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INTRODUCTION

Let G be a reductive algebraic group over a local field F of characteristic
0. Let IT(G(F)) denote the set of equivalence classes of irreducible represen-
tations of G(F). The irreducible characters

Jo(m, f)=trn(f),  nell(G(F)), fe #(G(F)),

are linear functionals on #(G(F)), the Hecke algebra of G(F). They are
invariant, in the sense that

Jo(m hx f)=Jg(n, f*h), [, he H(G(F)).

Characters are of course central to the harmonic analysis of G(F). They
also occur on the spectral side of the trace formula, in the case of the com-
pact quotient. In the general trace formula, the analogous terms come from
weighted characters. A weighted character is a certain linear form on the
algebra

{n(f): fe H(G(F))}

which is not in general the trace. Our purpose here is to study the weighted
characters as functions of 7.
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There is not a major distinction between the theory for real and p-adic
groups, so for the introduction we shall assume that F is isomorphic to R.
Let us first describe some simple properties of ordinary characters. The set
II(G(F)) is equipped with a natural action

ni(x)=mn(x) ! HN ne lI(G(F)), Aead e,

under the complex vector space af . attached to the rational characters of
G. Then the function

JG(n/i’f)’ le“?;,c’

is analytic in 4. More generally, suppose that M (F) is a Levi component of
a parabolic subgroup of G(F), and consider an induced representation

0G=Ip(09), PeP(M)), cell(M\(F)), Aea}, ,
of G(F). Then

JG(O-g’f)a A Eaxﬁ,C’

is an entire function which, in fact, belongs to the Paley-Wiener space. In
other words, the Fourier transform

Jolo, X, )= _ Jalo%, e~V dd,  Xieay,

xaMI

is compactly supported on Z. Another basic property is that for general 7,
the functional J;(=, /) can be expressed in terms of its values at tempered
representations. Let X(G(F)) be the set of representations of the form ¢§ as
above, but with ¢ tempered. By analytic continuation, we can certainly
express Js(0G, f) in terms of the values at tempered representations of
G(F). But it is well known that any irreducible character has a unique
expansion

JG(W.’,f)= Z A(”»P)JG(P,f) (1)

pe X(G(F))

as a finite integral combination of standard characters.

Weighted characters are linear functionals or “distributions” on
H#(G(F)) which are indexed by Levi components M(F) of parabolic
subgroups, and representations

Ty, ne ll(M(F)), Aca}, .
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They reduce to ordinary characters when M = G. The weighted character is
defined by a formula

I, [Y=t0(Ru(m;, P) Ip(m;, f)),  PeP(M),

where #,(n;, P) is a certain operator on the space of the induced
representation $y(n;). In the case of rank 1, Z,(x;, P) equals a loga-
rithmic derivative

d
RP|p(7T;.)'l a Rp p(ms)

of normalized intertwining operators, but in higher rank it is given by a
more general limit process. At any rate, to define J,,(n,, f) we must first
introduce suitably normalized intertwining operators

Rp p(m,): Ip(m;) = Iplms), P, P e P(M). (2)

This we do in Sections 2 and 3 and the Appendix. We shall show that the
normalizing factors suggested by Langlands in [15(b), Appendix II] do
indeed endow the intertwining operators with the desired properties. We
shall also show that the matrix coefficients of R, p(n;) are rational
functions of . We introduce the distributions J,,(x;, f) in Section 6. The
rationality of R 1 p(7;) implies that the matrix coefficients of #,,(n;, P) are
rational functions of 1. It will follow that J,(m;, /) is a meromorphic
function of A€ a}; o, with finitely many poles, each lying along a hyper-
plane

AMaY)=c, aeX(G, Ay), ceC,

defined by a root « of (G, 4,,). A similar assertion applies if n; is replaced
by an induced representation
JAM’ GEH(Ml(F))s Aeax{l,«:a
where M ,(F) is a Levi subgroup of M(F).
The generalization of (1) entails a comparison of the normalizing factors

for =, and p,. If = and p occur in (1), their normalizing factors need not be
equal. In Lemma 5.2 we shall show that the ratio

Fpi (M ) =1 p i p(1:) ™" 1oy p(P) 3)

of these normalizing factors behaves in some ways like the operator (2). In
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particular, (3) is a rational function of A In Proposition 6.1 we will
establish an expansion

Iu(my, f)= Z Z rlh(’{z,l’a)JL(Pf,f), (1*)
peZ(M(F)) Le L (M)
where for each Levi subgroup L(F) containing M(F), ri(n,, p,;) is a
rational function which is defined by a limiting process from the functions
(3).
We shall study the residues of J,,(=,, f} in Sections 8§ and 9. Suppose
that Q is a sequence of singular hyperplanes, which intersect at an affine
space

Ag+af e, Ageal, ¢, Le Z(M).

Let Res,, denote the associated iterated residue. Lemma 8.1 asserts that if
L=¢G,

Reso Ju(m,, ), fe H(G(F)),

is an invariant distribution. A natural problem is to compute this dis-
tribution, or at least to express it in terms of other natural objects. We shall
study this question in some detail in a future paper. Another problem in
the case of general L is to find a descent formula, which relates the residue
to the distributions

A partial answer to this will be provided by Proposition 9.1.

One reason for studying residues is to be able to deform contours of
integration. In Section 10 we shall describe a formal scheme for doing
this, which is similar to that of the Paley-Wiener theorem. We will then
conclude the paper with an application. It is important to understand the
integral

bulhim X)=[  Ju(ms, fle?¥di,  Xea,,

lﬂM

as a function of a tempered representation n € II(M(F)). In Theorem 12.1
we shall establish that ¢,(f, n, X) is an entire function in the natural
parameters which characterize n. This is a key requirement for putting the
trace formula into invariant form. An equivalent result was established
as [1(a), Theorem 12.1]. However, this earlier theorem was proved by
looking at orbital integrals instead of residues, and it was contingent on
some hypotheses from local harmonic analysis which have yet to be
completely verified.
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Since the results of this paper are to be applied to the trace formula, we
shall work in greater generality. We shall include the case that F is a num-
ber field, equipped with a finite set S of valuations. The weighted characters
will then be functionals on #(G(F)). We should also include the twisted
trace formula, so we will work with disconnected groups. In the paper, we
will take G to be a component of a nonconnected algebraic group over F.

Much of the material for the normalization of intertwining operators was
contained in an old preprint “On the Invariant Distributions Associated to
Weighted Orbital Integrals.” The main step is to relate the normalizing
factors to the Plancherel density. Our argument relies on an unpublished
lemma of Langlands, which we have reproduced in the Appendix. I thank
Langlands for communicating this result to me.

1. INTERTWINING OPERATORS

Suppose that G is a connected component of an algebraic group over a
field F. We shall write G* for the group generated by G, and G° for the
connected component of 1 in G*. We assume that G is reductive. Then G*
and G° are reductive algebraic groups over F. We also make the
assumption that G(F) is not empty. Then G(F) is a Zariski dense subset of
G if Fis infinite. As we noted in [1(e)] many of the notions which are used
in the harmonic analysis of connected groups are also valid for G. Let us
briefly recall some of them.

A parabolic subset of G is a set P=P G, where P is the normalizer
in G* of a parabolic subgroup of G° which is defined over F. We shall
write N, for the unipotent radical of P. A Levi component of P is a non-
empty set M =M~ P, where M is the normalizer in G* of a Levi com-
ponent of P° which is defined over F. Clearly P= MN,. We call any such
M a Levi subset of G. Suppose that M is fixed. Let # (M) denote the
parabolic subsets of G which contain M. Similarly, let ¥ (M) be the collec-
tion of Levi subsets of G which contain M. Any Pe # (M) has a unique
Levi component M, in (M) so we can write P= M, Np. As usual, we let
P (M) denote the set of Pe % (M) such that M, = M. Suppose that L is an
element in #(M). Then M is a Levi subset of L. We write & *(M),
FL(M), and 2-(M) for the sets above, but with G replaced by L. For any
pair of elements Qe (L) and ReP%(M), there is a unique element
PeP(M) such that P<Q and PnL=R When we want to stress its
dependence on Q and R, we will denote P by Q(R).

For a given Levi subset M, we let 4,, denote the split component of the
centralizer of M in M°. We also write

Ay = HOITI(X(M)F, R)’
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where X (M), is the group of characters of M * which are defined over F.
Now suppose that Pe #(M). We shall frequently write 4,=4,,, and
ap=a,,. The roots of (P, Ap) are defined by taking the adjoint action of
A p on the Lie algebra of N,. We shall regard them either as characters on
A p or, more commonly, as elements in the dual space a¥ of a,. The usual
properties in the connected case carry over to the present setting. In par-
ticular, we can define the simple roots 4, of (P, A,) and the associated
“co-roots”

Ay ={av:aedp}

in ap. The roots of (P, Ap) divide a, into chambers. As usual, we shall
write a; for the chamber on which the roots 4, are positive.

From now on we take F to be either a local or global field which is of
characteristic 0. We also fix a finite set .S of inequivalent valuations on F.
Then

FS=HFU

ve S

is a locally compact ring. We can regard G, G°, and G* as schemes over F.
Since F embeds diagonally in Fg, we can take the corresponding sets
G(Fs), G°(Fy), and G*(Fg) of Fsvalued points. Each is a locally compact
space. Consider the homomorphism

H;: G (F5)—ag,
which is defined by

e(HG(-’C)))O — IX()CN = H IX(xv)lv’

vesS
for any x=[],.5x, in G*(Fg) and x in X(G). Let us write
ags=Hg(G™(Fy))

for its image. If the set, SN S, of Archimedean valuations in S is not
empty, then ag = a;. On the other hand, if S~ S, is empty, a; 5 could
be messy. This is only a superficial difficulty, due to our definition of H.
To avoid it, we make the assumption that if S~ S_ is empty then all the
valuations in S divide a fixed rational prime p. In general, we set

ag ¢=Hom(ag ¢, 2nZ).
Then

* —_ *
ags=ag/ag g
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is the additive character group of as 5. It is a compact quotient of af if
SN S, is empty, and is equal to a} otherwise.

In this paper, all integrals on groups and homogeneous spaces will be
taken with respect to the invariant measures. We will usually not specify
how to normalize the measures, beyond assuming that in a given context
they satisfy any obvious compatibility conditions. However, there will be
two exceptions. One concerns the measure on the groups Np(R), in the
special case that F = R. We shall discuss this in Section 3. The other, which
is of no great significance, pertains to the spaces a,,. We fix Euclidean
metrics on these spaces in a compatible way—that is, so that they are all
obtained from a fixed, Weyl invariant metric on a maximal such space. Our
Haar measure on each a,, will then be the associated Euclidean measure.
We take the corresponding dual measure on ia},. Now the objects H,,,
au.s, and ay; ¢ can of course be defined as above. On the quotient space
ia}, s =ia}/iay, ¢ we take the associated quotient measure. In case SN S
is empty, we can assume that this quotient measure is dual to the discrete
measure on a,, .

For each ve S let X, be a fixed maximal compact subgroup of G°(F,).
Then K=T],_s K, is a maximal compact subgroup of G°(Fy). If v is non-
Archimedean, we assume in addition that K, is hyperspecial. We shall only
be interested in Levi subsets M which are in good relative position with
respect to K. More precisely, we require that each K, be admissible relative
to M° in the sense of [1(a), Sect. 1]. From now on, M will always be
understood to represent some Levi subset which has this property. The pair
(M, K\, =K~ M°(Fs)) then satisfies the same conditions as (G, K).

Suppose that (7, V) is a representation of M *(Fg) which is admissible
relative to K,,. For any A€ a}, ¢, the representation

Ii(m)zr(m) el(HM(m))a m€M+(FS),

is also admissible. For each Pe (M) let #»(1;) denote the associated
induced representation. In this paper we shall usually regard it as a
representation of the convolution algebra of smooth, compactly supported,
K-finite functions f on G*(Fg). As such, it acts on the space ¥p(t) of K-
finite functions ¢: K — V', such that

p(nmk)=t(m)g(k), neNpgFs)n K, meKy, kek.

The operator #y(7;, f) is defined by

(Il NANR) = |

GH(F )f(y)T(MP(KP(ky)))¢(kY) glA+ PRNHPED) gy
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where we write
x=Np(x) Mp(x) Kp(x), Np(x)e Np(Fs), Mp(x)e M * (Fs), Kp(x)€K,

and
H p(x) = H (M p(x)),

for any xe G*(Fg). As always, pp denotes the vector in a} associated with
the square root of the modular function of P°(Fg). We shall be concerned
with the intertwining operators

I p p(T:2): Vp(T) = V1), P, P e P(M),

for these induced representations. Recall that J,., x(t;) is defined by

(Jp p(12) @) k) = f (M p(n)) $(K p(n)k) e+ orHA) dy, (L.1)

The integral is over N,.(Fg) N Np(Fs)\Np(Fs), and converges absolutely
for the real part of A in a certain chamber.

Let us list some of the elementary properties of the intertwining
operators. These are either well known or follow directly from the
definition (1.1):

(J1)  Tpp(1:) Fo(ts, )= Ip(t,, f) T p p(7;) (This of course is the
basic intertwining property.)

() T plt:) =T p p(1,) o pl(1,), for P, P', and P” in P(M), with
d(P", P)=d(P", P'Y+d(P', P). (We write d(P", P) for the number of
singular hyperplanes in a,, which separate the chambers of P” and P.)

(J;) Suppose that Qe (L) and R, R’ € #X(M), for Le #(M). Then
(Jp 1 p(1)B)k = J g r(72) Prs pe¥p(t), ke kK,
where P=Q(R), P'=Q(R’), and ¢, is the function

k, — ¢k k), k. ek,,
in ¥%(1).
(J4) If 7 is unitary, then

Jp p(1)* =T p T _3),
where ( )* denotes the adjoint with respect to the Hermitian form
(6.)= | (@(k), ¢'(k)) dk

on ¥,(1).
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(Js) For any we K,

I(w) Jp’jp(ti) Iw) "= Jwprw=11wpw- 1 ((WT),1);

where the meaning of wtr and w4 is clear, and /(w) is the map from ¥,(7) to
¥, p.-1(wt) defined by

wPw

(I(w)$)(k) = p(w™ k).

I do not know whether one can prove analytic continuation for general
7. However, we can obtain everything we need from the case that 1 is
irreducible. Then it is well known [11(a), 13(b), 16(a)] that J,. ,(7;) can
be analytically continued as a meromorphic function to all Aea} ¢ (see
also Theorem 2.1 below). Our eventual goal is to study a certain rational
map constructed from the intertwining operators. However, it is necessary
to use properties that hold only when the operators have been suitably nor-
malized. In Sections 2—-5 we shall discuss the normalization of the operators
and some related questions. Before we turn to this, we should agree on how
we will attach irreducible representations to the set M.

