory € 1(Qg), N M, f e C(L(Qy)), and y € L(Qs),
Li ()= 2 hfelf,)
QeF (M)
Proof. With a change of variables we see that ]Aﬁ, L fY) equals
|D(y)|*/2 flx tyx) ok (xy) dx.
L(Qs) L(Qs)
If P e PHM),
oh(X, xy) = e MW
— e*)\(HP(KP(X)U))e —A(Hp(x))

where Kp(x) is any element in K= II, (K, such that xKp(x) ™! belongs to

P(Qys). This equals

veS

up(X, x,y)vp(x),

where
up(A, x,y) = e MNHKDU), Pe PH(M),
is an (L, M) family. It follows from Lemma 6.3 that
ou(ry) = 2 of(x)up(x,y).
QeFh(M)

We see from the discussion of Section 6 that uy(x,y) is same as the function
defined in Section 2. As a function of x, up(x,y) is left Q(Qy) invariant. We
write
lDL(y)ll/Q/ Fla vz )of(x)ui(x, y) dx
L(Qs) N L(Qs)
as

D

K mL(Qs)'/A:VQ(QS)/MQ(QS)y\ Mo(Qs)
0§ (m Jug(k,y)dmdn dk.

f(k~'n"'m™ lymnk)
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This equals
| DMo(y)|"/2 fo.y(m™tym )ojie(m)dm = Iife, (£, , ).
AMQ(Qs)y\ MQ(QS)

The lemma is proved. O

Our second family of distributions has actually already been defined. We
introduce new notation only to point out the analogy with the distributions we
have just defined. If 7 € 11, (M(Qy)) and f & C(L(Qy)), define

L (f)=ou(fim)
= tr(Ig(7, f)RY (7, By)),
for any P, € PH(M). If Q € F%(M) we have the analogue of (8.1),
(8.2) hie(fp) = te(Ig (7. £IRG (7, By)),
for any P, e $*(M). This formula follows from Lemma 7.1 along with the fact,
noted in Section 7, that the right hand side is independent of P,.

Lemma 83. Forme I, (M(Qy)), f e C(L(Qy)) and y € L(Qs),
Li(f9)= 2 Iiaf,)

QeFh(M)
Proof. Fix Pye P“(M). Then Jj; .(f¥) = ¢’ (7, f¥) equals
}im 2 tr(IPO(w,f‘J)RP(A,W,PO))OP()\)—l.

~0 pedtan
Substituting for
IPO(W’ fy) = IPO(W’ y)illPO(W’ f)IPO(W’ y)

and

Ry(A, 7, F) = P\P( m) RP\P(W)\)
yields the trace of
PH}) 2 IPO(W’f)IPO(W’y)RP\PO(W) P\PO(W)\) (77 y) 0P(>\)
PeFl(M)

In this expression we can replace Ip(, y) 'byl p(Ths y) ! without changing
the final limit. We obtain the trace of the operator

(8.3) IPO(W,f)‘ lim 2 RP\PO( )*1 Up(A, 7, y)ap(}\)i P\P(W}\)
A0 et
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where

Up(>\, T,y) = IP("T> y)IP(W)n y)ﬁl'

One sees immediately from the definition of induced representation that for

¢ € Hp(m) = IHE(7), and k @ K N L(Qy),

(8.4) (Up(A, 7, y)o ) (k) = e M * D (k) = up(X, k, y) (k).
In particular, any derivative in A of Uy(A, 7, y) is a bounded operator. By (6.2),

U my)gp(N) = 3 GAmy)e(A)
{QeF(M): QDO P)
Substitute this expression in (8.3). Take the sum over P inside the sum over Q.
We shall show that the limit in A can be taken inside the sum over Q. That is,
that

IPO("T’f) 2 RP;PO(W')ﬂU(’)O\,"T’!/)RP\PO(VD\)"91?(}\)71
{(Pe®H(M): PCQ}
has a limit as A approaches 0. Suppose that F, C Q. If we can show that the limit
exists in this case, then the limit will exist for an arbitrary P, in P%“(M). In fact, it
will just be the conjugate by Ry p(7) of the limit for F,. When we evaluate the
trace, the two limits will be equal. Therefore, we may assume P, C Q. Now it is
clear that if m & M(A),

uQ(A, mx, y) = uQ(A, X, y)
It follows from this fact, (8.4), and (7.5) that if P P“(M), P C Q,

RP\PO(W)_lUP(AQ’W’ y)= UPO(AQ’ s y)RPfPO("T)Vl
(Recall that A, is the projection of A onto iag.) Therefore
RP\PO(W)ilUé(AaW,y) = U(S(A,W,U)RP;PO(WYI-

Our notation here is confusing. The operator Uy(A, 7, y) on the left hand side
has been obtained, via (6.3), from Up(A, 7, y), while on the right hand side,
US(A, m,y) is obtained from Up (A, 7, y), and is independent of P.

Now the existence of the required limit follows from Lemma 6.2. It follows
that ¢%(7, f¥) equals the sum over Q € F“(M) of the trace of the operator

(8.5) Ip(7, £)U(7, y )RS (7, Fy)

where P, can be taken to be any group in $*(M) with P, C Q.

This operator acts on Jp(7) = f}CIL,O(w). But J(p(7) can be interpreted as
the space of square integrable, (K N Q(Q))-equivariant functions from
K N L(Qy) to the Hilbert space ‘}C;?:%Mo(w). Now (7.5) and (8.4) tell us how to
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interpret the operators Rf(7, P,) and Uy(m,y) in this picture. Then (8.5)
becomes an integral operator with kernel K(k,, k,) equal to

f Iﬁ:%MQ(W,m)-BQ(m)l/Zf f(kflmnkz)ub(kz,y)dndm
M(Qs) No(Qs)

‘RMo(7, Py N MQ).

Therefore
f tr(K(k, k))dk
KNMg(Qo) KNL(Qs)
equals
tr( 130 (7, £, JRYP (7, By 0 M),
This is just /% f; ,)- The lemma is proved. O

9. The map ¢},

Given groups M C L in £(M,), a function f in C(L(Qy)) and a class 7 in
Htemp( M(QS )), we defined

¢%4(f,77'):tr(IPO("T’f)R{M(W,Po))’ POE@L(M),

in Section 7. Let ¢%,( f) be the map that sends 7 € 1T, (M(Qy)) to ¢ (£, 7).
According to Lemma 8.3,

oy (fY) = 2 ¢¥4o(fo,y>
Qg (M)
for any y € L(Qy). In this section we shall show that
Sy f = & (f)

is a continuous map from C(L(Qy)) to J(M(Qs)). This will establish all the
hypotheses of Section 4 (modulo Assumption 5.1, of course) for the case that
U(L) = C(L(Qy)), V(M) = $(M(Qs)) and ¢%, is as just defined. The proof of
continuity is essentially a result in local harmonic analysis. In order not to stray
too far afield, we shall be brief. The reader familiar with Harish-Chandra’s work
on the harmonic analysis on the Schwartz space will have no trouble with the
details. (See [5(a)] and [12].)

