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Introduction. One can think of Eisenstein series as the spectral kernels for the
Laplace-Beltrami operator on a certain class of noncompact Riemannian
manifolds. They are the eigenfunctions corresponding to the continuous
spectrum. In particular they are not square integrable. However, there is a
natural way to truncate these functions so that they are square integrable. The
object of this paper is to investigate the inner product of two such truncated
functions. Our main result is an asymptotic formula for the inner product, as the
variable of truncation approaches infinity. The formula, which is based on an
inner product formula of Langlands for cuspidal Eisenstein series, is rather
simple. It is given in terms of certain operators which are analogues of the
classical scattering matrix.

The most efficient way to work with Eisenstein series is through adéle groups.
The close connection between the analysis on adéle groups and that on locally
symmetric Riemannian manifolds is well known and will not be discussed here.
Let G be an algebraic group defined over Q, which for the introduction we take
to be semisimple, and let P = N, M, be a standard parabolic subgroup of G. If
Ajp is the split component of the center of the Levi component M, let @, be the
space of square integrable automorphic forms on

Np(A)Mp(Q)4, (RY\G(A).
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It has an important subspace @, _,, consisting of those ¢ in @, for which each
function

¢, 1 > ¢(mx), me Mp(A), x& G(A),

is a cusp form on M (A). The theory of Eisenstein series associates to every
¢ €@, and every A in a real vector space ia}, a smooth function E(¢,A) on
G(Q)\G(A). 1t is not square integrable. However, for every point T in a certain
chamber, ag, there is a truncation operator A” which acts on functions on
G(Q)\G(A). The truncated Eisenstein series, ATE(¢, ), is square integrable. Now
suppose that P’ is another standard parabolic subgroup and that A’ € ia%..
Suppose that ¢ and ¢’ are restricted to lie in the respective subspaces @5 ., C @p
and @p ., C @p. Then Langlands has established the elegant inner product
formula

(ATE(¢,A), ATE(¢', X)) = 0 (AN, 6, ¢), (1)

where for any ¢ € @, and ¢’ € @5, w (A, X, ¢,¢') is defined as the sum over all
standard parabolic subgroups P, and all elements ¢ and ¢ in the Weyl sets
Wi(ap,ap) and W(ap,ap), of the functions
(M(t, }\)(p, M(t’, }\/)qy)e(t)\— 'NWTHY

HaEAPI(ﬁ\ — N (aY)

vol(ap /Lp))

(For any unfamiliar notation we refer the reader to the text.) In particular, if P
and P’ are not associated, the inner product is zero.

It is important to study the inner product when the vectors ¢ €@, and
¢’ € @p. are arbitrary. Then, unfortunately, the formula is false. In fact, for
general ¢ and ¢’ the inner product of AE(¢,A) and ATE(¢’,X\’) is apparently
quite complicated. The main result of this paper (Theorem 9.1) is an asymprotic
formula. We will show that

(ATE(¢,N), ATE(¢',N))~w (AN, ¢, ¢) (1*)

as T approaches infinity away from the walls in af . In particular, if P and P’ are
not associated, the inner product is asymptotic to zero.

There does not seem to be any direct way to prove the formula (1*). This is
perhaps not surprising for there is at present no direct way to study the function
E(¢,A). Langlands was able to establish the analytic continuation and functional
equations only by taking residues of cuspidal Eisenstein series E(Fz(A), A + M),
where B is a standard parabolic subgroup which is contained in P, A is a point in
a}c. and Fp is an analytic function from a} s to @5, We must proceed this
way also. By formula (1), we have

(ATE(F5(A), A+ N), ATE(Fy(A), N + X))

=@ (A+ X —A + N, Fy(A), Fp (). (2)
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Thanks to Langlands’ work, we know that the inner product
(ATE(,1), ATE(¢', X)),

which is what we are after, can be obtained as a sum of residues in A and A’ of
inner products on the left hand side of (2). Consequently, we are reduced to
studying the corresponding sum of residues of the right hand side of (2). We will
examine it as a function of T. In §3 we shall show that it equals a sum

Z P/\T(}\, A/’ ¢’ ¢/)e(l)\~—t’)\’+/\’ W7 (3)

(LY Xeb(t,1)

where (¢, ) ranges over certain maps with domain ia} X ia%., &(¢,¢') is a finite
set of points in af, and pXT (AN, ¢,¢) is a polynomial function of T.
The elements (¢,7) in the sum (3) will include pairs from products

W(ap,ap)X W(ap,ap) 4

of Weyl sets. If (¢, 1) is not of this form, we will use a property of the truncation
operator to show that each X € §(z,¢') is a nonzero point in the closure of the
negative dual chamber of af (Lemmas 7.1 and 7.2). Thus, as T approaches
infinity, the contribution of any such pair can be ignored.

Suppose then that (z,1) belongs to the product (4). Lemma 7.2 will still tell us
that each X € &(z,¢') lies in the closure of the negative dual chamber. However,
X could zqual 0. The remaining problem is to calculate the coefficient
Pd AN, ¢,¢). Lemma 4.1 will enable us to relate pJ (A, X', 9, ¢) to a coefficient

Pl PN N, M (1,00, M (2, N)¢'), ©))

in which the group G has been replaced by P,. But M(¢,A\)¢ and M(¢',\')p’ are
both functions in @, , a space associated with the square integrable automorphic
forms on Mp (Q)\ M, (A). Tt will not be hard to show that the inner product of
truncated square integrable automorphic forms is asymptotic to the ordinary
inner product. It will follow that the coefficient (5) actually equals

(M(1\)g, M(7,1)8).

(See Lemma 8.1.) It is in particular independent of 7. This will enable us finally
to prove our asymptotic formula in §9.

Inner products of truncated Eisenstein series occur in the trace formula (see §3
of [1(b)]). They are the main ingredients of the distributions which were denoted
by J XT in [1(b)]. In order to put the trace formula to use, it is essential to evaluate
these distributions. The main result of this paper turns out to be just what is
needed. We shall use it in another paper to establish an explicit formula for the
distributions J.

As we have already suggested, this paper relies heavily on Langlands’ work on
Eisenstein series. We have summarized the results we require in §2. They can be
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extracted, with patience, from Chapter 7 of Langlands’ book [2(b)]. For more
details, the reader can refer to [3].

§1. The problem. Let G be a reductive algebraic group defined over Q. We
shall fix a minimal parabolic subgroup P, of G and a Levi component M, of P,
both defined over Q. In this paper, a parabolic subgroup will mean a parabolic
subgroup of G, defined over Q, which contains P,. Suppose that P is a parabolic
subgroup. Let N, denote the unipotent radical of P, and let M, denote the
unique Levi component of P which contains M,,. Let 4, be the split component
of the center of M,. If X(M,)q is the group of characters of M, defined over Q,

ap = Hom(X (Mp),,R)
is a real vector space whose dimension equals that of 4,. Its dual space is
ap = X(M;),®R.

We shall write 4g=Ap, ag=a, and af = a} . Let W, be the restricted Weyl
group of (G, Ay). It acts on q and af in the usual way. If P and P’ are parabolic
subgroups we write W(ap,a,.) for the set of isomorphisms from a, onto a,. that
can be obtained by restricting elements in W, to a,. If 1 € W(ap,a,) we will let
w, stand for a fixed representative of ¢ in G(Q).

Let K be a fixed maximal compact subgroup of the adélized group G(A),
which satisfies the usual conditions. More precisely, we assume that K is
admissible relative to M, in the sense of [1(c)]. This is just the framework of the
papers [1(a)] and [1(b)] on the trace formula. We shall freely adopt the notation
and conventions from these two papers, often with additional reminders, but
sometimes without further comment.

Before discussing Eisenstein series we should agree on our choices of Haar
measures. Fix a Euclidean norm || || on the space ay which is invariant under
W,. For any parabolic subgroup P, take the Euclidean measure on a, associated
to the restriction of || || to a,p. This normalizes Haar measures on all the spaces
{ap}. We can then normalize the Haar measures on the groups K, G(A), Np(A),
Mo(A), A,(R)°, M,(A) etc. by following the prescriptions of §1 of [1(a))].

