Proc. Indian Acad. Sci. (Math. Sci.), Vol. 97, Nos 1-3, December 1987, pp. 3-19.
© Printed in India.

The characters of supercuspidal representations as
weighted orbital integrals

JAMES ARTHUR*
Department of Mathematics, University of Toronto, Toronto, Canada MS5S 1A1

Abstract. Weighted orbital integrals are the terms which occur on the geometric side of the
trace formula. We shall investigate these distributions on a p-adic group. We shall evaluate
the weighted orbital integral of a supercuspidal matrix coefficient as a multiple of the
corresponding character.
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1. Introduction

Let G be a reductive algebraic group over a non-Archimedean local field F of
characteristic 0. Suppose that = is a (smooth) supercuspidal representation of G(F) on
a complex vector space V. Let f(x) be a finite sum of matrix coefficients

E(n(x)"'v), xeG(F), veV, E&eV*.

Then f is a locally constant function on G(F) which is compactly supported modulo
the split component A of the centre of G. If ®, is the character of =, set

0= J £(x)@(x)dx.

AGIPNGF)

We are going to study the weighted orbital integrals of f.

Suppose that M is a Levi component of some parabolic subgroup of G which is
defined over F. The set 2(M) of all parabolic subgroups over F with Levi component
M is parametrized by the chambers in a real vector space a,,. The weight factor for
orbital integrals is a certain function vy(x) on M(F)\G(F) which arises in the theory
of automorphic forms; it is defined as the volume of the convex hull in a,/ag of a
set of points indexed by 2(M). Suppose that y is a G-regular element in M(F) which
is M-elliptic over F. This means that the centralizer of y in M(F) is compact modulo
A,(F). The object of this paper is to prove the following result.

Theorem: The weighted orbital integral

f f(x ™ Iyx)vop(x)dx
AMFNGF)
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equals
(= ™MD ()0 ,(7).

Observe that the second expression depends on a choice of invariant measure on
Ag(F)\G(F); the first expression depends on choices of invariant measures on a,/ag
and A,(F)\G(F). There is a compatibility requirement between the implicit measure
on A,(F)/Ag(F) and the measure on a,/a;.

The theorem is a p-adic version of a similar result for real groups ([1]. Theorem 9.1).
It tells us that the character values of = on a non-compact torus can be recovered
as the weighted orbital integrals of a matrix coefficient of 7. There is reason to believe
that the result is part of a larger theory. Kazhdan has suggested the possibility of
proving a local trace formula for G. The idea would be to try to compute the trace
of the left-right convolution operator of a pair of functions, acting on the discrete
spectrum of L%(G(F)). Our theorem could be regarded as a special case, in which one
of the two functions is the matrix coefficient f. A different special case of this (as yet
undiscovered) trace formula is provided by work of Waldspurger [6]. We hope to
return to the question on another occasion.

For G = SL(2), the theorem was first established by Kazhdan (unpublished). I am
indebted to him for enlightening conversations.

2. Positive orthogonal sets

Let us recall the precise definition of v,,(x). It depends on a special maximal compact
subgroup K of G(F) which is in good position relative to M. (This means that the
vertex of K in the building of G lies in the apartment of a maximal split torus of M.)
For any parabolic subgroup Pe#(M), with Levi decomposition P = MN,, and any
point xe G(F), we can write

x = np(x)mp(x)kp(x), (N
with np(x)e N p(F), mp(x)e M(F) and kp(x)eK. Set

Hp(x) = Hypg(mp(x)),
where H,, is the usual map from M(F) to the real vector space

a,, = Hom(X(M)g,R),
given by

exp(CHy(m), x>)=|x(m)l, meM(F), yeX(M).

There is a canonical map from a,, onto a;, whose kernel we denote by a,. Since
X(M)r embeds into the character group X(A4,,) of A4,,, there is also a compatible
embedding of a; into a,,, and therefore a canonical decomposition

a, =a$da;.
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The function v,{x) equals the volume of the convex hull of the projection of
{— Hylx): Pe2(M))
onto a,/ag = ay,.
It is convenient to choose a suitable Euclidean metric ||-|| on a,,, and to use this

to normalize the Haar measures on a,,, a; and a,;/a;. These measures then determine
Haar measures on Ay (F), Ag(F) and A(F)/A4(F). Indeed,