Fix P, € $"(M). Given f € C(L(Qs)) and Q € (M), let ¢/( £, F,) be the
map that sends 7 € IT, (M(Qy)) to

$o(frm, By) = te(Lp (7, FIRG(m, By)).
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Lemma 9.1. ¢5(f, B,) belongs to $(M(Qy)). In fact,
f_) q),Q(f’ PO)
is a continuous map from C(L(Qy)) to I(M(Qy)).

Proof. Let O =11,.4M_ be a Levi S-subgroup of M. We need to show that
for any n and any D e Diff(®,ia¥),

f=  sup  (1+lel)"|Dp(f 0™ By)|
Entemp(%s)

is a continuous seminorm on C(L(Qs)). Now ¢5( f, o™, P,) is the value at t = 0
of a linear combination of functions

(—%)q¢ﬂ(t>\,f,oM,P0), RDOQ,
with ¢ = dim(A, /Z), and A a fixed point in iad. We can take
- 8. 0, @ 11,0y (M1,(Q,))
and
=11, f e @(M,(Q.))-

Then ¢4(tA, f, o™, P)) equals the product over v € S of
~1
tr( IPU(% Lo )RPL:;PQ(UU ) RPL,’;PU(GU, o) ) >
for groups P, and P, in P(M_ ). We must show that for D € Diff(ia*) and q and
n nonnegative integers, the value at t = 0 of

( ) D, tr( PL,(Go’f;)RPU/iPU(OU)lePgiPu(ou,t)\)

sup (I+ lla,ll)"
65 € emp(M(Q.))

is a continuous seminorm on C(L(Q,)).
The case of v discrete poses no problem. For then, f, is bi-invariant under an
open compact subgroup of K . This means that the operator

-1
IPU(%’ £ )RPL:\PL.(UU) Rmzﬂu(ou, o)

is of finite rank. Moreover, the operator vanishes unless o, belongs to a subset of

I emp( M (Q,)) which is compact (in the obvious sense). These facts are easy

consequences of a result of Harish-Chandra [5(c), Lemma 3]. The continuity of
our seminorms follows from the definition of C(L(Q,)).

Now suppose that v is Archimedean. For simplicity assume that L. = G. i T

is an operator on J(,(o,) let | T ||, be the trace of its positive semi-definite square

root. For W in TI(K,) let P,, be the projection of I p(a,) onto Hp(0,)y, and
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define
IPU(O'U’ fe )WI,WZ = PWIIPU(OU’ f )sz‘

For any n and any D € Diff(ia*), there is a continuous seminorm ||-|| on

C(G(Q,)) such that
1D, 1,(0,s £ w1 = LI+ IWL D" (1 + IW,l) (1 + llo, 1) 7"

for all f®@C(G(Q,)), o,€ I, (M (Q,)) and W, W, e II(K,). This can be
established fairly readily from the definitions. It is essentially the easy half of the
theorem stated in [1(a)]. The estimate we require then follows from this inequal-
ity, (7.6), and the fact that

> L+ 0w ) "+ 1wl "+ lle )"
Wy, Wy ell(K,)

is bounded independently of o, € IT, (M, (Q,)) for n sufficiently large. (|

temp

CoRroLLARY 9.2. ¢ maps C(L(Qy)) continuously to J(M(Qy)).
Proof. By Lemma 6.3,

¢h(f)= 2 o(fi k), fe C(L(Qy)),
QePh(M)
for any P, € *(M). The corollary follows from the lemma. O

Now suppose M, @ 2%(M) and that P, is a group in ?*(M,) which contains
a given P, € P*(M). Suppose also that Q € F%(M,). Then for any f € C(L(Qy)),
¢o(f, Py) is a function in 9(M,(Qs)). Then ¢o( f, Py)y is a function in J(M(Qq)).
Its value at 7 eIl (M(Qy)) is ¢o(f, 7™, P)), which by (7.8) equals
oo( f 7, Fy). Thus
(91) ¢{)(f>P1)M:¢(:)(f>P0)

The map ¢% is particularly simple on spherical functions. If fis bi-invariant
under the maximal compact subgroup K N L(Qyg) of L(Qy), it follows from (7.3)
that ¢k, £) vanishes if M # L. Finally, suppose that S is a disjoint union of S and
{v}. Let f be a function in C(L(Qyg)), and f, a Schwartz function on L (Q,)
which is bi-invariant under K, N L (Q,). Then if f= f-f,,

(9.2) o5 (F) = % (f)fon

temp

10. The invariant distributions [, |

We have just seen that the maps

#hy: C(L(Qs)) = $(M(Qs)), MCL,
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satisfy the assumptions of Section 4. Suppose that v is an element in L(Qg),., N M.

reg

We defined the distribution Jj; , in Section 8. If M, e LH(M,) and does not
contain M, define ]];“ij to be 0. Then by Lemma 8.2,

i) = 2 Ii(f,)

QeF'(My)

for all y in L(Qg). It follows from Proposition 4.1 that there are invariant
tempered distributions

I]I;Ly, Y€ L(QS)reg NM,L,Mec(M,),
on L(Qs) such that

K= Z L)
M, €M)

for all L and M. Observe that I}; , will vanish unless M C L. Although they are
defined by a simple formula, these distributions are in some ways rather
complicated. For example,

Li (f) =Ly (f), fe(G(Qs)),
depends only on the image of f in J(G(Qy)). However, as a distribution on
$(G(Qs)), I, has no simple formula.

Notice that we could have used the distributions {J;; ,} instead of {J;; .} to
obtain invariant distributions {Iy; ,}. However, as the distributions J; , were
used to define the maps ¢%, this leads to nothing new. In fact, I; . vanishes if
M= L, and

Li (f) = B .(f) = o(f.7) = ra(f).

The rest of this section will be devoted to proving a useful property of the

distributions. Suppose that M C M, C L, are groups in £(M,), and that y

belongs to L(Qs)., N M. We shall show that I AL,IH(qb) can be expressed as a
linear combination of

{ffl,y(‘i’l,):MCLCLl}a ¢ € 9(L,(Qy)).

First, we shall prove two lemmas. Suppose that M € £(M,) is fixed, and
that {cp(A): Pe P(M)} is a (G, M) family. We assume in addition that if
M CL CLy,and Q € P(L,), the number cf is independent of Q. We denote it
by cf.