Let A(G(R)) be the universal enveloping algebra of the complexification of
the Lie algebra of G(R), and let £ be the center of A(G(R)). Suppose that P is a
parabolic subgroup. We shall write @(N,(A)M,(Q)4(R)°\ G(A)) for the space
of (2,K) finite functions on N,(A)M,(Q)A4,(R)°\G(A) which are square
integrable. It is, in other words, the space of smooth functions

$:Np(A)Mp(Q)4,(R)\NG(A)>C

which satisfy the following two conditions.
(i) The span of the set of functions

x = (z2¢)(xk), x € G(A),
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indexed by k € K and z € &, is finite dimensional.
oy

I = LIMP(Q)\M,,(A)‘Mmk)IZ dm ke < -

(This definition is slightly different from that of [1(a)]. In the notation of [1(a)],
QAN (A)Mp(Q)A4,(R)°\G(A)) is the direct sum @, I(w), where 7 ranges over
all classes of irreducible unitary representations of M,(A) which are trivial on
A,(R)%) Built into the definition is the property that for any x € G(A) and ¢ as
above, the function

m=>¢(mx), me& Mp(A),

belongs to the subspace of LA(M,(Q)A4,(R)°\M,(A)) on which the regular
representation of M (A) decomposes discretely. In fact the closure of
@ (No(A)M(Q)A,(R)°\G(A)) is just the Hilbert space on which the correspond-
ing induced representation of G(A) acts. If ¢ belongs to @ N,(A)M,(Q)
Ap(R)’\G(A)) we have the Eisenstein series

E(x,(i),A) = 2 ¢(8x)e(>‘+PP)(Hp(6X)).
s € P(ANG(Q)

It converges for Re(\) in a certain chamber, and continues analytically to a
meromorphic function of A € a}.
In §3 of [1(a)] we described an orthogonal direct sum decomposition

LY(Mp(Q\M,(A)') = EBXLZ(M,,(Q)\M,,(A)‘)X
XEX

indexed by a certain set . (One purpose for introducing this notation was to
keep track of the source of any Eisenstein series as a cuspidal Eisenstein series.)
Suppose that x € %X. We shall denote simply by @, the subspace of vectors ¢ in
@YN(A)M,(Q)A4 »(R)\ G(A)) such that for all x in G(A) the function

m->¢(mx), meE Mp(A),

belongs to LA M,(Q)\M, P(A)')x. This subspace is infinite dimensional. It is often
appropriate to further single out a finite dimensional subspace. To do so, let " be
a finite set of equivalence classes of irreducible unitary representations of K. Let
@p,r be the set of vectors ¢ in @, such that for all x in G(A), the function

k->(xk), kEK,

is a sum of matrix coefficients of classes in I'. Then this is a subspace of &,
which is finite dimensional.

For the rest of this paper 7 will denote a point in a5 which is suitably regular;
recall that this means that a(T) is large for every root a of (Py,Ag). Then we
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have the truncation operator

Ahyx)y= F (- pimeie

(P:PDPy)

h(nbx)7,(Hy(6x) — T)dn,
SEP(Q)\G(Q)INP(O)\NP(A)( Vir (Hp (07) )

acting on any continuous function # on G(Q\G(A) ([1(b)], §1). Fix parabolic
subgroups P, P’, and also elements A € a% ¢, X' € a%. ¢ and ¢ € QAN (A)M,(Q)
Ap(R\G(A)), ¢ € QAN (AYMp(Q)A4,(R)’\G(A)). We propose to investigate
the inner product

L(Q)\G(A)IATE(X"P’}‘) ATE(x,¢',\) dx. (L.1)

If ¢ belongs to @, the function
ATE(x,,)),  x € G(A),

will belong to L¥ G(Q)\ G(A)')X. Therefore, if ¢" € €. ., with X" distinct from ¥,
the inner product (1.1) will vanish. We can therefore fix x € % and assume that
¢ EQp, rand ¢ €@, for some fixed finite set I' of representations of K.

Corresponding to x is a class @, of associated (standard) parabolic subgroups.
Recall that % is the set of W, conjugacy classes of pairs (Mg, rg), where B is a
group in @, and r, is an irreducible unitary representation of M »(A)" which
occurs in the space of cuspidal functions on M,(Q\M,(A). If B € P, the space
LA(M B(Q)\ My(A) ), is easy to characterize. It is just the space of cuspidal
functions in LZ(ME(Q)\M (A which transform under M4(A)' as a sum of
representations r, for which (Mg, rp) belongs to x. This makes the definition of
@, somewhat more concrete. For the general group P, the space @, could
vanish. In order for this not to happen, x will have to satisfy special conditions.
First of all, there will need to be a group B € 9, which is contained in P.
Secondly, any Eisenstein series

E(x,¢,\), ¢ EQp, 1.

must be obtainable as a sum of residues of Eisenstein series E(x,®, A) in which
® € @, and A is a linear function on a,c whose restriction to ap ¢ is A. This
point is one of the main results in Chapter 7 of Langlands’ book [2(b)]. We shall
discuss it in greater detail in the next section.

§2. Residues of cuspidal Eisenstein series. Langlands’ method for studying
general Eisenstein series is to take residues of cuspidal Eisenstein series. We shall
recall the features of his theory that are needed for this paper.

Let B C P be parabolic subgroups. Suppose that

t,Ct, C -+ Ct,=a%
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is a sequence of affine spaces
ti=A +1,

where f, is a linear subspace of aj and A, is a vector in a} which is orthogonal to
t;,, We assume that t, = a% and that for any i,

={Ael:NB")=0}

for some root B of (B, A,) such that 8" does not vanish on t Suppose that for
each i we have also chosen a unit vector , in t, which is orthogonal tof,_,. Itis
uniquely determined up to sign. Let us denote the sequence of affine subspaces,
together with the choices of unit normals, by the letter S; we shall denote the
smallest space t, by

tg = Ag +a}.

Suppose that ¥ is a meromorphic function on a} whose singularities lie along
hyperplanes. Then we can obtain a meromorphic function on tgc = Ag + a} ¢ by
taking successive residues with respect to S. More precisely, let A, be a point in
tgc with the property that any singular hyperplane of ¥ which contains A, also
contains tg . Set

Ag(u)y=Ag+up, + -+ - +uwp,

ror
for
u={(u,...,u)

inC’. LetT',,..., T, be small positively oriented circles about the origin in the
complex plane such that for each i, the radius of T',, | is much smaller than that
of T';. Then

QMHLJ~L?MWMWW”W

is a meromorphic function of A,. We will denote it by Resg,. 5 ¥(A) or
sometimes just Resg W(A).

Suppose that the class x and the finite set I are fixed, as in §1. In order to
allow for induction arguments, Langlands treats Eisenstein series

E2(x,4,\) = D ¢(8x)e(>‘+p'? Y(H(83)) G EQpr
sEP(QNQ(Q)

for any parabolic subgroup Q@ O P. (In [1(a)] and [1(b)] this series would be
denoted by 8,(x)™'/2E,(x,¢,A). It can be analytically continued in A; for any A
in general position,

EQ(¢,A) : x> E9(x,¢,7)
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is a smooth function on Ny, (4)M,(Q)\G(A).) Now suppose that B is any group

in ¥ which is contained in P. Let Fz be a meromorphic function from a} ¢ to

@4, r whose singularities lie along hyperplanes. Then for fixed x, £ Q(x, Fz(A),
A) is a meromorphic function on a}s whose singularities also lie along
hyperplanes. For § as above,

ResgE9(x, Fg(A), M), A Etgg,

is a meromorphic function on tgs. Let S((a%)¥) be the symmetric algebra on
(ap)E, the orthogonal complement of a% ¢ in a%¢. If Fj is regular at a point A in
tsc. let

dFy(A) = dsFp(A)

be the linear map from S((af)%) to @, r Obtained by expanding the analytic
function

7> Fg(n+A), ne(ah)

as a Taylor series about n = 0. Then ResgE9(x, Fz(A), A) depends only on the
vector dFg(A).

Embedded in the proof of Theorem 7.1 of [2(b)] is the construction of all
Eisenstein series as residues of this kind. For each B €9,, with B C P,
Langlands constructs a finite set of affine subspaces

t=A+a}

of a}, and for each t, a finite set §5(P,t) of sequences of affine spaces (with
distinguished unit normals) as above, such that t; =1 for each S € 5,5 (P,1). If

@, = dFy(A),
for Fy as above and A € t, set
EZ(x,®,A)=Zs5 pyResgE2(x, Fp(A), A),
for each group Q O P. Then EZ is a function on
No(A)M(Q\G(A) X Hom(S((a5)%), €sr) X to-
The collection
(EQ(x,®,A):0 D P)

is called an Eisenstein system associated to t. Langlands shows that the affine
spaces {t} and the associated Eisenstein systems are canonical. On the other
hand, the sets $, (P,t) are not canonical. That is, the Eisenstein systems can be
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expressed in different ways as residues. In this paper we shall simply fix a choice
of sets 55 (P,t) for each B and t.

For any group B € 9, B C P, let 55 (P) be the disjoint union over all t of the
sets S 5 (P,t). Suppose that for each such B, Fy is a meromorphic function from
akc to @, 1, Whose singularities lie along hyperplanes, and which is regular at
each point Ag, S €55 (P). Then

=D ©® (dSFB )(As)

B SESHP)

belongs to the vector space

P
B S Eg(})) Hom(S(aB)é)’ @B,X,I‘).