Let II(M *(Fs)) denote the set of equivalence classes of irreducible
(admissible) representations of M *(Fg). There is an action of the finite

group

Ey.s=Hom(M * (F5)/M°(Fs), C*) = [ Hom(M *(F,)/M°(F,), C*)

veS

on II(M *(Fg)), which is given by
ne(m)=n(m)l(m),  nell(M™(Fs)),{€Z, s, me M ™ (Fy).

Here, m stands for the projection of m onto M *(Fg)/M°(Fg). More
generally, if 7 is any representation of M *(Fy), and { = (¢, A) is an element
in £, ¢xa¥ ¢, we shall write

< (m) = v(m) E(7) X,

We define TT(M(F)) to be the subset of II(M *(Fs)) consisting of those
n whose restriction n° to M °(F) remains irreducible. Note that n° is then
invariant under the finite group M *(Fs)/M°(F). Conversely, any
irreducible representation of M°(Fg) which is invariant by this group
equals n° for some = in IT(M(Fy)). There is a character theoretic inter-
pretation of II(M(Fy)). If n is any representation of M *(Fg) of finite
length, let tr(n) denote the restriction of the character to M(Fy). (It is suf-
ficient here to regard tr(z) as a distribution, although it is actually known
to be a function, at least for p-adic groups [7].) Then I7(M(F)) consists of
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the representations n in II(M * (F)) for which tr(n) does not vanish. It is
easy to see that if {mn} is a set of representatives of =, g-orbits in
II(M(F)), then the functions {tr(z)} are linearly independent. Note also
that the action of =, ¢ preserves II(M(F)). Indeed, ITI(M(F)) is just the
subset of II(M *(Fs)) on which 5, s acts freely. Moreover, the map

{n}—>n°

is a bijection from the set of fixed point free orbits of =,, s in II(M *(Fy))
onto the set of elements in IT(M°(Fg)) which are invariant under
M *(Fs)/M°(Fs).

We shall write I1,.,,(M(Fs)) for the subset of representations = in
I(M(F)) such that n° is tempered.

2. NORMALIZATION

In this section we take 7 to a representation in JI(M(Fg)). We shall first
state the properties we require of the normalization as a theorem. In the
remainder of the section we show that the proof of the theorem reduces
in a canonical way to a basic special case, that of F local, G=G®
dim(A4,,/Ag) =1, and = square integrable modulo 4,,. We shall discuss the
special case later, for real and p-adic groups separately, in Sections 3 and 4.

THEOREM 2.1. There exist meromophic, scalar valued functions
rpnp(ms), Py PP e P(M), me II(M(Fy)),
such that the normalized operators
Rp (1) =rp p(m;) " T pip(my)

have analytic continuation as meromorphic functions of A€ a}y ¢, and such
that the following properties hold:

(Ry) Rp p(my) Ip(ns, [)=Ip(ns, [) Rp p(7)).
(Ry) Rpo p(m;) = Rpep(m;) Rpyp(m;), for any P, P', and P" in P(M).
(R3) (RP'|P(";.)¢)I< = RR'lR(n,{)¢ka pe¥vp(n), keK, for P=Q(R),
P'=Q(R'), with R, R e P"*(M) and Qe P(L) (and with apologies for
overuse of the symbol R).
(R,) If m is unitary, then
Ry p(m;)* = Rp p(m_;).

(Rs) I(w) Rpp(m;) 1(W)A1 =RwP'w“|wa"((wn)wi)’ for any we K.
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(R¢) If F is Archimedean, Rp p(n;) is a rational function of
{MaY):aedp}; if Fis alocal field with residue field of order q, Rp: p(m;) is
a rational function of {q** o€ dp}.

(R,) If n is tempered, rp p(n;) has neither zeros nor poles with the
real part of A in the positive chamber attached to P.

(Rg) Suppose that F is local, non-Archimedean, that G and © are
unramified, and that K is hyperspecial. Then if ¢ € ¥»(n) is fixed by K, the
Sunction Rp., p(1;)@ is independent of A.

The first five properties (R,}~(Rs) are obviously extensions of (J;)}—(Js).
Note that once the normalizing factors have been defined, the analytic
continuation and (R,) follow trivially from the corresponding properties
for J, p(n;). Other properties, such as (R,), are nontrivial extensions and
hold only for the normalized operators. We shall reduce the proof of the
theorem to the special case mentioned above. We therefore assume in this
section that the functions 7, »(n;) have been defined, and that the theorem
is valid, when S={v}, F=F,, G=G"° dim(4,/A4;)=1, and = is square
integrable modulo 4,,.

We shall first relax the condition on the rank. Assume that S, F, G, and n
satisfy the constraints above, but that dim(A4,/4;) is arbitrary. Given
PeP(M), let 2, be the set of reduced roots of (P, A,,). For each fe X7,
define My to be the group in £ (M) such that

ay,={Heay: B(H)=0}.

Then dim(A4,,/Ay,)=1. Let Pg be the unique group in PMs(M) whose
simple root is B. We define the normalizing factors

rpyp(ms) = H 551 p4(T2), (2.1)
BeZpnZh

in terms of those of rank 1. The property (R;) follows immediately. In
proving (R,), we may assume that d(P", P')= 1. If d(P", P)>d(P’, P), (R,)
holds since it holds for J,. ,(n;) and rp. p(m;) separately. On the other
hand, if d(P”, P) < d(P’, P), we have

RP’IP(n/Z) = RP'|p”(7T/1) RP"|P(7ti.)
for the same reason. Reducing to the case of rank 1 by (R;) we obtain
Ry pi(m;) = RP"|P'(7[;.)71,

so (R,) follows. The analytic continuation and the remaining properties
can all be reduced to the case of rank 1 by (R,) and (R;).
Next assume that = is tempered. It is known that # is an irreducible con-
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stituent of an induced representation .# %(o), where M, is an admissible
Levi subgroup of M and o € II(M (F)) is square integrable modulo A.
Then #x(n;) is canonically isomorphic to a subrepresentation of Fp (0 ;).
A glance at the defining integral formula reveals that J,. p(n,) is identified
with the restriction of J, ) pr)(0;) to the corresponding invariant
subspace. If we define

7 e p(M2) = T pry ) 02)s (2.2)

the required properties will all follow from the square integrable case.
Now take 7 to be an arbitrary representation in II(M(F)). (We continue
to assume that S= {v}, F=F,, and G=G°) The Langlands classification
[15(a), 5] holds for p-adic as well as real groups. Therefore = is the
Langlands quotient of a representation .#%/(a ), where M is an admissible
Levi subgroup of M, o is a representation in 1 mp(Mx(F)), and p is a
point in the chamber of a%/a¥, attached to R. That is, 7 is equivalent to the
action of Jg(g,) on the quotient of ¥3(c) by the kernel of J 4(a,). By
(R;) the function r g, x(o,) has no pole or zero at A = u. Consequently the
kernel of Jg, z(0,) equals the kernel of Rz x(5,). Set 4=pu+ 4, and define

"P'|P(7U.) = rP’(R)lP(R)(aA)‘ (23)

It follows from (R,), applied to the tempered representation o, that the
induced representation .#x(;) is equivalent to the action of Sp (0 ,) on
the quotient ¥pgy(0)/ker Rpry pr)(04). Under this equivalence the
intertwining operator R, p(n;) becomes Rp gy pz)(0,). All the required
properties of Ry p(m;), with the exception of (R,), then follow from the
corresponding properties for o ,.

Assume in addition that = is unitary. It has been observed by Knapp and
Zuckerman [14] that the unitarizability of the Langlands quotient implies
that there is an element w in K,, such that wRw~'=R, wo=g¢, and
wu= —u, and such that the inner product on V, can be obtained from
Rg x(0,) and w. More precisely, n is unitarily equivalent to the action of
FH¥(o,) on ¥V ¥(a)/ker Ry (c,) under an inner product

(D, V)= (3l(w) Rg(0,) D, ¥), b, Pev o),

Here /(w) is as defined in Section 1 and ¢ is an intertwining operator from
wo to o, acting by multiplication on ¥ ¥(wo). (Actually Knapp and
Zuckerman considered only real groups, but their observation applies
equally well to p-adic groups.) It follows that the induced representation
Fp(n) is unitarily equivalent to the action of Fpp(o,) on
¥ ) (G)/Ker Rp(gry  per)(0,) under the new inner product:

(D, ¥)=(dl(w) RP(R)lP(R)(Jy) D, ¥), D, Ve "VP(R)(O')-
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To establish the adjoint condition (R,4), we choose vectors @ € ¥ z(c) and
@' € Vpry(0). Then

<RP’(R)|P(R)(G;4) D, D)
= (ol(w) RP’(EHP’(R)(au) RP'(R)lP(R)(au) D, D)
= (6l(w) RP'(R)]P(E}(“;;) RP(R]lP(R)(Uy) D, D)
By (R;) and the definition of 9, this equals
(RP’(R)|P(R)(0—;4) ol(w) RP(E)IP(R)(";,;) b, D)

Applying (R,) to the tempered representation o, we see that this in turn
cquals

(81(w) Rpr) pr)(0) P, Rpry pr)(0,) D)
= (D, RP(R)|P'(R)(U,4)‘D’>-
Translating to a formula for 7, we obtain
Rp p(7)* = Rp| p(T).

Property (R,) follows for imaginary A by a change in the definition of =,
and then for general A by analytic continuation.

Finally, let us relax the conditions on S, F, and G. Taking these objects
to be arbitrary, we write

n= ® T, ﬂUEH(G(F,,))-

ve S
We shall require that
rP'lp(";.) = H rP’lP(nv,}.)' (24)
veS
Then
RP'|P(”;.)= ® RP'|P(T5u,;.), (24')
ve S

and the theorem reduces to the case that S consists of one element v. In this
case, write M,= M and P,= P, for M and P, respectively, regarded as
varieties over F,. Then P- P, embeds #(M) into £(M,). Similarly,
P,— P° embeds #(M,) into 2(M?). We shall insist that

rep(m;)= Tr plm;)= ’(P;.)Oup,.)"(”;_)- (2.5)

580/84/1-3
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Then
Ry, plm;)= RP;\ pr(”).) = R(P’l\)0| (pv)o(”;.) (2.5")

The definitions and properties in the theorem reduce to those for local
fields and connected algebraic groups, the case we dealt with above.

3. ReEaL GRouUPS

In this section we assume that G = G°, that S contains one Archimedean
valuation v, and that F=F,. Since we can always restrict scalars, we shall
in fact take F,=R. Knapp and Stein [13(a), (b)] have given a general
procedure for normalizing the intertwining operators so that some of the
properties of Section 2 hold. In [15(b), Appendix II] Langlands proposed
normalizing the intertwining operators in terms of L-functions. Langlands’
suggestions were for any local field, but at the moment they can be carried
out only for the reals, since the L-functions for p-adic groups have not been
defined in general. We shall show that for a natural choice of measures on
the spaces Np(R)n Np(R), the normalization proposed by Langlands
satisfies all the conditions of Theorem 2.1.

As we have defined them, the intertwining operators depend intrinsically
on K. Having fixed K, however, we shall describe how to choose canonical
measures on the spaces Np(R)n Np(R). Denote real Lie algebras by the
appropriate Gothic letters. Then g and f are the Lie algebras of G(R) and
K, respectively. Let 6 be the Cartan involution and let B be a G(R)-
invariant bilinear form on g such that the quadratic form

X —B(X,0X), Xeg, (3.1)

is positive definite. Choose any maximal torus T of M which is §-stable and
defined over R. The restriction of B to the Lie algebra t of T(R) is non-
degenerate. It may be used to define a bilinear form, which we still denote
by B, on the dual space of t. This form is positive definite on the real span
of the roots of (g¢, tc). Set

apyp=]1 (3B a))"?, P, P'e (M),

where the product is taken over all roots o of (gc, tc) whose restrictions to
a,, are roots of both (P’, 4,,) and (P, A,,). This number is independent of
the maximal torus 7. Our measure dn on Np(R)n Np(R) is then defined
by

$n)dn=a, ., PlexpX)dX, e CE(Np(R)ANAR)),

np A tp

-[NMR)ANP(R)
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where dX is the Euclidean measure defined by the restriction of the form
(3.1) to np N 1p. Note that if B(-,-) is replaced by 2B(-,-), t >0, the num-
ber of ap | will be replaced by ¢ ~4™Nr "Ny, . while dX will be replaced
by t4mNP NP X Since B(-,-) is uniquely determined up to scalar mul-
tiples on each of the simple factors of g, the measures dn are independent of
B. We define J, p(n;) with the associated invariant measure on
Np(R)N Np(R\Np(R).

We recall how the L-functions of representations of M(R) are defined.
To any n e II(M(R)), there corresponds a map

¢: Wy— M,

from the Weil group of R to the L-group of M, which is uniquely deter-
mined up to conjugation by “M° [15(a)]. Let p be a (finite-dimensional,
analytic) representation of “M. Then p - ¢ is a representation of Wy which
has a decomposition @t into irreducible representations of W,. By
definition,

L(s,m, p)=L(s, p- ) HL(S 7).

If £ is one-dimensional, it is the pullback to W of a quasi-character
x = x~Nx|*, Ne{0,1}, s,€C,
of R*, in which case
L(s, 1) = Ly(s+5,) € n =02 [{(s +5,)/2).

Otherwise, 7 is the two-dimensional representation induced from a quasi-
character

Z-—-)Z_N(Za;)sxs Ne {0, 1,2, }’ SIGC,

or
Z—)EiN(zZ’)Sla NG {O’ 1’ 2’ }’ SIEC’

of C*, in which case

defn

L(s,t)=Tc(s+5,) = 22n) ") (s +5,)

(see [18]).

Let pp » be the adjoint representation of “M on the complex vector
space “np N “np\‘n,. We shall take p = j | p, the contragradient of pp p.
In the present context, the normalizing factors of Langlands can be taken
to be

rep(m;)=L(0, m;, Pp|p) L(lyﬂ,’.,ﬁmp)‘l, AEQY, ¢ (3.2)
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We must show that they satisfy the conditions of Theorem 2.1. It is
clear from the definition that the factors satisfy the formulas (2.1)~(2.3).
Therefore, the reduction of the last section applies, and we may assume
that dim(A4,,/45) =1 and that 7 is square integrable modulo 4,,. We shall
establish Theorem 2.1 under these assumptions.

Some of the conditions of Theorem 2.1 are immediate. As we mentioned
earlier, the analytic continuation is known and (R,) is equivalent to (J,).
Condition (R;) is trivial since dim(A4,,/4;) =1, while (Rg) does not pertain
to real groups. From the definition (3.2) we may deduce formulas

rP'lP(n/“.)=er'w"Iwa"((Wn)w&)’ weK,

and, if = is tempered,

’P‘|P(7U) = "P|P'(7Lz)-

Combined with (J,) and (J,) they yield properties (R,) and (R;) of the
theorem.