Lemma 10.1. If L, D M,

2 oo (Hy= 2 corehe(h),

LeflymM) QeFhyM)

for any f € C(L(Qs))-
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Proof. Notice that each side of the required formula is an element in
$(M(Qy))- By (9.1), the value of ¢7!(f)y at 7 & [T, (M(Qs)) is

2 wlfim B,
Qe (L)
for fixed P,e Py(M). Since cj; = cf}, the value of the left hand side of the
required formula at 7 is

2 CZ\?I'qS(,)(f’W>P0): 2 Cé'¢gl(f>7’P0)

QeFliM) QeFry M)

= ECéuqS‘xIQ(fO’W),
Q

by Lemmas 6.3 and 7.1. This is just the value at 7 of the right hand side.

Lemma 10.2. Suppose that L, D M and that y belongs to L(Qs),., N M.
Then

S el (@)= 3 el (o),

LeflyM) LefiyM)
for all ¢ € $(Ly(Qs)).

Proof. Let f be any function in C(L,(Qg)) such that ¢(f) = ¢. The left
hand side of the required formula equals

(10.1) > ot (f)
Lel (M)

minus the expression

(10.2) > ek I (0% ().

{(L.M;: MCLCM,GL,)

We shall prove the lemma by induction on dim(L, /M). Apply the induction
hypothesis to the sum over L in (10.2), and then add the result to the right hand
side of the required formula. We obtain

> clltllfl\}y(‘i’lﬁl(f)L)

(L,M;: MCLCM, CLy}

By Lemma 10.1, this equals

(10.3) S ¢ 2 I lele(f)).
QeFiyM) LelMoM)

On the other hand, (10.1) equals

| DI (y)17® Flxtyx) > chobi(x) | dx.
L1(Qs),\L1(Qs)
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The sum in the brackets equals
2 chvplx) = Z cooilx),
QeF (M) QeFliM)

by Lemma 6.3 and Corollary 6.4. It follows from (8.1) that the expression (10.1)
equals

2 his(f)-

QeFh(M)

Recalling the inductive definition of the distributions I}{¢, we see that this
equals (10.3). O

We shall apply the last lemma with
cp(A) = XX, PeP(M),

with
X, = 2 rBX g,
B

as in Section 7. The constants 7, are still to be chosen. Fix M, € £(M). Choose
positive numbers I, for each of the reduced roots of (M, A) such that for every
R € 9M(M), the sum over all reduced roots 8 of (R, A) of ;B belongs to the
chamber in a associated to R. Fix t € R. For any reduced root 8 of (G, A)
let 7, = tl; if B vanishes on a,, and let 7, = 0 otherwise. Now suppose that
L e £(M). We claim that ci; vanishes unless L C M,. For as we saw in
Section 7,

helm D PwgE)

TV Re9H (M)
It is the volume in a}; of the convex hull of the points { X5: R € (M)} defined
in Section 7. Each X is orthogonal to a;, and by our choice of {n}, it is also
orthogonal to a . Therefore, if L is not contained in M,, the points { X} all lie
in a proper subspace of a},. The convex hull then has volume 0; c% then does
vanish. On the other hand, if L = M, each point Xy lies in the chamber of a%
corresponding to R. The volume of the convex hull does not vanish by the results
of Section 6. Therefore i # 0.
Now fix L, € £(M,). For ¢ € $(L(Q5)),

S cqfli(e)
Lefly(M)

is a polynomial in ¢, whose highest term is c;‘\‘;’*f {411 [(¢). The right hand side of
the identity in Lemma 10.2 is also a polynomial in ¢. Equating the highest terms,
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we find that [ Z{}‘l () equals the sum over those L € £X1 (M) such that dim(a’)
= dim(a}h), of

—1 A
() el (9r)-

For any L in this last sum, there are natural maps

ayt— ay - arn
The composition gives us a map from a! to a’'. Suppose that it is not an
isomorphism. Then by our choice of {5}, the images in af' of vectors
{(Xp: Q€ $Li(M)) span a proper subspace of af. It follows that cf* = 0. Thus
we may include only those L in the sum for which the map is an isomorphism, or
what is the same thing, for which

ak=al® ol
We have established

Lemma 10.3. Suppose that M C M, C L, are groups in £(M,). Then for
every L € R¥(M) there is a constant d(L), which vanishes unless
ay = ay® aip,
such that for all ¢ € $(L(Qs)) and vy € Ly(Qg),, N M,
I}\bll,y(d)) = E d(L)IAéI,y(d)L)‘ U

Lefhy(M)

11. A splitting theorem

It is important to be able to express the distributions I; ., on L(Qs) in terms
of distributions on the local groups L(Q,). As before, M C L are groups in
£(M,) and S is a finite set of valuations on Q.

TueoREM 11.1. Let ¢ € $(L(Qs)) and y € L(Qs),., N M. Suppose that S is
a disjoint union of two subsets S’ and S"' and that ¢ and y decompose relative to
the product L(Qg) = L(Qg)L(Qg.) as ¢ = ¢'¢” and vy = y'y” respectively.
Then
fl\:l,y(qb) = E f::ll}y'(qb:\ll)‘fﬁfll,y"(qh”)'

M, eRH(M)

Proof. We shall prove the theorem by induction on dim(L /M). Suppose
that

f=rf, feC(lQs)). feC(LQs)),
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is any function such that ¢(f’) = ¢’ and ¢(f’) =¢”. Then [L (@) is the
difference between J;; .(f) and

(11.1) S BE(eh().

(My: MCM, & L)
Apply the induction hypothesis to each summand. Then
Le,= 3 Leelf.
(M;: MCM, CM,}
where [ wHh® I Mm%, stands for the invariant distribution on J(My(Qg) ®
$(My(Qs-)) that maps a function ¢’ ® ¢ to L', (Y3, )32 ,(¥"). Therefore,
(11.1) can be written as the difference between
(11.2) ) (D It ) (6l (£))
(M, My: MCM, CM, CL)
and
2 Le el ), (e7).
(M,: MCM, CL)}
This last expression is just what we want. We will therefore be done if we can
show that (11.2) equals J;; .( f).
The value of ¢, (f) at 7 eIl
family

(M,(Qy)) is obtained from the (L, M,)

temp

¢P(A’f>7T>P2)> PE @LI(M2)>
for a fixed group P, in P*(M,). f 7 =7’ @ 7",
¢P(}\> f’ﬂ’ PZ) = (i)P(}\’ f” 77,’ P2)¢P(}\a ”a 77'N> Pz)
We can apply Lemma 6.3 to this product of (L, M,) families. It follows that
()= 2 op(f, R)eS,(f By).
QE@L(MZ)
Now ¢5(f", P,)y, is an element in (M (Qs)). As we observed in Section 9,
‘%(f’» Pz)Ml = ¢,Q(f/> P),.