Let Lp, r be the subspace consisting of vectors of this form. It is a consequence
of Theorem 7.1 of [2(b)] that the function

&(x) = > > Resgan E(x,Fg(A),A) 21
{(BEP:BCP) SESHP)

belongs to @y, and that @, r is generated by functions of this form. ¢(x)
depends only on the vector @, so that

do¢

1s a surjective linear map from L, r onto &, r. (Also implicit in [2(b)] is the
construction of a positive, semidefinite inner product on L,  which coincides
with the natural pairing

(9:¢) = fK fMP(Q)\MP(A)Iqb(mk)cp (mky dm dk

on &, . However, we will not need to use the inner product here.) More
generally, suppose that Q O P and that ® and ¢ are related as above. Then if A is
a point in general position in a}c, Theorem 7.1 of [2(b)] tells us that the
Eisenstein series E 2(x,¢,A) equals

Resg y,n, E9(%, Fg(A), A +}). (2.2)
(BEP:BCP} SESH(P)

Of course L, r is naturally isomorphic to
? @ Hom(S((a})3), @pr)-
if

v-@ o
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is the corresponding decomposition of &,

EQ(x,,0) = > S EZ(x, D, A, + N). (2.3)
B t

Thus the general Eisenstein series can be expressed in terms of the canonical
Eisenstein systems. However, for this paper we must continue to express them in
the noncanonical fashion as residues.

Suppose that P, is a group which is associated to P and that r € W(ap,ap).
There is a unique element 15 € W(ap, ap ), for some group B, € P, with B, C P,
such that the restriction of 75 to a, equals ¢ and such that 7;(a) is a simple root
of (B, Ap ) for every simple root a of (B, 4,) which vanishes on ap. Suppose that
S €8, (P). We can clearly transform S by #; into a sequence ¢S of affine spaces
(with distinguished unit normals) associated to B, and P,. It follows from the
symmetry of the situation that we may take for &5 (P,) the collection

t5p(P) = (1S5:S €E5,(P)}-
Assume that the collection
{(Fp(A):BEP  ,BCP)
of functions is given as above. Let A be a point in general position in a} . Then
Fp (A= M(tgt5' Ay + N Fp(t5'A), A Ea} e,

is a meromorphic function from a} ¢ to & , r. By choosing A properly we can
be sure that F' p, is regular at each point Ag, S1 € t5 5 (P). (Recall that M(15, A),
AE€a}e, isa meromorphlc function on a}g. It takes values in the space of
linear maps from @er to @ , r- Similarly, M(z,]) is a meromorphic function
on a} with values in Hom(@,).x,r, @p o))

LemMA 2.1, Suppose that the vector

D @ (dsFp)(As)

B SES4HP)

in Ly, r corresponds to the function ¢ in @p, . Then the vector

D (dsFs,)(As)

B, S, esz(P)
in Lp , ¢ corresponds to the function M(t,\)$ in @p , r.
Proof. Suppose that
(Re(A) = pp)(a¥ ) >0

for every simple root a of (P,4,). Then (M (£, o) x) equals the integral over n
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in Np (A) N w,Np(A)w,” "\ N, (A) of
o(w,” ‘nx)exp{()\ + p,,)(H,, (w~ 1nx)) }exp{ (A +pp)(Hp (X))}
But ¢(w,” 'nx) is a sum of residues of Eisenstein series
EP(w,_ 'nx, Fy (A), A).

Substitute this latter function for ¢ in the integral over n. For A in the domain of
convergence of the Eisenstein series we obtain the integral over n of

O(8w,” InxVexp{ (A + A+ pg)(Hy (8w, 'nx
SEB(Q)mMP(Q)\MP(Q)( ! ) {( B)( B( t )}

Xexp{ — (A + pr)(Hp (X))}
A routine change of variables yields
EP\(x,M(15,A + \)Fg(A),1A).
If A, = tgA, the last expression is just
EP(x,Fg (A)).A).

The lemma follows by summing the residues in A, with respect to all S, in

15x(P). [

§3. Exponents. We can now return to our study of the inner product (1.1).
The class x € %, the finite set T of representations of K, and the parabolic
subgroups P and P’ will remain fixed for the rest of this paper. We do assume
that P and P’ each contain groups in 9, .

It is convenient to study a slightly more general inner product than (1.1). For
the rest of this paper, Q will be a parabolic subgroup which contains P and P’. If
U is any point in a,, define

My(AU)={x € My(A):Hy(x)=U).

It is a closed subset of M,(A). Notice that M,(A,0) = MQ(A)I. In fact,
M,(A,U) is the translate of M,(A)' by a unique point in 4,(R)’. We can
accordingly translate our Haar measure on M, (A)' to a measure on My(AU).
With its left action on M,(A,U), M,(Q) becomes a properly discontinuous
group of measure preserving transformations of M, (A, U). The space of orbits,
M,(Q)\M, (A, U), has finite volume. Let T, be the projection of the point T
onto a,. If 4 and 4’ are functions on No(A)YM,(Q\G(A), define

h W = h(mk) h'(mk) dm dk,
(1Ko, LfMQ(Q)\MQ(A,TQ) (rmkc) b (mk) dm
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provided that both integrals exist. This is actually the inner product which is best
suited for us. Let A™2 be the partial truncation operator on functions on
Q(Q\G(A) introduced on p. 97 of [I1(b)]. We are going to study the inner
product

(ATCEC(9,\), ATPEC(¢, —X')) (3.1

or’
for A€apc, N Eab g, ¢ €E@p,r and ¢’ € &p. . Our starting point will be an
explicit formula of Langlands’ for the special case that P and P’ belong to the
associated class &, .

Suppose that P, is any parabolic subgroup which is contained in Q. As in [1(c),
§2] we write

82ty =vol(a®/L8)™" TI $(a¥), < €abe,

aEAg]

where L is the lattice in a§ generated by the co-roots {a” : @ € AZ }. (For the
definition of the elements a ¥ see [1(a), p. 916].) Let WQ(a,,,a,,,) be the set of
maps in W(ap,ap) which leave the space a, pointwise fixed. Define a function
w2\ N, ¢,¢') to be the sum

> > S G2AN, $,¢),

Py 1ewQap,ap) re Wlap,ap)
where w,/2(A\, N, ¢, ¢) is the expression
e MMM (1, )0, M(¥', —=N)¢/)IZ(A = 1N ™",

This function will be of basic interest for the rest of the paper. It is meromorphic
in A€a}c and N €a}.¢; it is linear in ¢ E@,, 1 and conjugate linear in
¢ € @p., r- Then if P and P’ belong to ?,, Langlands’ inner product formula is

(ATCEC(¢,X), ATCEC(¢/, — X'))Q =wTCAN, $.¢). (32)

(See [2(a), §9] and [1(b), Lemma 4.2]. Actually the formula proved in [1(b)] is the
special case of (3.2) in which Q = G and the points A and A’ are orthogonal to
ap,c- (We carelessly omitted these conditions on A and X’ in [1(b)].) However it is
trivial to extend the formula from G to arbitrary Q. Moreover, if A and A’ are
translated by points A, and A, in af g, both sides of (3.2) are multiplied by
ePe2XT) In other words, (3.2) is valid as originally stated.) If P and P’ do not
belong to #,, (3.2) is no longer true. Our goal in this paper is to show that it
nevertheless holds asymptotically in 7.

From now on, assume that the vector ¢ € @p, r is the image under the map
(2.1) of a vector

o= &%) oD (dSFB )(As)
{(BeP:BCP} SESH(P)
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in Lp,r, for a collection {F,} of functions as in §2. Similarly assume that
¢' € @p., r is obtained in the same way from the vector

P = G2) @© (dsFp)(Ag)
{B'€®:B’'CP') S'ES5(P")

inLp,r.

Lemma 3.1. Let A and N be points in general position in o} and a} ¢
respectively. Then the inner product (3.1) equals the sum over {B,B’ € P, : B C P,
B’ C P’}, over S €55 (P) and over S’ € $5(P") of

Resg non ReSg a0 (A + A —A' + N, Fy(A), Fp (X)) (33)

Proof. If A €a}cand A’ € a} o, the function
wTC(A+XN —A +N,Fy(A), Fp(N))
equals

ATCEQ(mk, Fy(A), A + A
j;(fMQ(Q)\MQ(A’TQ) (ks Fa (A) )

+ ATCEC(mk, Fp(K'), X' ~ X') dm dk.

These functions are clearly meromorphic in A and A’. The lemma will follow
from (2.2). We need only show that the residue operators can be interchanged
with the integrals over m and k and then with the truncation operators.

