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Introduction

This paper is the first of a pair of articles on real harmonic analysis. The objects we
study are tempered distributions on real groups that occur on the geometric side of the
trace formula. In this paper, we shall study the distributions attached to a fixed reductive
group G(R). We shall establish explicit formulas for their values at data that approach
infinity. In the next paper, we shall use the asymptotic formulas to establish identities
among the distributions attached to different groups.

Suppose for a moment that G is abelian. The trace formula is then just the Poisson
summation formula, which applies to any discrete cocompact subgroup of G(R) and any
Schwartz function f on G(R). The geometric side is a sum of distributions f(vy), where =y
varies over elements in the discrete group. The spectral side is a sum of Fourier transforms

7(f) = f(@)7(2)dz = f(r7Y),
G(R)
where 7 varies over characters on G(R) that are trivial on the discrete group. Our interest
is in nonabelian analogues of the distributions f (7).

Our asymptotic formula is entirely trivial in the abelian case. It might nonetheless
still be suggestive. Suppose that T is a variable point in ag, a real vector space that in
general stands for the Lie algebra of the noncompact part of the center of G(R). Then
~vr = vexpT is a variable point in the abelian group G(R), and the limit of f(~r) is 0 as
T approaches infinity. However, we can also make the test function vary with 7. Let fr

be the Schwartz function on G(R) such that

7(fr) = r(expT)7(f),

for any character 7 on G(R). Then fr(v) equals f(y(expT)™!), and fr(yr) reduces simply
to f(). We can therefore write
1) Jim frir) = [ otnnr(fyr

- Tiemp (G)
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where Tiemp(G) denotes the group of characters on G(R), and

0(v,7)=7""()=71(v"").

This is of course just the Fourier inversion formula for G(R), since the function on the
left hand side is independent of T. Written in this slightly extravagant way, it serves as a
model for the general asymptotic formula we shall establish.

Suppose now that GG is a general connected reductive algebraic group over R. The
most direct analogues of the distributions f() above are in some sense the invariant orbital

integrals
fe(v) = DM / Ja ) da
G, (R)\G(R)

of Harish-Chandra. They are parametrized by strongly regular elements v € Gyeo(R), and
are defined for any function f € C(G) in the Schwartz space on G(R). The subscript G
is meant to emphasize that invariant orbital integrals are part of a more general family of
tempered distributions, indexed by Levi subgroups M of GG. These are weighted orbital

integrals

Nf=

a7 f) = |D(y)| /G I MO

in which ~ is a strongly G-regular element in M (R), and vy, (z)dx represents a noninvariant
measure on the conjugacy class of v in G(R). The weight factor vy;(z) is the volume in
ay/ac of a certain convex hull, which depends on z in general, but reduces to 1 in the
case M = G.

The distributions Jys (7, f) are the generic archimedean terms on the geometric side
of the trace formula. In the case of a discrete subgroup with compact quotient, only the

invariant distributions

fa(v) =1a(v, f)

occur. The more general distributions arise in the case of noncompact quotient. They

represent terms that fail to be invariant under conjugation of f by G(R). The invariant
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trace formula is a refined version of the basic trace formula, in which the weighted orbital
integrals are replaced by invariant distributions Ip;(7, f). We thus have two families of

tempered distributions

I (v, ), I (v, f), v € M(R) N Greg, [ €C(G),

on G(R). They each contain subtle information, the analysis of which remains an important
consideration for obtaining a deeper understanding of the trace formula [L3].
Suppose that M, v and f are fixed, and that T varies over the real vector ap;. We

can then form the variable point

yr =vyexpT
in M(R), as in the abelian case. In §1, we shall introduce a variable function fr € C(G).
To define fr, it suffices to characterize the operator valued Fourier transform fr—m(fr)
as m ranges over the irreducible tempered representations of G(R). We do so by setting

n(fr) = (3o em D )a(h),

where v, is the “imaginary part” of the infinitesimal character of m, and u ranges over
a finite set of embeddings of a,; into the space on which the linear form v, is defined.
The distributions Jys(vr, fr) and In (v, fr) can then be studied as functions of 7. The
problem is to calculate their limits, as 7" approaches infinity in a cone a» C ajs attached
to a parabolic subgroup P € P(M) and a small positive number r.

Our main results are in §6. They give a solution to the problem in the case that f
belongs to the Hecke algebra H(G) on G(R), and the element - is elliptic in M. Theorem
6.1 treats the weighted orbital integrals, while Corollary 6.2 applies to their invariant
counterparts. We shall describe the latter.