for any group P, € ?“(M,), contained in P,. Also, Lemma 7.1 allows us to write
#5017 Po) as $32( f5). Consequently, (Iy?1® 32 . )(¢4(f)) equals
(11.3) S BE (e PO (oY (£).
QeFh(My)
Substitute (11.3) for the summand in (11.2). Since I3f' (¢,(f", P))) is
independent of M,, and
L (eNe(g)) = Tty (),

{My: M, CM, C M)
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we obtain
> S B (ep(f PO (F)).
{M;: MCM, CL} ® 0cGL(M))

According to (8.1), the expression in the brackets equals the integral over y in
L(Qg), N\ L(Qg") of the product of

|DL(,Y//)!1/2f//(y l,Y//y)
with
(11.4) > D (ep(f P))o%(y).
QeFh(M))

The value at 7" @ I, ,(M,(Qy )) of the function
2 5 (y)ep(f. Py)

QeFh(M)
in 9(M,(Qy) i
2 Uw( )¢Q(f 7', P) = EUQ ‘i’%(f 7', Py)
QEFHM))

Q
by Lemmas 6.3 and 7.1. Therefore (11.4) equals
2 Uo(y)lw v (¢‘x[1?(fé))
QeFh(M))

Since v)(y) is independent of M,, (11.2) equals the integral over y in
L(Qs.),\ L(Qs.) of the sum over all Q € T"(M) of the product of

|DL(,Y//)|1/2f//(y 17”!/)09(!/)
with

2 fi‘ff q wo(fo))

{(M: MCM, CM,)
This last expression is just Cfoy (f5), which by (8.1) equals the integral over x in
L(Qs) N L(Qyg) of
IDE(y)V2f (2 "y x ) of (%)
But
2 voly)ofi(x) = vy (ay).

QeFH(M)
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Moreover,
DAY )|V DHy ) V2= DM ),
and
Fyx) (v yy) = flxy) v(xy)).
It follows that (11.2) equals J); L f). This is what we were required to prove. [

If we combine the theorem with Lemma 10.3 we obtain

CoroLrLarY 11.2. For every group

e=1lrL,, L e £H(M),

vel
there is a constant ¢(£), which equals 0 unless

L — L,
ay= @ ay,
ves

such that for all

=1 s., ¢, € 9(L(Q,)),
and

YZUI;ISYD, Y, € £(Q, ) N M,
we have

f%l,y(q)) = EC(B) HSIA%IL, yv(qbu,LL.)'

I ve

Proof. Let v be a valuation in S, and let S’ be the complement of v in S.
Then we can decompose ¢ = ¢'¢p, and y = y’y, relative to the product L(Qg) =
L(Qg)-L(Q,). By the theorem, Iy; .(¢) equals

2 I)\’,\\l/lly/((i):\ll)fﬁl,yb((i)L)

M, ELLM)

Applying Lemma 10.3, we obtain
22 AL (e, (600,

M eEX(M) L,eE5M)
where d(L,) vanishes unless
L — M L,
ay; = ay'® ayy.

The corollary follows by induction on the number of elements in S. @
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We will need a slight generalization of this corollary. Suppose that v is a
valuation. We have been studying the distributions

IJVL[!YU; YUE L(QL )reg A M’

on C(L(Q,)). It has always been understood that the Levi subgroups M C L
were defined over Q. This is clearly not necessary. For any pair M, C L of Levi
subgroups of G defined over Q, for which K, is admissible (a condition we will
assume for the rest of the paper), we could just as easily have defined distribu-
tions

If/!t.,ybﬁ YU € LU(QU )reg A Mc’

on L (Q,). Lemma 10.3 would certainly continue to be valid.
We will still, however, retain the fixed Levi subgroups M C L defined over
Q. Then there is a surjective map

hyp:ay—ay
such that
hML(HM(m)) = HL(m)>

for any m in M(Qy). Suppose that £ = [I L, is a Levi S-subgroup of L. There is a
natural map from a; = Hom(X(L,)q ,R) onto a; = Hom(X(L)q,R). We there-
fore have a surjective map

hL: ® C[Lv—> CIL.

vel

Define a map H;, with values in &,.5a; , by letting
He(x) = @ (logp,)H, (x,),
for any x = [, x, in £. If x € X(L),,
(hy,(He(x)), x) = 2 (log p, )(H, (%), X) -
The exponential of this number is
[1 pgtiutxer x> = I Ix(x,)], = e(Pr®x0,
In other words, ) )
hy(He(x)) = H, ().
Now fix an S-subgroup I = I, ¢ M, of M. We have the maps
Py ? Q= Oy

and

H%: %S_) ?GMD’
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defined above. Let us write £X(9N, S) for the set of levi Ssubgroups £ =11, L,
of L such that M, C L, for each v. If £ is any group in £%(9, S), we have a
surjective map

h: ?GMU_’?QLU'

This leads to a commutative diagram:

hay
@ Oy, REYi
% Hy
h My ha
G? a L, Gy,
h,

All the maps are surjective. The kernels of h and h,,, equal GBcaf{fv and a%
respectively. So we have a map

(11.5) U?Sai,vve ak.
We shall be most concerned with those £ € £5(91, S) for which this map is an

isomorphism. When this happens, we also have kerh N kerh,,= 0, and the
equivalent property that ker Hyy = ker 3(; N ker H,,.

CoroLLArY 11.3. For every £ =11, ¢L, in 4D, S) there is a constant
d(£), which equals 0 unless the map (11.5) is an isomorphism, such that for all

¢:I;I¢c> ¢c€g(L(Qc))’
and =
v=1IIv, Yo € L(Q,)yeg N M,

we have
ff’l,y(‘i’) = 2 d(ﬁ) H ffl\J’lis'Yu(q&u,Lu)‘
L9, §) ves
Proof. By the last corollary, I fl ,(¢) is the sum over all groups

o =1 m, M e (M),

vesS
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of
M) LB (60 )

Now, apply Lemma 10.3 to each of the distributions I f\‘} (¢ M ). We obtain the
sum over Levi subgroups L, in (M), defined over Q

(L )IL ( v L, )
The constant d(L,) will be 0 unless
(11.6) aye=ay ® ajy.

