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Introduction

This paper, along with a subsequent one, is an attempt to generalize the
Selberg trace formula to an arbitrary reductive group G defined over the ratio-
nal numbers. Our main results have been announced in the lectures [1(c)].

In his original papers [8(a), (b)], Selberg gave a novel formula for the trace of
a certain operator associated with a compact quotient of a semisimple Lie
group and a discrete subgroup. When the discrete subgroup is arithmetic, the
situation is essentially equivalent to the case that the group G is anisotropic.
Then G(A) is a locally compact topological group and G(Q) is a discrete sub-
group such that G(Q)\ G(A), the space of cosets (with the quotient topology),
is compact. The operator is convolution on LA(G(Q)\ G(A)) by a smooth, com-
pactly supported function f on G(A).

Let us recall how to derive the formula in this case. To understand the idea, it
is not necessary to be an expert in algebraic groups, or even to be familiar with
the notion of adéles. If ¢ € L2(G(Q)\G(A), define

(RO)P)x) = d(xy),  x,y € GA).

Then R is a unitary representation of G(A), and the convolution operator is
defined by,

R(f) = LW FOIRG)dy.

(R(f)p)(x) can be written
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J FOISy)dy =j F1b0)dy
G(A) G(A)

j Flxlyy)blyy)dy
G@)\G(A) yE G(Q)

=J { S fayy) )y,
G(@)\G(A)

v € G@)

by changing the variable of integration twice. Thus, R(f) is an integral operator.
Its kernel equals

> K,(x, ),

0EC

where O is the set of conjugacy classes in the group G(Q), and

K (x,y) = Z FOhyy), 0 € Q0.
yE€o
On the other hand, there is an even more formal way to write the kernel. It is
not hard to show that R decomposes into a direct sum of irreducible representa-
tions of G(A), each occurring with finite multiplicity. In other words

LAGQN\GA) = D LAGQ)\G(A)),

XEX

where & is a set of unitary equivalence classes of irreducible representations
of G(A), and the restriction of the representation R to the subspace
L*(G(@)\.G(A), is equivalent to a finite number of copies of x. Foreachx € &,
let %, be a suitable orthonormal basis of L*(G(Q)\ G(A)),. Then

K(x, y) = 2 (R(NSX) - $0)

bE B,
converges, and
Z KX(x, }’)
XEX

is a second formula for the kernel of R(f). The Selberg trace formula comes
from integrating both formulas for the kernel over the diagonal. (The necessary
convergence arguments are easily established.) Thus

RAGE 2% I(f),

0ECO X €

where J (f) is the integral over x in G(Q)\ G(A) of

k(x, f) = K (x, x)
and J,(f) is the integral of
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kx(xa f) = Kx(xa X).

If {y} stands for a set of representatives of the conjugacy classes in G(Q), and
G(y) denotes the centralizer of v in G, the formula can be written

M 3 vol G@ YNGA. ) | faiyde = Y i R(f),

{r} G(A, v)\G(A) XEZ
Thus, by simple formal manipulations, the trace of the operator R(f) has been
expressed as a sum of integrals of f over conjugacy classes.

If G is not anisotropic, G(Q)\ G(A) is no longer compact and everything
breaks down. Selberg suggested a program for obtaining a formula and studied
some special cases. Further progress has since been made by others, but the
program has been carried out completely for only a small number of groups,
essentially just GL, and related groups.

What are the difficulties in the noncompact setting? In general R(f) is still
an integral operator. However, the natural definition of © seems to be the
equivalence classes composed of those elements in G(Q) whose semisimple
components are G(Q)-conjugate. If G is anisotropic, all the elements in G(Q)
are semisimple so this relation is then just conjugacy. With K (x, y) defined as
above, the kernel of R(f) can again be written

> K, (x, ).

0ECOD
One of the main complications in the noncompact setting is that R no longer
decomposes discretely. R contains a continuous family of representations for
every parabolic subgroup of G defined over Q. The intertwining operators are
provided by Eisenstein series, whose main properties we recall in §3.

We now have to define the set &. If G = GL, and investigations of Jacquet,
Shalika and Piatetskii-Shapiro proceed as expected, & could be defined as the
classes of irreducible unitary representations of G(A) relative to a certain rela-
tion, weaker than unitary equivalence. Otherwise, & must be defined as in §3,
in terms of cuspidal automorphic representations of Levi components of para-
bolic subgroups of G. At any rate we obtain an identity

) > Kx,y) = ;% Ky(x, y)

DEC
in §4 by equating two different formulas for the kernel of R(f). We can now set
x = y and ask whether the various functions on each side are integrable.

It turns out that K (x, x) is integrable precisely when o intersects no group
P(@Q), with P a proper parabolic subgroup defined over Q. The more parabolic
subgroups that meet o, the worse will be the divergence of the integral. The
integral of K, (x, x) behaves in the same sort of way. We are therefore forced in
§5 to modify the identity of adding suitable correction terms to each side. The
correction terms are indexed by the conjugacy classes of proper parabolic sub-
groups, P, of G, and they also depend on a point T in a positive Weyl chamber.
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The construction of the correction terms proceeds as follows: one multiplies
the identity

Y Kpox,x) = X Kexlx, %)

DEO XEX
(the analogue for P of (2)), by the characteristic function of a subset of
P(Q)\ G(A) associated to T. The product is then summed over P(@)\ G(Q) to
make the functions left G(Q)-invariant. We denote the corrected functions by
k7(x, f) and k%(x, f) and obtain a new identity

€) > Kx, f) = > K f), x&€G@\GA).

VECO XE X
When T is large the correction terms all vanish on a large compact subset of
G(@)\G(A). On this set, k7(x, f) equals K (x, x). Moreover, if 0 does not inter-
sect any proper parabolic subgroup, k’(x, f) equals K (x, x) everywhere. Simi-
lar remarks apply to the functions on the right.

Our main goal will be to show that each side of the new identity (3) is in-
tegrable and that the integrals may be taken inside the sums. If J%(f) and JZ(f)
stand for the integrals of the summands, we will then have a formula
(4) >IN = > A

0EQD XEX
which generalizes the Selberg trace formula for compact quotient.

In this paper we will deal with the left hand side of (3). We prove the in-
tegrability in §7. The argument is partly geometric and partly combinatorial. It
is a standard technique in classical reduction theory to partition the upper half
plane modulo SL,(Z) into a compact region and a noncompact region whose
topological properties are particularly simple. Imitating a construction in Lang-
lands’ manuscript on Eisenstein series, we introduce a similar partition of
G(@)\\ G(A). This partition and other geometric facts are discussed in §6. We
begin §7 with some manipulations that yield different formulas for the functions
k,(x, f). This amounts to studying the components of & (x, f) on various sub-
sets of the domain of integration. It turns out that all the components which are
not integrable on a given subset cancel. What remains can be estimated by the
Poisson summation formula as in GL, [5, §XVT], and is at length shown to be
integrable.

The classes o which do not meet any proper parabolic subgroup contain only
semisimple elements, and are actual conjugacy classes. Thus J7(f) is independ-
ent of T and can be expressed as an orbital integral as on the left hand side of
(1). In §8 we study the distributions J? for a wider collection of o, the classes we
will term unramified. We will show that J7(f) can still be expressed as an orbit-
al integral of f. However, it will be the orbital integral with respect to a measure
which is not invariant, but weighted by a function obtained by taking the vol-
ume of a certain convex hull. It has been shown [1(b)] that this particular
weighted orbital integral can be evaluated explicitly for certain special func-
tions f.
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The main use of the trace formula would be to obtain information about the
right hand side from knowledge of the left hand side. One hopes that it will
someday shed light on Langlands’ functoriality conjecture, perhaps the funda-
mental problem in the whole area. Three special cases of this conjecture have
already been solved [5], [6(c)], [7], by using the trace formula for GL,. In each
case, a trace formula for one group G was compared with the trace formula for
G' = GL,. An arbitrary funciton f on G(A) was used to define a function f’ on
G'(A) so as to make the left hand sides of the two formulas equal. The corre-
spondence between automorphic representations was then extracted from the
resulting equality of right hand sides. The formula (4), whose proof we will
complete in the next paper, is not as explicit as the trace formula for GL, [5, pg.
516-517]. For example, if 0 is the class consisting of unipotent elements, we
cannot express J7(f) as a weighted orbital integral. Nevertheless, I believe that
(4) can eventually yield the same kind of results for general G. One would
characterize the distributions J% and J% by the properties required by the appli-
cations rather than by their explicit formulas.

§1. Preliminaries

Let G be a reductive algebraic group defined over @. We shall fix, for once
and for all, a minimal parabolic subgroup P,, and a Levi component, Mp,, of P,
both defined over Q. In this paper we shall work only with standard parabolic
subgroups of G; that is, parabolic subgroups P, defined over Q, which contain
P,. Let us agree to refer to such groups simply as ‘‘parabolic subgroups.’” Fix
P. Let Np be the unipotent radical of P and let M, be the unique Levi com-
ponent of P which contains M, . Denote the split component of the center of
Mp by A,. Np, Mp and A, are all defined over Q. Let X(M;)g be the group of
characters of M, defined over Q. Then

ap = Hom (X(Mp)g, R)
is a real vector space whose dimension equals that of A,. Its dual space is
C(t = X(MP)Q ® R.

We shall denote the set of simple roots of (P, A) by Ap. They are elements in
X(Ap)q and are canonically embedded in af. The set A, = Ap; is a base for a
root system. In particular, we have the co-root oV in a,, for every root o € Ap.

Suppose that P, and P, are parabolic subgroups with P, C P,. a}, comes with
an embedding into a%,, while ap, is a natural quotient vector space of ap,. The
group Mp, N P, is a parabolic subgroup of M;, with unipotent radical

Nb: = Np, N Mp,.

The set, Az, of simple roots of (Mp, N Py, Ap,) is a subset of Ap . As is well
known, P, — Af: is a bijection between the set of parabolic subgroups P, which
contain P;, and the collection of subsets of Ap,. Identify ap, with the subspace

{H € ap,: a(H) =0, a € AP}
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If af: is defined to be the subspace of a, annihilated by a¥,, then
ap, = apz D ap,.