Ky = Au(F)n K

is the maximal (open) compact subgroup of A,(F), and H,, maps A(F)/k, injectively
onto a lattice in a,,. We take the Haar measure on A,(F) such that

vol(kyy) = VOl (8y/H y(Ay(F))).
The cases of A4(F) and A,,(F)/Ag(F) are similar, and we have
vol(i /K g) = vol(ay/H (A (F)) + ag). 2)
The points { — Hp(x)} form a positive orthogonal set. In general, we say that a set
Y ={Yp: Pe2P(M)}

of points in a,, is a positive orthogonal set for M if it has the following property.
For any pair P and P’ of adjacent groups in (M), whose chambers in a,, share the
wall determined by a simple root o in A, (—Ap.) of (P, A,), we have

YP_ YP'—_‘rav,

for a non-negative number r. As usual, A, is the set of simple roots of (P, 4,,), and
oV ea,, is the “co-root” associated to a. Suppose that % has this property. Then the
volume in a,/a; of the convex hull of {Y,} can be expressed analytically as

lim Y expLA(Y;)1054) ", )

A=0 pep(M)

where

0p(2) = vol(agy/Z(Ap))™" [T Ala™).

aelp

(See [3], p. 36.) As in [4], we shall write d(%) for the smallest of the numbers
{a(Yp)a€Ap, PEP(M)}.
Fix such a %, and let
Q=MyN,, MyoM,

be an element in the set # (M) of parabolic subgroups of G over F which contain M.
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Then
{YPnMQ = YP:PE'@(M), Pc Q} (4)

is a positive orthogonal set for M, but relative to M, instead of G. As above, a,, is
the direct sum of the spaces a}i¢ =a$ and a,, =ao. We shall write S§(%) for the
convex hull of (4) in a,, taken modulo a,, and we shall let 6% (-, %) stand for the
characteristic function of S%(%). The vectors (4) all project onto the same point Y, in
a,. Moreover, if we fix the Levi component L = M, instead of Q, the set

Y, ={Yy:QeP(L)}

is a positive orthogonal set for L. For simplicity, we shall usually denote S§(% ) and
a¢(,%,) by S;(#) and o,(, %) respectively.
The following geometric property is a restatement of Lemmas 3.1 and 3.2 of [4].

Lemma 1. There is a positive constant 6,5 with the following property. If ¥ is any
positive orthogonal set for M and L= M is as above, and if

HM=HLM@HL, HLMGalM, HLEaL,
is a point in a,, such that
IHy |l < 60 d(@),

then H belongs to Sy(%) if and only if H, belongs to S;(%,). O

Another example of a positive orthogonal set is provided by the Weyl orbit of a
point. Let M, = M be a fixed Levi component of some minimal parabolic subgroup
over F, and let W, be the Weyl group of (G, A,;,). Our metric on a, is understood
to be the restriction of a Euclidean metric ||-|| on a,,, which is invariant under W,,.
Choose an element Poe#(M,), and let T, be a point in a,,, which lies in the chamber
associated to Py. The Weyl group W, acts simply transitively on (M), and

T ={Tp,=sTp,:Po=sP,, seW,} )

is a positive orthogonal set for M. By the discussion above (with (M, L) replaced by
(M,, M)), we obtain a positive orthogonal set

I m={Tp: Pe 2 M)}
for M, and it is not hard to show that
dTy) = dT),

provided that M is not equal to G. We are of course free to vary the original point
Ty, In future we shall want to choose T}, so that the number d(7) is large, and of
an order of magnitude comparable to the norm

1 =1Tgl.

We shall actually work with a combination of the two examples. For a given
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xeG(F), set
Y(x, T) = {Yplx,T) = Tp — Hy(x): PeP(M)}, (6)

where P denotes the parabolic subgroup opposite to P. Because it is a difference of
positive orthogonal sets, rather than a sum, #(x, ) need not be a positive orthogonal
set. However, if d(77) is large with respect to x, the positivity of  dominates, and
%(x,J) becomes a positive orthogonal set. We shall assume this in what follows.

3. The main geometric lemma

We shall now begin the proof of the theorem. Suppose that J is defined by (5). Let
u(x, 7") denote the characteristic function in A4(F)\G(F) of the set of points

x=kihky, ki keK, heAg(F)\Apy(F),

such that the projection onto a§, of H,,(h) lies in the convex hull S, (J). Since K
corresponds to a special vertex,

G(F) = KA, (F)K.