This last condition means that the natural map
ak M, aMe

is an isomorphism. Let £ = [[,L,. In view of (11.6) 9’ is uniquely determined
by £. Define

d(e)=cOon) Il d(L

LES

The map (11.5) is the Composition of

ves

If the first map is not an isomorphism, d(LD) = 0 for some v. If the second is not
an isomorphism, ¢((9W)) = 0. Therefore d(£) is 0 unless the map (11.5) is an
isomorphism. a

If ¢ and y are as in the corollary, and £ belongs to £4(9N, S), we shall write
§b13 = H qbu,Lu
ves
and
I:gl, 'y((pﬁ) = UI-EISI)}:IUW 'yv(q&o, Lv)

in the next section. Corollary 11.3 then is the formula
i e)= 3 dE)I& (s)
Lefk(9M, $)
12. Compact support
We have studied the maps

C(L(Qs)) — 9(M(Qy)),

for groups M C L in £(M,), and a finite set S of valuations on Q. In Section 7,
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we also defined a number ¢4,( f, 7) for f € C*(L(Qs)") and 7 & II(M(Q;)'). We
will take 7 to be a tempered representation. Then

oy (f)im > ¢y fom)

is a complex valued function on Il (M(Qs)'). Our goal is to show that it
belongs to 9 (M(Qg)"). From Corollary 9.2 and its very definition, we know that
o5 ( f) is obtained from a function in $( M(Qy)) by the projection (5.3). We have
only to show that the orbital integrals of ¢%,( f) are compactly supported.

Tueorem 12.1. If M C L, ¢% maps C*(L(Qg)') continuously to
(M(Qs)").

Proof. We shall prove the theorem by induction on dim(L/M). Suppose
that & = [1,_¢T,, where for each v, T, is a maximal torus of M defined over Q,.
Set J,=1II,.s7.(Q,), and T' = TN M(Q)!. We must show that for every
compact subset C of L(Qs)" there is a bounded subset D of I' N M(Qy),., such
that whenever f is a function in C*(L(Qq)') which is supported on C, the
function

L f$[(¢1{4(f))’ YE GJsl a M(QS )reg’

is supported on D.

Lemma 12.2. For each ¢ € §(L(Qq)") there is a compact subset C of
gl n L(Qs),cq» depending only on supp ¢ such that I . A¢) =0 if vy does not
belong to C.

Proof. For v in S define A to be the split component of the torus T,. Let
M, be the centralizer of A, in M. It is a Levi subgroup of M defined over Q,, so
M =1l,.sM, is a Levi Ssubgroup of M, and ' N L(Qy),,, is contained in
L(Qg) ., N I Therefore, Corollary 11.3 tells us that for any y @ Jg' N L(Qs)
and ¢ & $(L(Qy)),

reg

L (e)= 3  d(E)IS ().
el S)

Now, F'N L(Qy),., is also contained in L(Qs)'. This means that IAfl A9)
depends only on the function

T ¢(my)dA
iaf /Lat(L, S)
on IT., (L(Qs)"). We therefore may identify ¢ with a function on L(Qs)',
which we assume belongs to 9,( L(Qg)").
Fix £ € 49N, S). Then H, maps the center of £, surjectively onto ®,.sa L
With this fact it is easy to show that the function

I,\cg](’y((pﬂ)a Y € (i)’sl N L(QS )reg’
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vanishes unless Hy(v) belongs to a compact subset of ®,_sa 1., Which depends
only on supp¢. On the other hand, we can assume that d(£) # 0, so by
Corollary 11.3 the map (11.5) is an isomorphism. As we observed in the preamble
to the corollary, this implies that

ker Hoy = ker Hy N ker H,.
Now T is a subgroup of 9. The kernel of Hy in Iy is compact. J¢' is by .
definition just the kernel of H,, in 9. Therefore, the restriction of H, to I is a
proper map. Thus the map

Y I‘gl,y(qbﬂ)> Y€ (i)'slm L(Qs)reg’
is supported on a bounded set, which depends only on supp ¢. This proves the
lemma.

Lemma 12.3. For every compact subset C of L(Qs)' there is a bounded
subset D of 5' N L(Qy),., such that for any function f in C*(L(Q)') sup-
ported on C, the function

reg

Y — ]ﬁy(f% Y € gsl N L(QS)reg

is supported on D.

If L=M, Jj; (f) equals I)Y(f), the invariant orbital integral of f. The
lemma in this case is a well known result of Harish-Chandra. The proof for
arbitrary L is no different.

We can now finish the proof of the theorem. I Y(dhi(£)) equals

EH— 3 B (k)

{(My: MGM, CL)

It follows from the last two lemmas and our induction hypothesis that if f is
supported on C, fy(qb%l( f)) vanishes for y outside a fixed bounded subset of
Ts' N L(Qg),eq- But Tg' N L(Qy),, is dense in Tg' N M(Qy),,. The theorem
follows. [}

13. The invariant distributions I, and I

With the completion of the proof of Theorem 12.1 we have reached our
goal. We have shown that for every S the maps

s C(L(Qs)') = 9. (M(Qs)')

are continuous and satisfy (4.2). Assume that S contains the Archimedean
valuation. Then there are invariant distributions {I7: 0 € 0} and {I: x ®%} on
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L(Qs)', and by Theorem 4.2,
2 IN(f)= 2 I(f)

oel xeX
for any f€ C2(L(Qs)").

As we observed in Section 4, we can think of I} and I as invariant
distributions on C*(L(A)'). However, we had better check that the final
distributions are independent of S. Suppose that S’ is a larger set of valuations,
the disjoint union of S and S,. There is a natural injection of C*(L(Qs)") into
C=(L(Qg)"). The image, f’, of a function f in C*(L(Qs)") is the product of f
with the characteristic function of I[, s K,. We must verify that I7(f) equals
IX(f"). By definition, J*(f) = J*(f"). On the other hand we can map any
function ¢ in §(L(Qg)") to the function in § (L(Qq)') whose value at

TR7,TE Htemp(L(QS))’ e Htemp(L(Qsl))

is ¢p(m) if 7, is of class one and is 0 otherwise. It follows from (9.2) that for any
M & 2(M,) the image of ¢%,( f) in 9 (M(Qg)") equals ¢%( f'). Now

L) =1H- T Ielu()
(MeRh(My): M#L)
It follows by induction on dim L that IX( f) = IL(f7). Similarly I;( = I;( .
Thus, the distributions I} and I are independent of S.

We can therefore regard I and I + as distributions on 9,(L(A)"), the direct
limit over all S of the spaces § (L(Qs)"). Notice that ¢}, extends to a continuous
map from C*(L(A)') to 9 (M(A)Y). In fact, Hp(m), Lp(7, f), Rpp(7) and
¢4(f) can all be defined directly for f & C°(L(A)) and 7 & II ., (M(A)). If f* is
the restriction of fto L(A)', the value of ¢%,( f!) at a class in IT,,__(M(A)?) is the
integral over all 7 in the associated orbit in II,___(M(A)) of

h E ¢P(}\’f>w’ P())BP(A)f1
A0 pegtian
=lim X t(Ip(m, F)Rpp(m) Rpp(ma)bp(A)
Pe? (M)

temp

temp

As they are defined, I L and I )f appear to depend on all the arbitrary choices we
made in Section 1. We shall show that, as distributions on § (L(A)"), they do not.