The subspace, (af2)*, of a}, spanned by A}z is in natural duality with af: and we
have

af, = (ap)* @ af,.
The space a}: also embeds into af, and
apz = apy © alz.
Any root a € Al: is the restriction to ab; of a unique root 8 € Ap:. Define aV to
be the projection onto af: of the vector 8V in apz. Then
{av : a € AR}
is a basis of af:. Let
Aﬁg = {w, : a € Apg}
be the corresponding dual basis for (afz)*. If w € Aﬁg, define wV € af: by
a(wV) = w(aV), a € A,

Then {wy} and {a} is another pair of dual bases for af: and (apz)*.

If P, is a parabolic subgroup, and P; appears in our notation as a subscript or
a superscript, we shall often use only /, instead of P;, for the subscript or super-
script. For example,

M, = Mp,, af = apz, and N} = Np.
If the letter P alone is used, we shall often omit it altogether as a subscript.
Thus, P = NM, A is the set of simple roots of (P, A), and so on. G itself is a
parabolic subgroup. We shall often write Z for A, and 3 for ag.

The following proposition is trivial to prove. However, it will be the ultimate
justification for much of this paper so we had best draw attention to it.

ProrosiTioN 1.1. Suppose that P, and P, are parabolic subgroups, with
P, C P,. Then

(= 1)dimiaidy) = L if P=P
PP, TPCPy 0  otherwise.

(The sum is, of course, over parabolic subgroups P; A = Ap is uniquely deter-
mined by P.)

Proof. The sum can be regarded as the sum over all subsets of A?. The
result follows from the binomial theorem. O

Let A (resp. A)) be the ring of adéles (resp. finite adéles) of Q. Then

G(A) = GR) - G(A)
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is the restricted direct product over all valuations v, of the groups G(Q,). Fix,
for once and for all, a maximal compact subgroup

K =[] K.,
v

of G(A) so that the following properties hold:
(i) For any embedding of G into GL,, defined over Q, K, = GL,(0,) N G(Q,)
for almost all finite places v.
(ii) For every finite v, K, is a special maximal compact subgroup.
(iii) The Lie algebras of K, and A(R) are orthogonal with respect to the
Killing form.
Suppose that P is a parabolic subgroup. If m = Hmv lies in M(A), define a
vector Hy(m) in ap by v

FHymMX) = IX(m)l = H |X(mv)|v’ X E X(m)Q

H,, is a homomorphism of M(A) to the additive group ap. Let M(A)* be its
kernal. Then M(A) is the direct product of M(A)* and A(R)°, the component of 1
in A(R). By our conditions on K, G(A) = P(A)K. Any x € G(A) can be written
as

nmak, n € N(A), m € M(A)!, a € AR)", k € K.

We define Hp(x) = H(x) to be the vector Hy(ma) = Hy(a) in ap. Notice that if
P, C P,, ab: is the image of Mp,(A)! under Hp,.

We shall denote the restricted Weyl group of (G, A,) by Q. Q acts on a, and
a* in the usual way. For every s € Q we shall fix a representative w; in the
intersection of G(Q) with the normalizer of A,. w, is determined modulo M,(Q).
If P, and P, are parabolic subgroups, let Q(q,, a,) denote the set of distinct
isomorphisms from q; onto a, obtained by restricting elements in € to a;. P;
and P, are said to be associated if ({(a,, a,) is not empty. If s, belongs to
QO(ay, a,), there is a unique element s in {) whose restriction to a, is s, and such
that s~!a is a positive root (that is to say, a root of (P,, A,)) for every a € Af:.
Thus, Q(a;, ;) can be regarded as a subset of {); in particular, wy, is an element
in G(Q) for every s, € Q(a,, ay).

We shall need to adopt some conventions for choices of Haar measures. For
any connected subgroup, V, of N,, defined over Q, we take the Haar measure
on V(A) which assigns V(Q)\\ V(A) the volume one. Similarly, we take the Haar
measure of K to be one. Fix Haar measures on each of the vector spaces ap. On
the spaces a} we take the dual Haar measures. We then utilize the isomorphisms

Hp . AP(R)O —-> (Ip

to define Haar measures on the groups Ap(R)°. Finally, fix a Haar measure on
G(A). For any P, let

ap = {H € ap: a(H) > 0, a € Ap},
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and
()t ={A € at: AlaV) > 0, a € Ap}.
There is a vector pp in a} such the modular function
dp(p) = |det(Adp)nP(A)I, p € PA),

on P(A) equals e*r#:® Here n,p stands for the Lie algebra of Np. There are
unique Haar measures on M(A) and M(A)' such that for any function
h € CG(A)),

J hix)dx = I [ J h(nmk) e~ Hp™ dndmdk
GA) NA) JMA) JK

= J J J J h(nmak) e »He'D dndadmdk.
N(A) M(A)Y JAA)P JK

We should recall some properties of height functions associated to rational
representations of G. Let V be a vector space defined over Q. Suppose that
{vy, * « -, v,} is a basis of V(Q). If ¢, € V(Q,), and

51} = Z ‘fi%vi, f; € Qv’
define
HEM, = max|&l,

if v is finite, and
1

gty = ( > |§,;'|2)2

if v =R. An element ¢ = H g in V(A) is said to be primitive if &)1, = 1

for almost all v, in which case we set

el = ] &l
{I-l is called the height function associated to the basis {v, - - *, v,}. Suppose
that

A:G— GL(V)

is a homomorphism defined over Q. Let K, be the group of elements £k € K
such that lIA(k)vll = llvll for any primitive v € V(A). It is possible to choose the
basis {v;, - * -, v,} such that K, is of finite index in K, and also so that for each
a € A,, the operator A(a) is diagonal. We shall always assume that for a given
A, the basis has been chosen to satisfy these two conditions. From our basis on
V(Q) we obtain a basis for the vector space of endomorphisms of V(Q). Every
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element in G(A) is primitive with respect to the corresponding height function
and for every primitive v € V(A), and every x € G(A),

HAG) v < TAGH-1lvl.
If t > 0, define
G, ={x € GA)  IAxIl = 1}.

Suppose that A has the further property that G, is compact for every ¢. It is
known that there are constants C and N such that for any ¢, the volume of G,
(with respect to our Haar measure) is bounded by Cr". For the rest of this paper
we shall simply assume that some A, satisfying this additional property, has
been fixed, and we shall write lIxll for IA(x)il. This ‘‘norm’’ function on G(A)
satisfies

lxll = 1,

lkyxkyll = 1Ixli,

Nyl < Hxdl-lIyli,
and

llx~ 1 = ClixIIV,

for constants C and N, elements x, y € G(A), and k,, k, belonging to a subgroup
of finite index in K.

Once |l || has been fixed, we shall want to consider different rational represen-
tations A of G. In particular, suppose that the highest weight of A is A, for some
element A in a%. Then there are constants ¢, and ¢, such that

cre MHED) < (|A(x) "Il < ¢p e M H@,

for all x € G(A). By varying the linear functional A, we can then show that for
any Euclidean norm |-/l on , we can choose a constant ¢ so that

IHx)Il = ¢(1 + log lIxll), x € G(A).

Suppose that P is a parabolic subgroup. Recall that there is a finite number of
disjoint open subsets of a, called the chambers of a. Their union is the com-
plement in a of the set of hyperplanes which are orthogonal to the roots of
(P, A). a* is one chamber. According to Lemma 2.13 of [6(b)] the set of cham-
bers is precisely the collection, indexed by all P’ and s € Q(a, a'), of open
subsets s71(a’)*. We shall write n(A) for the number of chambers. More gener-
ally, if P, C P, let np(A,) be the number of connected components in the orthog-
onal complement in a, of the set of hyperplanes which are orthogonal to the
roots of (P, N M, A,).

§2. The kernel Kp(x, y)
Let R be the regular representation of G(A)! on LHG(Q)\ G(A)). The map
which sends f to the operator
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R(f) = J FOORG)dx
GAY

gives us a representation of any reasonable convolution algebra of functions f

on G(A)'. For example, we could take C.(G(A)'), which is defined as the topo-

logical direct limit over all compact subsets I of G(A)!, of the spaces of continu-

ous functions on G(A)* supported on I'.

We shall be more interested in the smooth functions on G(A)!. For any place
v, let G(Q,)! denote the intersection of G(Q,) with G(A)'. Then G(R)* contains
the connected component of 1in G(A)!. Notice that for any v, K, is contained in
G(Q,)!. Suppose that K, is an open compact subgroup of G(A;!. Then the
double coset space Ko\ G(A)!/K, is a discrete union of countably many copies
of G(R)'. In particular it is a differentiable manifold. Suppose that I" is a com-
pact subset of G(A)! such that

F = K()FK().

Let C*(G(A)', T, K,) be the algebra of smooth functions on K,\I'/K, which are
supported on I'. U(g(R)' ® C), the universal enveloping algebra of the com-
plexification of the Lie algebra of G(R)!, acts on this space on both the left and
the right. We shall denote these actions by the convolution symbol. The semi-
norms

Nfllxy = sup (X xf= DN, f&€ C(GAMT, Ky,
x € GA)!

indexed by elements X, ¥ € (g(R)' ® C), define a topology on C*(G(A)', T", K,).
Let C?(G(A)!) be the topological direct limit over all pairs (I', K;), of the
spaces C*(G(A)L, T, K,). If r is any positive integer we can define CL(G(A)*) the
same way, except that we of course take only those seminorms for which the
sum of the degrees of X and Y is no greater than r. Finally, any subgroup L of
G(A)! acts on CL(G(A)") by

fix) = fhxh™), x€ GA)Y, heEL.

We shall write Ci(G(A)")* (or for that matter, we will write X%, if X is any set on
which L acts) for the set of L-invariant elements.

Suppose that f € CH(G(A)Y). R(f) is an integral operator on G(Q)\G(A)!
with kernel

Kx,y)= 2> flxlyy).

v € GQ)
If we had the Selberg trace formula for compact quotient in mind, we would be
inclined to decompose the formula for K(x, x)} into terms corresponding to con-
jugacy classes in G(Q). It turns out, however, that an equivalence relation in
G(Q), weaker than conjugacy, is more appropriate to the non-compact setting.
Any v € G(Q) can be uniquely written as vy,y,, where v, is semi-simple, vy, is
unipotent, and the two elements commute. We shall say that elements y and '
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in G(Q) are equivalent if vy, and v, are G(Q)-conjugate. Let O be the set of
equivalence classes. Every class in O contains one and only one conjugacy
class of semi-simple elements in G(Q).