We observed how to estimate truncated Eisenstein series in [1(b), p. 108]. For
any positive integer N there is a locally bounded function ¢(A,\) on the set of
points (A,A) at which E€(x, F5(A), A + M) is regular, such that

|ATCEC (mk, Fy(A), A + N)| < c(AN)|Im| =N

for all k and m in a given Siegel set in MQ(A)‘. (Here || || is a suitable “norm”
function on G(A) defined as, for example, in [1(a), §1].) The interchange of the
residue operators with the integrals over m and k then follows from Fubini’s
theorem.

In the formula

_ l)dim(AQl/AQ)
{QuPoCOCQ)

. h(ndx)?2(H, (6x)— T)dn
SEng\Q(Q)LQI(Q)\NQI(A) ( ) Q|( QI( ) )

for the partial truncation operator

AT (x), he C(Q(Q\G(A)),



48 JAMES ARTHUR

the sum over § is really over a finite set ([1(a), Lemma 5.1]). The set depends on
x but is independent of A. Since the sets N, (Q)\ N, (A) are compact, the residue
operators can indeed be interchanged with the truncation operators. The lemma
follows. []

If A\€a%; and X' €a% . are points in general position, let @72\, N, ¢,¢")
denote the sum over {B,B'€® :B C P,B’C P’} and {S§,8":S €5,(P),§’
€ 55(P")} of the expression (3.3). Then Lemma 3.1 becomes the formula

(ATCEC($,0),ATCEC (¢, -X)) | = QTN 6,4).

It is the analogue of (3.2) when P and P’ are not restricted to lie in @,.
Unfortunately, Q72 N, ¢,¢") does not have as explicit a formula as
w2\ N, ¢,¢). However, Lemma 3.1 does tell us that Q72\,N,¢,¢) is a
genuine function of ¢ and ¢'; it is independent of the choice of functions { Fy}
and { Fg.}.

We would like to study Q72(\,N,6,¢") as a function of T. It equals the
sum over B, B’, S, §’ and also over B, EP, sE WQ(aB,aBI) and s’ €
Wag,ap) of

Resg \a, Resg,yn, @72(A+ A, — A + X, Fy(A), Fp(R)).  (34)

This last expression is clearly the product of a polynomial in 7 with the
exponential e =SV +XXD) where

X =sAs+ 5'Ag,,

a point in (af,?)* which is independent of A and X', If & is any class of associated
(standard) parabohc subgroups, let W9a, ®ap,?) be the set of linear
transformations

() :ap Dap > tap® tap
obtained by restricting the maps
(5,8 )0 Dag —ag Dag,
in any of the sets
W ag,ag) X W ag,ag), RR,R,€?P, RCP, RCP,

to ap®ap. Take 9 =% and choose (1,')€ W9a,Da,,¥P,). Let
QI N, ¢,9") be the contribution to QTP X, ¢,¢') from those terms in the
multiple sum above for which the restriction to a, @ a,. of (s,5) equals (z,¢').
Then by definition we have

QTN ¢,¢) = > QI2AN, ¢, 9). (3.5)

(L1YEWL(apBap,P,)
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Incidentally, if P and P’ are associated, and & is the class which contains these
groups, we also have

wTC\N, ¢,0') = > W oA N, ¢, ¢). (3.6)
L E W2 ap®ap, F)
(If P and P’ are not associated, w "2\, X/, ¢,¢) is by definition zero.) It is clear

that there is a finite set &2 (z,¢') of points in (af)*, and for each X € 62(1,') a
nonzero function

P{C(AN.9,9),
which is a polynomial in 7, such that

QTQ(}\ A, ¢’¢) —_ 2 P)’(T,Q (A,}\/,(P’ ¢/)e(tA—I/A'+X)(T)‘ (3.7)

X €691 1t)

Thus, as a function of T, 272\, X’,¢,¢’) is a finite sum of exponentials with
polynomial coefficients. The polynomial

PIC(AN,6,¢), X €8911),

is the coefficient of e/~ "™V *XX7) 5o as the notation suggests, it depends only on
¢ and ¢'. It is independent of the choice of functions {F,} and {Fj.}. Like
QTP N, ,9¢") it is meromorphic in A and X', linear in ¢ and conjugate linear

in ¢’

§4. A comparison between two groups. For this section we assume that P and
P’ belong to the same associated class ¥. Suppose that P, is another group in &
which is also contained in Q. If 7 is in W9(ap,a,) we have defined an element
t, € W (ap,ag) for each group B € P, with B C P. The restriction of 75 to ap
equals 1. Slmllarly, given ¢ € W¥9(a,. ,a,,) and B'€9,, B'C P/, there is an
element ;. € W¥(ap.,ap,) whose restriction to a,. equals ¢’. In fact, it is possible
to choose B’ so that B] = B,. It follows that the map

(L)y:apDap>tap® rap

belongs to the set W2(a,Dap,9,) defined in §3. Thus, W9, ®a,,P)
is naturally embedded as a subset of WQ(a p@ap,P).

Fix a group P, €%, P,CQ, and elements te we (ap,ap), ' in
W€ ap.,ap). In this section a formula which relates 7, to the function

TPy, o % *
Q tap o Xap c X &p X @pl’x‘r%C.

will be found. The group B, for which ¢, belongs to W¥<(a »Qp) is uniquely
determined by B. In fact

B> B,
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is a bijection between the sets {BE€? :BC P} and {B, €9,:B,CP}.
Suppose that B and B, are groups in these respective sets. Then the set of
elements in W9(a,,a ) Whose restriction to a, equals 7 is just the set

stg, SE€ WP(ap,0;).
It follows that Q7:2(A\,N’,¢,¢") can be written as the sum over {B,B'€% :B
CP,B'CP'}, SE&,(B), S'E5p(B’) and also over {B,E9P, :B,C Py},
s € WP(ag,a,) and s € WFi(ap,,ap) of
Ress non, Ressnon {009 (A + A — A + N, Fy (A), F (A1) }.
(B, and B; are of course the groups such that t; € W9a,,a p) and

ty € WQ(aB',aB{).) The last expression in the brackets we will write as the
product of

exp{(stg(A +A) = 515 (= A+ N)Y(T)}, 4.1)
(M (515, A + N Fp (M), M(s'1, K = X)Fp (X)), (4.2)

and
BL(sts(A+X) = st (- A + X)) (43)

We are going to take a certain derivative of Q7;2(\, N, ¢,¢") with respect to T.
It will simply entail differentiating (4.1). Suppose that R is any parabolic
subgroup contained in Q. Recall that Af is the set of simple roots of the Levi
component My. It is a subset of A§. If ¢ is any smooth function on a,, define

(Dp¥)(T) = lim L y(T+x8")

for each root 8 in the complement of A in AE, and set
(Doir¥)(T) = Dojer¥(T) = (( II Dy )‘P)(T)-
Beaf\af

In this section we will let R be the group P,. Let A, = fzA and A} =t A'.
Then (4.1) equals
exp{(s(A; + A) — s'(— AL + N (TH}. (4.1)
Operating on this function by Dy p, r serves only to multiply it by

[T (A +A)=s(=A+ X)) (BY). (4.4)
Beag\af
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If B belongs to AZ\AL), its restriction B, to aQ is a root in AQ InfactB—>B,isa
bijection from AZ\A{! onto ANARLIE ¢ s any point in a} ¢, then {(B ") equals
$(B,"). The product (4.4) can therefore be taken over AQ \AP '. Next consider the
expression (4.3). It equals

vol(agz/LBQz)( II (s(A,+t}\)—s’(—A’1+t’}\’))(aV))—.

aEA%

Since
vol(af,/ L) = vol(ag /LE)vol(aj!/ L3),
(4.3) can be written as the product of

Vol(agl/LPQl),
T (s + ) = s(= A+ X)) V),

3 EA&\A'E'2

and

vol(a‘;'z/L;z')( T (s(Ar+ ) = (= A} + X)) (a" ))_ .

acAb)
The second of these three terms will cancel (4.4). The third one just equals
O5(s(Ay+ ) — (= A+ )L (4.3

Finally, the basic functional equations of the M functions allow us to write (4.2)
as

(M(s.15(A + M) M (15, A+ X)Fy(A), M(s', 15 (A = X)) M (1, X' = N)Fp(X'))-

This in turn can be written

(M(s, Ay + N Fp (M), M(s', Ky — #X) Eyy (A7), (4.2))
if
Fg (Ay) = M(tg,t5 ' Ay + NF5(15'A)
and

Fa(A) = M(15, (1) "' Ay = N)Fa((13) 7' A7)-

We have shown that if Dy p 7 is made to operate on the product of (4.1), (4.2)
and (4.3) the result is the product of vol(a$ /L§ ) with (4.1), (4.2) and (4.3).
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Now the product of (4.1), (4.2") and (4.3") equals
Ol (A + I\ = A+ (N, Fp (M), F (A7),

We have to take a residue of this expression. If

S, =18, S €5,(B),
the residue operators Resg 5, and Resg , _, Ag, AT€ equal. Similarly

Ress,_A'_)AS, = ReSS{,A’,—u\si
if §{=rS’. It follows that

Dy, p,rQT2AN, ¢, Wol(af /LE)
equals the sum over {B,B €% :B CP,B CP}, S E15,(B) S|
€ 'S,(B’) and also over {B,E€ P, :B,C P}, s € W'(ap,0a,) and s € W
(ag;,ap,) of
Resg, o, RESs p1ay, {wf_;!"(Al + A, — A} + N, Fy (A)), i;,i(K;))}.