The remaining points of the theorem are (R,), (R¢), and (R;). To verify
these, we must look more carefully at the map ¢ associated to n. The Weil
group W, contains a normal subgroup C* of index 2; we can fix an
element ¢ in the nontrivial coset such that 6= —1 and ozo ~'=2 The
L-group “M="M°x W, comes equipped with a distinguished maximal
torus LT=LT%x W,. Fix Pe 2(M). Then there are embeddings

IMctPctG.

Following [15(a)], choose ¢ so that its image normalizes “T°. Then for
each ze C*, ¢(z) is a point in “T°, It is determined by a formula

AV (B(z)) = zmAOZCAD Ve,

for elements p, ve L@ C with u—ve L. (Recall that LY is the lattice of
rational characters of T° and L =Hom(L", Z) is the dual lattice.) The
expression on the right is just a formal way of writing the complex number

Z(u—v."-v>(zg)<v,iv> =5<v—u.lv>(zf)<u.lv>.
The point
h=¢(c)=axo, ae’‘M°,

normalizes “T°. We shall write & for its adjoint action on “T°, L, and L".
Then v=é6u. We note that there is a canonical injection of the space

alc=X(M)®C
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into L C. If n is replaced by n,, A€ a}; ¢, ¢ will be replaced by a map ¢,,
in which (g, v, h) becomes (u+ 4, v+ 4, h).

Let T« M be a maximal torus over R whose real split component is 4 ,,.
Fix an isomorphism of T(C) with Hom(L, C*). Then L and LV are
identified with X*(7T) and X ,(T) respectively and & is the same as the
Gal(C/R) action induced from T (see [15(a), p. 50]). Let X ,(G, T) be the
set of roots of (G, T) which restrict to roots of (P, A,,). Then the
eigenspaces of jp p(4;(C*)) are the root spaces of {—av:ae X (G, T)}.
Consequently, the irreducible constituents t; of gp p-¢, correspond to
orbits of ¢ in Z2,(G,T). Consider a two-dimensional constituent,
corresponding to a pair {a, G} of complex roots. Then t; is induced from
the quasi-character

7z z<u+).,av>2<v+/l,av>=Z<6u—u,a“)(zz-)<u+}.,ocv>

of C*. Replacing o> by oV if necessary, we can assume that {eu—pu, o> >
is a nonpositive integer, Consequently

L(O, 7)) L(1,7,) ' =Tc(Kpt+d 0¥ )) Fe({p+i,a¥y+1)71 (33)

The one-dimensional constituents correspond to the real roots {a,} in
Zp(G, T). There is at most one of these. If o, exists, let X, » be a root vector
for ;" , and set

Ad(§(0)) X,e = (=)™ X, No=0, 1.

Since
$uz) X,y = (z2) #4502 X vy e,

the one-dimensional constituent z, comes from the quasi-character

x\ ™" oy -
X—é(-ﬁ) |x|<u+/.,10>=x7N0|x|(y+/.‘uO>+No
X

of R*. Consequently,

L(0, 1) L(L,t;) ' = Tp(Kp+ A ag >+ No) Ip(Kp+ 4,05 >+ No+1)7"
(34)

Condition (R,) of Theorem 2.1 is easily observed from (3.3) and (3.4).
For if n is tempered, and « is as in (3.3), the real part of the number
{u, 2™ > is nonnegative. If 1 belongs to the chamber attached to P, the
number {/, a¥ } is real and positive. If o is as in (3.4), the real part of the
number {u+ 4, ay > is positive. Condition (R,) follows from the fact that
the gamma function has neither zeros nor poles in the right half plane.
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To establish (R,), we must show that

Rp p(m;) Rp p(m;) = 1.

Incorporating A into the representation n and then appealing to analytic
continuation, we may assume that A=0 and = is tempered. Then (R,)
applies, and it is enough to show that

JP|P(R)* JP;P(”)=|’F1P(7T)|2- (3.5)

PROPOSITION 3.1.  Assuming that n is tempered, we have

En

s

(T p(T)* Ty p(m)) "= 2m)~9m e ] lu(av)l-‘tanh(w(;;ov )>

aeZp(G,T)

(3.6)
where

.- (—1)™, if o, exists
" 0, otherwise.

We shall save the proof of this proposition for the Appendix. It rests on
Harish-Chandra’s explicit formula for the Plancherel density, and a lemma
of Langlands which interprets ¢, as a sign occurring in Harish-Chandra’s
parametrization. The right hand side (3.6) is actually somewhat simpler
than Harish-Chandra’s formula. It is missing certain constants, whose
absence we owe to our choice of measures on N (R) and Np(R).

Given Proposition 3.1 we have only to look at the absolute values of
(3.3) and (3.4). If s is any imaginary number,

e e(s+1) 71 2= 2ms " 2= (2n) 7?55,

()

while

-2 2

ITo(s) Tals + 1)4,—2% ‘r@

—1

1 1]s . ns s
=E';E z—l,smh (E) -7 |cosh (2_z>
= (2n)"! h E)

(2m)~" |s] | tan (21,

and
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-2

|[Fp(s+1) Mg(s+2)7' %=

A
FR(S‘*'I)ﬁFR(S)gI

s
coth (E).

It follows from (3.3) and (3.4) that |r,3|,,(7r)|~2 equals the right hand of
(3.6). This proves formula (3.5) and therefore property (R,).
It remains to establish the rationality of

=(2m) "' sl

Rp p(m:)=rp p(m;) " Tp p(m;).

Let B be the simple root of (P, A,,). Since r 5 5(7;) is a product of functions
of the form (3.3) and (3.4), both rp ,(n;) and rp ,(n;) ' can be expressed
as constant multiples of products of the form

N

[T F@ABY )+ TABY ) +0) 7, (3.7)

i=1

with each ¢, a positive real number, and {,, n,€ C. Let I" denote a finite set
of irreducible representations of K (in addition to the gamma function!).
Write J5, (%) r and Rp p(n;) for the restrictions of the given operators to
¥p(n)r, the subspace of ¥»(n) that transforms under K according to I.
The operator Jp ,(m;)r can be expressed simply in terms of Harish-
Chandra’s c-function [11(c), Lemma 11.1]. It follows from a result of
Wallach [20, Theorem 7.2] that the matrix coefficients of Jp, .(n;), are
linear combinations of functions of the form (3.7). The same is therefore
true of the matrix coefficients of Rp (7). On the other hand, by results
of L. Cohn [10, Theorem 5], the inverse of the determinant of J (=) is
a function of the form (3.7). Therefore, the matrix coefficients of J 5, »(7;);"
are also linear combinations of functions of the form (3.7). The same is
therefore true of the matrix coefficients of Ry x(m;);'. Now there is an
elementary estimate of the gamma function that we can apply to (3.7).
Given t>0, and {,5eC, and also a real number b, we can choose
constants ¢ and n, and a polynomial /(z) such that

I'(tz+¢)

< "
Tz +n) c(1+zl)

’l(z)

for all ze C with Re z> b (see, for example, [1(d), p. 33]). It follows that
we may choose /( ), ¢, and » such that

HABY D (IR p p(m2) rll + 1R p p(m ) FHD) < c(T+ABY)D, (38)
for all Aea}, ¢ with Re A(f)>b.
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On the other hand, the functional equation (R,) tells us that

[R5 p(m;) |l = ||RP[P(”A)F .

Apply (3.8) (with the roles of P and P reversed) to the norm on the right.
Since — f is the simple root of (P, 4,,), we see that

HABY DI IR pyp(m) Al < (1 + [A(BY)])
whenever 1(f" )< b. Combining this with (3.8), we get

[HABY DI - 1R py ;) ll S c(1+1A(BY)])

for all Aea}, c. Thus Rp p(n,)r, a priori a meromorphic function of the
complex variable A(fv), extends to a meromorphic function on the
Riemann sphere. It is therefore a rational function of A(fv). This
establishes the final property (R). Therefore Theorem 2.1 holds for real
groups with the normalizing factors (3.2).

Remarks. 1. Suppose that dim(A4,,/4;)=1 as above, and the G(R)
does not have a compact Cartan subgroup. Then there is no real root a,.
Since each function (3.3) is rational, rp ,(m;) is rational. Consequently
Jp p(m;) is itself in this case a rational function of 4.

2. If T is any endomorphism of ¥5(=n),

Rp'|p(7ri) ! TRP'|P(7[A) = JP'|p(n,i)_l TJP‘|P(”).)-

The rationality of R, p(n;) is therefore a generalization of a result [11(c),
Lemma 19.2] of Harish-Chandra.

3. Shahidi has used Whitaker functionals to investigate the normaliz-
ing factors (3.2). Some of the results of this section can be extracted from
his paper [16(c)]. Shahidi’s methods give additional information about the
normalized operators that will be useful in applications of the trace for-
mula.

4. p-aDpic GROUPS

Suppose that G=G° S= {v}, F=F,, and that F, is non-Archimedean
with residue field of order g. In Lecture 15 of [9], Langlands verifies the
existence of normalizing factors r . p(n;) such that Theorem 2.1 holds. The
factors are required to satisfy (2.1)-(2.3), so it is enough to define them
when dim(4,,/4;)=1 and = is square integrable modulo 4. For a given
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Pe P(M), with simple root §, Langlands observes that one can define a
rational function V (=, z) of one variable so that

rpp(n,)=Vp(m, g ")
satisfies the conditions of Theorem 2.1. The main requirement of r 5 p(n;) is
that

(rpp(m ) 1y p(m2)) ™" = pag(m3), (4.1)

where

Pm(my) = (JP|1=(7‘~1)* JP;p(”x))fl = (JP|F(”).) JP|P(7EIL))_1

is Harish-Chandra’s u-function, and = is taken to be unitary as well as
square integrable modulo 4,,.

A future concern (although not for this paper) will be to show that
related groups can be assigned the same normalizing factors. We remark
that the general construction above will suffice for this, provided one can
show that the p-functions can be matched. In [2] we shall carry this out
for the example of inner twistings of GL,,.

It would of course be useful to define the normalizing factors in terms of
L-functions, as we did for real groups. For p-adic fields and G=GL,,, the
L-functions have been defined. Suppose that P is a standard maximal
parabolic subgroup of GL,, that n=mn, x =, is an irreducible tempered
representation of M p,(F)=GL, (F)x GL,,(F), and that

TE,l(ml sz) =7‘E(ml me) |det n"1|.v |dct m2| _J,

for s e C. Shahidi [16(b)] has shown that for a certain normalization of the
measures on Np(F) and Np(F), depending on a fixed additive character ¥
of F, the factors

rpp(s) = L(s, my X A) (L1 +5, 7y X 7y) | &8s, my x Ty, Y1) ™

satisfy (4.1). Here L(-) and ¢(-) are the functions defined by Jacquet,
Piatetski-Shapiro, and Shalika [12]. Therefore, for GL, the intertwining
operators can be normalized by L-functions.

5. STANDARD REPRESENTATIONS

For the rest of this paper G and F will be as in Section 1, with no
additional restrictions. We assume that the normalizing factors {r, s(n;)}
have been fixed, and satisfy the supplementary conditions (2.1)-(2.5) as
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well as the properties (R,)}~(Rg) of Theorem 2.1. This section will be an
addendum to our discussion of normalization. We shall compare the nor-
malizing factors for representations which are related by block equivalence.
We begin by discussing how this equivalence relation, which was
introduced by Vogan [19(b)], applies to the present context.

We can regard G as a scheme defined over the ring Fg. An admissible
Levi subset over Fg will be a product .# =T],_¢ M,, where each M, is a
Levi subset of G which is defined over F, and for which K, is admissible.
Given such an ., we write A , =T1,.s Ay, and a_, =@, sa,,. By a root
of (G, A,) we shall understand a root of (G, 4,,), for some veS. If
6= ,.s0, is an admissible representation of the group .4 *(Fs)=
[1,M}(F,)and A =@, A4, belongs to a%, ., then

v v

O'A(m)= ® gv‘Av(mv)= ® Uv(mu) eAu(HMv(m..))’ m ___nmu’
v

is also an admissible representation of .# *(Fg). We shall write ¢9 for the
equivalence class of the associated induced representation of G *(Fy).

Let 2(G(Fy)) denote the set of (equivalence classes of) representations of
G " (Fs) which equal ¢§ for some .#, with ¢ a representation in

I (M) = {@ 6i0,€ Hmmpwv(m)},

and A a point in a*, which is regular (in the sense that A(f)#0 for every
root B of (G, 4 ,)). The elements in Z(G(Fy)) are called standard represen-
tations. Suppose that p e Z(G(Fs)). Our definition is such that p°® belongs
to Z(G°(Fys)). It is known that p° has a unique irreducible quotient. Con-
sequently, p also has a unique irreducible quotient. It is a representation in
II(G(Fs)), which we denote by p. Moreover, p— p is a bijection from
Z(G(Fs)) onto II(G(Fg)).

The next proposition is a slight extension of a basic result (see [19(a),
Prop. 6.6.7] and the introduction to [19(b)]). We include a proof, which is
based on familiar ideas.

ProPOSITION 5.1.  Let {II(G(Fs))} and {Z(G(Fs))} denote the set of
Zg.s-orbits in II(G(Fs)) and Z(G(Fy5)), respectively. Then there are uniquely
determined complex numbers

{I'(p, n), A(m, p): me II(G(Fy)), pe Z(G(Fs))},
with

I(pe, my) = E(G) T (p, m)n(G) ™", (5.1)



INTERTWINING OPERATORS AND RESIDUES 41

and
A(m,, pe) =n(G)A(m, p)&(G) ", & nelgs, (5.2)
such that
tr(p)= Y  Ip,m)tr(n),  peZ(G(Fs)), (5.3)
ne {II(G(Fs))}
and

tr(m) = Y A(m, p) tr(p), n & II(G(Fy)). (5.4)

pe {Z(G(Fs))}

Proof. Recall that if {n} is a set of representatives of Z; s-orbits in
II(G(Fy)), the functions {tr(n)} are linearly independent. The uniqueness
assertion follows easily from this.

To prove the existence of {I(p, )} and {A4(n, p)} we can clearly assume
that S= {v} and F=F,. Let p be a standard representation in 2(G(Fs)). It
has a decomposition

p=@® m(p, n)m, m(n, p)=0,1,2, ..