If v is in G(Q), and H is a subgroup of G, defined over Q, let H(y) be the
centralizer of v in H. Both H(y) and its identity component, H(y)®, are defined
over Q. If R is any ring containing @, let H(R, y) be the centralizer of y in H(R).
Now suppose that o is a class in 0. It is clearly possible to choose a parabolic
subgroup P and a semisimple element 7y in 0 such that v belongs to M(Q), but
such that no M(Q)-conjugate of v lies in P,(Q), for P, a parabolic subgroup of
G, P, ¢ P. In other words, v lies is no proper parabolic subgroup of M, defined
over Q. Elements in M(Q) with this property are called elliptic elements. M(y)°
is a reductive group, defined over @, which is anisotropic modulo A. The group
P is not uniquely determined by 0. However if (M’, v') is another pair, associat-
ed to o as above, then y' = wyw™ for some element w € G(Q). Since A’ is the
split component of the center of G(y')°, it equals wAw™!. Therefore w = wyn,
for s € Q(a, a'), and n € M(Q). It follows that there is a bijection from 0 onto
the set of equivalence classes of pairs (M, ¢), where P = NM is a parabolic
subgroup and ¢ is a conjugacy class in M(Q) of elliptic elements, two pairs
(M, c¢) and (M’, ¢’) being defined to be equivalent if ¢’ = w,ew! for some s in
Qa, a’).

Suppose that o is a class in ¢ and that P and y are as above. Let X denote the
set of roots of (P, A). % determines a decomposition

n= @ n,
a€X

of the Lie algebra of N. Let Z(y) be the set of roots « in 5, such that the central-
izer of y in 1, is not zero. The elements in X (y) are, of course, characters on A.
Let A’ be the intersection of their kernels. We can choose parabolic subgroups
P, C P, and an element s € Q(a, a,), such that A, = w,A'w3'. Set
v, = weywt. It is an elliptic element in M,(Q). A, is the split component of the
center of G(y,)°, and P,(y,)° is a minimal parabolic subgroup of G(y,)°. Notice
that P, and P, are equal if and only if every element in the class o is semisimple.
In general, any element in v is conjugate to y,»,, where v, is a unipotent element
in Py(y,)°. v, must lie in the unipotent radical of P,(y,)°, so in particular it be-
longs to N,(Q).

LEMMA 2.1. Suppose that P = NM is a parabolic subgroup defined over
Q. Suppose that wp is in M(Q). Then if ¢ € C,(N(A)),

-

Sy ymd) = > d).

8 E NQY)N@ n€&NQy) 7 € N@)

Proof. Neither side of the putative formula changes if w is replaced by an
M(Q)-conjugate of itself. After noting that the previous discussion can be ap-
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plied to classes in M(Q) as well as G(Q), we can assume that there is a parabolic
subgroup P,, with P, C P, such that y, € M,(Q), and y, € M(Q, y,) N N(Q).
Now the Lie algebra of N can be decomposed into eigenspaces under the action
of A,. It follows that there exists a sequence

N=N,DN,D DN, = {1}

of normal vy,-stable subgroups of N which are defined over @ and satisfy the
following properties:

(D) Ny . \N; is abelian for each k.

(ii) If 8 € Ny, and 7 either belongs to N or equals y,, n~'8" '8 belongs to

Ni + 1.
We shall show that forall £, 0 <= k = r,
@.D > > blyisTiynd)
8 € NQy)N(Q M 1 € M@y )N &)
equals
(2.2) > Y dlyT'8ynd).

3ENRYN\N® 7 ENRQy,)

The assertion of the lemma is the case that k = 0. The equality is immediate if
k = r. By decreasing induction on k, we assume that (2.2) equals

dy"187ynd).
8 € N@u)Ne o (QANQ 7€ NyIN@)
This is the sum over §, € N(Q,y,)Nx(Q\ N(Q) of

d(y™187'831yn:8,)
8 € NQ,y)Ng 4 (Q)\N(@,y,) N () 1 € NNy + (&)

= > S by 187183 yn8:01).

8, € NulQ,y)Nic + (Q\N(@) n

For fixed 8, € N,(Q), we change variables in the sum over n. We find that

By 18783 'ym8:81) = D by 187"y - ¥7183'Ynd: * 8)

N € NQyINi +:(Q) n

> Gy 187ty - y3lRymd: - 8y)
n

Il

>y 383s8y),
n

where

Ulx) = > dly ' 8iyn - x - 8y)

1 € N@y )Ny + ((®)
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is a compactly supported function on the discrete set
Ni(Q, vg) Ny ()N N(Q).
The map

¥y = Ny Ni w1 - ¥5Y s, Y € Nilys)Nic + 1 \Np,

is an isomorphism from N,(y,)Ny , ; \.N,. onto itself which is defined over Q.
Therefore

Ply$'83'ys02)
8 € Ni(@,7,)Ny + {(Q)\N(Q)
equals
dly 187'yndy).
7 € N@,7,)Ni(Q)

It follows that (2.2) equals (2.1). |

It follows from the lemma that if 0 € 0, and if y € 5 N M(Q), then yn be-
longs to o for each » in N(Q). In other words

0N PA) = (0N MQ)-NQ).

A similar remark holds for the intersection of o with any parabolic subgroup of
M.

LemMA 2.2 Under the hypotheses of Lemma 2.1,

d(y~'nytyngny)dnydn, = f d(n)dn.
)

JN(A.w)\N(A) JN(A,Y.) NA

Proof. The proof can be transcribed from the proof of Lemma 2.1 by re-
placing each sum over a set of rational points by the integral over the corre-
sponding set of A-valued points. O

If o € 0, define
K,(x,y) = 2 fxyy).

Yy &
Then
K(x,y) = > K,(x, ).

More generally, if P is a parabolic subgroup, define

Kwy= 3 jw) Ftyny)dn.

yEMQ) No

Then
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KP(x’ }’)= Z Kp,g(x’ y)

DECO

equals

j Fatyny)dn.
vy € M(Q) NA)

This is just the kernel of Rp(f), where R is the regular representation of G(A)?
on LANAMQ)\GA).

§3. A review of Eisenstein series

In this section we shall recall those results on Eisenstein series which are
needed for the trace formula. They are due to Langlands; the main ideas are in
the article [6(a)] while the details appear in [6(b)]. Suppose that P is a parabolic
subgroup. Recall that the space of cusp forms, L2, (M(Q)\ M(A)'), on M(A)!
is the space of functions ¢ in L2 (M(Q)\ M(A)!) such that for any parabolic
subgroup P, with P, ¢ P,

d{nm)dn

Jl\’x(@) N M@)\N(A) N M(A)
equals 0 for almost all m € M(A)!. It is known that

L M@\ M(A)Y) = D v,

where p ranges over all irreducible unitary representations of M(A)!, and each
V, is an M(A)-invariant subspace of L2, (M(Q)\ M(A)!), isomorphic under
the action of M(A)! to a finite number of copies of p. An irreducible unitary
representation p of M(A)! is said to be cuspidal if V, # 0. Suppose that P’ is
another parabolic subgroup, and that p’ is an irreducible unitary cuspidal repre-
sentation of M'(A)!. We shall say that the pairs (M, p) and (M’, p’) are equiva-
lent if there is an s € Q(a, a') such that the representation

(sp)(m’) = pwilm'w,), m' € M'(A),

is unitarily equivalent to p'. Let Z be the set of equivalence classes of pairs.
Then corresponding to any x € ¥ we have a class, #,, of associated parabolic
subgroups. If P is any parabolic subgroup and x € %, set

Loy (M@N\MAY, = D v,

{Pi(M,P) E X}

This is a closed M(A)!-invariant subspace of L2, (M(Q)\ M(A))!), which is
empty if P does not belong to %,. We have

Liwp (M@N\MA)) = EB% Lo (M@ N\M(A)Y)x.
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Again suppose that P is fixed and that x € Z. Suppose first of all that there is
a group P, in &, which is contained in P. Let ¢ be a smooth function on
N{(A)M (Q)\ G(A) such that

Vu(m, k) = Ylamk), k € K, m € Mi(@)\M,(A)', a € A,(Q)\4,(A),

vanishes for a outside a compact subset of A,(Q)\ A4,(A), transforms under K,
according to an irreducible representation W, and as a function of m, belongs to
L2, (M (@)\ M,(A)"). One of the first results in the theory of Eisenstein series
is that the function

§(m) = 2. wem),  me M@ \MA),
8 € P(Q) N M@\ MQ)

is square integrable on M(@)\M(A), ([6(a), Lemma 1]). We define
LA M(Q)\M(A)'), to be the closed span of all functions of the form §*/, where
P, runs through those groups in %, which are contained in P, and W is allowed
to vary over all irreducible representations of K. If there does not exist a group
P, € ?, which is contained in P, define L2(M(Q)\ M(A)!), to be {0}. It follows
from [6(a), Lemma 2], that L3(M(Q)\M(A)?) is the orthogonal direct sum over
all x € & of the spaces L2 M(Q)\ M(A)"),.

For any P, let I1(M) denote the set of equivalence classes of irreducible uni-
tary representations of M(A). If { € a¥ and = € II(M), let =, be the product of
« with the quasicharacter

x— &' x e G(A).

If { belongs to ia*, 7, is unitary, so we obtain a free action of the group ia* on
IT(M). II(M) becomes a differentiable manifold whose connected components
are the orbits of ia*. We can also transfer our Haar measure on ia* to each of
the orbits in II(M); this allows us to define a measure dmr on II(M). If P, D P, let
ITP:(M) be the space of orbits of in% on [1(M). II72(M) inherits a measure from
our measures on II(M) and ia%.

For m € I1(M), let 5} be the space of smooth functions

¢ : NAM@)\GA) — C

which satisfy the following conditions:
(@) ¢ is right K-finite.
(ii) For every x € G(A), the function

m — ¢p(mx), m € M(A),
is a matrix coefficient of 7.

(i) NIl = f J b (mk)dmdk < .
K J M@\MA)!

Let #p(7r) be the completion of #%(r). It is a Hilbert space. If ¢ € #p(w), and
{ € ag, define
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dux) = d(x)et ™, x € G(A),

and
1

Tp(me, Y)P(x) = delxy) - 8p(xy)? - 8p(x) %, x,¥ € G(A).

Then Ip(m) is a representation of G(A) which is unitary if { € ia*. Notice that
#p(w) = {0} unless there is a subrepresentation of the regular representation of
M(A)! on LA(M(Q)\ M(A)') which is equivalent to the restriction of 7+ to M(A)™.