We can consequently force u(x, ) to be identically equal to 1 on any given compact
subset of AG(F)\G(F) simply by choosing Z so that d(7) is sufficiently large.

Our starting point for the study of the matrix coefficient f is a simple consequence
of results of Harish-Chandra.

Lemma 2: Suppose that f and y are as in the theorem. Then

0,(/)0.(» = f ST yx)u(x, T)dx,

AG(F\G(F)

whenever d(J) is sufficiently large.

Proof: If g is any function-in C°(G(F)), Theorem 9 of [5] tells us that

0,(/)0.(9) = J

AGUP\G(F)

( f(x~ ’yX)g(Y)dy>dx- M
G(F)
Assume that

g(y) = vol(K)~* Lgo(kyk’ Ydk,

where g, is supported on a small neighbourhood Q of y. The right hand side of (7)
can then be written

vol(K)"J (I Jf(x“‘k“ykx)go(y)dkdy)dx.
AG(F\G(F) G(F)JK

It is a straightforward consequence of [5, Lemma 13] that the integrand in x is
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supported on a compact subset of Ag(F)\G(F) which depends only on Q. Now let g,
approach the Dirac measure at y. The left hand side of (7) approaches

0.(O.()

while the right hand side converges to

vol(K)~ ’J‘ <J f(x k™ 1*,'kx)dk>dx‘
46tF) GIF) K

This last integrand in x is compactly supported. We can therefore multiply it with
u(x, 7) without changing its value, as long as d(.7) is sufficiently large. The expression
becomes

vol(K)"J

AgF) G(F)

(f fix~ %k~ lka}dk)u(x. T )dx
K

=vol(K)"J

AGlF) GUF)

Jl fx™ %k Yvkx)u(x, 7 )dkdx
K

= J S~ yx)u(x, T)dx,
AGIFNG(F)
since u(x, J") is bi-invariant under K. This establishes the required formula. [J
In view of the lemma, we may write

0,(/)0.() = I S yx)u(x, 7)dx

AGIF)GIF)

=I f (x“yx)( J. u(ax, T )da)dx.
Ap(F)\GIF) Ap(FY/AGIF)

By assumption, the centralizer of y in G(F) is compact modulo A,(F). Therefore, the

last integral over x may be taken over a compact set of representatives of A (F)\G(F)
in G(F).
Our task then is to evaluate the integral

j u(ax, 7 )da.
Ap(FVAg(F)

The main step is to express the integral in terms of the set #(x, ") given by (6).

Lemma 3: For any compact subset I of G(F) and any é > 0, there is a positive constant
¢(T, 8) with the following property. If x belongs to I',a belongs to Ay(F), and T is
such that

dT) 2| T || 2T, 9), @®)
then u(ax, ) equals-1 if and only if Hy(a) belongs to Sy (% (x,T)).
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Proof: 1f Q is a group in & (M), we write 1, for the characteristic function of
{Heay,:a(H)>0, acAy}.

It is known that

z U%(H’F)TQ(H"‘ T,) =1, )
QeFM)

for 7 as in (5), and any Hea,,. This is a general property of positive orthogonal sets
which is easily deduced, for example, from Langlands’ combinatorial lemma ([1],
Lemma 2.3),([2], Lemma 6.3). We shall actually apply the result with H = H,(a),
and J replaced by the set

eT = {eTp,: PoeP(M,)},

for a certain ¢ > 0. Having been given J, we choose ¢ so that 2¢5~! is smaller than
the numbers &), and J,,, provided by Lemma 1.

Fix the elements ac 4,,(F) and xeI". The left hand side of (9) is a sum of characteristic
functions, so there is a unique group Qe.%# (M) such that

0% (Hyla),eT yry(Hyla) —eTy) = 1.
Once Q is determined, we can write
ax = amg(x)ng(x)k5(x)
= ad(am(x))ng(x) - amg(x)k5(x).

Consider a root a of (Q, Ag). Since Hy(a) is the sum of a vector in ag, the positive
chamber of Q, with a convex linear combination of points

{eTp: PeP(M), P c Q},
we have

a(Hp(a)) = einf pp g (Tp) = d(T).

Having fixed ¢, we choose ¢(T’,d) so that ec(T',d) is large. Then ed(Z) will be large
whenever J satisfies (8), and ad(a) will act by contraction on ns(x). In particular, we
can force the point

ad(amy(x))nyx)

to be close to 1, uniformly for x in I. We may therefore assume that the point lies
in the open compact subgroup K. Consequently, ax belongs to the double coset

Kamyx)K.