(within the appropriate Grothendieck group), into irreducible represen-
tations of G *(Fs). Consider this decomposition as a character identity on
G(F). If = does not belong to IT1(G(F)), its character vanishes on G(Fy)
and may be ignored. Consequently,

tr(p)= Y milp, n)tr(n). (5.5)
ne I(G(Fs))
We define
Ip,m)= Y. mip, m)&(G). (56)
$e =g s

The formula (5.3) then follows from (5.5).
The numbers {4(m, p)} are constructed by inverting (5.5). Each
representation in X(G(Fg)) or II(G(Fs)) has an infinitesimal character

1 Z(G) - C.

(If Fis Archimedean, Z(G) is just the center of the universal enveloping
algebra, while for p-adic F we take Z(G) to be the Bernstein center. See
[3, 4].) The constituents of p will have the same infinitesimal character, so
I'(p, ) vanishes if n and p have different infinitesimal characters.
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Moreover, it is known that there are only finitely many representations in
II(G(Fg)) with a given infinitesimal character. (For real groups this is a
basic result of Harish-Chandra. For p-adic groups it follows from [17,
Theorem 3.9.1].) Therefore, to invert (5.5) we need consider only the finite
set of = and p with a given infinitesimal character.

Fix a minimal parabolic subset P, of G over F. Then PJ is a minimal
parabolic subgroup of G° over F. The positive chamber (a})* in a}
associated to P, is contained in the chamber (af)* = (a}‘,g)+ associated to
Pj3. As is usual, we shall write

A'< 4, A, Aeaf,

if A—A" is a nonnegative, real linear combination of simple roots of
(PS, A #8)- Suppose that p is a representation in Z(G(Fs)). Then there are
unique elements M, Pe 2(M), oell,,,(M(Fs)) and Ae(a})*, with
P> Py, such that p=%(c,). Set A=A4;. It is a point in the closure of
{af)*, which is uniquely determined by the representation g e IT(G(Fj)).
Now, consider the expression (5.5). The representation p occurs as a con-
stituent of p only as the Langlands quotient. Therefore, m(p, p)=1. We
claim that if = occurs on the right hand side of (5.5) with positive mul-
tiplicity, then A, < 4, with equality holding only when n=p. Indeed, if
G = G° the assertion is well known (see [5, IV.4.13 and X1.2.13]). But if G
is arbitrary, the restriction of p to G°(F) is standard. The claim therefore
follows from the connected case. This establishes that the matrix

(m(p’, ), p, p' € Z(G(Fy)),
is unipotent. Its inverse is again a unipotent matrix, so that

tr(n)= ), n(mp)te(p),  mell(G(Fy)),

pe Z(G(Fs))

for integers n(x, p). If we define

A(m, p)= Y, n(m p,)n(G), (5.7)

nesg,s

we obtain the formula (5.4). The required formulas (5.1) and (5.2) follow
immediately from the definitions. Qur proof is complete. |

Following Vogan, we define block equivalence to be the equivalence
relation on T1(G(Fy)) generated by

{n~p: I(p, m)#0}.

Block equivalent representations have the same infinitesimal character. 1t is
also clear that if 4(n, p)#0, then § and = are block equivalent.
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We now return to our general Levi subset M. Suppose that
p € Z(M(Fy)). Define

rp'|p(Pz) =rP’|P(/3).)

and
RP']P(pA) = "P'\P(Pa)_] JP'\P(P).),

for P, P'e #(M) and 1€ a}, . With the exception of (R,), all the proper-
ties of Theorem 2.1 hold for these operators. This follows by analytic con-
tinuation from the case that p is tempered. If = is any representation in
TI(M(Fy)), we set

Fpop(mas P1)=rP'|P(7U)71 rep(P3)- (5.8)

ProOPOSITION 5.2. Fix ne II(M(F)) and pe X(M(Fy)) with n and p
block equivalent. Then
FP"lP(nb pi)= FP”lP'(T[/I’ p1) FP’|P(nla p;) (5.9)

for any P, P, and P". Moreover, ¥p p(m,, p;) is a rational function of
{AMav)aedp} if F is Archimedean and a rational function of
{q=**"):aedp} if Fis a local field of residual order q.

Proof. Suppose that = and p are block equivalent to a third represen-
tation 7 =4, with 6 € X(M(Fg)). Then
Foop(Mss P2)=Fpip(T;,0;) Fpypl03, 05)

It is therefore enough to prove the proposition when I'(p, n) #0. By (2.5)
the function 7, p(n,, p;) is left unchanged if = is replaced by n., with
e Zg 5. It follows from the definition (5.6) that we may take n to be a
constituent of p. This makes the induced space ¥3(m) into a subquotient of
Vp(p). Let Jp. p(p;). and Rp | p(p,), be the operators on ¥(n) obtained as
subquotients of J, x(p,) and R, .(p;). The original integral formula for
intertwining operators tells us that

JP’|P(p).)n=']P'|P(n).)'
Consequently
Ry p(my) Rpiplpi)s!
= r,,,”,(ni)" Jpyp(m;) pr|p(Pa);lrp'1p(Pi)

=Fpp(Tis p2)-
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The two assertions of the proposition follow from the properties (R,) and
(Rg), applied to both Ry p(n;) and R, p(p;) B

COROLLARY 5.3. Let m and ' be representations in II(M(F)) which are
block equivalent. Then the u-functions p,,(n;) and p (%) are equal.

Proof. By definition

Par(my) = (Jp|ﬁ(7f;.)JF|P(7U))_1,
and we obtain
)= (rp p(n;) rp p(my)) "

from (R,). Since a similar formula holds for =}, the corollary follows from

(59). 1

6. THE DISTRIBUTIONS J ,(7;)

We come now to our primary objects of study. They are linear
functionals on the Hecke space of G(Fs). Recall that the Hecke space,
H(G(Fs)), consists of the smooth, compactly supported functions on
G(Fg) whose left and right translates by K span a finite dimensional space.
The linear functionals, which we shall call distributions on #(G(Fs)) (a
harmless abuse of language), are obtained from a certain rational function
constructed from the normalized intertwining operators. They were
originally introduced in [1(a), Sect. 8], and were later shown to describe
the terms in the trace formula arising from Eisenstein series [1(c), 9].

Fix a representation me II(M(Fs)). The distributions are defined in
terms of the (G, M) family

Rp(v, 7, P0)=Rp|p0(7ti)_l Rpip(m; 4 0) veiay, Pe?(M), (6.1)

introduced in [1(a), Sect. 7]. (For the definitions and properties of (G, M)
families, we refer the reader to [1(a), Sect. 6] and, for the case that G # G°,
the remarks in [1(e), Sect. 1].) The functions (6.1) are meromorphic in v
and 4, and depend on a fixed Pye P(M). If we take Aea}, ¢ to be in
general position, the function (6.1) will have no poles for veia},. The
distributions are then defined by

I, ) =t0(Rpg(m5, Po) Ip(ms, f)), [ H(G(Fy)),

where
Rp(n;, Po)=lim Z Rp(v, w5, Po) 0p(v) ™",

v =0 pepian

in the notation of [1(a), Sect. 6]. They are independent of P,.
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The distributions Jy,(n;, f) are meromorphic in 4. More generally,
suppose that .# =[], s M, is an admissible Levi subset of M over F§, and
that o is a representation in

T(M(Fs)) = {@ 50,6 H(MU(FV))}A

If A= @, 4, is a generic point in a%* ., the induced representation ¢’
belongs to IT(M(F)). The associated distribution J,(c¥, /), which we will
often denote simply by J,,{¢ 4, f), then extends as a meromorphic function
of A to a* .. We can be rather precise about its poles. Let X,/(G,4_,)
denote the set of roots of (G, 4 ,) which do not vanish on a,. Any
e X, (G, 4 ,) belongs to Z,(G, 4,,,) for a unique ve S. Set gz(A) equal
to A,(f) if F, is Archimedean, and equal to ¢, " if F, is non-
Archimedean of residual order ¢,. The properties (R,), (R;), (R¢), and
(2.4') of Section 2 tell us that the matrix coefficients of the operators

RP‘PO(U’/‘{])’ P) POE‘@(M)ﬁ

are all rational functions of the variables

{Qﬁ(A)3BEEM(G’A./{)}, (6.2)

whose poles lie along hyperplanes of the form

ABY)=c, BeZ, (G, A4,), ceC. (63)

The same is therefore true of the matrix coefficients of &,,(a%, Py). 1t
follows that Jy(o,, f) is a meromorphic function of 4 whose poles lie
along hyperplanes of the form (6.3).

It is important to relate the distributions J,,(n;) to similar objects
defined for standard representations. Suppose that p € X(M(Fg)). Then

p=a%0, oell . .(M(Fs)), Agealy,,

temp

for some .# as above. We define

JM(p}.af)z lim lJM(J)ﬁf)’ AGO*M‘C’

A= Ao+

with A ranging over points in a% . for which ¢’ belongs to II(M(Fy)).
Then

JM(p)J f):'tr('@M(pl’ PO) jPQ(p)n f))’
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where #,,(p,, P,) comes from the (G, M) family

QP(Va Pis PO) = RPIP‘o(pﬁl)”l RPlPo(p/l+v)a VEI'OL, PE'@(M)

It is clear from the remarks above that J,(p,, f) is a well-defined,
meromorphic function of 4. Now, suppose we are also given n e II{M(Fy)).
The distributions J,,(n;) and J,,(p,) will be related by a (G, M) family
re(v, my, 05, Po)=A4(m, p) Fpip(7ss Pi)_l Foip(Masvs Poys)s
PeP(M), veia, (64)
of scalar valued functions. These functions all vanish unless = and j are
block equivalent. The compatibility condition required of a (G, M) family

follows from (2.3) and (5.9). Suppose that L e #(M). There is certainly the
(L, M) family

rli((v’ TP RO): R: ROE'@L(M)a

obtained by replacing (G, M) by (L, M) in the definition (6.4). On the
other hand, for any Qe 2(L)

r%(v, Thy PbPo):*"Q(R)(V, T, P45 Po), REQ’L(M),
is also an (L, M) family. These two (L, M) families are not the same.
However, it follows easily from (5.9) that the associated numbers
ri(ms, pis Ro)= lin}) Z re(v, my, pas Ro) OR(V)vl
VU R
and

r%(n;.s pi, Po)= ]in})Z r%(v, T, P4 Po) QR(V)_1
v — R

are equal. We denote their common value by r4,(w,, p,). It is independent
of Ry, Py, and Q.
The next proposition is a generalization of (5.4).

PROPOSITION 6.1. We have
Iulm;, )= Z Z r(ms, p) I (pk, £),
Le (M) pe {Z(M(Fs))}
for any ne II(M(Fs)) and fe #(G(Fy)).
Proof. By definition J,(=n;, f) equals

lim ) tr(Rp p(70) "' Ry (7 4y) Ip(ms, 1)) Op(v)

v =0 pepar)
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We write this as

lim Z (rP|Po(7[).)—l r,,“,o(mﬂ))_l Tp(v, m,),
v =0 pegp(M)

where

Tp(v,1;)= tr(JPlPo(Tl)Al JP|P(,(TA+ v) jPo(Tb N

for any admissible representation t of M *(Fg). It is a straightforward
consequence of the integral formula (1.1) that as a function of 17, Tp(v, 7;)
depends only on tr(t). In fact

tr(z) = Tp(v, 7;)

extends to a linear functional on the vector space spanned by the functions
{tr(r)}. 1t follows from Proposition 5.1 that

TP(v’ TC,‘_) = Z A(T[, P) TP(va p/)
pe{Z(M(Fs))}

= Z A(m, p) rmPO(Pi)il rP|P0(P,1+ v) tr(RmPo(Pa)_l

X Rpipy(Pi+v) FroP1s [))-
Therefore Jy,(7;, f) equals the sum over p & {Z(M(Fy))} of
lim Z re(v, 15, pas Po) tt(Rp(v, s, Po) Ipy(p, f)) 0p(v)~ L
Y0 pepm)

This last expression is built out of a product of two (G, M) families.
Applying [1(a), Corollary 6.57], we obtain

JM(n/'.sf)z Z Z ri}(ﬂ:,{, pl) tr('%L(p,i, PO) ji’o(p,’uf))'
Le L(M) pe{Z(M(Fs))}

A simple argument, similar to the derivation of [1(a), (7.8)], establishes
that

tr(Re(pas Po) Felpis [N =Jloss f)
The lemma follows. |

In the paper [1(a)], we actually defined the distributions for Schwartz
functions and tempered representations. We then proved a formula

Iu(ny, f7)= Z J%Q(”;.,fg.y) (6.5)

QeF (M)

580/84/1-4
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for their behaviour under conjugation [1(a), Lemma (8.3)]. Here J¥e
stands for the distribution on My(Fy), while

L(x)=f(yxy™"),
and

Sotmy=bgm) [ [ fc~mnk) vplky) dndk,  me My(F),

K NQ(Fs)

in the notation of [1(e), (2.3)]. This formula must be modified for the
present situation, since conjugation at the Archimedean place does not
preserve the Hecke space. Take fe #(G(Fs)). If ye GO(Fy), the functions

(L,f)(x)=f(y 'x),
and

(R, )(x)=flxy™h)

do not in general belong to #(G(Fs)). However, if 4 is in the Hecke
algebra of the group

GO(FS {yGGO(FS) G(}’)=0},
the functions

Lf={  hNLf)dy=h=f

GO Fg)!

and
Rif=[  WONR,f)dy=f+h
G(Fs)!
do belong to #(G(F)). More generally, for any Q « (M) the functions

Loaf=], LMo, +d
and

Roaf=|, HONR[)o,+dy

belong to #'(M,(F)). Observe that L, f=L, fand R ,f =R, /.

LEMMA 6.2. Fix fe #(G(Fs)) and h & #(G°(F)"). Then

Julny, Ly f)= Z J%Q(“;.,Rg,hf)

Qe F(M)
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and

Iu(ms Ruf)= Y Jue(n,, Ly, f)

QeF(M)
for any ne II(M(Fy)).

Proof. Suppose first that © & I1,,,,(M(Fs)). Then the formula (6.5) may
be applied. (Actually, (6.5) was proved in [1(a)] only for G = G°, but the
argument is identical for general G.) Since

-1

L f=(R,f)",
we have
JM(n,{s Lyf)= Z J%Q(ni$ (Ry.f)Q,y'"l)‘
Qe F(M)
Multiply both sides by A(y) and integrate over y € G°(Fs)'. We obtain
Juln,, L, f)= Z J%Q(”b RQ,hf)s
QeF (M)

which is the first of the required formulas. Observe that if

T[:JA/{a Gentemp('ﬂ(FS))y AEiafl(a

for some .#, then each side of the formula can be analytically continued to
any Aea% . The formula therefore holds if = is replaced by any standard
representation in 2(M(Fy)).