Given y € %, let ¥ () be the closed subspace of () consisting of those
¢ such that for all x the function

m — ¢d(mx), m € M@\ M(A),
belongs to L*(M(Q)\ M(A)Y),. Then

9p(m) = D Holm)y.
XE X

(I do not know whether #,(m), can be nonzero for more than one x.) Suppose
that K, is an open compact subgroup of G(A, and that W is an equivalence class
of irreducible representations of K,. Let #»(m)y x, be the subspace of functions
in #p(m), which are invariant under K, N K, and let (), x,,w be the space of
functions in #p(m)y .k, which transform under K, according to W. It is a con-
sequence of the decomposition of the spaces LA(M(Q)\ M(A)"),, established by
Langlands in §7 of [6(b)], that each of the spaces #p(7)y x,,w is finite dimension-
al. We shall need to have ortho-normal bases of the spaces #p(r)y. Let us fix
such a basis, Bp(m)y, for each 7 and x such that

Bp(my)x = {dr 1 & € Bp(m)y}, { € ia*,

and such that every ¢ € Bp(m), belongs to one of the spaces #p()y k.0 We
shall need these bases in the next section, when we give a second formula for
the kernal K(x, y) in terms of Eisenstein series.

Suppose that 7 € II(M), ¢ € #2(w), { € a% and s € Q(a, a'). If Re { be-
longs to pp + (a%)*, the Eisenstein series and global intertwining operators are
defined by

1
E(x, &) = z ¢y (8x) - SP(Sx)i,

8 € PQ)\GQ)

and
1

(M(s, m)d)(x) = J G (wilnx) - 8p(w3inx)?
N'(A) N w,NA)w3I\N'(4)

1
- 8p(x)” 2 dn.

The properties that we will need are all contained, at least implicitly, in [6(b)]
(see especially Appendix II), and have been summarized in [1(c)]. For the con-
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venience of the reader, we shall recall them again here.

E(x, ¢,) and M(s, 7)), can be continued as meromorphic functions in ¢ to
ag. If £ € ia*, E(x, ¢;) is a smooth function of x, and M(s, m,) is a unitary
operator from #s(m;) to #pm(s7y). There is an integer N such that for any ¢,

sup (IxlIIPME(x, ¢)l)

x € G(A)

is a locally bounded function on the set of { € a} at which E(x, ¢,) is regular. If
h € C,(G(A)X and t € Q(a’, a"), the following functional equations hold:

(i) EGx, Lo, b)) = Lw h(y) E(xy, $)dy.

(ii) E(x, M(s, w)¢) = E(x, ).

(i) M(ts, w) = M(t, sm) M(s, ).
Let ? be a class of associated parabolic subgroups. Let f,g, be the set of collec-
tions F = {F, : P € %} of functions

Fp:m— ¥p(m), m€I(M),

such that
(i) Fp(sm) = M(s, m)Fp(m), s € Qa, a’),

(i) WFAPR = n(A)“IJ WFp(m)litdm < .
(M)

PeP

Then the map which sends F to the function

S a4 j E(x, Fo(m))dm,
Pe @ (M)

defined for F in a dense subspace of I:g,, extends to a unitary map from ﬁp onto
a closed, G(A)-invariant subspace L3(G(Q)\ G(A)) of L3 G(Q)\ G(A)). More-
over, there is an orthogonal decomposition

LHGR)N\GA) = D L (GR)\G(A)).

P

We could equally well have defined subspaces LZ(G(Q)\G(A)") of
L*G(Q)\G(A)!). The only change in the formulation would be to integrate
over I1%(M) instead of II(M). This would allow us to decompose the representa-
tion R into a direct integral of the representations I»(m) (Let us agree to denote
the restriction of the representation In(w) to G(A)! by In(w) as well.) If x € Z,
we could replace f,y by a space of collections F = {F, : P € %} such that Fp(m)
belongs to #x(m), for each 7. We would obtain a decomposition of the space
LA G@)\G(A)")x. More generally, if P C P,, and if { is a suitable point in af,
define

1
Ep,(x, &) = S dy(8x) - 8p(8x) 2.

3 € PQ\P:(Q)
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The discussion above holds if the functions E(x) are replaced by Ep,(x). It then
amounts to a description of the decomposition of the representation Rp, into a
direct integral of {Ip(7) : P C Py}.

We shall end this section with some simple remarks on representations of the
universal enveloping algebra. U(g(R)! ® C) acts, through the representation
In(7), on the vector space #2(m). There are two involutions of U(g(R)' ® C).
The first,

X- X,
is just conjugation with respect to the real form g(R)!. The second, (actually an
anti-involution),
X — X*,
is the adjoint map. For any = € II(M), X, Y € UgR)! ® C), and
h &€ CUGA)YY,
Ip(m, X) Ip(m, h) Ip(m, Y) = Ip(m, X « h x Y),
and
Ip(m, X)* = Ip(m, X*¥).
(We also have
Ip(m, h)* = Ip(w, h*),

where A*(x) = h(x~1).) We shall denote the left invariant differential operator
associated to X by R(X). If we wish to emphasize the fact that we are dif-
ferentiating with respect to a variable x, we shall write R,(X). Then

R.l‘(X) E(x, d)) = E(xa Ip(’?T, X)d)), ¢ € %(I)’(ﬂ')

It follows that for every ¢ € %3(w) and X € U(g(R)! ® C) that there a locally
bounded function c({), defined on the set of points { € a& at which E(x, ¢,) is
regular, such that

3.1 IR(X) E(x, ¢p) = () lIxll¥, x € G(A).

§4. The second formula for the kernel

The theory of Eisenstein series yields another formula for K(x, y). The equal-
ity of this formula with that of §2 is what will eventually lead to our trace
formula. The following result is essentially due to Duflo and Labesse [2].

LEmMMA 4.1. For any m = 1 we can choose elements g} € CMG(A)) R,
g € C2(GR)¥rand Z € UG(R)* ® CHRsuch that Z « gy + g is the Dirac dis-
tribution at the identity in G(R)'.

Proof. Let A be any elliptic element in %(g(R)! ® C)*R, For example, A
could be obtained as a linear combination of the Casimir operators of G(R)! and
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K,. We can assume that A is K -invariant. Let () be a small open K-invariant
neighborhood of 1 in G(R)!. By the existence of a fundamental solution [4, Pg.
174] we can find, for any n > 0, a function 4 on () such that A" x & is the Dirac
distribution. By the elliptic regularity theorem, we can choose n so large that /
belongs to C™(Q)). Since A is K -invariant, we can assume that 7 € C"({)*®,
Moreover, & is infinitely differentiable away from the identity. Let ¢ be any
function in C%(Q)¥® which equals 1 in a neighborhood of the identity. Then
A x h¢ equals the Dirac distribution in a neighborhood of the identity, and is
smooth away from the identity. Thus g = h¢ is in C%(Q)*®, and g, the dif-
ference between A" x g} and the Dirac distribution, is actually in C%(Q)*®. The
lemma is established with Z = A", O

COROLLARY 4.2. Suppose r, > deg Z. Then any h € Cho(G(A)') equals
2
z hl * Lis
i=1

where, in the notation of the lemma, hy, = h x Z, hy = h, and g, is the product of

gp with a multiple of the characteristic function of an open compact subgroup
of G(Ay).

Proof. Let K, be any open compact subgroup of G(A, under which # is bi-
invariant. Define
gilxg " X9, x, € GR)', x, € G(A)', i =1, 2,

to be gi(x,) divided by the volume of K, if x; € K, and 0 otherwise. The corol-
lary then follows from the lemma. a

LEMMA 4.3. There is a constant N and a continuous semi-norm |l lly on
CG(A)Y) such that for any f € C,(G(A)) and x, y € G(A)*,

> f(x‘lyy)‘ = | fllollxl12V,

Y € GQ)

This lemma is well known, at least in the I\ G(R)* setting ([3, Lemma 9]).
The extension to adéle groups is easy. O

Recall that a function fon G(A)! is said to be K-finite if the space spanned by
the left and right K-translates of fis finite dimensional.

LEMMA 4.4. There is an ryand a continuous seminorm ll-|l,, on Cio(G(A)')
such thatif X, Y € UGR)I @ C), r=r, + deg X + deg Y, and fis a K-finite
Junction in CHG(A)Y),

@n 3 S j

I%(M)

Y RXE, Ip(m, f)d) - ROYE(, d)|dm

¢ € Be(m)y
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is bounded by
HX % fo Yy« Hxll¥ - IyliY,
Here N is as in Lemma 4.3.
Proof. Since fis K-finite, the sum over ¢ is finite. Let E(x, ) = E(x, m), be

the vector in the algebraic direct product

Co

¢ € Bplmy

such that for any K-finite vector ¢ in #p(7)y,

(¥, E(x, m) = E(x, §).

Then
4.2) , ;() RX)E(x, Ip(m, f)b) - R(Y*)E(y, ¢)
equals

; E(x9 IP(ﬂ's X)IP("T’ f)¢) E(y9 IP("T9 Y*)d))
= %: (d)’ (IP(Wa X)IP(W’ f))*E(x3 77)) (IP('n-a Y*)*E(y’ 77)9 ¢)

= (Ip(m, X) Ip(m, f) Ip(m, Y) E(y, m), Elx, 7))
= (Ip(w, X « f+ Y) EQy, m), E(x, m)).

Apply Corollary 4.2 with 4 = X « f Y. (The integer m, upon which Z depends,

2
can be arbitrary.) Then h = > h;x g. We can choose g to be in
i=1
C™(G(A))X. Since each function 4, is K-finite, we can assume that g; is K-finite

as well. The absolute value of (4.2) equals
Ei Ip(m, g)EW, m), Ip(m, h)*E(x, m))|,
which is bounded by
g WIp(mr, g)EQ, Wl + p(m, hy*Elx, m)l

= 2 (IP(Ws g*l * gl)E(y’ 77)’ E(}’, W))E : (IP(h'i* h*z)E(x’ ’lT), E(xa w))E

Consider the set
S ={x, P,m:x € Z, 7 e II°M)}.