This is just the sum over B, B}, S| and S| of

Ress, x5 RESsp sy, {w”‘(A, + A, — A} + ON, Fy (Ay), ﬁ;i(Xg))}.

Appealing to Lemma 2.1 and the definition in §3 we see that this last multiple
sum equals

QP (AN, M (1, M), M (1, —N')¢).
We summarize this as a lemma.

LemMa 4.1. Suppose there is a parabolic subgroup P, which is associated to
both P and P’, such that 1 € W9(ap,ap) and ¥ € W(ap,,ap). Then

Dy, PI,TQtT,}’Q(}" N, ¢, 9)
equals the product of
vol(af /Lf)
with
QTP (A N, M (1, N, M (2, —X')¢')

forAN€a(c, NEabo ¢ EQp, rand ¢ €@p. r. [
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The only element in W*(a, ®a,,9,) is the pair (1,1). Then 2" = @'/,

COROLLARY 4.2. Under the assumptions of the lemma, &2 (1,1 =6"(,1. If
X is a point in £2(1,1'),

exp{— (!N =N+ X)(T)} Dy p 7 (pr C AN, ¢, ¢)exp{ (A — N + X )(T)})
equals

vol(af /LE) pi (1NN, M (£, M), M (1, =X)¢').

Proof. The lemma tells us that
> PPN, ¢.¢)exp{ (!N =N + X )(T)}

X €691, 1)
equals

> vol(af/LE)p " (!N M(, N, M (2, —N)¢')

X €6h(1,1)

cexp{(]A — N + X )(T)},
where p{ 2\, N, ¢,¢') equals
exp{ —(tA— 'N + X)(T)} Dy p, s (pXT’Q(A,}\’, &, ¢"Yexp{(tA — I'N' + X)(T)}).

The function 5 2(A\, N, ¢,¢") is also a polynomial in T. The corollary will follow
if we can show that it does not vanish. The polynomial p;"9(AN,¢,¢") will
actually have the same total degree as pXT (AN, ¢,¢"), and will in particular not
vanish, provided that the expression

exp{ — (A~ t'A" + X)(T)}(DQM,Texp{(t)\ - N+ X)(T)})

= [ (A=rN+X)a)

acAG\AD

is not zero. We can clearly arrange this by choosing A and A’ so that tA — A’ is a
point in a} ,c in general position. []

It follows from the corollary (and its proof) that the functions py"?(A, X', ¢, ¢)
and pl P\, N, M(1,N), M(¢', —X)¢), as polynomials in T, have the same total
degree.

§5. A property of the truncation operator. The last lemma suggests that a
differential operator Dy p, in T has something to do with our inner product. In
the next three sections we shall pursue this lead, but along a different path. Only
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in §8 will we return to take advantage of Lemma 4.1. In the place of the
particular group P, we will take an arbitrary parabolic subgroup R contained in
Q. For any pair & and &’ of rather general functions on Ngo(A)M,(Q)\G(A),
a simple formula for the action of Dy g on (AT%h, AT%h"), ; w111 be found.

The result is actually quite easy to derive, at least formally. Under general
conditions on A and A’ (we will be more specific a little later),

’ N 2 ’ — ) ’
(AT, AT, = ((ATC) b,k )Q‘T_ (ATCh, '), 1 -

If we were able to differentiate inside the inner product, we could just let Dy ¢ 7
act on

Aeyxy= 3 (-1t
{Q1:PCOICQ)

. h(ndx)*E(H, (8x) — T\dn.
aeQ,(Q)\Q(Q)fNQ.(Q)\NQI(A)( )Q'( 0(%%) )

Now

Dy st §(H—T), H € ay,

is a distribution on q,. It is the translation by T of the distribution

(- l)d‘m(AR/AQ)D ‘ RTQ

LeEMMA 5.1.  If Q, is not contained in R, D R’TQ equals zero. If Q| is contained
in R, it equals

vol(af/Lg)- 7§ - (Dir)%,
where (Dir)§ is the distribution on
a=a5 af Ba,

which is constant in the of and a, directions and equals the Dirac distribution (with
respect to our fixed measure on a§) in the a§ direction.

Proof. Suppose that Q, is not contained in R. Let 8 be a root in the
complement of Af in A§'. Then

'?QQI(H+x,BV)—'rQI(H) HeEa,, x€R.

It follows that D78 = 0. Therefore Dy, z7§ = 0.
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Suppose then that Q, is contained in R. It is a consequence of the definitions
that D, Rf& is the product of D, x#£ with the characteristic function of

{H€ap 1w (H)>0,m €A§\AR}. (5.1)
To evaluate Dy rT&, we write an arbitrary point in a§ as

> ua¥, wu,€R.

In these co-ordinates, DQ‘R'FRQ is just a product of Dirac distributions in each
variable u,. Modulo the Jacobian factor vol(ag/Lg), it equals the Dirac
distribution on af. In particular, the distribution Dy, #T€ is supported on
al @ ag. The restriction to this subspace of the characteristic function of (5.1) is
just 75 . It follows that

DQ|R1‘-QQI = vol(a,?/L,?) . "r‘gl . (Dir)g. O

Let us argue heuristically for a moment. We see from the lemma that
Dy rr(AT9h)(x) equals the product of vol(af/Lg) with the sum over { Q,:
P,C Q,CR}of

) i h(néx)tR (H, (8x)— T
(= 3eQ.(Q)\Q(o)fNQ.(Q)\NQ.(A) ( Vo (Ho (%) )

+(Dir)2(Hy (8x) — T)dn.
The result is

vol(ag/L,?)8ER(02)\Q(Q)(AT*Rh)(8x) - (Dir)2(Hg (8x) — T).

This suggests a simple formula for Dy, R’T(AT'Qh,h’)Q,T. It is just the formula we
want; however, we need to make our argument rigorous.

First we should be more precise about the functions 4 and 4’. Suppose that N
is a positive integer. If & is a smooth function on G(A) and u € A(G(R)), let

Al = sup |(uh)(x)|]1x]| ",

xE€G(A)

where wh is the left invariant derivative of A with respect to u. Define
SI(Ny(A)M,(Q)\G(A),N) to be the space of all smooth functions 4 on
No(A)My(Q\G(A) such that the seminorm ||h||, , is finite for each u in
U(G(R)). Let SI(Ny(A)My(QN\G(A)) denote the union over all N of these
spaces. We shall take our functions 4 and 4’ from this latter space. Lemma 1.4 of
[1(b)], applied to the group M, then tells us that A7k is rapidly decreasing on
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any Siegel set in M,(A)'. In particular, the inner product (A%, k"), , is
defined by an absolutely convergent integral. We would like to show that it is a
smooth function of T.

We shall let U be another point in q, and study (A7* Y9h)(x) as a function of
U. If we constrain U to lie in a small neighborhood of the origin in a,, T+ U
will remain a suitably regular point in a; . We will be led through a discussion
which parallels that of [1(c), §2]. In particular, if O, C Q, we define a function

T(H,U), U,HE€a,,
inductively on dim(4, /A4,) by demanding that
t18(H—-U)= > (— hmUAn/ A e Sy HAT 8 (H, U,
{Ri: QiCRiCQ}

for all 9, C Q. (In §2 of [1(c)] we gave this definition, but only with 0 = G. We
denoted the function I'y, (H, U) instead of I‘G (H,U). The properties established
for I'y (H, U) will all hold for I‘Q(H X); we would have only to replace G in
any verlflcatlon by the group M, ) The functions FQ (H,U) depend only on the
projections of H and U onto an

LEMMA 5.2. The function (AT*Y"9h)(x) equals

(ATRm)(8x) - TR (Hg (8x) — T, U).
{Ry: PaC R CQ} §ER(QANO(Q)

Proof. In the defining formula for A7*Y@h, express
t8(Ho,(8x) = (T + U)) = 7§((Ho (8x) = T) - U)

in terms of the functions Tg. Then (A7*“Ch)(x) becomes the sum over
Q,,R Po,CQ,CR/C @} and & € Q(Q)NQ(Q) of the product of
T ,(HR,(SX) — T,U) with