We shall first consider changing the maximal compact subgroup K. Fix
f @ C*(L(A)). For the moment, write ¢%,( f, K) for ¢%,( f). We wish to study the
dependence on K. Given P € P“(M) and 7 € II,,__(M(A)), define

temp

(YP(W)\(’)(nmk) = ap(m)l/z'”(m)\l’(k)’
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for ¢ @ JC,(7), n @ Ny(A), m @ M(A) and_ke K N L(A). Then yy(7)_maps
JCp(7) isomorphically onto a Hilbert space JC,(7) of functions on L(A). 3 ()
is what is usually taken for the underlying space of the induced representation. It
is independent of K. Now

op(A, fom, By) = tr(IPO(W’f)RP\PO(W)_IRP\PO(W)\))
tr(YPO(W)IPO(W’f)RP)PO(W)_lRP\PO(WA )YPO(’”')H)

= tr(fpo(ﬂ>f)R~p\p0(77)—l Yp(m )YP(WAY P4PO(7T}\) YPO(WA)YPO( )A’l)’

where

IPO(W )—YPO( ), (77 f)YP( )71
and

R~P\P0('”) = YP(W)RP\PO(W)YPO(W)”I'
If ¢ € Hp(m),

(Tn(m.v)9 ) (x) = ¢(xy), %,y e L(A),

so the operator I (7, f) is independent of K. It does, however, depend on our
choice of Haar measure on L(A). For suitable A and ¢, (Rp p(7,)9)(x) is the
product of convergent intertwining integrals

f ¢(nx)dn

Np(Q.)NNp(Q N Np(Q,)
with some scalar normalizing factors. The integrals clearly do not depend on K.
We will assume from now on that each scalar factor is also independent of K and
that the normalized operators are independent of any choice of Haar measure.
Then the only terms in our expression for ¢,(A, f, 7, P,) that depend on K are
the operators

YP(’T)YP(WA)_l: ‘jCP(’ﬂA) - iCP(W)'

Notice that

(YP(W)YP(WA)71¢)(x) = (i’(x)e_A(HP(x)),

for any ¢ € ‘}~CP(7T)\).

Now suppose that K is replaced by another admissible maximal compact
subgroup K*. The Haar measures fixed in Section 1 were tied, via (1.1), to our
choice of K. We must therefore take a different set of Haar measures on all our
groups, subject only to the restrictions of Section 1. If the new Haar measure on
L(A) differs from the old one by a factor u(L), the operator I {7, f) will have to
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be replaced by p,(L)fPO(w, f). For P € P“(M) and x @ L(A) we have the vector
H}(x) in a,,, associated to the decomposition

L(A) = N,(A)M(A)(K* N L(A)).
We also have the Hilbert spaces J(}(7) and the operators
() Hp(w) > Hp(m).
If ¢ belongs to ‘jCP(w),
(va(m)v(m)  (ve(m)rp(m) ™) 6 ) (x) = wp(h, v, K¥)g(x),
where
up(}\, x, K*) = g “MHFE) MHNY |

It follows that

(13.1) Y;(W)YI’;(WA)-I = YP('”)UP(}" 7, K*)YP(WA)fa
where Uy(A, 7, K*) is the operator on J(,(7) defined by
(13.2) (Up(N, 7, K*)¢ ) (k) = up(A, k, K*)p(k), kaKNL(A).

We can now calculate the analogue for K* of ¢,(A, f, 7, F)). We need only
replace y,(7)yp(7,) ! by the right hand side of (13.1) in the formula above for
op(A, f, 7, Py), and then multiply by u(L). The result is

#(L)'tr(lpo(’”" f)RP\PO(W)_lUP(}\> 7, K*)RP\PO(WA)UPO(}‘> 7, K*)il)'

To obtain ¢k (7, f, K*), we multiply this expression by @,(A)~', sum over
P @ PX(M), and let A approach 0. Now Up(A, m, K*) is independent of P and its
value at A = 0 is 1. Therefore ¢4, (7, f, K*) equals the trace of the operator
(13.3)

w(L)Iy (7, £)- lim

A 2 RP|P0(7T)‘1' Up(A, 7, K*)ﬂp(A)vl 'RPzPO(WA)-

Pe®r(a)

We can now argue exactly as in the proof of Lemma 8.3. Formulas (13.2)
and (13.3) take the place of (8.4) and (8.3). Notice that {up(A,x, K*): Pe@
$PL(M))} is an (L, M) family. If Q € (M) and m € M(A),

uQ()\,mx, K*) = uo(}\, x, K*).

It follows from this fact, (13.2) and (7.5) that if P, and P are groups in $*(M)
which are both contained in Q,

Rpp(m) UG (N, 7, K*) = UY(N, 7, K*)Rp p ()

As in Lemma 8.3, we see that ¢4, ( f, 7, K*) equals the sum over Q € ¥“(M) of
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the trace of the operator
IPO('”’ f)U(:)(Wa K*)Rgl(w> P() )7

where P, can be taken to be any group in $*(M) with P, C Q. The rest of the
proof of Lemma 8.3 carries over without further difficulty. We obtain

LeEmMa 13.1.
q)ﬁl(f"”’ K*) :p‘(L) 2 ¢%Q(fQ,K*77T7K),
QeFH(M)
where f; k- is the function in C*(M(A)) whose value at m € M(A) is

8,(m)? k" Ymnk)ul,(k, K*)dn dk. 0
o(m) fK - fN O(A)f( Jup(k, K*)

Next, suppose that J* is one of the distributions J or J;". Identify f with its
restriction to L(A)!, and write
J*(f.K) =T(f)

to denote the dependence on K. This dependence can be studied by transcribing
almost verbatim the proof of Theorem 3.2. The result is the formula

JH(f,K*)=p(L) X C(MQ)C(L)ileO(fQ,K*aK)'
QeF (M)

Now let I*(-, K) be the invariant distribution defined by Proposition 4.1. We
claim that its Fourier transform, I(-, K), is independent of K. Indeed, arguing as
in the proof of Proposition 4.1, we find that

I*(f, K*) — p(L)I*(f, K)
equals the sum over all Qe Y M), with Q % L, of the product of
#(LYe(My)e(L) ™! with
TYe(fo ke K) = 2 e(M)e(My) " T( @£ ko0 K), K¥).
MefMo(M,)
Now ¢Ye( fo.x+ K) is an element in § (M(A)"). Therefore we may assume by
induction on dim L that
fM(q)Z}\llQ(fQ,K*’ K)a K*) = fM((i)ZI‘\llo(fQ,K*a K)s K )'

It follows that the above expression vanishes. We have shown that I*( f, K*) =
w(L)IH(f, K).