Regarded as a disjoint union of copies of II¢(M), it comes equipped with a
topology. The integral (4.1) defines a measure on &. Suppose that S is a com-
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pact subset of & and that k£ is a K-finite function in C.(G(A)!). It follows from
the results on Eisenstein series summarized in §3 that

f Unlar, k + K¥) E(x, m)y, EQ, 7))
X,P,meS

is the kernel of the restriction of the operator R(k = k*) to an invariant subspace.
Since the operator is positive semidefinite, the value at x = y of this expression
is bounded by

Z (k * k*)(x 'yx).

y € G@)
By Lemma 4.3 this is in turn bounded by
hk x k*llg « 1lxlI2V,

Since this last expression is independent of § it remains a bound if the original
integral is taken over all of &. It follows from Schwartz’ inequality that (4.1) is
bounded by

1 1

Xl [yl - Z ligh « gl - ks + hFllg2.
Since h, = h« Z, h, = h and r, > deg Z, the map which sends 4 to

1 1
WAl = D lg™ % gidlo? - Iy + A%lly?
1

is a continuous seminorm on C%(G(A)!). The lemma follows. a

The K-finite functions are not dense in C%(G(A)!). However, there is a posi-
tive integer ;, depending only on G, such that for any r > l,, C:(G(A)?) is con-
tained in the closure in C7 ~ ©(G(A)?) of the K-finite functions in C% ~ b(G(A)"). If
o = (W, W,) is a pair of equivalence classes of irreducible representations of
K., define

ful®) = deg W, - deg W, J Chyp, k) f (i xk ) ey (ko) ke,
Kp X Kp

if chy, is the character of W,. It follows easily from the representation theory of

a compact Lie group that [, may be chosen so that if r > [, and lI-ll is any

continuous seminorm on C% ~ %(G(A)Y),

f= 2L, fE€ CUAGAY,

is a continuous seminorm on C5(G(A)!), and Z f. converges absolutely in
Ct~W(G(A)") to f. @

Suppose that the measure space ¥ is defined as in the proof of the last lem-
ma. If § is a measurable subset of & and fis a K-finite function in Ci(G(A)'),
define I(S, f, x, y) to be
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J( P ES Z E(x, Ip(m, f)$) E(y, ¢)dm.

¢ € Bp(m)x

For fixed x and y this defines a continuous linear functional on a subspace of
Cho(G(A)Y), the closure of which contains Ch * %(G(A)!). We can therefore de-
fine I(S, f, x, y) for any f € Cho * b(G(A)Y).

Lemma 4.5. If f € C{(G(A)), I(S, f, x, y) is continuously differentiable in
either xor yoforderr — ro — L. If X, YE UQR)!'QCland r=ry + I, + deg X
+ deg Y,

RAX)R,(Y)I(S, f, x, y)
equals I(S, X « f» Y, x, ¥).
Proof. Suppose first of all that fis K-finite. If S is relatively compact the

result follows from (3.1) and the proof of Lemma 4.4. In general S can be
written as a disjoint union of relatively compact sets S,. For any n,

z R(Y*) I(Sk’ X *f, X, )’)’

k>n

2 IS, X« fx Y, x, y)‘
k>n
In the notation of the proof of Lemma 4.4, this is bounded by
1
z( z I(Sk’ gﬂ; * &4 Y, y)>2(k2 I(Ska hl * h*i" X, X)>
>n

t \k>n

0] —

1 1
= Iyl - > llgh % gilloi( > I(Sk, hy + ¥, x, x))z.
i k>n

As n approaches » this expression approaches 0 uniformly for y in compact
subsets. It follows that the function

S ISk, X« f,x,9) = IS, X « f, x, ¥)
k
is differentiable in y and its derivative with respect to Y* equals
SISk, Xxfx Y, x,9) =IS, X+ fx Y, x,9).
k

The differentiability in x follows the same way.
Now suppose that fis an arbitrary function in C%(G(A)?). Let f, be a sequence
of K-finite functions that converges to fin C%~ b(G(A)L. If n, > n,,

IR,(¥*) I(S, X * fo, x, ¥) — RU(YNIS, X « fr,, X, y)
= IS, X« fo,x Y — X5 f, » Y, x, )l
=< [IxlMIYIY < 11X # (fo, = Srg) * Vs
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by Lemma 4.4. Therefore the sequence
R(Y*) I(S, X * f,, x, ¥)

converges uniformly for x and y in compact sets. In particular,
IS, X « f, x, y)

is differentiable y, and

R,(YIS, X * f, x, )

Jim R, (YHI(S, X « fy, %, )
= nli_glw IS, X«f,x Y, x,y)
=IS,X+fxY, x,y),

since X « f, » Y approaches X « f« ¥ in  Ci(G(A)Y).

The differentiability in x follows the same way. @

COROLLARY 4.6. Supposethat X, Y€ U(GRY @ Candr = ry + I + deg X
+ deg Y. Then there is a continuous seminorm || |l on Ci(G(A)') such that if {Sx}
is any sequence of disjoint subsets of S,, and f € CiG(A)Y),
SURAX)R,(Y)(Sk, £, x, ) < 1AL 11V - 1Iyl1Y,
k

Proof. By the lemma, we may assume that X = Y = 1. The corollary then
follows from Lemma 4.4 and the remarks immediately following its proof. O

COROLLARY 4.7. Under the assumptions of Corollary 4.6,
; R.z‘(X)RU(Y*)I(Sk, f’ X, }’) = Rx(X)Ry(Y*)I(S’ f’ X, y)a

where S is the union of the sets S.

Proof. Again by Lemma 4.5, we need only consider the case that
X = Y = 1. According to Lemma 4.4 and the remark following its proof,

IS, £, x,9) = 2 IS, fu, %, )
= Z zk: I(Sk’fun X, }’)
But

2 ; II(sksfw, X, }’)f
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is bounded by the product of [lx|I¥ - iyll¥ and

Dl follrg:

This last expression represents a continuous seminorm on C% * %(G(A)'), and
is, in particular, finite. Therefore the double series above converges absolutely.
It equals

Ek: Z I(Skv fm’ X, y) = ; I(Sksf; X, y)s

as required. O

It follows from the discussion of §3 that to any closed subset S of & there
corresponds a closed invariant subspace of L(G(Q)\ G(A)!). Let Py be the
orthogonal projection onto this subspace. Set

Rs(f) = PsR(f)Ps = R(f)Ps.
LeMMA 4.8. I(S, f, x, y) is the integral kernel of Rs(f).

Proof. Suppose, first of all, that fis a K-finite function in Ci(G(A)Y). If S is
compact, the lemma follows from the results on Eisenstein series summarized
in §3. In general, S can be expressed as a disjoint union of sets S, such that for
each n,

St = CJ Sk
k=1
is compact. If ¢ and ¢ are functions in CYG(Q)\ G(A)Y),
(Rs()p, ¥) = lim (Re(f)d, §)

M —>» 00

im, ﬂ BOIS™, f, x, y)b(y)dy dx

]

> ﬂJ’(X) ISy, f, x, v)o(y)dy dx.

k=1

1

It follows from Lemma 4.4 and dominated convergence that this equals
[ 2 15, . 5, ot02ay e
Now suppose that fis an arbitrary function in Ci * (G(A)). Let {f,} be a

sequence of K-finite functions that converges in C(G(A)) to f. By the domi-
nated convergence theoremi,

[ 15. £, 2, 91601y e = Jim, [| % 5. 1. . 002y a
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= lim (Rs(f)e, ¥)

= lim_ (R(f)Psd, ).

Lemma 4.3 allows us to use, once again, the dominated convergence theorem.
The above limit equals

(Rs(He, ¥).
We have proved that I(S, f, x, y) is the kernel of Rg(f). 0

Suppose that x is an element in & and that S is the set {(x, P, 7)} obtained by
taking all P and 7. Then Rg(f) is the projection of R(f) onto LA G(Q)\ GA)")y.
We shall write R,(f) and K,(x, ¥) for Rs(f) and I(S, f, x, ). It follows from
Lemma 4.8 and Corollary 4.7 that

}X: KX(x’ }’)

equals the kernel of R(f). It therefore must equal K(x, y) almost everywhere.
However the difference between these two functions is continuous in x and y
(separately). It follows easily that

K(x,y) = ;z K (x, y)

for all x and y.

Suppose that P is a parabolic subgroup. If X(x, y) is replaced by Kp(x, y) and
E(x, ¢) is replaced by E(x, ¢), we can obtain obvious analogues of the defini-
tions of this section, as well as of Lemmas 4.3 through 4.8. Then Kp,(x, y) is
defined to be

S eyt j S B, In(m, ) B, Sld
P,CP me(M,) & € Bp (M)
if fis K-finite. If fis an arbitrary function in Clo ™ %(G(A)'),
Kp(x,y) = D Kpxl(x,y)
XeE¥
for all x and y.

§5. The modified kernel identity
After comparing the formulas of §2 and §4 for Kp(x, y), we note that

6.1 > Ky (x,9) = 2 Kpxlx, y)
0 X

for all x and y. In this section we shall modify each of the functions K (x, x) and
K, (x, x) so that the sum over o remains equal to the sum over x. We shall later
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find that all of the modified functions are integrable over G(Q)\ G(A)*. First,
we shall need a lemma.
If P, C Py, let

P, _ 2 APy _ A2
T =T, and T =1

be the characteristic functions on q, of

{He qy: a(H) > 0, a € A%}
and

{HE a,: wH) >0, w € A}
We shall denote 7§ and 7§ simply by 7, and 7.

LeMMA 5.1. Suppose that we are given a parabolic subgroup P, and a
Euclidean norm |1 1l on ap. Then there are constants ¢ and N such that for all
x &€ G(A)and X € ap,

7o(H(Bx) — X) = c(ixlie' ¥,
8 € PQ)\GQ)
In particular, the sum is finite.

Proof. Suppose that w € A,. Let A be a rational representation of G on the
vector space V, with highest weight dw, d > 0. Choose a height function rela-
tive to a basis on V(@) as in §1. We can assume that the basis contains a highest
weight vector v. According to the Bruhat decomposition, any element
8 € G(Q) can be written 7 we, for € Py(Q), v € Ny(Q) and s € Q. It follows
that

IA(8) vl = 1.
However, there are constants c¢;, ¢; and N, such that for any x € G(A)?,
HAG) Il = IA(x) A(x)" vl
= ¢ lIxI¥A(8x)~t vll

< cZIIxIINxe“"”‘HO‘“”.
It follows that there is a constant ¢ such that
(5.2) w(Hy(8x)) = c(1 + log llxll)

for all w € A,, x € G(A)! and & € G(Q).