— YAm(Ae /ARDAR E  (Sx) — T h(ndx)dn.
(=1 o/(Ho (8%) )fzvgl(o)\NQ](A) (rn0x)

We obtain the required formula by replacing the sum over Q,(Q)\Q(Q) by a
double sum over Q,(Q)\R,(Q) and R(QN\Q(Q). []

Lemma 2.1 of [1(c)] tells us that the support of the function
H->Tg(H,U), HEaf,

is contained in a compact subset of a,%. As long as U remains bounded, this
subset can be taken to be independent of U. It follows that we may evaluate
(AT*Y"9n, "), 1 by the last lemma, taking the double integral (in the definition
of the inner product) inside the sum over R,. Since R, (Q)\Q(Q) equals
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R(Q) N Mu(Q\M,(Q), (A"*Y9h, "), equals the sum over {R,:P,C R,
cQ}of

ATRRY(mky R (mk
J;(L,(Qm Mo (Q\My (A, TQ)( )(m ) (m )

+ T8 (Hg(m)— T,U)dmdk. (5.2)

If HE€aqa, let a(H) denote the unique element in A R)’ such that
Hp(a(H)) = H. Also, set

hy (x) = W (nx)dx.
w(%) Nr(Q\N,(A) (7%)

Then (5.2) equals the integral over k € K, m € MR,(Q)\MR,(A)] and H € a,% of

(ATh)(ma(H + Ty k) hp (ma(H + Ty )k) TR (H — T,U)exp{ —2p£(H)},
where p£ is the usual vector in a} such that
p=exp{=20R(He ()} P ER(A)N My(A),

is the modular function of R,(A)N M, o(A). The absolute convergence of this
triple integral follows from Lemma 1.4 of [1(b)] (applied to the group M, ) and
the compactness of the support of T'¢ (5 U).

We would like to show that (5.2) is a smooth function of U. To do so we use
the inversion formula

TRV = 3 () H) R (H - U),
{(R;:RICRC Q)

a simple consequence of the definition of FQ (See [1(c), §2].) Suppose that  is
any smooth function on a§ k. Let ¢, be a smooth compactly supported function
on aQ which equals ¢ on a large ball about the origin in ag. Then

[ HITR(H = T.U)dH = [ 4o )T (H = T.U)aH,

which in turn equals

(—1)dim(A:ez/Ao>f Yo(H)Tf(H — TY?(H — T — U)dH.
(Ry:RICR,CQ) af,

(5.3)

The smoothness of this function of U follows from the fundamental theorem of
calculus. If Dy, is allowed to act on (5.3), the value at U = 0 of the resulting
function will be given by Lemma 3.1. It will be zero if R, is not contained in R. If
R, is contained in R, the value is given by taking only those R, in the sum in
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(5.3) which are contained in R, and replacing 1",?2 (H-T-U)by
(—yImUe/dovol(af/ LR ViR (H ~ T)(Dir)2(H — T).

(We are writing the Dirac distribution as if it were a function.) Now

n B, T H = TYRH = T)
2Ky 2

vanishes if R, # R and of course equals 1 if R, = R. (See the remark in [1(a)]
following Corollary 6.2.) Let T¢ be the projection of T onto a¥. Then the
required value at U = 0 will be zero if R, # R, and will be

vol(a8/ L Wo( T ) = vol(aB/LEW(T#)
if R, = R.
Thus (5.2) is a smooth function of U. The same is therefore true of
(AT*UCh, k'), 7. Moreover the value at U= 0 of Dy, ,(A"* ¥Ch, k'), 7, which
of course is the same as Dy g (A%, '), 1, equals the product of vol(af/Lg)

with
fK fMR(Q)\MR(A)I(AT,Rh)(ma(T,? + T )k)

“ by (ma(TR + Ty )k) exp{ ~208 (TR )} dmdk.

This double integral is just
exp{ —2pRQ(T)}(AT’Rh,h;¢)R‘T.
We have essentially proved

LemMA 53. If h and h' are functions in SI(N,(A)My(Q)\G(A)), the inner
product (AT-%h, AT9n"), 1 is a smooth function of T, and

Dy rr (ATCh, AT9h) o.7=Vvol(aR/LEYexp{ =208 (T) }(AT*h, AT'R"')R.T-

Proof. We have shown that (A"h, 1), 1 is smooth and that

Dy g (AT’Qh,h’)QYT= vol(ag/LRQ )exp{ —ZpE(T)}(AT'Rh,hk)R,T-

Corollary 1.2 and Lemma 1.3 of [1(b)] imply that
(ATh, 1) o = (ATh,ATW) , o
and
(") = (AT A7)

The lemma follows from the fact that AT-Rh, = ATRp,
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§6. The constant terms of Eisenstein series. The formula of Lemma 5.3
becomes more concrete if we specialize to &= E9(¢,A) and 4’ = E2(¢', — ).
The reason is that these functions are actually automorphic forms. Let us write
simply @( Q) for the subspace of functions 4 in SI(N,(A)My(Q)\G(A)) which
are (Z, K) finite; that is, such that the span of the set of functions

x > (zh)(xk), x € G(A),

indexed by & € K and z € &, is finite dimensional. Any such function is also
A Q(R)O finite; the space spanned by the set of functions

x> h(ax), x&G(A),
indexed by a € 4 (R)o, is finite dimensional [2(b), Chapter 4]. It is well known
that the functions E 2(¢,A) and E9(¢’, —X') belong to &( Q).

Fix a parabolic subgroup R C Q and let # be a function in &( Q). Then the
function

h = h(n d, eEG A ’
RO [ o i X E G

belongs to @(R). In particular, h, is 4,(R)° finite. It follows that

n
hp(x) = '21 exp{(A; + pRQ)(HR(x))}h,.(x), (6.1
where {A;} is a set of distinct points in a} c and each 4; is a nonzero function in
@(R) such that
h(ax), a€ Az(R),
is a polynomial in Hg(a). (See [2(b), Lemma 4.2].) It is an immediate

consequence of the definition of the partial truncation operator that AT%h
= ATRp,. Therefore if 4’ is a second function in &( Q), and

Bp(x) = Z: exp{(A’ +pf )(Hp (x))}h (%)

is the corresponding decomposition (6.1), the formula of Lemma 5.3 becomes
Dy p.r (AT, AT'Qh’)T‘Q= vol(ag/L,?)’zjexp{(A, + Kj)(TR )}

X (AT R, ATRRY) (62)

Remember that T} is the prOJectlon of T onto ag. Let TR be the projection of T

onto af . Then T = Ty + T§. The partial truncation operator A”* depends only
on T{. “Therefore

T.R T,Ry,

(A hy A hj)

R,T
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is a polynomial in T,. Thus, as a function of Ty, the right hand side of (6.2) is
rather transparent.

We shall presently use (6.2) to extract information about the exponents
&9 (¢,1'). We must first prove

LEmMMA 6.1, Let
h=E2(¢,M),

where ¢ € @p  r and X is a point in general position in ia}. Suppose that hy # 0,
and let A; be any of the points in the decomposition (6.1). Then

Re(A @ 7)) <0
for eachw € Ag.

Proof. Let @,( Q) be the space of functions g in @( Q) such that g, =0 for
every parabolic subgroup , which is strictly contained in Q. Recall that a
function f € @( Q) is said to have cuspidal component zero if

(f 8)gr=0

for all T and all g € €,,,( Q). A basic result (Lemma 3.7 of [2(b)]) asserts that if

the cuspidal component of f,, is zero for every O, C Q then f itself is zero.
Now

h(x) = EQ(xa¢’>\)
is a sum of residues of cuspidal Eisenstein series
f(x)= E9(x, Fy(A), A).

It 9, C Q, the cuspidal component of f, is zero unless Q; belongs to @, . The
same is therefore true of 4. If Q, is contained in R, we have

ho(X) = (hg)o,(¥) = Zexp{(A +oR J(Hr (%))} (1) g,(%)-

The exponents {A; + pf} are all distinct. Therefore the cuspidal component of
each function (k), will also be zero unless Q, € 9, . Fix iy, 1 < iz < n. The
function A, is not zero so there must be a group B, € ?P which is contamed in R,
such that (h s, 7 0. Now for each i we have

(h)p (x) = Z exp{(py + 05, )(Hp (%))} 81(%)

for a set { g, :1 <1< n) of distinct points in (a} )% and a set { g,} of nonzero
functions in @(B,) such that

gi(ax), a €Ay (R),
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is a polynomial in Hy (a). Since ps + pg = pf, the function h (x) equals
> Zlexp{(A, + py + pt?])(HBl(x))} g1(X). (6.3)
i

Keep in mind that if i = iy, the inner sum over / is not zero; that is, the set { g, ;}
is not empty.