Now, suppose that ne&JI(M(F)) is arbitrary. Combining Lemma 6.1
with what we have just proved, we see that

Juln, Ly f)= Z Z "1’\}(7%9 p;:) Z JYe(ps, RQ,bf)
Le #(M) pe{Z(M(Fs))} QeF(L)
= Z Z z "1%4(”;\’ P;) JZIQ(P,{‘, RQ,hf)

Qe F(M) Le LMOM) pe {Z(M(Fs))}

= Z Jﬁg(ﬂz, RQ,hf)'

Qe F(M)

Thus, the first of the required formulas holds in general. The second
required formula is established the same way. |

It is natural to call a distribution 7 on #(G(Fy)) invariant if

IL,f~Ryf)=0
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for each fe #(G(Fs)) and he #(G°(Fs)'). The last lemma asserts that

Ju(m;s Ly f— R, )= Z JKQ(TC&’ RQ,hf)= - Z Jﬁg(nz, LQ,hf)’

0#G Q#G

and so gives the obstruction to J,,(n,) being invariant,

7. THE DISTRIBUTIONS J (7, X)

It is not actually the distributions J,(n,) which occur in the trace
formula, but rather their integrals over n. Recall that the set

ap,s={Hp(m): me M(Fg)}

is a subgroup of a,,. It equals a,, if S contains an Archimedean place, and
is a lattice in a,, otherwise. The additive character group

X ok
ay s=ax/0y s

equals a3}, in the first instance, and is a compact quotient of a¥, in the
second. Now, suppose that = e II(M(Fs)) is such that J (=, f) is regular
for Aeia¥,. This holds, for example, if = is unitary (by property (R4) of
Theorem 2.1). Then if Xea,, s, we define

Im X, N)=[ | ums e O di, fe H(G(Fy)).

For a general representation n e ITI(M(Fs)), we define

JM(”9 X’f)= Z wPJM(nep’ Xa f)e—EP(X)’

PeP(M)
where each ¢, is a small point in the chamber (a})*, and
wp=vol(af n B)vol(B)~,

with B a ball in a,, centered at the origin. By changing the contour of
integration, we see that these two definitions are compatible.

The distributions J,,(n, X) have some simple transformation properties.
If {= (¢, 1) is any element in

Epsx(ag +iaky 5),
it follows from (2.5') that

g, X, f)=Jp(m, X, f) E(M) e, (7.1)
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where the component M is understood to be diagonally embedded in =, .
It is clear that Lemma 6.2 can be used to describe the behaviour under
convolution. We have only to multiply the two formulas of the lemma by
e~*% and then integrate over 4. The first formula, for example, becomes

Iu(m, X, Lyf)= Y Tie(m, X, Rp,f),  he #(G°(Fs)"). (7.2)

Qe F(M)

We shall sometimes need to define J (7, X, f) when f is not quite in the
Hecke space. Suppose that Z is a point in ag 5. Let fZ denote the restric-
tion of a given function fe #(G(Fy)) to

G(Fs)* = {xe G(Fs): Hs(x)=Z}.

The Haar measures on G(Fs) and ag ¢ determine measures on the spaces
G(Fg)*. For any =,

In(m f2)=] [Hx) Sp(mx)dx,  PoeP(M),

G(Fs¥

is an operator on ¥ (n). Define
Iy, [2)=tr(Ry (75, Po) Ipo(T s ).
It is clear that
I 460 [2) =T (s, f7) el ?),
for any point A; in a¥ ¢. Now take

Z=hG(X): XGaM,Sa

where h; denotes the projection onto a. By the Fourier inversion formula
on ag g, we have

Idm X, )= ¥ o Idms [ e, (13)

;o o
PeP(M) ep+ialy sliag g

for {&,} as above. In particular, J,,(n, X, /) depends only on f“. It can be
defined for any function /' which has the same restriction to G(F)? as some
function in #(G(Fy)).

As with J,(=;), the distribution J,,(rn, X) has an expansion in terms of
standard representations. If p belongs to Z(M(Fs)), we can define J,,(p, X)
in terms of J,,(p,) by mimicing the discussion above. This new distribution
then satisfies the obvious analogues of (7.1)-(7.3).
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ProposiTiON 7.1. Fix nell((M(Fs)), Xeay s, and fe #(G(Fs)))
Then

JM(na X, f)= Z wp Z rl!ij,ep(na X, JL(f))9
PeP(M) Le P(M)
where for any point y & a%, in general position,
(T X, I ()
equals

J. Z rlM(ni’ pl)JL(pf’hL(X)s f)eil(x) dA.

B8y slin] s pe {Z(M(Fs)))

Proof. Observe that

JM(ns X, f)
= T o Jug(ma, £190) e300 g
PeP(M) ep+ialy s/t s
=Zw”,|‘ ) Y ri(m, pi) Tk, f10) e =MD dg,
P

Le (M) pe {Z(M(Fs))}

by (7.3) and Lemma 6.1. We are assuming that ¢, is in general position.
Consequently, the function

rims p:) Jo(pl, f10) e * 0 (7.4)

has no singularities which meet ¢, + a¥ s/ia§ 5. By a standard estimate, it
is integrable over this space. We may therefore take the integral above
inside the sum over L and p. We then decompose the resulting integral into
a double integral over

(ep+ia}, s/iaf s) x (iaf s/iag s).
It becomes
f ri(ns, p:) J(pk, ho(X), f) e * M) di.
ep+ i“"l‘s/ial,s
Proposition 7.1 follows. |

We should keep in mind that J,(=n, X, f) is a function not only of / but
also of (n, X). Interpreted one way it is a family of distributions, and the
other way it is a transform. As in [1(a)], we shall use a completely
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different notation when we want to emphasize this second point of view.
We write ¢,, for the map which transforms fe #(G(Fs)) to the function

()=, m)=JIp(m, [), 7€ Hieny(M(Fs)),

on IT,,(M(Fg)). This is a linear combination of matrix entries of
Ipy(m, f), which for

7T=0'9{, Gentemp('/”(FS))a A El.a";,,

as in Section 6, has coefficients which are rational functions of the variables
(6.2). In particular, it cannot be extended to all nontempered 7. We would
like to show, however, that the map

i *
ays

(1 X) > bl i X)=] | fulfim) e " di=Jy(m, X, f)

can be so extended. We would also like to compare its values at arbitrary
(7, X) with J,,(m, X, f). Both of these questions are related to the residues
of the function

dulfs o) =T (0¥, 1)

We shall devote the next two sections to a study of these residues.

8. RESIDUES

Suppose that # =[], ¢ M, is an admissible Levi subset of M over Fj.
For each v, write §,= {v} and define a,, s, to be the image of the map

Hy G(F,) = ay,.

Set
a,s=® Apr,. 500
veS
ay s=Hom(a, s, 2n7)= @ Hom(aMu,sv, 2nZ),
veS
and

* %
a¥ s=a%/ay s

For the next two sections we shall keep .# fixed. We shall also fix a
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representation o € II{(.#(Fs)) and a function @, which is defined and
analytic on a neighbourhood of some point 4, in

a*, /iy, g=a% +ia%, .
We propose to investigate the residues of the functions

aJmo4,f),  fe H(G(Fy)). (8.1)

It is clear from the discussion of Section 6 that the singularities of each of
these functions lie along a set of hyperplanes of the form (6.3) which is
finite modulo ia ), ;.

Consider a sequence

M= My My - M= (8.2)

of embedded Levi subsets of G over Fg. We assume that for each i
1<iLr,

a={Hea, ;:B(H)=0}

for some root 8, of (G, 4, _,). The roots {B;} are uniquely determined up
to scalar multiples. For each i let E, be a fixed nonzero real muitiple of j,.
Then the set

éoﬂ = (El y ey Er)

determines the sequence (8.2). In addition, fix a linear functional A, € a% ¢
which vanishes on a .. We shall call the pair
Q=(8, Ap)

a residue datum for Z.
Take A, to be a fixed point in general position in the affine subspace
Ag+a% o of a% ., and set

A(z)=Ag+2z,Ey+ -+ +2,E,
for

z= (Zla eee Z,)

in C". Let I';, .., I', be small positively oriented circles about the origin in
the complex plane such that for each i, the radius of I'; is much smalier
than that of I,,,. Consider a meromorphic function yY(A4) on a
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neighbourhood of A4, in a* . whose singularities lie along hyperplanes of
the form (6.3). Then

(2mi) =" jr jr W(A(2)) dz, - dz,

r

is a meromorphic function of 4,. We denote it by
Res (A)=Res y(Ay).
2,4 — Ay 0
We shall study it with (4) equal to the function (8.1) above.
Define a sequence

M=MycM c---cM,=L

of elements in Z (M) inductively by

a,,={Hea,, E(H)=0}, 1<gigr

LemMa 8.1. Suppose that L=G. Then

Res (a,Ju(04,f)),  fe #(G(Fy))

2,4~ Ag
is an invariant distribution.

Proof. We shall use the formula

Julo 4, L f =R, f) = Z Jn(o 4, Ro.wf), he #(G°(Fs)"),

{QeF(M):Q+#G}

of Lemma 6.2. Fix Q € # (M) with Q # G. Let i be the smallest integer such
that M, is not contained in M. The partial residue

J f aA(z)J%Q(O-A(z), RQ.kf) dz, ---dz;_,
iy Iy

is a meromorphic function of (z;, ..., z,). Its poles lie along affine hyper-
planes obtained from roots of (G, 4 ,, ) which vanish on a,,,. The hyper-
plane z, =0 is defined by any root which is a multiple of E;. Our choice of i
means that E, does not vanish on a,,. Consequently z;=0 is not a
singular hyperplane of the function. It follows that

Res (a,J¥e(0 4, RQ,;.f)) =0.

Q.4 Ay
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Therefore

Res (a, (04, Lnf — Ruf))=0,

02,4 Ay

and the lemma follows. §

We return to the case that L is arbitrary. Our goal is to provide a simple
formula for

Res (a,Jpl04, )

Q.4 — Ag

We shall postpone this until the next section. In the meantime, we shall
make some comments of a general nature.
The distribution

y(g)= Res (a,Ji(04,8)),  geH(L(Fy)),
Q.4 — Ay
can be extended to functions in # (L " (Fy)), the Hecke algebra of L* (Fy).
A simple extension of Lemma 8.1 (and also Lemma 6.2) affirms that it is
invariant, in the sense that

(g1 * 82)=7(g,* g1).

Let us fix a parabolic subset R in 2%(M). Then for each ge #(L* (Fy)),
the number y(g) can be obtained from the Taylor series of Jz(c% ), &)
about z=0. In fact there is a positive integer N, independent of g and also
of the function a, above, such that y(g) depends only on the Taylor coef-
ficients of total degree no greater than N. We shall let ¢ denote the
representation of #(L*(Fg)) obtained by taking the Taylor series of
Jr(a’.,, g) modulo terms of degree greater than N. It acts on the space of
power series in z, taken modulo terms of degree greater than N, with values
in ¥3(c’). We can of course also regard Jr(c’,)) as a representation of
the group L* (Fs), so that 7 is the representation of # (L *(F)) associated
to an admissible representation (z, V) of L*(Fg). By construction,

defn

1(g) - (1. 1(g))> = ¥g)
is a well-defined invariant form on the algebra
o, = {1(g): ge H(L*(Fy))}

of operators on V_.
Let Q be an element in (L), and form the induced representation

.?YQ('U)’ /leazc.
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Let us say that an operator A(t) on ¥},(t) is admissible if it is represented
by a K-finite kernel A(t; k,, k,) with values in the algebra ., of operators
on V.. Define a linear form

T(A[@) = <, AG:k k) dk

on the space of admissible operators. Since y is invariant, we have
T,(A(7) B(1))=T,(B(t) A(z)) (8.3)

for every pair 4(r) and B(r) of admissible operators. For any function
fe #(G(Fs)) the operator Fy(t, /) is admissible. Its kernel is

j j fik [ \mnky) T(m) eV +POHM) gy iy
Mo(Fs) Y Ng(Fs)

For obvious reasons we can refer to

S = T(Slt, 1))

as the distribution on G(Fs) induced from 7.

The linear form T,(A(t)) is of course closely related to our study of
residues. Set P=Q(R) and write n=¢%. By induction in stages we can
identify ¥»(n), the Hilbert space on which fp(a’) acts, with ¥5,(¥%(r)).
Then the operator

9?1%(‘7914, P): Vh_l}}) { Z) } RP[IP(O..I/Y)_I RPllP(Gﬁl-% v) 0P1AL(V)‘1
PleP(M): P cQ

acts on ¥p(m) through the fibre. It transforms the values of a given function
by the operator #%(c%, R) on ¥(n). Now, suppose that A(s%) is a
holomorphic function with values in the space of operators on ¥5(r). By
taking the Taylor series of A(a%|.,), modulo terms of degree greater than N,
we obtain an operator A(t) on ¥,(t). It is clear that A(¢¥%)— A(1) is an
algebra homomorphism, and that each J,(¢%, f) maps to F(z, f). We
shall call A(6¥) admissible if the corresponding operator A(t) is admissible.
In this case we have

Res a,tr(A(c¥) R (c¥, P))=T(A(7)). (8.4)
2,14~ Ag
This last formula provides the connection with residues.
Let Q' be another element in (L), and set P'=Q'(R). It is clear that

the definition of admissible operator can be extended to linear transfor-
mations from ¥,(t) to ¥,(t). Formula (8.3) and the correspondence
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A(c%) — A(z) also have obvious extensions. It is easily deduced from (1.1)
that the intertwining operator J, 5(cf, ;) maps to J,. 5(7;). In particular,
Jy10(1;) can be analytically continued to a meromorphic function of 4 on
af c. Now, J, ,(7;) is not admissible as it stands. However, let I” be a
finite subset of JI(K). We shall show that the restriction of J, ,(t;) to
¥ (1) is an admissible operator. (As before, ( )- denotes the subspace that
transforms under K according to representations in I".)

Let I', be the set of irreducible representations of K, which occur as
constituents of restrictions to K, of representations in I'. Define

Or, (k)= Z tr u(ky), kieK,,

pely

and set

Ew:L 0, (ki ") t(k,) v dk,,

for any ve V.. Then E. is the projection of V, onto the finite-dimensional
subspace (V). If ¢ is any vector in ¥(t)r, the value of Jo0(t2) ¢ at
k € K equals

Ert(My(n)) Erd(Ky(n)k) e*+ oo He) gy (8.5)

J.NQ'(Fs)f\ No(Fs)\Ng(Fs)

This follows from (1.1) and the fact that Jy o(7;) maps ¥,(t) to ¥5(7) .
We claim that for each me L™ (F), the operator

Ert(m)E,

belongs to the algebra /. To see this, choose a sequence {g;} of functions
in C»(L*(Fs)) which approach the Dirac measure at m. Then the matrix
coefficients of the operators 7(g;) approach those of 7(m). But the functions

gurlm) = [ 0r(ki) gikim'ks) Or(ks) diey ko, m' €L (F),

all belong to #(L*(Fs)), and
u(g.r)=Ert(g) Er.