For each x, let I'(x) be a fixed set of representatives of P(@Q)\ G(Q) in G(Q)
such that for any 8 € I'(x), 6x belongs to w3A(R)’K, where w is a fixed
compact subset of N(A) and 3 is a fixed Siegel set in M(A)'. Then there is a
compact subset w, of Ny(A) M,(A)! and a point T, in a, such that for any x, and
any 8 € I'(x), 6x belongs to w,A(R)°K, and in addition,
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(5.3 a(Hy(6x)) = a(T,),

for every o € Af. We are interested in those 8 such that 7,(Hy(8x) — X) = 1;
that is, such that

5.4 w(Hy(8x)) > w(X)

for every w € Ap. The set of points Hy(8x) in a§ which satisfy (5.2), (5.3) and
(5.4) is compact. In fact, it follows from our discussion that if x € G(A)?,
& € I'(x) and 75(H(8x) — X) = 1, then |18x!l is bounded by a constant multiple of
a power of lixll - ¢V, Since

el =< Ndxll - llx=t = clldxll - lIxll¥,

for some ¢ and N, |18l too is bounded by a constant multiple of a power of
lxll - €™, Because G(Q) is a discrete subgroup of G(A)!, the lemma follows
from the fact that the volume in G(A)' of the set

{y € GA) : iyl = 1}

is bounded by a constant multiple of a power of . O
COROLLARY 5.2. Suppose that T € a, and N = 0. Then we can find con-
stants ¢' and N' such that for any function ¢ on P@)\ G(A), and x,y € G(A)*,

(5.5 > 1p(dx) Fp(H(8x) — Hy) — T)

8 € PQ)\G(Q)

is bounded by

Y iyl - sup  (Ip(u)l - lull =),
u € G(A)

Proof. The expression (5.5) is bounded by the product of

sup  (Id(u) - llull=N)

u € G(A)

and

> NSxlY - #p(H(8x) — H(y) — T).
8 € T'(x)
We proved in the lemma that when 7,(H(8x) — H(y) — T) was equal to 1, |18xl|
was bounded by a constant multiple of a power of llxlle!'#»®% + Tl The corollary
therefore follows from the lemma itself. O

Suppose that T'is a fixed point in a}. We shall say that T is suitably regular if
a(T) is sufficiently large for all « € A,. We shall make this assumption when-
ever it is convenient, often without further comment. For the rest of this paper,
fwill be a function in C5(G(A)'), where r = r, + l,. We shall also assume that r
is as large as necessary at any given time, again, without further comment.
Suppose that x € G(A)'. For 0 € 0 and x € %, define
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Kix, f) = 3, (=Ddmarn % K, (8x, 8x) - Tp(H(3x) — T),

8 € PQ\GQ)

and

K, f) = > (-)ima/z > Kpy(8x, 8x) - #p(H(8x) = T).
P 5 € PQ\GWQ)

PROPOSITION 5.3. > Kl(x, f) = > Ki(x, f).
0 X
Proof. The left hand side equals

> (—1dimarz N > K, (8x, x)ip(H(3x) — T),
P

8 € PQN\G®Q) o
since the sums over P and & are finite. By (5.1) this equals

D (—dimarn S Kpy(8x, 8x)Fp(H(3x) = T),
5

5 € PQN\GQ) X
which is just > kX(x, f). O
X

§6. Some geometric lemmas

We want to show that each of the terms in the identity of Proposition 5.2 is
integrable over G(Q)\G(A)!. In this section we shall collect some geometric
lemmas which will be needed in estimating the integrals.

If P, C P,, set

olH) = ofy(H) = > (—1)dm@/A3(H) - 3,(H),
Py : B3 Py}

for H € a,. We hope that the reader will understand the motivation for this

definition, as well as for the next lemma, after reading §7.

LEMMA 6.1. If P, D P,, o is the characteristic function of the set of
H € a, such that
(1) a(H) > 0for all a € A},
(1) a(H) = 0for all o € A\ A%, and
(i) w(H) > 0for all w € A,.

Proof. Fix H € a;. Consider the subset of those w in A, for which
w(H) > 0. This subset is of the form Ag, for a unique parabolic subgroup
R D P,. Then

GUH) = 3 (—Dpmassiri().

{Py: P53 D R}

Suppose that 73(H) = 1 for a given P; D R. Then 73(H) = 1 for all smaller P;. It
follows from Proposition 1.1 that the above sum vanishes unless the original P,
equals R. Thus,
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(= 1)ima/ Ao (X)
{Py: P3O R}
is the characteristic function of
6.1) Xea:aX)>0,ac d}aX) =0, a € A \A}

If R = P,, o3(H) = 1 if and only if H belongs to the set (6.1), as required. We
must show that if R is strictly larger than P,, o3(H) = 0. Suppose not. Then H
belongs to the set (6.1). In particular, the projection of H onto af lies in the
positive chamber, which is contained in set of positive linear combinations of
roots in A%. Thus w(H) > 0 for all w € AE. By the definition of R, w(H) > 0 for
all w € A;. From this, we shall show that if

H= Z CatV,
a € 4y

each c, is positive. Suppose that w € Az C A,, and that a,, is the element in A,
which is paired with w. Then ¢,, = w(H) is positive. Therefore the projection
of

HR = Z Cuwa¥

mE&R

onto a? is in the negative chamber, so that if v € A%, v(Hy) is negative. If a, is
the root in A% corresponding to »,

Copy = V(H) - V(HR)

is positive. Thus each ¢, is positive. Therefore w(H) is positive for each
w € A, and in particular, for each w in A,. Therefore R = P, so we have a
contradiction. O

COROLLARY 6.2. Fix T € a}. Forany H € af, let H? be the projection of H
onto ai. Then if o3(H — T) # 0, a(H3) is positive for each a € A% and

WHI = (1 + ILH3Y),
for any Euclidean norm |l || on ay, and some constant c.

Proof. The first condition follows directly from the lemma and the fact that
T belongs to a}. To prove the second one, write

H = H} + H,.
The value at H, of any root in A, equals a(H,) for some root « in A, \ A%, But
a(Hy) = a(H —= T) — a(H}) + o(T) < ~a(H}) + o(T),
by the lemma. Since
w(H,) = w(H) > 0,

for each w € A,, H, belongs to a compact set. In fact the norm of H, is bound-
ed by a constant multiple of 1 + [|1H%l as required. O
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This corollary will not be used until we begin to estimate the integrals of the
functions defined in §5. A second consequence of Lemma 6.1 is the special case
that P, = P,, and P, # G. Since every functional in the set A, is negative on
—a%, ohi(H) is the characteristic function of the empty set. In other words,

(~ Lymb/ainy (H) #5(H) = 0

{P3:P3 D Py}
for all H € q,.
Suppose that Q and P are parabolic subgroups with Q C P. Fix A € a%. Let

€5(A) be (—1) raised to a power equal to the number of roots & € A} such that
Alav) = 0. Let

d)S(A’ H)a H € (o,

be the characteristic function of the set of H € a, such that for any « € Af,
@ (H) > 0if A(eV) = 0, and w,(H) < 0if A(a) > 0. In the special case that none
of the numbers A(aV) or w,(H) is zero, these definitions give functions which
occur in a combinatorial lemma of Langlands [1(b)]. It is desirable to have this
lemma for general H and A, so we shall give a different proof, based only on
Proposition 1.1.

LEMMA 6.3. Y €B(A) #5(A, H) Th(H)
{RRQCRC P}
equals 0if AlaV) =< 0 for some a € AL, and equals 1 otherwise.
Proof. If R # P, our remark following Corollary 6.2 implies that
(= Dymisvap (D) (HD)
(RuR CPyC Py
vanishes for all H. Therefore
> €BA)GEA, H)TR(H)
{R:QCRCP}

is the difference between

(6.2) eo(Mdg(A, H)
and
(6.3) > e§(M)E(A, H)yri(H) (—1)4imAvAPFE(H).

{R,P:Q CRC PGP

We shall prove the lemma by induction on dim(A4,/Ar). Define Aj to be the set
of roots a € A} such that a(A) > 0. Associated to A3 we have a parabolic
subgroup P,, with Q C P, C P. By our induction assumption, the sum over R
in (6.3) vanishes unless P, C P,, in which case it equals (—1)dimA&/An2E(H),
Thus, (6.3) equals
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(6.4) > (—1)dim(4,/An2E ()

{P1:Q C Py C Pup}
if P, # P, and equals (6.4) minus 1 if P, = P. We need only show that (6.2)
equals (6.4). This is a consequence of Proposition 1.1 and the definitions. O

Our final aim for this section is to derive a partition of G(@)\ G(A) into dis-
joint subsets, one for each (standard) parabolic subgroup. The partition is simi-
lar to a construction from [6(b)], in which disjoint subsets of G(Q)\ G(A) are
associated to maximal parabolic subgroups. More generally, we shall partition
NAIM@Q)\G(A), where P = NM is a parabolic subgroup. The result is little
more than a restatement of a basic lemma from reduction theory, which we
would do well to recall. Suppose that w is a compact subset of Ny(A)M,(A)! and
that 7, € —a%. For any parabolic subgroup P,, let 3°1(T,, w) be the set of

pak, p € o, a € A,R)°, ke Kk,

such that a(Hy(a) — T,) is positive for each o € A}. By the properties of Siegel
sets we can fix w and T, so that for any P;, G(A) = P,(@)3"1(T,, ). The result
from reduction theory is contained in the proof of [6(b), Lemma 2.12.]. Name-
ly, any suitably regular point T in a} has the following property: suppose that
P, C P are parabolic subgroups, and that x and &x belong to 3°«(T,, w) for
points x € G(A) and 8 € P(Q). Then if a(Hy(x) — T) > 0 for all o in A{N\ AL, &
belongs to P,(Q).

Suppose that P, is given. Let 3°1(T,, T, ) be the set of x in 3°1(T,, w) such
that w(Hy(x) — T) < 0 for each w € A}. Let

Fhix, T) = Fi(x, T)

be the characteristic function of the set of x € G(A) such that 8x belongs
to 8°(T,, T, w) for some & € P,(@). Fi(x, T) is left A,(R)°’N,(A)M,(Q)
invariant, and can be regarded as the characteristic function of the projec-
tion of 3°(T,, T, w) onto A,(R)’N,(A)M,(Q)\G(A), a compact subset of
A;(R)°N,(AM,(Q)N\G(A).

LEMMA 6.4. Fix P, and let The any suitably regular point in Ty + o, Then
F'(8x, T)i(Hy(8x) — T)
{PLPoC P1C P} 8€ PI@N\GE

equals one for all x in G(A).