On the other hand, there is a general prescription from [2(b)] for writing A (x).
As in (2.3) we can write E9(x,¢,)) as

2 2 EtQ(x’ D, Ap+ ).
Bt
According to formula (7.b) of [2(b)}],

f E&(nx,®,, A, + \)dn
N5 (Q\Nj (4)

equals
Z exp{(s(Ay+A) + pR)(Hp () (N (s, A+ X)@)(x), (6.4)

where s ranges over the set of maps obtained by restricting elements in
WQ(aB,aBi) to t. We needn’t say anything about (N(s, A, + A)®)(x) beyond
noting that it is a function in @(B,) which is a polynomial in Hp (x). Let s be an
element occurring in the sum above. Let b be the set of points Ace ad such that
A@ Y) =0 for every & in the intersection of AQ and sa}. In the terminology of
[2(b)), b is the orthogonal complement of the dlstmgulshed subspace of sa} of
largest dimension. Let *b be the set of pomts A € b such that A@ ) is positive
for every & in the complement of sa} in AQ Now suppose that the function
(N(s, A, + M)D)(x) does not vanish. Then Lemma 7.5 of [2(b)] asserts that (— st)
belongs to a certain collection of canonical affine subspaces of aj , a collection
which by Theorem 7.1 of [2(b)] satisfies the geometric assumptions of the just
quoted Lemma 7.5. The upshot is that the point (—sA,) belongs to *b.

Let us group together all those terms in the sum over B and t of (6.4) for which
the restrictions of s to a, are equal. The result is a sum over all maps

which can be obtained by restricting elements in any of the sets

WC(ag.ap), BEY,, BCP,

to a,. For every such ¢ we obtain a finite set &< (¢) of points in a?% %, and for each
¢ € 62(¢) a nonzero function

x> g2(x,¢,})
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in @(B,), which is a polynomial in Hg (x), such that

f EQ(nx,¢,}\)dn
Np (Q)\Ng,(A)
equals

> 2 exp{(A+E+pf)(Hp (%))} 9E(x 9. M) (6.5)

T geso()

The points in &2 (¢) are all orthogonal to ta%. Any £ € 62 (¢) has the property
that £&v V) < 0 for all & in the complement of ra% in AL,

The expressions (6.3) and (6.5) are equal. Comparing exponents we see that for
every [/ there is a ¢t and £ such that

Aty =+ &
Suppose that @ € A§. Then
Re(A (@ V) = Re((A,.o + ) )@ V))
=Re((!\ + §)(@ V)
={w "),

since p,; vanishes on af and A is purely imaginary. Now ﬁQ is a subset of AO , SO
(~4 belongs to either AOQ N ta} or AOQ \ta%. In the first instance, §@ V) = 0, and in
the second, £@ V) < 0. This proves the lemma. [J

If the dimag > dima,, the set Ag will contain more elements than 5[? N ta}.
It will have to contain an element which does not lie in ra%. A similar statement
holds if dimag > dimap.. From the last part of the proof of the lemma we
obtain

COROLLARY 6.2. Suppose in addition to the assumptions of the lemma that
dimag > min{dimap,dimap.}. Then there is an element & in A,%’ such that
Re(A;@ V) is strictly negative.

§7. The negative dual chamber, Our goal in this section is to show that all the
exponents in &£ (z,¢') lie in the closure of the negative dual chamber in (a§)*.
Otherwise said, each exponent will be a linear combination, with nonpositive
coefficients, of the roots A§.

Set

h(x) = E2(x,$,)), $ECp,r» AEia},
and

K(x)=E9(x,¢,X), ¢ €Qp,r, N Eia}.
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Take R C @ and consider the function
Dy rr (A%, AT'Qh’)Q,T
It appears on the one hand in formula (6.2). However, it also equals
Dy QT CAN, $,9),
which is in turn equal to the sum over (1,¢) in W<, ®a,, ?,) and X in
&2 (1,1 of
Dy rr (pPTC(AN, ¢, ¢ )exp{(AA — N + X)(T)H}).

As in the special case treated in Corollary 4.2, we write this last expression as the
product of exp{(:A — ¥\’ + X)(T)} with another function 5]-¢(A,\’, ¢,¢"), which
is also a polynomial in T. This second polynom1al would conceivably vanish. In

any case its total degree is at most that of p,"¢(A, X', ¢,¢"). The total degrees will
be equal if and only if the expression

II (A=1X+X)aY) (7.1)
aeA@\Af
does not vanish. In particular, if (7.1) does not vanish, 57" 2(A, X', ¢, ¢") is not zero.
Thus for any R C Q, we have an equality between the function

> X CAN e )exp{(!h - N + X )(T))
1) x €691, 1)

and

vol(ag/LRQ ) % €Xp [ (Ai + Kj)( Tx )}(AT’RhI" AT’Rhf)R,T ’

the right hand side of (6.2). Consider these expressions as functions of T.
Suppose that X is any exponent in & 2 (¢, ¢') for which (7.1) does not vanish. Then
there will be an i and j such that the projection of rA — #A’ + X onto a% ¢ equals
A+ A (See the remarks preceeding Lemma 6.1.) If @ is any element in A
X (*w V) equals

Re(A (@ V) + Re(A @ V),

since A and A’ are purely imaginary. Lemma 6.1 tells us that X (& )< 0. If
dimay; > min{dima,,dima,.} its corollary affirms that there is a & € Ag such
that X(@ ¥) <0.

LEMMA 7.1. Suppose that X is an element in &9 (t,t"), where (t,t) is in
W a,®a,,? - Then X(@ ) < 0 for each w e Ag.
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Proof. If a €Ag, let @, be the vector in A which is dual to a". Set
¢, = X@ ) ). We must show that no ¢, is positive. Let

A= {a, €A ¢, >0}
and

A= {a, €88 i¢, <O,
Then

= > ¢ o+ Z Co 02

a €A, aEAN,

We shall assume that the lemma is false. Then the set A, is not empty.
Suppose that

(2 am)@s

a €4,

for each a € A;; that is, the vector 3, <4 ¢,,@, lies in the closure of the negative
chamber in the space spanned by A,. It is well known that the negative chamber
is contained in the negative dual chamber. This means that

= ( > calal)(wav) <0,

a4

which is a contradiction. Thus there is an «; € A, such that (3, ca ¢, @ )a”)
is positive. Now ay(a”) < 0 for each a, € 4,. Since each ¢, <0, the number
(S, en,Ca,tx)a” ) is nonnegative. It follows that X(a") is positive. (We will
only need to use the fact that X(a" ) is nonzero.)

Define a parabolic subgroup R C Q by letting A% be the complement of a in
A§. Since X(a") is a nonzero real number and A and X’ are purely imaginary,
the expression (7.1) does not vanish. Moreover, @ , lies in a¥; it is, in fact, the
unique element in AQ According to the dlscuss1on preceeding the lemma,
X@ J)<0. Thisis a contradlctxon since

X@,)=c,
a positive number. []

A natural question is suggested by this last lemma. Can there be any exponent
in 69 (¢,¢") which is zero? This is possible, it turns out, only it the situation
discussed in §4.

LEMMA 7.2. Suppose that for (t,t') € W2(a, ® ap,?,) as in the last lemma,
there is no parabolic subgroup P, associated to both P and P' such that
e WQ(a,,,aPI) and t' € WQ(aP,,a,,‘). Then no exponent in &9 (1,t') is zero.
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Proof. Let R be the parabolic subgroup of largest dimension which is
contained in Q and such that a, contains both ta, and #'a,.. Then Af is the set
of roots in A@ that vanish on both ta, and #'ap.. Our hypothesis on ¢ and ¢ is
precisely that dima, > min{dima,,dima,.}. Fix X € 62(¢,¢"). We can choose
points A € ia% and X’ € a%. such that for each « in the complement of AX in A,

(A= 1N+ X)(aV)#0.

In other words, the expression (7.1) does not vanish. According to the remark
preceeding the last lemma, there is a& € A such that X(@ ¥) < 0. In particular,
X is not zero. []

§8. Coefficients of the zero exponents. We want to consider the consequences
of letting T approach infinity. We shall say that T approaches infinity strongly in
ag if there is a 8 > 0 such that as || 7|| approaches infinity,

a(T)> 8| T,
for each a € Ay. Any T € q, can be written

T= 3 rw., 8.1)

a €Ay
where for each a € A, r, is a real number and @ , is the vector in 50 which is
dual to aV. If T approaches infinity strongly in a5, each r, will be greater than
81| T||. The contributions to 272(\, X', »,¢") from the nonzero exponents will all
be negligible. Thus, to have a precise asymptotic formula for 272\, X', ¢,¢") we

need only calculate the coefficients of any zero exponent. According to Lemma
7.2, the set

&9t,r), (LY)EW2a,®a,,9,),

contains a zero exponent only if P and P’ belong to the same associated class 9,
and (1,¢) is an element in W<(a, @ a,.,?). For the rest of §8 we shall assume
that this is so. That is, 1 € W2(ap,0,) and ' € W2(ap,ap ) for some group
P, e?.