In particular, t(g; /) converges to E 7(m) E,. This shows that Ejt(m) E,
belongs to the closure of the subspace

{Er'f(g) Ep: ge”(L+(Fs))}
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of /. Since the subspace is actually finite dimensional, the claim follows.
Now, left translation on any space of K-finite functions on X is an integral
operator with K-finite kernel. It follows from (8.5) that the restriction of
Jo0(T1) to ¥5(t)r is an admissible operator.

The following lemma is a consequence of this discussion. We shall use it
in the next section.

LEMMA 8.2. Suppose that we are given a finite sum
A(U,I:l) = Z ai,AAi(Uf{)a
i=1
where for each i, a;_, is a holomorphic function on a neighbourhood of A, and
Ao }): Vp(m) > V()
is admissible. Then

Res tr(RmP(JT)_‘ Ale’) A% (alf, P))

2,4 - Ao
equals

Res tr(A(c’) Rp p(a¥) "' R (a™, P')).

2.4 Ag

Proof. Since both expressions are linear in A(g%), we can assume that
n=1. Write

RP'|p(°',A14)71="P'|P(‘7/A;1)JP'|P(‘7%)~1'

Each of these three functions is holomorphic in a neighbourhood of 4,.
This follows from the general position of A, and the fact that
PN L=P nL=R. Define y as above, with

as=rpp(0*) ar .
Then by (8.4), our two expressions equal

T, (Jgi0(r) ™" 44(1))
and

T(A(t) Jg0(1) ™),

respectively. We can certainly replace J, o(t) ™" by its restriction to a sub-
space ¥,.(t)r. The operator is then admissible, so the lemma follows from
an obvious variant of (8.3). |
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9. PrROOF OF ProrosITION 9.1

We shall now establish the formula for

Res (aAJM(UAsf))'

Q.44
It will be given in terms of a certain operator I'g(c¥, P,), which we must
first describe.

We continue with the notation of the last section. The embedded sub-
spaces

A, =0y COy C - Ty =0ay

are of successive codimensions 0 or 1. If a,,, is of codimension 1 in a,, ,,
let ¢; be the unit vector in aj, | in the direction of the restriction of E; to
ay,_,- (Recall that we have fixed Euclidean norms on a,, and a}.) If
ay,=ay, ,, take g to be the zero vector. Then the nonzero vectors in
{¢(,..,&,} form an orthonormal basis of (a%)*. Let R, be the unique
parabolic in 2*(M) for which the Levi components M; are all standard,
and on whose chamber a} the functions ¢; are all nonnegative. Similarly,
for 1 <i<r, let R,e 2%(M) be the parabolic for which each M, is standard
and such that the functions {¢,, .., —¢;, .., ¢} are all nonnegative on aj.
Fix Qo€ #(L), and define parabolics

P;=Qo(R)), 0<i<r,
in (M). Set

d
M — I M /
o1 plal, e) = hrrz)—t-R,,O,p,(oAHEi), 1<igr.
{—

Taking an r-fold product of logarithmic derivatives, we define an operator
ro(aﬁl, Py)= R’P0|P,(0'ﬁl, g,) RP0|P,(U'/A{)_1 ;‘0|P,(0'AMs ) RP(,]P,(G/A{)—I

on¥p (). Observe that if any of the vectors {¢,, .., ¢} is 0, the operator
T'o(c¥, P,) vanishes.

ProPoSITION 9.1. The distribution

Res (a,Jy(o4, f))
2.4 - Ay
equals
Res (a,tr(Fp(alf, [) R (o)), Po) Ta(al, Po))).

2,4 — Ay
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Proof. The proof will be by induction on the length of the residue
datum Q. Assume that the proposition holds for any datum of length r. Let
Q' be a datum of length (r + 1) associated to a sequence

"/%='/”0C‘/”1C C‘//lrce/”r+1=gl.

It is clear that £’ is obtained from a datum € of length r, for which we
follow the notation above. The only additional informationin Q' is E, , |, a
multiple of some root f, ., of (G, 4,), and a point A, in (4, +CE, ).
Let A5 be a point in general position in Ag +a¥%,. ., and set

A0=A(’)+Zr+lEr+l’

with z, ., a variable point in C. The operator Resg, ,_, 4 can be calculated
by first applying Res, , . ,, and then integrating z, ., over a small circle
about the origin. It follows from our induction hypothesis that

Res (@asI (o4, 1)) (9.1)

QA A
equals the residue about z, ;=0 of

Res (a,tr(Sp 0, [) Rulol, Po) Io(alf, Po))). (92)

2,4 Ao

We recall here that Py=(Qy(R,), where Q,e#?(L) is arbitrary, and
Rye 2“(M) is chosen to be compatible with the directions {ei, ..., €, }.
The operator &, (a’, P,) is obtained from the (G, L) family

-1
RQ(RQ)lPﬂ(G%) RQ(R0)|P0(‘7,A;’+ V) veat,c, Qe?(L).

Applying [1(a), (6.5)] to this family, we see that (9.2) equals

a, 3
Res — Z tr(Ipy(0 %, ) Rp po(0) !
2.4=40 T b oiroy0emwy) ’ ’
X R p(alf, v) Talalf, Po)) Bp(v) ",

where
(r) M : dy\ M
Ry p (o, vy=lm | —} Rpp(alf, )
t-+0 dl

This expression does not depend on the point veaf . The only con-
stituent of the expression which could possibly contribute a pole along the
hyperplane A44(f, ) =0 is the function

My—1 _ —1
RP]PO(O'A ) R(,f,),,o(off, v)= RQ(RQ)]QQ(RQ)(GAM) R(Q'()ROHQO(RO)(O',A{, v).
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But each singular hyperplane of this function is defined by a co-root whose
restriction to a} separates the chambers (af)* and (ag,)*. Consequently,
the function gives no contribution to the residue (9.1) unless the restriction
of E, , , to a, defines a hyperplane of this sort. In particular, (9.1) vanishes
if the restriction of E, ., to a, is zero. Combining this with our induction
assumption, we obtain the required assertion that (9.1) vanishes in case
any of the vectors {¢,, .., €,,,} is zero.

We can assume, then, that ¢, .., ¢, are all nonzero. We must fix an
arbitrary parabolic Qqe?(L’). Taken together with the unit vectors
{&y, s €,4 1} it determines unique parabolics

Pi=Qu(R}), 0<i<r+l,

in (M) by the conventions above. The parabolic Q,€ #(L), which has
been arbitrary, we now take to be the unique parabolic which is contained
in Qp and for which the function (—¢,, ;) is positive on aj . Then

POZQO(RO)ZP;-{»X'

Given P = Q(Ry), with Q € (L), we note that the hyperplane in a, defined
by B, separates the chambers a} and aj if and only if d(P, Py)>
d(P, P;). Writing

Ipl 0% ) R pol @) ™1 = Ry pla ) ! .f,,(r’(aj‘f,f) Rp|p(’,(0i‘14)_l

for each such P, we see that (9.1) can be obtained by summing the product
of (r!8,(v))~" and

gl}es/‘ (a4 tr(Rpy (0 5) " F (0, ) Rp o)™
A Ap

X Rgn)Po(U%, V) rQ(a/A{’ PO))) (93)

over P= Q(R,) in the set

{P=0(R,): Qe P(L), d(P, Py) > d(P, Py)}, (9.4)

and then taking the residue about z, ., =0.

The operator I'o(c¥, P,) acts on the vector space ¥ (%) = ¥5,(¥z,(1))
through the fibre. It transforms a given function from K to ¥%(n) by the
operator I'g(c¥, Ry). The other operators in (9.3) are products of scalar
valued functions of A4 with admissible operators. We can therefore apply
Proposition 9.1 inductively, with G replaced by L, to the fibres of these
operators. It follows that the expression (9.3) is left unchanged if
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Io(a¥, Py) is replaced by #%(c¥, P,). Consequently, we may apply
Lemma 8.2 to commute the operators Ry (0 )~! and

A(GA )=Sp (GA ) RPlP (O'M ! R(ﬁpo(o'%, v)
in (9.3). As a result, (9.3) equals

Res aAtr(j (GA’f)RmPQ(U )~ 1R$|)P0(0A’V)

QA4

x RPE,]P(,("j‘f’r1 Ta(a, Py))
Now, we employ Leibnitz’ rule to write

-1
Ry p; (%) REp o, V) RP{,{PO(GT)

as

4 r! r—J ) -
Z (r_])| (])' PIPO(G ) 1 (plpé)(o.ﬁl’ V) R[{ |P0(O-AM’ V)RP(’,“’Q(UA/{ ) 1‘
j=0

It is only the operators R p(-) which can contribute a pole along

Ao(fY,)=0.If j=0, these operators cancel. The corresponding term can
therefore be left out of the resulting formula for (9.1). Recombining the
residues in z,, , and Q, we express (9.1) finally as

Res aA tr(Fp (0%, f) R(4) Ta(af, Po)),

QA A

where R(A) is the operator

r 1 .
o) 'Y —— 'RY (M, V) RY) (¥, v)
Z Q ) lgl (r ])| (])' P|Po( ) PP, A Pyl Po\” A
X Ry (0 ) " (9.5)

Here P= Q(R,) is summed over the set (9.4).

The point v intervenes only in the expression (9.5). Since the final residue
is independent of v, we may choose the point any way we wish. Set
v=v'+se,,,, with v' a point in general position in af ¢, and s a small
complex number which approaches 0. Note that the function

O(r) " =voltag/Zg)) ( T1 " +s2,,.)"))

ae dg

is the only term which can contribute a singularity in s to (9.5). It has at
most a pole of order 1 at s=0, and this occurs precisely when some root

580/84/1-5
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a€d, vanishes on a,.. That is, when the parabolic P=Q(R,) equals
Q'(Rg) for some Q'€ 2(L’). On the other hand,

: (r—J) (r—7
shn}) Riglf’é (67’ v)= R[:|pg (67: v'),

while

) ) i plJ)
R;6|po(af{) V) = R}%[ PO(O'Z!, S€, 4 ) = SJR;{MPO(aﬁls 8r+ 1);

since Pyn L' =Py L'. Therefore, the only summands in (9.5) which do
not approach 0 are those with j=1 and P=Q(R,)=Q'(Ry), Q'€ Z(L’).
Observe that if P is of this form, and «, is the unique root in 4, which
vanishes on a,., then

lim 6,(v)~'s

s—0

—vol(a§/Z(4})) ||ar||“( 1l v'(aV))4
}

xedo\{x
—1
= vol(ag/2(ag) 1 v'((a')V))
a'EAQ'
=0,(v)"".
Consequently, the value of (9.5) at s=0is
1 ’
e Yy 0o (V)™ Rp ()" RPN, V)

=D gurprorerwny
X Ry (0%, 61) Ry (03) "
Appealing again to [1(a), (6.5)], we see that this equals
RATY , Po) Ripy p(05 8 01) Ry 05
Consequently, (9.1) equals

g'ljeSA’ a, tr(jP(',(aAM’ )R Aa’f, Pp) R/Pl',iPo(a%’ Ery1)
s - 0

X Ry po(04) ™" Falalf, Po)). (9.6)

We are now essentially done. The parabolics P,, 0<i<r, are all con-
tained in Q,. Similarly, the parabolics P;, 0<i<r, are all contained in
another fixed element of #(L). Since P,n L= P;n L, we have

’ — ’ -1
R p (0%, &) Rpy p(0l) t= RP{,\P;(“ﬁl’ &) RP&IP;(O-%) .
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We have already noted that Py= P, . It follows that
R;,{)'Po(o'ﬁ‘, Ers1) Rpgmo(aﬁl)’] To(aly, Py)=To(clf, Py).
Substituting into (9.6) gives the required formula

_Res atr(Sy(o, ) Auloly, Py) Tl Py))

A=Ay

for (9.1). This completes the induction step, and the proof of the
proposition. |

In this paper we shall use the proposition only as a vanishing assertion.
Let h, and h, denote the natural projections of a, onto a, and a,,,
respectively.

COROLLARY 9.2. The distribution

Res (a,Ju(o4, f))

Q2,4 Ay
vanishes unless
ker(h,)nker(h,)={0}.
Proof. The projection h, is associated to a canonical splitting
a,=a%®a,.

A similar assertion holds for /,,. Consider the associated dual projections
a* —a¥ and a* —a¥. The kernel of the first one is spanned by
{E,, .., E,}. But if these vectors have images in a} which are linearly
dependent, the operator I'n(c¥, Py) is defined to be 0. The corollary
therefore follows from the proposition. ||

10. CHANGES OF CONTOUR

The reason for studying residues is to be able to deform contour
integrals. In this paragraph we shall set up a scheme for keeping track of
the residues that arise from changes of contour. It is similar to the
procedure used in the proof of the Paley—Wiener theorem [1(d), Sect. I1.2],
and was originally motivated by Langlands’ theory of Eisenstein series
[15(b), Sect. 7].

Suppose that .# and o e II(.#(Fs)) are as in the last two paragraphs,
and that yu is a fixed point in general position in a¥*,. Suppose also that for
each Levi subset & over Fg which contains .#, we have fixed a point v,
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in general position in a}. Let I be a finite subset of I7(K), the set
of equivalence classes of irreducible representations of K. We write
H#(G(Fs)) for the space of functions in 3#(G(Fg)) which transform on
each side under K according to representations in I". The residue scheme
will be determined in a canonical way from the point g, the collection

N={v, LM},
and the set
V= {Y(A)=e "D (0, f):Xea,s, f€ #(G(Fs))r}

of functions on a¥, .. Note that the singularities of all the functions in ¥
form a set of hyperplanes of the form (6.3) which is finite modulo ia}, .
Our assumption on the general position of v, implies that if y(4) belongs
to ¥ and 2 is a residue datum for ., then the function

Res  y(A)=Resy(Adg+ 4), A€QY ¢,
Q

QA (Ag+ 2)

is regular on v, +ia }.

ProposSITION 10.1  For each & there is a finite set
Ry=Ryu, X)

of residue data for ¥ such that

J

i *
[J+ld-l.s

lp(A)dA=zf Y Res lp(AQH)) i (10.1)
> Q

ve + '-0‘!.5 <QE Rgy
for any function § in V.

Proof. The construction is similar to that of [1(d), pp. 45-51], so our
discussion will be rather brief. We shall define the sets R, by induction on
dim(a*/a%). In the process, we shall associate to each € R, a point ug
in a%.