Now suppose that instead of fixing f we fixed an element ¢ in 9 (L(A)").
Take f to be any function such that ¢ = ¢%(f, K). The second choice of Haar
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measures will necessitate replacing f by u(L)™'f. Therefore [“(¢, K) equals
i™(¢, K*). We have established

PrOPOSITION 13.2. As distributions on § (L(A)'), [ and I ~ are independent
of K. They are also independent of the Haar measures chosen in Section 1. O

In Section 1 we also fixed M,, a minimal Levi subgroup of G. The
distributions I, and I . are independent of this choice as well. Any other minimal
Levi subgroup equals y ~'M,y, for some y in G(Q). Then y 'Ky is a maximal
compact subgroup of G which is admissible relative to y 'My. If L is in £(M,)),
y 'Ly belongs to £(Y ~*M,y). We can transfer all the Haar measures chosen in
Section 1 by conjugating by y ~!. It is a simple exercise to check that I () =
Y7L fv) and TE(f) = 119 f¥) for fe C2(L(A)!). It follows that [, and I,
are independent of M,,.

14. An example

We shall conclude our paper with a look at the example of inner twistings of
GL,. Special cases have recently been studied by Flath [3(a)] and by Deligne
and Kazdan (unpublished). For simplicity of notation we will stick to GL ,(Q)
although we could just as easily work, through restriction of scalars, with an
arbitrary number field. Suppose that D is a division algebra of degree d* over Q.
Let G and G, be the general linear groups of ranks m and n = md over D and Q
respectively. The local Langlands conjecture states that for every valuation v on
Q there is an injection

(141) Htemp(G(Qv )) - ]'Itemp(Gl(Qc))
with certain properties. This would yield an injection
Htemp ( G(A)l ) - Htemp( GI(A)I ) .

For every f € C*(G(A)') we could then define a complex valued function ¢, on
I np(G1(A)') by letting ¢ (7)) equal tr(w(f)) if 7 is the image of 7 e
IT,.np( G(A)Y), and letting it equal O otherwise. The conditions .on (14.1) are such
that ¢, should belong to 9 (G (A)!). The ultimate goal would be to establish a
correspondence between the automorphic representations of G and G, by
comparing the identity

S L(e)= 3 L(e)),

0el, xeX,
the invariant trace formula for G|, with the trace formula for G.

We will attempt something more modest here. Now O and O, can be

identified with the semisimple conjugacy classes in G(Q) and G (Q) respectively.
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The theory of division algebras gives an injection

(14.2) 0-0,.
It is easy to describe the image; it is also easy to say what the image of the map
(14.3) c(GA)) = §.(G,(A))

should be. If ¢, belongs to the expected image of (14.3) but o € O, does not
belong to the image of (14.2), I ,(9,) ought to vanish. We will prove this when
the class o is unramified, in the sense of [1(d)].

First of all let us recall some notions for the general linear group over a fixed
field E. The characteristic polynomial identifies the semisimple conjugacy classes
in GL,(E) with the polynomials in E[ X] of degree n and nonzero constant term.
Regular semisimple conjugacy classes correspond to polynomials with distinct
roots. If o is a regular semisimple class we define a partition

p(D):(Tll"">)nr): nIanz---Zn

of n from the degrees of the irreducible factors of the characteristic polynomial.

A partition can also be defined for any Levi subgroup, M, of GL , defined over E.
It is the unique partition

D(M):(nl,...,nr), n=---=n,

of n such that M is isomorphic to [I{_, GL,, . Note that r is the dimension of the
space a ;. We can partially order the partitions of n by setting p, < p, whenever
there are Levi subgroups M, C M, of GL, such that p, = p(M ) and py, = p(M,).
Then p(0) < p(M), for a given o and M, if and only if o intersects M( E). Notice
that if

p(k) = (k k,.... k)

for a given divisor k of n, p(k) < (n,,...,n,) if and only if k divides each integer

n,..

Lemma 14.1. Suppose that M is a Levi subgroup of GL, and that a3hn
a¥e= {0} for groups M, and M, in £(M) (defined, of course, over E). Suppose
also that p(k) < p(M,) and b(k) < p(M,) for some divisor k of n. Then
p(k) = p(M).

Proof. The condition on M, and M, is equivalent to a, = a, + a,,. Now
fori = 1,2, let

p(M;) = (nil""’nir,)‘
Then k divides each n,;, and M, = I, M;;, where M,; is isomorphic to GL,, .
The intersection of a,, and a,, is a space of dimension at least one. Therefore

dim a, = dima, + dima, —dim(ay Nay ) Sn+rn—1.
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Now M is the subgroup of M, defined by a subset of the simple roots of M, with
respect to some ordering on a maximal split torus. It follows that

M=l (MnM,).
i=1

We claim that one of the groups M,; is contained in M. Assume the contrary, and
suppose that r, < r,. For each j, M N M,; will be a proper subgroup of M,;. The
length of p(M) will be no less than 27,. Since this must also equal dim a,,, we
obtain a contradiction. We have shown that M,; C M for some j. Therefore,
M, C M), for some h. Let n’" =n — n,,. Then k divides n’ and we have a
partition p’(d) of n’. There is clearly a unique subgroup G’ of GL , isomorphic
to GL, such that M, is contained in M, ,G’. Then M"' =M N G', M| = M, N G’
and Mj = M, N G’ are Levi subgroups of G’ such that a3}fi N ayk = {0). The
partition p(M]) is obtained by replacing n,, by n,, —n,. Since k divides
Ny, = Ny, b'(k) = p(M7). Similarly b’(k) < p(Mj;). It follows by induction on n
that p’(k) = p(M’). Since p(M) is obtained from p(M’) by adjoining n,;,
p(k) < p(M). O

For each valuation v on Q we have the invariant, inv (D), of D at v. It is an
element in Q/Z, and

2 inv (D) = 0.

Let d, be the order of inv (D). Then d is the least common multiple of the
integers {d,}. The image of the map (14.1) should be the set of induced cuspidal
representations

0c> OEHCLISP(MU(QD))’

where M, is a Levi subgroup of G, defined over Q, such that p(d,) < p(M,).
Said another way, the image of the map (14.3) will be

gCG(Gl(A)l) = Hgngf(cl(Qs)l)’

where $%(G,(Qs)!) is the space of functions ¢, in $%(G,(Qs)!) such that
¢, o = 0 for any Levi Ssubgroup 9N = I, _¢M, of G, for which the property

p(d,)<p(M,), veSs,

fails to hold. Next, suppose that o is an unramified class in O; in the present
situation this means a regular semisimple conjugacy class in G (Q). For each v, 0
generates a regular semisimple conjugacy class in G,(Q,) = GL,(Q,), so we
* obtain a partition p (o) of n. It follows from the theory of division algebras that o
is in the image of the map (14.2) if and only if b(d,) =< p (o) for all v.
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TueoREM 14.2. Suppose that ¢, € (G (A)') and that T(¢,) # 0 for a
given unramified class o € 0. Then o belongs to the image of the map (14.2).