The next step is to write

amy(x) = kyhky, heAy(F), ki, k€K A Mo(F). (10)
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Then ax belongs to KhK. Observe also that
Hg(h) = H(a) + Ho(my(x)),
so that
Hy(h) = Hy(a) + Hyx). 1y
We write
Hy(a) = Hf{a) + Hola), Hf(a)eaf),
for the decomposition of H (a) relative to the direct sum a, = a$ @a,. Similarly
Hy (W) =H$ (h) + Hoh), H% (heaf,.
Then there is a constant ¢(I') such that
I HS, ()| < 1| HE (@) || + c(T),

for any xeI" and ae Ay(F), and for h defined by (10). This follows easily from the
standard properties of height functions on G(F). Now, we are assuming that

of(H(a),eT) =1,

so that H(a) belongs to the convex set S%(e7). It follows that | H%(a)|| is bounded
by the norm of the projection of any cf the vectors

{eTp: PEP(M),P = Q}
onto a§. Therefore,
IH(a) | <e| Tpll <ell T |l (12)

Choose c(T", 8) to be so large that £~ 'c(I', ) is greater than the constant ¢(I') above.
Then

| HE (W) || <2667 'd(T) < 6y, d(T)
whenever J satisfies (8). Recall that the function
wax,7)=uh,J)

equals 1 if and only if H,, (h) belongs to Sy, (7). It follows from Lemma 1 that u(ax, )
equals 1 if and only if Hy(h) belongs to § Mq(.?’ ).
We are also assuming that

to(Hola) — eTg) = 1o(Hy(a) — eTg) = 1.
In particular, Hy(a) lies in the positive chamber a; . More precisely,
a(Hola)) > ea(Tg) > ed(7),

for any root aeA,y. We can make this number as large as we wish, for 7 satisfying (8),
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simply by taking c(I', §) large enough. Now Hy(a) is related to Hy(h) by equation (11).
Since H(x) remains bounded, we can assume that H(h) also lies in a; . But according
to ([1] Lemma 3.2), the intersection of a5 with SMq(y’ ) is the set

{Heal:o(H — Ty) <0,mel,},

where BQ is the dual basis of Ay . Thus, u(ax, 7) equals 1 if and only if each of the
numbers

w(Hglh) — Ty) = m(Hyla) — Yo(x, 7)), weA,,

is negative. We have now only to retrace our steps. Since Hy(a) lies in ag, the last
condition is equivalent to the assertion that Hy(a) liesin S, (@/(x J)). Moreover, d(7)
is large relative to x, so we can assume that

d(¥(x, 7)) 2 3d(T).
It follows from (12) that
IHS(@) | <&l 7|
<ed'd(T)
<2667 (x,T))
<0 d¥(x,T)),

whenever J satisfies (8). Applying Lemma 1 again, we conclude that Hy(a) belongs
to SM (#(x, 7)) if and only if H,(a) belongs to S,,(¥(x, 7)). This is equivalent to the
ongmal condition that u(ax, 7°) equals 1, so the proof of the lemma is complete. [J

As an identity of characteristic functions, the lemma asserts that
ulax, T) = o y(Hp(a), ¥(x, 7)), aeAp(F)/AG(F),

for x and J as stated. It follows that @ (f)®,(y) equals

f f(x"lyx)(f UM(HM(a)’@I(x’ f))da>dx
Ap(FNG(F) Ap(F)/AG(F)

However, the integral
J GM(HM(a), qy(x’ g.))da
Ap(FYAG(F)

is not equal to the volume of S(%(x,7)). For
{Hy(a):acAp(F)/Ag(F)}

is a lattice in ay/ag; the integral is multiple of the number of lattice points in
Sy(#¥(x,7)). We must find a way to relate this to the volume.
It will actually be convenient to replace A,,(F) by a subgroup. Suppose that Ay
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is any subgroup of finite index in A4,,(F), which contains Ag(F). Combining Lemmas
2 and 3 as above, we obtain

0.(/)0, }‘)=J

A

Jx~ ‘m( J om(Hyla) ¥ (x, T ))da>dx, (13)
w\G(F) Ap/AGF)

a formula which holds whenever 7 satisfies the conditions (8).