Ifigf’ =, take R, to consist only of the trivial residue datum £,, with
&a, empty and A, =0. Set pug = u. Now assume inductively that we have
defined the sets R, and also points {ugea%:Q€eR,}, for each ¥ with
dim(a*/a%)=r. Fix a Levi subset &’ over Fg with dim(a%/a%.)=r+1.
Then R, will be defined as a union over all ¥ > %’ with dim(a¥* /a¥%)=r,
and over all Q€ R, of certain sets. Consider such an % and a residue
datum

Q = ((g’Q’ A{)) = ((Eli ey Er)’ AQ)9
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in R,. By our general position assumption, v, — u, does not belong to
a%.. Let E, ., be the unit vector in a¥% which is orthogonal to a%. and
whose inner product with the vector v, —p, is positive. (The inner
product on a% is constructed in the same way as that on a},.) We shall
describe the subset of R, associated to ¥ and Q. It is parameterized by
the orbits under iay, ¢ of those singular hyperplanes of the function

A= Resy(Adg+4), leat, o, Ye¥, (10.2)
py )

which are of the form
JE, (1 +a% ¢, {'eC,
and which intersect the set

{tuo+(1=1)vy,+40<t<1, Aciat}. (10.3)

The residue datum Q' = (&,., 4, ) attached to such a singular hyperplane is
defined by

éagl = (El’ ey En Er+l)
and

AQI=AQ+C/E,+1.

We then take u, to be the unique point in a%,. such that A, + ug belongs
to the set (10.3).

The inductive definition is set up to account for changes of contours of
integration. Standard estimates (such as the inequality (12.7) below) allow
us to control the growth of a function (10.2) on the set (10.3), at least away
from the singular hyperplanes. We can therefore deform the integral of
(10.2) over (uq +ia¥% ) to an integral over (v, +ia’% ). In the process, we
pick up residues at the singular hyperplanes. The general position of v,
means that the singularities can be handled separately. It follows from our
definition that the sum over (%, ), with Qe R, and dim(a* /a%)=r, of
the expression

J

no+ia% g

(Res Y(Aq+ ) di— |

vy+io§,‘s

(Res (40 + 1)) d2,

equals the sum over (&', '), with ' e R, and dim(a*,/a%.)=r+1, of

J

no' + in}.‘s

(RQe:s Y(Ag +4))dA
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The required identity (10.1) is then obtained by applying this last formula
repeatedly, as r increases from 0 to dim(a,/ag). |

Remark. It is clear that the construction applies to any family of
functions on a* /ia}, ;¢ whose singularities and growth properties are
similar to those of ¥.

11. THE SPACES #,.(G(Fs)) AND S, (G(F5))

As an application of our discussion on residues, we will study the
function

¢M(f’ n, X)s ne”lemp(M(FS))’ XEaM,S‘

In particular, we shall show that as a function of the parameters on
I1,.,,(M(F5)), it can be analytically continued to an entire function. We
will come to this in Section 12. In the present paragraph we shall simply
describe some spaces of functions, in order to illustrate the properties of
¢ These spaces will also be useful for another paper on the invariant
trace formula.

We shall consider 5#(G(Fs)) as a topological vector space. Fix a positive
function

Ixl =TT lx.ll.,  xeG(Fs),

veS

on G(Fg) as in [1(b), Sect. 2]. We assume in particular that |- satisfies
[1(b), conditions (i}-(iii), p. 1253]. Suppose that N is a positive number
and that I"is a finite subset of 77(K). We define #,,(G(Fs)) to be the space
of smooth functions on G(Fg) which are supported on the set

G(Fg, N)= {xe G(Fs):log|x| <N}

and which transform on each side under K according to representations in
I'. The topology on 3#,(G(Fg)), is that given by the semi-norms

Ifllp= sup |Df(x)l, feHG(Fs))r,

xe G(Fs)

where D is a differential operator on G(Fs,. ). (We are writing S, for the
set of Archimedean valuations of F.) We then define #(G(Fs)) as the
topological direct limit

H(G(Fs)) = -irﬂl.f(G(Fs))r,



INTERTWINING OPERATORS AND RESIDUES 69

where

”(G(Fs))r=ﬁm.%1v(G(Fs))r-
N

Suppose that fe #(G(F)). We have the invariant Fourier transform

Jorn=fomy=trn(f),  ne€ll(G(Fs)).

However, it is convenient for us to take a slightly different point of view.
Define

folm, Z)=trn(f?), 7€M emp(G(Fs)), Zeags.
Then

felm 2)=] | folm) e ¥ da.

fags

Thus, f; can be interpreted in two ways, either as a function on
IT,....,(G(Fs)) or, via the Fourier transform on ag; ¢, as a function on I7,.,,,
(G(Fs))x ag s. Note that the situation is analogous to that of the function
# 1(f). Indeed f;; is just the special case that M = G. We will generally lean
towards the second interpretation. Then f — f; will be regarded as a map
from #(G(Fg)) to a space of functions on IT.,,,(G(Fs))xags. When
G =G° the work of Clozel-Delorme [8(a), (b)] and Bernstein-Deligne-
Kazhdan [4] provides a characterization of the image.

In order to describe the image, it is convenient to fix Euclidean inner
products and Haar measures on the various spaces associated to Levi sub-
sets M =[], s M,. We do this for each ve .S separately, by following the
conventions of Section 1 (with F replaced by F,). We obtain Euclidean
norms on the spaces a , and a*,, and Haar measures on the groups a ,
a, s ia%, and ia% ;. For any positive number N, let C $(a , ) denote the
topological vector space of smooth functions on a_, ¢ which are supported
on

{Zea,s: |T|<N}

Suppose that " is a finite subset of /I(K), and that N is a positive
number. We define £, (G(Fy)) to be the space of functions

¢: H!emp(G(FS)) X aG.S hnd C

which satisfy the following three conditions.

1. I {=(& A) is any element in & s x iag g, then

$(n, Z)=¢(n, Z)¢(G) e*2.
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2. Suppose that the restriction of = to K does not contain any
representation in /. Then ¢(n, Z)=0.

3. Suppose that .# is an admissible Levi subset of G over Fg, and
that o € 11 p,,(#(Fs)). Then the integral

Ho, @)=| P05 h(ENe DA,  Tea,s

ia%y s/iaG s
converges to a function of 2 which belongs to C¥(a_, o)

We give £, (G(Fs)) the topology provided by the semi-norms
¢ 1600, 4.0

with .# and o as above, and ||-| , , a continuous semi-norm on C(a_, ).
We then define #(G(Fs)) as the topological direct limit

F(G(Fs)) =hm F(G(Fs))r,

where

F(G(Fs))r=lim S\(G(Fs))r.

N

Note that the first condition implies that the integral

[ ¢ 2)az

aG.§
is actually a Fourier transform on ag . The other two conditions are taken
from [8(a)] and [4]. For example, Condition 2 asserts that the function
n — ¢(n, Z) is supported on finitely many components, in the sense of [4].
Condition 3 requires that for every .# and o, the function

[ 405 20dz.  aciat,,
agG,s

belongs to the Paley-Wiener space on ia% . In particular, if S consists of
one discrete valuation, the function is a finite Fourier series on the torus
ia% .

The function ¢,,(f) does not in general belong to #(M(Fs)). To accom-
modate it, we must extend our definitions slightly. Suppose again that 7 is
a finite subset of IT(K). Define 3, .(G(F)), to be the space of functions f
on G(Fg) such that for any be C*(ags ), the function

fo(x)=f(x)b(Hg(x)),  xeG(Fs),
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belongs to #(G(F)),. (Here ac stands for “almost compact” support.) We
give #, (G(Fg)) the topology defined by the semi-norms

f=0f00 fe bl GFs))r,

where b is any function as above, and ||-|| is a continuous semi-norm on
H(G(Fs)) . Similarly, define %, (G(F)), to be the space of functions ¢ on
Iy (G(Fs)) % ag s such that for any b as above, the function

¢°(n, Z)=4(n, Z) B(Z), €l enp(G(F5)), Ze g,

belongs to #(G(Fs)),. We topologize 4,.(G(Fs)), the same way, by the
semi-norms

¢ 116°l,  de Sl G(Fs))r,

with ||-|| a continuous semi-norm on #(G(Fg))r. We then define
H..(G(Fg)) and £, (G(Fy)) as topological direct limits

Ho(G(Fs)) =1_ir1_n. Hol G(Fs))r

and

£oo(G(Fg)) =lim

lim 4, (G(Fs)),-

While we are at it, we shall define a useful space of functions that lies
between #(G(Fg)) and #,.(G(Fs)). We shall say that a function
fe H,(G(Fg)) is moderate if there are positive constants ¢ and 4 such that f
is supported on the set

{x e G(Fs): logllxll < c(|Ha(x)Il + 1)},

and such that

sup (|4f(x)] exp{ —d|Hs(x)[}) < o0,

xe G(Fs)

for any left invariant differential operator 4 on G(Fs_,.s). We shall also
say that a function ¢ € £, (G(Fs)) is moderate if for every Levi subset .#
over Fg, and every g€ I, (.#(Fy)), the function ¢(o,-) has similar sup-
port and growth properties. Namely, there are positive constants ¢, and d,
such that ¢(a,-) is supported on the set

{.Q”e Oy s 1 ZIN<e (lhc(EN +1 }a
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and such that

SUp (14, ¢(0, Z)| exp{ —d|lh(ZX)| }) < o0,

Heays

for any invariant differential operator 4, on a , 5.5 -

The notion of a moderate function will be a crucial ingredient in a cer-
tain convergence estimate required for the comparison of trace formulas.
We shall see this in another paper, where we shall also show that f — f;
maps the moderate functions in #, (G(Fs)) onto those in F, (G(Fs)).

12. THE MaP ¢,,

We defined the function

ou(f):(m X) > du(fim X), (7, X) € iemp(M(Fs)) X a s,

in Section 7. If Z is the projection of X onto ag ¢, the value ¢, (/, =, X)
depends only on /4. Consequently, ¢,,(f) is defined for any fe #,.(G(Fs)).
In this section we shall establish that ¢,, maps #(G(Fs)) to £ (M(Fg)).
It is one of the main resuits of the paper.

It is convenient to study a slightly more general map. Suppose pe a¥;.
Let ¢,, ,(f) be the function whose value at a point (r, X) in

Htcmp(M(FS)) X aM,S
equals
¢M,u(.f’ , X)=JM(T£‘“ X’ f) e‘#(x)_

This too is defined if fis any function in . (G(Fs)). If { = (¢, 1) belongs to
Z s X ia%, we have

Grulfs e X) = pr W fs 1, X) E(M) €45, (12.1)

from (7.1). If h belongs to H#(G°(Fs)'), (7.2) tells us that
S Lif)= 3 S4S(Ro.f)- (122)
QeF (M)

Suppose for a moment that f belongs to #(G(Fs)). Suppose also that
be C®(a,.s), that # =T],.s M, is an admissible Levi subset of M over
Fs, and that o € I, ,(#(F)). We shall need to study the function

[}i'l,y(f; a, g‘), '%‘eaﬂ,S'
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From the definitions of the last paragraph, we have
oo X)

b TN [ | Gul o bl @) e

ia%y s/ialy s
=b(h(X) T o, Ju(0 4, ) =" dA.
PeP(M) eptptialyg
Assume for simplicity that J,, (o ,, f) is analytic for A in u+ ia%, ;. Then
4l 6 ) =bd D) [ Tiloa, e D dA.
Htiay g

Our main concern will be to show that this function is compactly suppor-
ted in &. As in the proof of the classical Paley—Wiener theorem, this entails
changing contours of integration. We will use Proposition 10.1 to account
for the resulting residues.

THEOREM 12.1.  For each pea¥, ¢, , maps #,.(G(Fs)) continuously to
Jac(M(Fs)).

Proof. Fix a function @ C*(a,, s). Then

vl 1 X)=b(X) (. 7, X)

=b(X) ) o Jo (s, f165)) =40 g),

PeP(M) ep+p+ialy o/iaG

for any fe #,.(G(F5)). Thus, if &' is any function in C *(as s) which equals
1 on the image in ag ¢ of the support of b, we have

)= 857).

We may therefore assume that f belongs to #(G(Fg)). More precisely, we
need only establish that

S = ¢ S)

is a continuous map from #(G(Fs)) to H#(M(Fs)). Choose a positive
number N and a finite set "< II(K). Let I',, be the set of irreducible
representations of K,, which are constituents of the restrictions of I" to K,,.
The theorem will follow if we can show for some N,,> 0, that ¢4, , maps
Hy(G(Fs)) continuously to S, (M(Fs))r,,-
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In order to prove that a function
) feAUG(FS)r,

belongs to a space .4y, (M(Fs))r,, we must establish three conditions. The
first condition is just (12.1), while the second follows immediately from
Frobenius reciprocity and the definition of I',,. The third condition, of
course, is the main point. Fix .# and ¢ as above. We shall show that the
function

X — ¢4 (f,0, X), Zea,s, (12.3)

belongs to the space C ¥ (a , 5), with N, depending only on N and I, and
that it varies continuously with fe #34(G(Fg))r. This will establish the
third condition, and complete the proof of the theorem.,

We shall combine Proposition 10.1 with Corollary 9.2. However, we first
observe that it is sufficient to prove the assertion with u replaced by any of
the points ¢, + u in the formula for ¢4, (f, 0, ') above. We may therefore
assume that each function J,(c,, f) is analytic for Ae(u+ia% ;)
Consequently,

bl 6’%)=b(hM('%‘))J Iy 4, ) e 4D dA.

)%
[l+lﬂAl'S

Next, we assign a chamber ¢, in a, to each ¥ o .#. There are only finitely
many such assignments, and a , ¢ is the corresponding finite union of the
sets

(Zea, s hy(X)ety, LoM). (12.4)

We may therefore assume that " actually belongs to a given set (12.4). For
each &, let c%, be the associated chamber in a%, and let v, be a highly
regular point in general position in c¥. Applying Proposition 10.1, with
N ={vg}, we see that ¢, (f, 0, ¥) equals

@) ¥ Y | Res (e~ (04, f)) dh.

P ok QeRy Vetioyg QA Aq+i

Corollary 9.2 (with a,=e~4%?) then provides an important condition on
% in order that the integral not vanish. We are thus able to write
%..(f, 0, &) as the sum over those & > .# with

ker(h ) nker(hy)={0}, (12.5)
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and over Qe R, of the product of b(4,(Z)) with

j Res (e~ tr(Ryy(0™, Po) Ip (o™, £))) dh (12.6)

ve+iaty g 24> A9+

As always, P, is any fixed element in 2(M).