Proof. Let f, be any function in C*(G (A)") such that ¢(f;) = ¢,. The
results of [1(d), §8] allow us to express J.( f) as a weighted orbital integral. There
are parabolic subgroups By C P, of G,, with Levi components M, C M,, all
defined over Q, such that F, is minimal and p(M,) = p(o). Let y, be a point in
M,(Q) N o. If T is a suitably regular point in a ,fo , JI( 1) equals

vol(4,(R)"-G(Q),\GA), ) [ Alx i Jolx T)dx.

where v(x,T) is the volume of the convex hull of the projection of

“lp -1 Y
{s T—s HPZ(wSx)'SEszDJPOQ(aPI’aPQ)}

onto aﬁl (see [1(d), (8.7)]). Suppose that s € @ and that P; = w, 'Pyw,. Then
s 'Hp(w,x) = s'l(HPO(wS) + HPO(u'J*Sx))
= —Hp(w, ") + Hy(x)
= s, — Ty+ Hp(x),
by Lemma 1.1. It follows easily that v(x, T})) equals

vy () =lim X e Mg (X))
A0 pogin,)

Choose a finite set S of valuations on Q, containing the Archimedean valuation
and all the places at which D does not split, such that

(i) f, belongs to CZ(G(Qs)').
(ii) |D(vy,)|,= 1 for all v not in S.
(iii) {x € G(Q,): x 'yixe K} = G(Q,),, K, for all v not in S.
Then

DG = D) = 1.

ve

Moreover, the integral over G(A),\ G(A) above can be taken over
G(Qs),\ G(Qy). If we identify y, with its image in M,(Q;), we obtain

I(f) = vol( Ay (R)"-G(Q), N G(A),, Jyy, 1, (A)-
It follows from the definitions of Section 4 that

(14.4) I,(¢,) = vol{ A, (R)’-G(Q), NG(A), )1\, (9)).
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We have not used any special properties of GL., in deriving this formula. It holds
for any reductive group.

Our theorem will now be proved by combining the corollaries of Theorem
11.1 with Lemma 14.1. The first corollary states that

Ly, ,(9)) = %c(fﬁ)f&,yl(me),

the sum being taken over groups

e=1lL,, L,DOM,.

ves

By assumption, there is an £ such that
C(B )il\gll yl(q)l, £ ) # 0,

so that

and

p(d,)<p(L,), veSs.
Fix v € S. For any prime p, let p" be the highest power of p which divides d .
Since the invariants of D sum to 0, there must be a w € S, distinct from v, such
that p” divides d . Therefore p(p") < p(L,) and b(p") < p(L,). Since aﬁf‘l N
af;ﬁ = {0}, we can apply Lemma 14.1. We see that p(p") < b(M,). It follows
that p(d,) < p(M,).

We have identified y, with its image in M(Qy), so we shall write

Y= IEISYW v, € My(Q,).

For each v, choose a Levi subgroup M, of G|, defined over Q,, with y,e M, C M|,
and p(M,) = p (o). Let M = [, M,. By Corollary 11.3, I, _ (¢,) equals the
sum over all £ in £(9N, S) of

d(f)j‘gl, y1(¢l, B)‘

This summand will be nonzero for some £. The conditions for the nonvanishing
of d(£) and ¢, , imply that

ay M ajp = {0},
and L
p(d,)=p(L,)
for all v € S. Turning again to Lemma 14.1, we obtain
p(d,) =v(M,)=p,(0)
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for all v € S. Since S contains all valuations for which d_ > 1, o belongs to the
image of (14.2). Our theorem is proved. a

UNIVERSITY OF TORONTO, ONTARIO, CANADA

BiBLIOGRAPHY

(1] J. ARTHUR,
(a) A theorem on the Schwartz space of a reductive Lie group, Proc. Nat. Acad. Sci. 72
(1975), 4718-4719.
(b) The characters of discrete series as orbital integrals, Inv. Math. 32 (1976), 205-261.
(c) Eisenstein series and the trace formula, in Automorphic Forms, Representations and
L-functions, Proc. Sympos. Pure Math., Vol. 33, 1979.
(d) A trace formula for reductive groups I: terms associated to classes in G(Q), Duke Math.
J. 45 (1978), 911-952.
(e) A trace formula for reductive groups II: applications of a truncation operator, Comp.
Math. 40 (1980), 87-121.
(D) On the invariant distributions associated to weighted orbital integrals, preprint.
[2] 1. N. BERNSTEIN AND A. V. ZELEVINSKY, Induced representations of reductive p-adic groups, I,
Ann. Scient. Ec. Norm. Sup. 10 (1977), 441-472.
[3] D. Frath,
(a) A comparison of the automorphic representations of GL(3) and its twisted forms,
Thesis, Harvard University, 1977.
(b) Decomposition of representations into tensor products, in Automorphic Forms, Repre-
sentations and L-functions, Proc. Sympos. Pure Math., Vol. 33, 1979.
[4] S. GELBART and H. JacQuer, Forms on GL(2) from the analytic point of view, in Automorphic
Forms, Representations, and L-Functions, Proc. Sympos. Pure Math., Vol. 33, 1979.
{5] HarisH-CHANDRA,
(a) Discrete series for semisimple Lie groups II, Acta Math. 116 (1966), 1-111.
(b) Harmonic analysis on reductive p-adic groups, in Harmonic Analysis on Homogeneous
Spaces, Proc. Sympos. Pure Math., Vol. 26, 1973.
(¢) The Plancherel formula for reductive p-adic groups, preprint.
(6] H. JacQuer, Generic representations, in Springer Lecture Notes, Vol. 587, 1977.
[7] H. Jacouer and R. P. LancLanps, Automorphic Forms on GL(2), Springer Lecture Notes,
Vol. 114, 1970.
(8] A. W. Knapp, Commutativity of intertwining operators II, Bull. A. M. S. 82 (1976), 271-273.
[9] J-P. Lasesse and R. P. Lancranps, L-indistinguishability for SL(2), Can. J. Math. 31 (1979),
726~785.
[10] R. P. LANGLANDS,
(a) On the Functional Equations Satisfied by Eisenstein Series, Springer Lecture Notes,
Vol. 544, 1976.
(b) Base Change for GL(2), Annals of Math. Studies, 1980.
[11] F. SuaHip1, On certain L-functions, preprint.
[12] A. S1iLBERGER, Introduction to Harmonic Analysis on Reductive p-adic Groups, Mathematical
Notes, Princeton University Press, 1980.

(Received June 14, 1979)
(Revised October 29, 1980)