4. Counting lattice points

For each reduced root # of (G, Ay,), we have the co-root Y. Any such BV defines
an element in the lattice

X, (Ay,) = Hom(X(Ay,), 2)

in a,,. Suppose that PeZ(M) and that x is a root in A,. For any given P,e ZA(M,),
with P, c P, there is a unique root feAp whose restriction to A,, equals x; the
“co-root” a¥ €Ay is, by definition, the projection of ¥ onto a,,. The lattice Z(A;)
inaj§, generated by Ay . is the projection of Z(Ay,) onto a§. Since Z(Ay,) is independent
of P,,Z(Ap) is independent of P. The lattice Z(A;) need not be contained in

X, (Ay)=Hom(X(Ay), Z).
However, it is easily seen to be a subgroup of
Hom(X (M), Z),

which is in turn a finite extension of X ,(A4,,). Consequently, there is an integer k such
that kZ(Ap) is a subgroup of X (A,).
Recall that

exp (CHpg(m), x0) = | x(m)],

for any yeX(M)r and me M(F). It follows easily that H,(A,(F)) equals the lattice
log (g)X (4 y)

in a,,, where g is the degree of the residue field of F. Define
Ay = klog(gp)Z(Ay ) = log (qH)Z(AF )

for any Pe2(M) and any positive integer k. For any such P, the vectors
Hak = klog(gr)a", a€lp,

form a Z-basis of Ay ;. We fix k so that Ay, is contained in H (A (F)). Set
Apx = {a€Ay(F): Hy(@)e Ay -

Then
Ap = Ay Ac(F)
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is a subgroup of finite index in A,(F); it is this group which we will employ in the
formula (13). The first step will be to calculate the integral

J op(Hy(a), ¥(x,T))da. (14
A il AGIF)

The kernel of H,, in A),, equals the group
KM = AM(F) N K.

It follows easily that the quotient of A} ,/AG(F) by Ky /K¢ is isomorphic under H,,
to Ay .. We can therefore write (14) as the product of the volume of k), /x; with the
number of points in the intersection of A, with S,(%(x, 7)). Consequently, (14) may
be rewritten as

vol iy /) igr(l){g e“g’}, (15)

the sum being taken over ¢ in Ay, NS\ (% (x,7)). We shall calculate this by the
method in ([1], §3).

Take 4 to be a point in a}, . whose real part i ea}; is regular. If Pe (M), we
shall write

A} = {aeAp: Ag(a¥) <0}.

Let ¢} denote the characteristic function of the set of Hea,, such that w,(H) > 0 for
each aeA}, and w,(H) <0 for any « in the complement of A} in A,. (Recall that

Ap={w, 0eAp}

is the basis of (a§)* which is dual to {a":aeAp}.) It follows easily from Langlands’
combinatorial lemma that

Y (—1)*RQH — Ye(x,T)), Heay,,
PePM)

equals the characteristic function of S,,(%(x,7)).(See Lemma 3.2 of [1] for the
special case that H lies in the complement of a finite set of hyperplanes. The general
case follows in the same way from [2], Lemma 6.3.) Therefore, the expression in the
brackets in (15) equals

Y (= 1*HG(E ~ Yp(x, 7)) exp(A()). (16)

{ehpi

We shall write Y for the extreme point in
{CeApu: OHE — Yolx, T )) = 1}. (17)
That is,

Yi= YP(x9 9-) + z& Lallak — Z (1 - tu)“a,k’
aeAp

acAp— A}
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for positive numbers ¢,, with 0 <1, < 1. The set (17) can then be written as

{ Y; + Z Nalyx — Z Bally i }’

x€Ap Py

where each n, ranges over all positive integers. Expression (16) becomes a multiple
geometric series, which equals

(— )% exp [MYE)] [T (1 —exp[Ae)D) ™" [T (1—exp[— A, )] "

2eAp xeAp—A}

If A, belongs to the negative chamber — (a%)* of P in a};, we shall denote Y} simply by
Yp = Yp(x,7)" =(Tp — Hpx))".
Then for general 4,

Y; = Y;+ z .”a.k'

1€Ap—Ap

Expression (16) may therefore be written as

exp [A(Y7)] [T (exp [A(ue,)1— D"