Our next step is to deform the contour of integration in (12.6). Our
assumption on v, ensures that none of the singularities of the integrand
meets the tube over the translated chamber (v, +c%). Now a standard
argument shows that there is a constant A4, depending at most on I, such
that

17200 % s Mo < ea(f) eAMIRENT + Im(A )N ", (12.7)

for any fe #y(G(Fs))r, neR and Aeca¥ .. (See, for example, the first
steps in the proof of [1(d), Lemma IIL.3.1].) Here | -|, is any norm on the
finite-dimensional space ¥(c¢)r, ¢,(-) is a continuous semi-norm on
H(G(Fs))r, and A, is the projection of A onto

@ a} ¢

veSN Sy

Since Z,,(c%, P,) is a rational expression in the variables (6.3), the
function

tr(Zprlaly, Py) fpo(a'ffl, N

satisfies a similar estimate for A in the tube over (v, +c%). We can
therefore deform the contour of integration in (12.6) to 1v , + ia% ¢, where ¢
is a real number which approaches infinity. If Z° belongs to the support of
(12.6), we obtain an inequality

Vo (Z) S AN |,

with 4 depending at most on I". But we are already assuming that & (%)
belongs to the closure of ¢ . Since v, is strictly positive on the com-
plement of the origin in this set, we can estimate |4 ,(%)| in terms of
[v (Z)|. Consequently, there is an 4,, depending only on I, such that

AL (Z)] < AN, (12.8)

if & belongs to the support of (12.6).
The condition (12.5) implies that

12N < A L(Z)] + 1 (2. (12.9)
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Imposing the additional requirement that b(h,, (%)) #0, we then combine
(12.8) and (12.9). We obtain

IZ] <A, N+4,,
for a fixed constant A4,. It follows from this that the original function (12.3)
is supported on a ball whose radius depends only on N and I
The proof of the theorem is essentially complete. The only additional
point is to establish the continuous dependence of (12.3) on f. In this
regard, it is simplest to represent the value of a continuous semi-norm on
the function (12.3) in terms of the Fourier transform. The required

inequality then follows easily from the estimate (12.7). Thus, the propertics
of (12.3) are as promised, and the theorem is proved. |

CoROLLARY 12.2. For each pea¥,, ¢, , maps moderate functions in
H,(G(Fy)) to moderate functions in 5, (M(F)).

Proof. Suppose that f'is a moderate function in #,.(G(F)). In order to
show that ¢,, ,(f) is a moderate function in %, (M(Fs)), we must verify
two conditions. For the support condition, we must look back at the proof
of the theorem. Note that the integral (12.6) depends only on the function

% Z=he(%).
By assumption, f is supported on a set
{x e G(Fs): logllx| < (I Hs(x) + 1)},

so we may identify fZ with the restriction to G(Fg)* of a function in
H#y(G(Fs)), where

N=c(I1Zll +2) = c(llhs(Z)] + 2).
The inequality (12.8) can therefore be written
1A LAX) < Ay e(ha(Z) +2).
Combined with (12.9), this becomes
1) < Ay e(lhc(Z) +2) + A2

Since

12 6(2) < LAl ),
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the function
X = bp (S0, T), Tea,s,,

is supported on a set
{Zea, s 1ZI<c(lhp(Z)] + 1)}

This is the required support condition. The growth condition on
Pum, (s 0, &) is a routine matter. It follows easily from the given growth
condition on f and the appropriate variant of the estimate (12.7).
Therefore, ¢4, ,(f) is a moderate function. ||

COROLLARY 12.3 The linear transformation ¢,, maps #..(G(Fs)) con-
tinuously to S,.(M(Fs)). The image of a moderate function in #,(G(Fs)) is
a moderate function in 5, ((M(Fy)).

Proof. This of course is just the special case of the theorem in which
u=0. 1

APPENDIX

We shall prove Proposition 3.1. There are two steps. The first is a
straightforward examination of the constants that appear in Harish-Chan-
dra’s explicit formula for the u-function. The second is an interpretation of
the sign ¢, in terms of a certain abelian character value that appears in the
work of Harish-Chandra. This is an unpublished lemma of Langlands.

We adopt the notation of Section 3. In particular, G = G°, M is maximal
Levi subgroup of G, P=MN, is a group in #(M), and T is a maximal
torus of M over R with real split component 4,,. In addition, we have the
cuspidal map ¢ from Wy to “M with

AV(B(z))=z#*0z40 zeC*, AV el
and
h=¢(c)=axo.

We shall write (M, T) and Wy(M, T) respectively for the set of roots and
the real Weyl group of (M, T). Let p,, equal one-half the sum of the
positive roots in 2'(M, T) with respect to some fixed order. We should first
recall how Langlands attaches a packet {n} of cuspidal representations of
M(R) to ¢. Choose a point i,e L® C such that

Av(a) :eZm(/Io,}," >
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for every element 1Y € LY such that <{«, AY > =0 for all the roots a in
2 (M, T). We have fixed an isomorphism of T(C) with LY ® C*, and we
use this to identify the complex Lie algebra t. with LY ® C. If

t=exp H, HelL”®C,

is any point in T(C), define

(1) = e i H = GH>g(/2)u = put. H+ GH, (A.1)

Then the packet consists of those cuspidal representations n of M(R)
whose character values at regular points ¢ € T(R) are of the form

+ ¥ a(s)x(s‘lt)t“””_"”< 11 (1_z—ﬂ)>-1.

se W(M,T) BeZ(M,T)

Because he uses different measures on the groups N p(R), Harish-Chandra’s
p-function actually equals

“%ﬂpﬁﬂp(-lﬁur(n)* JP|p(7T))_1 (A2)

in our notation, where 75, is the constant defined in [11(c). Sect. 2]. We
must examine Harish-Chandra’s explicit formula in [11{c)] for this
expression.

There are two cases to consider. Assume first of all that dim N.(R) is
even. Then T(R) is fundamental in G(R). The expression (A.2) equals

[Wa(G, T)| ¢y ]

TP oM T g | ey B H)

ae Zp(G, T)

in the notation of [11(c), Theorem 24.1]. We have used the fact that the
Weyl group of A4,, is isomorphic to Wy(G, T)/Wgx(M, T). By [11(a),
Lemma 37.3],

M _ @mym e 200k =0 (o T(R) A K)/o(M(R) 1 K))

Co

1 |Wr(M, T)|
x (0(T(R) n K)/v(K)) lm,

where
ry—re=3{dim(M/T)—dim(G/T)} = —dim N,
Vv — Vg =3{dim(M(R)/K n M(R)) — rank(M(R)/K n M(R}))
—dim(G(R)/K) + rank(G(R)/K)}

— _id;
= —41dim N,
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and
(v(T(R) n K)v(M(R) n K))(o(T(R) N K)/v(K)) ™! = o(M(R) " K\K),

the volume of M(R)n K\K with respect to the invariant measure dk
defined by the Euclidean structure (3.1) on fnm\f. Now from [11(b),
p. 45] we know that

o(M(R) A K\K) =7,

where ¢ is the positive constant such that

Bl dk=c [ e gk (i) di

J‘Kr'\M([R'i)\K Np(R)

for every ¢ € C*(Kn M(R)\K). To evaluate ¢, observe that if {X;: 1 <i<
dim N, is an orthogonal basis of fip, {27 *(X;+0X,):1<i<dim N,} is
an orthonormal basis of f~m\l Taking ¢ to be supported in a small
neighbourhood of 1 we find that ¢=20/29m¥r Tt follows that the
expression (A.2) equals

(271:) —dim NPVZPI »

[T Blep)

ae Zp(G,T) l

T wav)

xeZp(G,T)

—di
=V5ip- ap p(2m) 4 N

b

where a v is the co-root of a.

Next suppose that dim N, is odd. Then there is a positive real root o, of
(G, T). We choose a basis (H', X, Y’) of the derived algebra of the cen-
tralizer of tnfin g as in [11(c), Sect. 30]. Define y =exp n(X’ — Y’) as in
[11{c), Sect.30] and let B be the maximal torus obtained from 7 by
Cayley transform. Then B(R)/A5(R) is compact. Let X' (G, T) denote the
complement of {a,} in £ (G, T), which is just the set of complex roots in
2 p(G, T). Then the expression (A.2) equals [11(c), p. 190]

cw [GR):G(R)° T(R)] | Wa(G(R)®, BR)®)| B

1/2
¢ WA, 7)) (0, @)

[1 B p)i,

aeX (G, T)

o) = (7[#(;‘(;/ )) sinh (nu(:tov ))

v 1 N
y {cosh (""(j“’ )) — 3 (— 1y >(x(y)+x(y‘))}—l,

“Ypip HolX)-

where

580/84/1-6
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and Wg(G(R)° B(R)) is the subgroup of W(G, B) induced from elements
in the connected component G(R)? of G(R).

By [11(a), Lemma 37.3),

M _ Qr)ym=rs . QWM =)
Ce

x (o(T(R) 0 K)/o(M(R) 0 K))((B(R) 1 K)/o(K)) ™"
WM, T)
WG B

where again

ray—to=13{dim(M/T) —~dim(G/B)} = —dim N,

and
Var— Vg = H{dim(M(R)/K n M(R)) — rank(M(R)/K n M(R))
—dim(G(R)/K) + rank(G(R)/K) }
= —1dim N,.
Also,

((T(R) N K)/o(M(R) 0 K))(o(B(R) N K)/v(K)) ™!
= v(T(R) n K)/v(B(R) N K) - (K A M(R)\K).

Repeating an argument above, we obtain

V(KN M(R\K) =20/ 8mNP o

We can write

v(T(R) n K)/v(B(R) n K)
=vo(T(R)n K®) - [K(Kn T(R)) : K°]
v(B(R)n K%' [K%Kn B(R)): K°]~!
=v(B(R)*/Tn B(R)°) ' [G(R)° T(R) : G(R)°]
-[G(R)® B(R) : G(R)°] !

since B(R)n K° is connected. It follows that
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ey [G(R) : G(R)° T(R)] | Wr(G(R)°, B(R)")|
g [We(M, T)|

| Wa(G(R)®, B(R)")|
|Wx(G, B)]

= (2n) =4 My,

« LG(R):GR)"]
[G(R)® B(R) : G(R)°]

= (2m) =™ Yy 5, po(B(R)/T(R) N B(R))

v(B(R)/T(R) n B(R)%) "

It is a consequence of the discussion of [11(c), Sect.30] that
{expO(X'—Y'): 0<O<m} is a set of representatives of B(R)%/T(R)n
B(R)°, and that

BX' — Y, X' — ¥')"2=2B(xy, #9) 2
Therefore,
v(B(R)"/T(R) N B(R)®) = 2nB(x, 29) ~ 2.
It follows that the expression (A.2) equals

Hol1)
2n

(2m) =A™ Nry% o - Blao, do) -

[I Bw

xe 2 (G, T)

I w@v

xe X (G, T)

—dim Np . .u'O(X)
k4

=Y%|Pa%|1’(2n)

Since y2 =1, the number
er= — =1y (1) + x(r7 ") (A.3)
equals +1. If it equals 1,
v v \ ~2
o) = ”ﬂ(:‘o ) 5 sinh (mu(z )) cosh (ﬂu@o )) 1 cosh (71/‘(‘1.0 ))

2i 2 2i
_ mu(oy) tanh <7W(‘7‘ov )>
I 2i '

Similarly if ¢, = —1,

so(x) = “(“" (%) (M>
2i
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Set &, =0 if there is no real root «,. Then collecting the facts above, we
see that

(‘}F|P(n)* JPIP(TI))_I
equals

@uy-amN T ()

& Zp(G, T)

tanh <7’cu(2a(;’ ) )

Proposition 3.1 will then follow from

!

LEMMA A.l1 (Langlands). e, =¢,.

Proof. Associated with the embedding into g of the Lie algebra spanned
by (H', X', Y’) we have a homomorphism of SL, into G. The co-root oy’
can be defined as the composition

0
z— ((Z) z‘1> -G

It follows that y=ay (—1). Since
Mag (=1))= (=)= =eCmin, Jel,

we have
o) +x(y ")) = xlag (—1)) = 22>,

Let a=a’t where a’ € (“M°),,,, the derived subgroup of “M, and re *T°.
Since «, is real, ay extends to a character on “M which must vanish on
(LMO)der‘ Then

Ad(4(o)) X,y = et > Ad(a’ % g) X,y
We have only to show that
Ad(a’'x0) X,v= — (- I)PP(“J’X%V.

This is a statement about a real reductive group G, a Levi component M
of a maximal parabolic subgroup, a Cartan subgroup T of M with T/4,,
compact, a real root a, of (G, T), and any element a’ in (“M°)4, normal-
izing £T° such that a’ x ¢ acts as —1 on the roots of (*M°, £T°). We leave
the reader to check that it holds if the derived group of G(R) is locally
isomorphic with SL(2, R) or SU(2, 1). We prove the statement in general
by induction on the dimension of G. Let ¥ be the largest root of one of
the simple factors of (“M°),,,. Let “GY be the connected subgroup whose
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Lie algebra is generated by the Lie algebra “t of “T and {X,.: ¥ («)=0}.
Define “G, = 'G9x Wy, a subgroup of “G, and set “M, ="M N “G,. Let
LJO ve the connected subgroup of “M° whose Lie algebra is generated by
“t and {X,.,X_,.}. Let a, be an element of “M¢ which normalizes “T°
and takes positive roots to negative roots. Let a, be an element in “J° that
normalizes “T° and takes f¥ to —f". Then @, and a, commute, and
(“G,, *M,, “T, ay, a, x o) satisfies the same assumptions as (“G, "M,
LT, oy , a'x ). Moreover, we may assume a’ =a,a, [15(a), p. 47]. After
applying our induction hypothesis, we have only to prove that Ad(a,) X,
equals X, times (—1) raised to the exponent

oY oyl (A4)
{7>0:7(F¥) %0}

Suppose that y>0, y(f¥)#0, y(ag )#0, and y¥ is not in the plane span-
ned by oy and fv. If y¥ = Ad(a,)y* we would have y=Ad(a,)y and
§Bv)=0. If y¥ =Ad(é(s))y” we would have y¥ =qay. Finally, if
yY =Ad(a,¢(0)) 7", y¥ would be in the plane of «y and B. These three
possibilities are all impossible. It follows that y¥, Ad(a,)y", Ad(4(a))y",
and Ad(a,¢(g)) vy~ are all distinct and positive. Since

y(ag) = (Ad(a,) y)(eg' ) = (Ad(4(0)) y)(%5 ) = (Ad(ar¢(0)) 7)(eg )

the summands for these four roots may be dropped from (A.4). We can
also drop those y with y(ay ) =0.

Thus, the sum in (A.4) can be taken over those y >0, y(8")#0, which
lie in the plane spanned by @, and f. This becomes a sum over positive
roots of a Lie algebra of rank two. On the other hand, X,. is the zero
weight vector in an irreducible (“/°),., module of odd dimension, say
2n + L. Since a, represents the nontrivial Weyl group element in (*J°),,,,

Ad(a;) X, o =(~1)"X,..

We can calculate the integer (A.4), case by case, from each of the diagrams
on [6, p. 276] which have a pair (a,, B) of orthogonal roots. We calculate
n from the corresponding dual diagram. It follows easily that the difference
of these two integers is even. |}
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