Proof. Fix x € G(A). Choose 8 € P(Q) such that 8x belongs to 3°(T,, w).
Apply Lemma 6.3, with Q = Py, A € (a%)*, and H = Hy(8x) — T. Then there is
a parabolic subgroup P, C P such that w(H,(5x) — T) = 0 for all w € A} and
a(Hy(8x) — T) > 0 for o € A}. Therefore

F'(8x, Dri(Hy8x) ~ T) = 1,

so the given sum is at least one.
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Suppose that there are elements §,, 8, € G(Q), and parabolic subgroups P,
and P, contained in P such that

F'(8,x, D7i(Ho(8,x) — T) = F*(5x, D1h(H,(3:x) — T) = 1.
After left translating §; by an element in P;(Q) if necessary, we may assume that
ox € 38%(T,, T, w), i=1,2.

The projection of H(8,x) — T onto af can be written

= 3Vt D eV,
a € A; wE /&Pi

where each ¢, and c, is positive. It follows that a(Hy(8;x) — T) > 0 for every
a € AN\ AL In particular, since T lies in T, + a3, 8;x belongs to 37(T,, w). The
reduction theoretic result just quoted now implies that 5,87 belongs to P,(Q)
and 3,63! belongs to P,(Q). In other words, §, = £8,, for some element ¢ in
P,(Q) N P,(Q). Let Q = P, N P,. Then Hy(8,x) — T and Hy(d.x) — T project
onto the same point, say H%, on af. If R equals either P, or P,, we have
w(HE) = 0 for w € A% and a(HE) > 0 for « € AL, Applying Lemma 6.3, with
A € (a%)*, we see that there is exactly one R, with Q C R C P, for which these
inequalities hold. Therefore P, = P,, and 8, and §, belong to the same P,(Q)
coset in G(Q). This proves that the given sum is at most one.

§7. Integrability of k(x, f)
The primary goal of this section is to establish the integrability of each func-
tion K7(x, f). In fact we will obtain

THEOREM 7.1. For all sufficiently regular T,

J 1kT(x, F)ldx
veo Jo@ncay

is finite.

Proof. For any x, k%(x, f) equals the sum over P and over 8 € P(Q)\G(Q)
of the product of

(= Dima/2K, (8x, 8x) - Tp(Ho(8x) — T)

and

F'(&8x, T) - (Ho(é8x) — T).

{P:P,C P,C P} £ € P@\PQ)
This equals the sum over {P;, P: P, C P, C P} and {8 € P,(Q)\G(Q)} of
(= Deim@/2F(3x, T)Ti(Hy(8x) — T)7p(Ho(8x) — T) K, (8x, 8x).

For any H € a, we can certainly write
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RERE) = S (= (H)(H)

{Py,Py:P C Py C P3}
by Proposition 1.1. In the notation of §6, this equals
ai(H).
{Pq:Py D P}
We have shown that k7(x, f) is the sum over {P;, P, P, : P, C P C P,} and
over § € P,(@Q)\.G@) of
(—1)dimA/DF(8x, T)o}(Ho(8x) — T)K, (8, 8x).

Therefore

7.2) KZ(x, Fldx

0E0 JG(Q)\G(A)‘

is bounded by the sum over {P,, P, : P, C P,} and over o € O of the integral over
P,(Q@)\ G(A)* of the product of

(7.3) F'(x, T) o}(Hy(x) — T)

with the absolute value of

7.9 Z (—1)dim4/2) Z J fxtynx)dn.
{P:P,CPC P} ye MQ)N o JNA)

The critical part of this expression is the alternating sum over P. In order to
exploit it we shall show that the sum over y € M(Q) N o in (7.4) can be taken
over a smaller set. Fix P, and suppose that x € P,(Q)\ G(A)'. We can assume
that neither (7.3) nor

j J(xynx)dn
yeM@no JNA)

vanishes. We want to show that the sum over y can be taken over the inter-
section of o with the parabolic subgroup P, N M of M,
We choose a representative of x in G(A)! of the form
n*n,mak,

where k € K, n*, n, and m belong to fixed compact subsets of Ny(A), Ni(A)
and M,(A)! respectively, and a € Ay(R)° N G(A)! has the property that

(7.5) a(Ho(a) — T)) >0, «a€ A,
and
(7.6) w(Hya) -~ T) <0, @€ Al

Here T, is as in §6. By Corollary 6.2, a(Hy(a) — T) is positive for any o € A% It
follows that the projection of Hy(a) — T onto a} equals
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zA Cmm\/ - Z c,,a\/,
w € A? a € A}

where each ¢, and ¢, is positive. Consequently,
a.7 a(Hya) — T) > 0, o € AINA).

A well known lemma from reduction theory asserts that for any such a, a”'n,ma
belongs to a fixed compact subset of N3(A) X M,(A)! which is independent of
T. Suppose that the assertion we are trying to prove is false. Then thereisay in
M@Q) N P, @\ M(Q) such that

j fka *m™ntn* ~ ' - yn - n*n,mak)dn
NA)
is not zero. This expression equals
J flka*mna)™" - a”'yna - (@ 'mna)k)dn.
NA)

Therefore there is a compact subset of G(A)! which meets a~*yN(A)a. Thus,
a 'ya belongs to a fixed compact subset of M(A)!. According to the Bruhat
decomposition for M(Q), we can write y = vwr, for v € NY(Q), m € M(Q) N
P,@), and s € Q¥, the Weyl group of (M, A,). s cannot belong to the Weyl
group of (M,, A,), so we can find an element w € A? not fixed by s. Let A be a
rational representation of M with highest weight dw, d > 0. Let v be a highest
weight vector in V(Q), the space on which G(Q) acts. Choose a height function
i I relative to a basis of V(@) as in §1. We can assume that the basis includes
the vectors v and A(w,)v. The component of A(a 'vwyma)v in the direction of
Awgv is edw = so)H@) A(ywp, Therefore

IA(a Ywwgma)vl| = %@ — swXHy@),

The left side of this inequality is bounded by a number which is independent of
T. On the other hand, w — sw is a nonnegative sum of roots in A, and at least
one element in A5\ A} has nonzero coefficient. It follows from (7.5) and (7.7)
that the right hand side of the inequality can be made arbitrarily large by letting
T be sufficiently regular. This is a contradiction.

We have shown that for T sufficiently regular, (7.4) equals

(__ l)dim(A/Z) J
{P:P; C PC Py} yEPRNMQQNo JNA)

f(x"Yynx)dn

According to the remark following Lemma 2.1,
P(Q) N M@Q) N o = (M(Q) N 0) NY(Q),
so the absolute value of (7.4) is bounded by the sum over y € M,(Q) N o of

(—1)dim(4/2) z L](A) fx‘yvnx)dn

{P:P, C PC P} v € NY(Q)
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We would like to replace the sum over v by a sum over the rational points of nj,
the Lie algebra of N%. Let
e . Ng—> N()
be an isomorphism, defined over Q, from the Lie algebra of N, onto N, which

intertwines the action of A,. The last expression equals

(—1)dimarz) S J " fxtye(l + X)x)dX\.

(PP, CPC P} [ tent@

Apply the Poisson summation formula to the sum over {. Let(:,) be a positive
definite bilinear form on ny(Q) X 1,(Q) for which the action of A,(Q) is self-
adjoint, and let ¢ be a nontrivial character on A/Q. We obtain

(—1)dim4/2) Z J N Fi yeX) )P X, {)dX

{P:P,C PC P} v € W)

If n2(Q)’ is the set of elements in n2(Q) which do not belong to any nf(Q), with
P, C P g P,, this equals

S yeX)x)P(X, )dx

b

{ € ni(Q) J ny(4)

by Proposition 1.1. We have shown that (7.2) is bounded by the sum over
{P,, P, : P, C P,} of the integral over x in P,(Q)\G(A)* of

Fix, Do¥(HE) - T) J , J e, §>>dx|.

yE M@ (€ mE@)
Set

x = n*n,mak,

where k € K, a € A,(R)° N G(A)!, and n*, n, and m lie in fixed fundamental
domains in N,(A), N3(A) and M,(A)* respectively. Of course, this change of
variables will add a factor of e 2°:#¢@ to the integrand. n* is absorbed in the
integral over X. We need only consider points for which the integrand does not
vanish. Therefore m and a~'n,a both remain in fixed compact sets. Thus (7.2) is
bounded by a constant multiple of the quantity obtained by taking the sum over
P,, P, and v, the supremum as y ranges over a fixed compact subset of G(A)',
and the integral over a in A;(R)°* N G(A)! of the expression

j  foriaTtyeKayx, z>>dX‘.

n,(A)

2P H( D G2 (H (a) — T) -
{ € nf@)y

This expression is the same as

(7.8) otHoa) - T) >

{ € ni@)’

j , FOT O, Ad<a>z_;>>dX\.

The sum over ¥ is finite. Our only remaining worry is the integral over a.
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Let

be the decomposition of n? into eigenspaces under the action of A% Each A
stands for a linear function on a?. Choose a basis of n2(Q) such that each basis
element lies in some 1,(Q). The basis gives us a Euclidean norm on n?(R). It
also allows us to speak of n?(Z) and n,(Z). Note that

Y- j , FOTYeCONNX, Ad@D)AX, ¥ € nih)

is the Fourier transform of a Schwartz-Bruhat function on n2(A) which varies
smoothly with y, Therefore we can reduce the integral over X in (7.8) to a finite
sum of integrals over a real vector space. It follows without difficulty that for
every n we can choose N such that the supremum over y of (7.8) is bounded by
a constant multiple of

o Hoa) - T) - 2 lAd@yli™
e
Every A is a unique integral linear combination of elements in A3. Suppose that
S is a subset of roots A with the property that for any o € A%, thereisaAin S
whose a coordinate is positive. Let 1n4(Q)' be the set of elements in n3(Q)

whose projections onto 11, are nonzero if A belongs to § and are zero otherwise.