1€Ap

We have shown that (14) equals

vol (iky /xg)lim 3 (exp[A(Y£)] [ (exp [Apai)1 =171,

A=0 pe M) 2edp
Let us rewrite this last formula for (14) as
vol (kp/kg) lim Z cpldy X, 7)dp(1)0p(1) ",
420 peaM)

where
cp(d,x, 7) =exp[A(Y7)] =exp [A((Tp — H(x))")], (18)

and
dp(2) = 0p(2) T (exp [Alsz )] — D4

1€Ap

We leave the reader to check that
{Yp:PeAM)}

is a positive orthogonal set for M. This implies that {cx(4,x,7)} is a (G, M) family,
in the language of ([3].§6). Moreover, {dp(1)} is also a (G, M) family. Applying ([3].
Lemma 6.3) to the product of (G, M) families in the expression above, we see that
(14) equals

vol(ky/kg) Y, c$(x,T)dy.
QeF (M)
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This follows the notation of ([3], § 6). In particular,
(e, T)=lim Y exp[A(Tp— Hp(x))*)10p(A)"".
A=0 (Pe#(M):Pc Q}

Next, we substitute the formula we have just established for (14) into the identity
(13). We see that ©,(f)0,(y) equals

vol (Ky/Kg) Y. d’QJ‘ FO™ Yyx)c(x, T)dx.
QeF(M) A 1\GF)

For any group Qe # (M) we have
c(x, T) = clmy(x), 7).

It follows easily from this fact that

[ fOx™ yx)cf(x, 7)dx

J Ay (\G(F)

is a multiple of

r

J J‘ f(k™tm™ Yymnk)c$(m, 7 )dmdn dk.
NG(F) J Ay \Mg(F)

JK

Since f is a supercusp form, this expression vanishes for any Q # G. Consequently,

0,(f)0,(y) = vol (KM/KG)d’GJ ST yx)ey(x, T)dx.

A \GUF)

Now, by definition,
dg = d(0) = lim dpl(4),
A—=0
for any Pe?(M). Therefore

6 =vol(@a§/Z(Ap))™ ! lim [T (Aa")(exp [Aue,)] — DY)

4=0qeAp

=vol(af/Z(A3)) ™' [T (A )Aptgr)™ ")

a€dp

= vol(a§/Ay) "

On the other hand, it follows from (2) that

vol(ky/kg) = vol(ay/H (A y(F)) + ag)
= vol(ay/Ap.i + 26)| Ap(F)/ Ay ™"

= vol(a§/Au )| Ar(F)/ Al ™1,
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since the map
Ap(F)/Apg s — (Hp(Ap(F)) + 2 (A g 4 + a6)

is an isomorphism. Our formula becomes

©,.(f)O, (") = Ay(F)/ Ay ,l™! I Sx " yx)ep(x.T)dx. (19)

Apg 2 \GLF)

It is valid whenever J satisfies the conditions (8)

5. Completion of the proof

The formula (19) is close to that of the theorem. The only problem is that it depends
on (T, — H,,(x)) . rather than the vector T, — Hy(x). To overcome this, we shall
average J over a certain compact domain.

Observe that A, is the projection onto a$ of the lattice

Apox = klog(gr)Z(Ap,), PoeP(M,),

in a§,. Choose an element P}, in (M), and let 2 denote the compact fundamental
domain

{“ = Y upgu0<up<1 }
BeAp;,

for Ay, in af,. (Recall that {y,,} is a basis of A, consisting of positive multiples
of the co-roots Ay). Suppose that Pe2(M). Then there is an element seW, such
that P, =sP, contains P. For each x€Ap, let f(2) be the unique root in A, such
that the restriction of sf(x) onto a,, equals x. Then y,, is the projection of s(ym,,.,‘)
onto a,,. Given a vector ueZ as above, set

Up= Z UpnHak-
x€Ap

This notation of course holds if M, is used instead of M, and the set
fu = {TP() b upo:Poeg(Mo)}

satisfies similar conditions to 7. We may therefore replace cp(x..7) by ¢plx, 7,) on
the right hand side of (19).
Observe that

cp(hx, T,)=exp [A(Tp—up— Hp(x))")], PeP(M).
Define

cplinx, T .u) = exp[A(Tp — up — Hy(x))* +up)], PeP(M),
so that

cp(hx, T,) = cp(Ad,x, T ,u)exp [ — Aup)].
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This is a product of two (G, M) families. We can therefore apply Lemma 6.3 of [3]
to decompose cy(x,7,) into a sum over QeF(M). The second (G, M) family is
independent of x. By arguing as in §4, we see that the contribution of any Q # G to
the integral