At this point we shall make a minor change in our notation. For ¢ and ¢ as
above, let us enlarge &€ (¢, ") by adding the point 0, with the understanding that
the coefficient pJ'2(A, ', ¢, ¢") might vanish. We would like to calculate it. With
Corollary 4.2 in mind, we first consider the special case in which Q = P,. In this
case we also have P= P’ = Q@ and (¢,t) = (1, 1).

LemMa 8.1.  Suppose that P = P’ = P, = Q. Then
Po (AN, 8) = (6.4,

the inner product on the right, of course, being that of the finite dimensional Hilbert
space @p . r = Qp. 1
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Proof. Since P= P’ = Q, the sets W2a,®a,,?,) and W2a,Dap,?)
are equal; they both consist of the single pair (1, 1). Therefore

QAN b, 0= > pi2(AN,$,¢)exp{A N+ X )(T)}.
X €691, 1)

As we know, this equals

ffoQ(Q»MQ(A, To )AT’QEQ(mk’q” N ATE2(mk, ', ~X) dm dk.
Now if k € K and m € Mp(A, Tp),
ATPEP (mk,¢,N) = ATFPo(mk) - exp{A(Hp(m))}
= ATP¢(mk) - exp{N(T)}.

Since Q = P = P’, we obtain an equality between

AT@ k) - ATC¢'(mk) dmdk 8.2
foMQ(Q)\MQ(A)' o(mk) ¢/(mk) dm (8.2)
and
Z pXT'Q(}\,A’,¢,q>’)eX(T). (8.3)
Xe&91, 1

In particular, the polynomials pJ"¢(A\, X', ¢, ¢") are independent of A and A".
Now (8.2) also equals

o (mk ) 4
J;(IM,Q(Q)\MQ(A)! o(mk)¢'(mk)dm dk (8.4)

Our justification for the convergence of integrals of this sort has always been
Lemma 1.4 of [1(b)]. If we look at the proof of this lemma we see that (8.4)
actually equals

FQ(mk, T k) o' (mk) dmdk,
foMQ(Q)\MQ(A), (mk, T )g(mk) §(mky dm

modulo a term which approaches zero as T approaches infinity strongly in ag .
Here

FO(mk,T), m€& MyQ\My(A)', keEK,

is the characteristic function of a compact subset of MQ(Q)\MQ(A)l X K. This
compact subset can be made arbitrarily large by taking T to be sufficiently
regular. In particular, if T approaches infinity strongly in ay, F P(mk,T)
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approaches 1 pointwise in mk. It follows from the dominated convergence
theorem that (8.3) approaches

J;(IMQ(Q)\MQ(A)'qb(Mk) #(mk) dmdk = (@, ¢)

Suppose that X is a nonzero element in &9 (1,1). Then

X(T) = X v .
e aIE_IAOexp{ raX (@)}

By Lemma 7.1, each X@) is less than or equal to zero. Since X # 0, some
X @) is strictly negative. Therefore if T approaches infinity strongly in ag,

eX(T) < geITi

for some € > 0. The polynomial
T-opl?WN, ¢,¢)

certainly has absolute value bounded by a power of 1 + || T, so
PI2N, 8, ¢')eX(T)

approaches zero. All that remains of (8.3) is p{"¢(A, X', ¢, ¢"). This must approach
(¢,9'). Remember that T can approach infinity anywhere within the set

{T €ag:a(T) > 8| T, a €4y}.

It follows that p{*?(A, N, ¢, ¢"), a polynomial in T, is actually independent of T. It
equals (¢,¢"). [

We return to the general case, in which Q is any parabolic subgroup which
contains P, P’ and P,. Combining Corollary 4.2 with the lemma just proved, we
see that

exp( = (A = tN)(T)} Dy p,r (g 2 (M N, 6,8 )exp{ (A — *N)(T)})

equals
vol(af /LE)(M(1,\yé, M (7', =X)¢').
Moreover p*9(\,N,¢,¢') is independent of T. (See the remark following
Corollary 4.2.) It therefore equals
-1
( AI}M(t}\—t’X)(aV)) vol(af /LE)(M (. \)¢, M(t', —X)¢').
a €EAF\AY!

If a €A@\AJ, the projection of a¥ onto a, equals ) for a uniquely



68 JAMES ARTHUR

determined root a; € Af. Since tA — ¢\’ belongs to a} ¢,

( I (t)\-—t’}\’)(av))_]vol(agl/Lﬁ-’l)

acaf\af

= ( I (A= N () ))_ | vol(ag /L£)

QIEAP‘
=92(tn—1\)"h
It follows that

PIeAN, ¢,¢) = (M (LN, M(1', =X VIR(A — r\) ™. (8.5)

§9. Conclusion. We can now put all our results together. We know that

T, ) ’ 37
(A QEQ(¢’ A),ATQEQ(¢, _}\))Q’T (91)
equals
> S TN, ¢ ¢)exp{ (A — N + X )(T)}.
(L1YEWL(ap®Bap,Py) XEEQ(s,1)
Let
X0=0,X‘, PPN ,Xn

be the set of distinct points in the union over (¢,") of the sets &€ (¢,#'). Then (9.1)
equals the sum, over 0 < k < n, of the product of e*(™ with the function

% OAN6,8) = ) PX PN, 6, ¢)exp{ (A — IN)(T)).

(L) {X €690 ry:x=x}

It is known from [2(b)] that the Eisenstein series E¢(x,,A) is regular on the
imaginary space ia%. Consequently (9.1), which is a meromorphic function of
(A X) € abc X af.c, is regular on ia} X ia}.. Since it is the coefficient of the real
exponential ™ in the decomposition of (9.1), g72(A, X', ¢,¢') is also regular
for (\,X’) € ia% X ia%. The individual functions p, 2\, N,¢,¢’) may not be
regular on ia% X ia%. However the poles of py?(A\N,¢,¢") which meet
ia% X ia%, are all of bounded order. From this it is easy to show that there is an
integer n such that

g7 AN, . )((1+ 1T el 1) ™

is bounded for all ¢, ¢, T and for (A\,\’) in any compact subset of ia} X ia}..
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Let 8 and N be fixed positive numbers, with N large. Consider all T in the set
(T €ag:a(T)>d||T|| > N, a €4y}. 9.2)
Then T is suitably regular in o . Moreover,

(M < min {exp{ X (@ 2 )ITI) }

since by Lemma 7.1 each number X, (@ ) is less than or equal to zero. If k > 1
there is an a such that X, (@ ) is strictly negative. Therefore there is an € >0
such that

g5, 6,¢')e X D) (eI 1)) "

is bounded for all ¢, ¢, k > 1, T in the set (9.2), and (A,A’) in any compact
subset of ia} X ia¥..

The only remaining term corresponds to k£ = 0. According to Lemma 7.2 and
formula (9.2), ¢5°9(\, X, ¢,¢) is the sum over P,, 1 € W% ap,a,), and 7' in
W9 (ap,ap) of

exp( (1A — tN)(T)} (M (LN, M(7', =X)¢)8E (A — 1X) ™",
This is just

2 2 2 wl,?;"P(A’ A,’ q’)’ ¢/) =w T’Q(}\, A/9 ¢’ ¢’)'
Pt v

We have proved the following, which is our main theorem.

THEOREM 9.1.  There is a positive number &« and a locally bounded function p on
ia} X ia} such that

|[(ATCE2(9,0), AT2E2(¢/,X)) , ;= "2 (AN, 6, ¢)]
is bounded by

pAN) gl llelle I,
forall  €@p, v, ¢ €EQp 1, ANE ia}, N E i} and all T in the set (9.2). []

We will use a special case of this theorem in studying the trace formula. It is
worth stating separately as a corollary. It is the case that Q = G, P = P’, and
A=MX. As in the theorem, A will be taken to be purely imaginary. Then as a
function of A,

ATE(x,0,A) - ATE(x,¢',N)
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is invariant by ia&. It follows that
(ATE($. M), ATE(¢,))
equals the ordinary inner product

L(Q)\G(A)‘ATE(x’q)’ A)m dx.

We obtain

COROLLARY 9.2, There is a positive humber € and a locally bounded function p
on ia} such that

ATE(x,,A) ATE(x,¢',A) dx — 0 T(A, A, 6, ¢)

fG(Q)\ G(A)
is bounded by

el ll¢'lle <71,
for all $,¢' € @p, 1, A € ia} and all T in the set (9.2).
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