N

all such S and over { inng (% Z) . Clearly

Then the above sum over n3 (—1— Z) can be replaced by the double sum over

aiHoa@) - T) >  NAd@){I™
cenfly
is bounded by
ol Hoa) = T)- [[ X  lAd@yl™s,
AE S CE“A(IL\JZ)/
where 1, (% Z) is the set of nonzero elements in 1, (i,— Z) and ng is the

quotient of n by the number of roots in §. This last expression equals the prod-
uct of

T >  ngns

AES (Em(%z)'

and
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o3(Hyla) ~ T) - H oMM HK@)

re S

The first factor is finite for large enough n. The second factor equals

(7'9) U%(Ho(a) - D H e—kaa(Ho(a))’

a € a2
where each k, is a positive real number.
The projection of Hy(a) — T onto a$ can be written

Y tewY + HY,
« € A2
where H* € af, and for each a € A%, ¢, is a positive real number. If
g}(Hy(a) — T) # 0, it follows from Corollary 6.2 that H* belongs to a compact
set whose volume is bounded by a polynomial in the numbers {¢,}. Therefore,
there is an N such that the integral of (7.9) is bounded by a multiple of

11 J (1 + It,))¥e Fuludt,,.
a€ad Jo
This last expression is finite. The proof of Theorem 7.1 is complete. ]

§8. Weighted orbital integrals
For any o € 0, set

T — T
JIf) JG(Q)\G(A)‘ K'(x, f)dx.
In this section we shall define another function j(x, f). We shall show that its
integral is equal to J7(f). Then we will, in some cases, reduce the integral of
JT(x, f) to a weighted orbital integral of f.

Given 0 and P, define the function

Jpolx, ¥) = Sx" " 'ynmx)dn.

Yy EMRQ) No n € NQYN\NQ) JN(AA/,)

It is obtained from K, (x, y) by replacing part of the integral over N(A) by the
corresponding sum over @-rational points. Define

Jix ) = 2 (=Ddmaz S, (8x, 8x) - #p(H(8x) — T).

8 € P@Q\GQ)

THEOREM 8.1. For all sufficiently regular T,

| 70, Fld
s 0 JGR)Y\GA)!

is finite. Moreover, for any o,
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[ T, dx = J1(F).
G(Q)\G(A)!

Proof. The argument used to prove the first statement is essentially the
same as the proof of Theorem 7.1. The integral

@®.1) > J

0D E O JGR\GA)
is bounded by the sum over {P,, P, : P, C P,} and o € O of the integral over
P,(Q)\ G(A)! of the product of

(8.2) Fi(x, T)ai(Ho(x) — T)

with the absolute value of

1j7(x, Hidx

®3) > (—1>dim<A/Z>[ £ tynnx)dn).

{P.P,CPC P} YEMR)No 7€ NQYN\NR) JN(A»%)

As in the proof of Theorem 7.1 we observe that for T sufficiently regular the
sum over y may be taken over P,(Q) N M(Q) N o. It follows from Lemma 2.1
and Poisson summation that the expression in the brackets in (8.3) equals the
sum over y in M,(Q) N o of

J S~ vnmx)dn
v € NY(Q) 7 € NQ,(y)\NR) JNA,yw),)

J fx 78 ypdnnx)dn
8 € MQy)\M®Q) ve NRQyy) 7€ NRQIWIHNRQ JNAS 1,8

J fx ' yvanx)dn
1 € M@y N\NQ) veE N JNAL)

i

- yelX) - mU(X, 0))dX.

j J flxin™?
7€ NQy)\MN@Q) J{e i@y JnAy)

Let n}(Q,y,)’ be the set, possibly empty, of elements in n3(Q,y,) which do not
belong to any nf(Q, y,), with P, C P & P,. Then (8.1) is bounded by the sum
over {P;, P, : P, C P,} of the integral over x in M;(Q)N,(A)\ G(A)! of

J dn -
Y EME@) JN@)\NA) ¢ € n@y)

j s FxTin lye(X)nx (X, C))dX‘-

F'(x, T)a¥(Hy(x) — T) -

The integrand, as a function of n, is left N,(A, vy,) invariant. We can therefore
write n = nyn, where n, ranges over a relatively compact fundamental set for
N3(Q, v,) in N3(A, v,) and n, belongs to N,(A, y,)\N,(A). For any ¥ the in-
tegrand will vanish for n; outside a compact set. Next, set

x = mak,
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where k € K, a € A,(R)* N G(A)! and m lies in a fixed fundamental domain in
M,(A)'. Note that a normalizes N,(A, y,)\ N (A). If the integrand does not
vanish m and a'n,a will both remain in fixed compact sets. Moreover, the sum
over vy will be finite. It follows that (8.1) is bounded by a constant multiple of
the quantity obtained by taking the sum over P;, P, and v, the supremum as y
ranges over a fixed compact subset of G(A)* and the integral over a € A,(R)° N
G(A)* of the expression

oi(Hola) = T) -

{ € niQuy)y

j o O e MUK, Ad@D)dX

The finitude of (8.1) now follows from the arguments of §7.

Fix 0. The integral of j7(x, f) is the sum over P, and P, of the integral over
P,(Q)\.G(A)! of the product of (8.2) and (8.3). Decompose the integral over
P, @)\ G(A)! into a double integral over M, (QN;(A)NG(A)' and
N,(@)\\N,(A). Then take the integral over N,(Q)\ N,(A) inside the sum over P
and y in (8.3). The summand is then

J dn, - Z J dn - f(x"'nim™t - yn - nngx)
Ni@)\N,(A) 1 € NQy)\NQ) JNWAy,)

J dn1 J dn2
NU(@)\N(A) N@\NA)

dn « f(x 'nitngin™t - yr - magngx)
7 € NRuy,)\NQNA.y,)

= J dn, * J dng - J dn - f(x'nit - nilynng ¢ nyx)
N@)\N,(A) NAY)\NA) N(Ay,)

= J dn, - J dn - f(x nit - yn - nyx),
N{QN\N(A) N(A)

by Lemma 2.2. The integral over N,(Q)\ N,;(A) can now be taken back outside
the sum over y and P, and recombined with the integral over
M, (@)N,(A)Y\G(A)'. We must of course remember that (8.2) is a left N,;(A)-
invariant function of x. We end up with the sum over P; and P, of the integral
over P,(Q)\ G(A)! of the product of (7.3) and (7.4). This is just the integral of
k*(x,f). The theorem is proved. O

Let o be a fixed equivalence class. Choose a semisimple element y; € o and
groups P, C P, as in §2. Assume that P, = P,, so that o consists entirely of
semisimple elements. Any element in G(y,) normalizes A,, since it is the split
component of the center of G(y,)°. We obtain a map from G(y,) to Q(na,, a,),
whose kernel is G(y,) N M,. We shall say that the class o is unramified if the
map is trivial; in other words if G(y,) is contained in M,. It is clear that o is
unramified if and only if the only s in Q(qa,, a,) for which wyy,w3! is M,(Q)-
conjugate to vy, is the identity.
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Let o be an unramified class in 0, and let y, and P, be as above. Since it
consists entirely of semi-simple elements, o is an actual conjugacy class in
G(Q). Suppose that P is a parabolic subgroup and that y belongs to M(Q) N o.
Then there is a parabolic subgroup P, C P, and an element y, € M,(Q), which
is M(Q)-conjugate to vy, such that the split component of the center of G(y,)° is
A,. Any element in G(Q) which conjugates vy, to y, will conjugate A, to A,. It
follows that for some s € Q(ay, a,), and y € M(Q),

1

(8.4) Y = pwsywin
Suppose that for a parabolic P; C P, and elements s’ € Q(a,, az) and
n' € M@Q),
Y =0 weywdn')h
Then there is an element { € G(Q, ) such that
n'wy = {Mws.
Since G(y) C M,
Wy = Ewg,

for some element ¢ € M(Q). Let Q(a,; P) be the set of elements s in the union
over q, of the sets Q(qa;, a,) such that sa, = a, contains a and s~ '« is positive for
each o € A}. Then given y and P, there is a unique s in ((a,; P) such that (8.4)
holds for some n € M(Q).

It follows from this discussion that J, (v, y) equals

FOT T wgywinly)
s € QaP) 1 € M@y w )\ M) {EN®)
=2 > FOTE ey vi'ly).
8§ € M@ wy wi)\P(Q)
Therefore j%(x, f) equals
S (—1)imar2 D > FE 8wy, w3ldx)Fp(H(8x) — T).

P s € QasP) 8 € MQ,w,ywi)\G(Q)

Since the centralizer of wyy,w3! in G is contained in M, this equals the sum over
6 € GQ, y)\G@) of the product of

f(x71871y,8x)
and
(8.5) S (—1yEmwn S g (Holwdx) — T).
P s € Q(a;P)

Suppose that \ is a point in a% such that AM(aV) > 0 for each « € A,. We shall
show that (8.5) equals
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(8.6) D> elsMoa(sh, Hywgdx) — 1),

Py s € Qay,a)
where we have written €, and ¢, for the functions denoted by €§, and ¢§, in §6.

To see this, write (8.5) as the sum over P,, over s € {}{q,, a,) and over those
P D P, such that s7'a > 0 for all « € A}, of

(— 1)dim@/2) 7, (Ho(w,dx) — T).
For a given s, define P, D P by
Afs = {a € Ap, 1 (sM)(aV) > 0}

Then the sum over P is just the sum over {P : P, C P C Pg. Since it is an
alternating sum of characteristic functions, we can apply Proposition 1.1. The
sum over P will vanish, for a given s, unless precisely one summand is nonzero.
We have shown that for all H € q,,

(= 1) 4ma/2) 2, (H)

(PO Pyis—la > 0,0 € A5)
equals the product of (—1)dim«“,2 with the characteristic function of
(HE a,: w(H) >0, w € A;; w(H) =0, w € A,\ A}

This is just the function
€(sA)ds(sh, H).

We have shown that (8.5) equals (8.6).

After substituting (8.6) for (8.5) in the expression for j’(x, f), we must in-
tegrate over G(Q)\ G(A)'. Since the integrand is left Z(R)%-invariant, we can
integrate over Z(R)°G(Q)\G(A) instead. We could then combine the integral
over x and the sum over 8 if we were able to prove the resulting integral abso-
lutely convergent. But the resulting integral can be written as

1) Vol4,RYG@. Y)NG(A. 7)) | FOrtymn(, Thdx,
G, ¥)\G(A)

where
o(x, T) = [ (S5 clNu(sh, Howiar) = D)da.

ZR)ONA;RC \ P2 s € Q(ay, ap)
The integral over x can be taken over a compact set. By [1(b), Corollary 3.3],
the integral over a can also be taken over a compact set. It follows that J7(f)
equals (8.7). We have expressed J%(f) as a weighted orbital integral of f when-

ever 0 is unramified. We note that v(x, T}, the weight factor, equals the volume
of the convex hull of the projection of

{s71T — s~ Hy(wex) : s € U Q(ay, a,)}

onto a,/3, [1(b), Corollary 3.5].
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