J‘ f(x‘lyx)cM(x,ﬂ_“)dx
Ay \GF)

vanishes. We may therefore replace c(x, 7 ,) by cplx, 7 ,u), the term corresponding
to Q = G. Since this is valid for any ue 2, we may integrate over 2 if we choose. It
follows that (19) remains valid if the function c,(x, ) is replaced by ’

"

eplx, 7, u)du.
_(,)

Now,

R
cplx, 7, uydu
2

=J lim Y (cp(Ax,T,u)0p(4)~")du
2

A0 pep(M)

=lim ) <f cp(l,x,f,u)du>9p(l)‘l.
2

A=0 pep(M)

Thus, we have only to compute

L’ E((Yp—up)t + up)du, (20)
where

E((Yp—up)* +up) =exp[A((Yp —up)" +up)],
with

Yp=Yp(x,7 )= Tp — Hp(x).

This integral can be written as a multiple integral, over the cube

{n ra:OSrusl},

aeAp

of the function
+
E(<YP - Z raﬂa,k) + Z ruua,k >
Recall that Y7 is the unique point in Ay, +a; of the form

YP + Z tuﬂa,k’

x€Ap
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where 0 <t, < 1. Taking the integrals in r, separately over the intervals [0,1—¢,]
and [1 —t,,1], we can change variables; we obtain the integral over {r,} of

E( Yp + Zra/,t,,k)

It follows that (20) equals

J E(Yp + up)du.
7

We have shown that

J cpl(x, T, u)du = J. Dpl(x, 7, u)du,
I 2

where
Up(dy %, T, u) = exp[Tp + up — Hy(x)]
= exp[— A(Hp(x))Jexp[ATp + up)].

This is again a product of (G, M) families. We apply Lemma 6.3 of [3] once more,
and decompose U(x, 7, u) into a sum over Qe (M). Since the second (G, M) family
is independent of x, the contribution of any Q # G to the integral

J SO~ yx) | Dpflx, 7, u)dudx =f f S Y9x)p(x, T, u)dxdu
A 2 2J 4

M\GF) M.x\G(F)
vanishes. The term corresponding to Q = G is just 7,,(x), where
vp(4, x) =exp[ — AM(Hp(x))], PeP(M).
This is of course independent of u, so the integral over 2 disappears. The formula

(19) becomes

©,(f)0,(y) = | Ay (F)/ Al ~* f S yx)Dpg(x)dx.
A \G(F)

The (G, M)-family {54(4,x)} is slightly different from the original (G, M) family
vp(4, x) = exp[—A(Hp(x))]), PeP(M).

Observe, however, that

iy()=lim 3 exp[—A(H(x))10-()7"

A=0 peP(M)

= (= 1)fim 440 Z exp[ — A(Hpx))]0:(4)~*

Pe?(M)
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= (=140 T exp[ — A(H(x))10,(3)"*
Pe?(M)

= (— 1)l (x),
since
05(4) = (= 1)"mAnlAdg (7).
In other words, ©,()O,(y) equals

| Apg(F)/ Apg | =1 (— 1)timtm/e) f Sx™1yx)vp(x)dx.
AM.k\G(F)

Now, it is well known that the function v,,(x) is left invariant under M(F). In particular,
the integrand is left invariant under 4,,(F). We may therefore change the domain of
integration to A, (F)\G(F), if we multiply by the index | A (F)/A\ |- We obtain the
identity of ®,(f)®,(y) with

(= 1fimw ‘G’f ST Tyx)op(x)dx.

Ap(F\G(F)

This completes the proof of the theorem. []

References

[1] ArthurJ, The characters of discrete series as weighted orbital integrals, Invent. Math. 32 (1976) 205-261

[2] Arthur J, A trace formula for reductive groups I: terms associated to classes in G(Q), Duke Math. J.
45 (1978) 911-952

[3] Arthur J, The trace formula in invariant form, Ann. Math. 114 (1981) 1-74

[4] Arthur J, On a family of distributions obtained from Eisenstein series II: Explicit formulas, Am. J.
Math. 104 (1982) 1289-1336

[5] Harish-Chandra, Harmonic analysis on reductive p-adic groups, Lecture Notes in Math., No. 162 (Berlin,
Heidelberg: Springer Verlag) (1970)

[6] Waldspurger J L, A propos des integrales orbitales pour GL{N), preprint