Corollary 6.2 asserts the existence of an asymptotic formula

@) Jim (e, fr) = /T o, Py P) ()

°p
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whose constituents are as follows. The subscript € = ep represents a small element in aj,
that lies in the chamber of P. The associated domain T.(M) is obtained from a natural
basis Tiemp (M) of virtual tempered characters on M (R), essentially the “singular invariant
distributions” of Harish-Chandra, by twisting with the real central character defined by
€. It comes with a natural measure dr. Since f belongs to the Hecke algebra, the class
function fy; on M(R) defined by descent is holomorphic in the spectral variables. It is
therefore defined at any element 7 in 7.(M). The function 6,(v, ) is the kernel (with M

in place of GG) in the expansion

3) faly) = /T PRCCR LT

of an invariant orbital integral in terms of virtual characters. Finally, my/(7, P) is a
slowly increasing function of 7 € T (M), built out of logarithmic derivatives of Plancherel
densities. This function is the most distinctive term on the right hand side of (2). It can
have singularities at € = 0, reflecting the zeros of Plancherel densities. If we take M = G,

m (T, P) equals 1, and since

Ic(vr, fr) = Ic(v, f) = fa(v), T € ag,

the formula (2) reduces in this case simply to (3). It can thus be regarded as a generalization
of the formula (1) for abelian G.

Corollary 6.2 is a straightforward consequence of Theorem 6.1 and a general estimate,
which we establish as Corollary 5.2 in §5. The proof of Theorem 6.1 occupies most of
the first six sections. In §1 we first review the relevant distributions. We then define the
mapping f — fr as a special case of a family of multipliers on the Schwartz space. In
general, our methods will be based on Harish-Chandra’s asymptotic theory of spherical
functions, particularly his theory of the constant term. We review some of the salient
points of this theory in §2. We also reformulate some of the Harish-Chandra’s estimates

(Lemma 2.2 and its corollaries) for use in §4.
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Sections 3 and 4 contain the heart of the argument. As steps in the proof of Theorem
6.1, they pertain to the weighted orbital integrals Js (7, fr). To exploit Harish-Chandra’s
theory of the constant term, we replace f by a suitable 7-spherical Schwartz function
fi € C(G,7). The corresponding analogue of Ja;(yr, fr) is a finite sum of functions
Jar(yr, f2), where f7 € C(G,7) is obtained in an obvious way from f; and a linear
image S € a; of T. In §3, we show that as T" approaches infinity, the Eisenstein integrals
that determine f; may be replaced by their constant terms. The relevant estimates are
summarized in Lemma 3.4. In §4, we express the contribution of these constant terms in
the form of a relatively simple integral. This is summarized in Lemma 4.3. Techniques
in both sections include inequalities that relate the polar decomposition, the Iwasawa
decomposition, and the conjugacy class decomposition, all relative to G(R). We refer the

reader to the text for further discussion.

Sections 5 and 6 are designed to allow us to interpret the integral of Lemma 4.3.
In §5 we describe the domain 7, (M), and attach weighted characters to elements in this
set. We then derive Corollary 5.2 from Lemma 4.4, an estimate obtained from some of
the arguments used to prove Lemma 4.3. In §6 we establish Theorem 6.1 as a harder
consequence of Lemma 4.3. The problem at this point is to relate the weighted characters
(5.10) attached to spherical functions with weighted characters (5.8) for a Schwartz function
f. Though somewhat complicated, the computations of §6 are straightforward. Like the
techniques of §3 and §4, they generalize methods that were first applied to the group SL(2)
[AHS]. At the end of §6, we derive Corollary 6.2 from Theorem 6.1, Corollary 5.2, and the
inductive definition (1.4) of Ip/(7, f) in terms of the weighted orbital integral Jas (7, f)
and the weighted characters (5.8).

In the interests of simplicity, we have limited the context of our results to that required
for applications in [A13]. It would not have been difficult to work in greater generality.
We conclude the paper at the end of §6 with some very brief remarks on how one might

extend the results. We discuss in turn the possibilities of allowing v to be any element in
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M(R) N Gheg, of taking f to be a general Schwartz function on G(R), and of replacing R
by an arbitrary local field F' of characteristic 0.

It has been a longstanding problem to compute the Fourier transforms of weighted
orbital integrals [L1]. The case of groups of real rank 1 was solved by Hoffmann [Ho|,
following earlier papers [AHS], [W] on the topic. The rank 1 analogue of Theorem 6.1
was an essential part of the process. The asymptotic formula is considerably easier in this
case, for the reasons that a proper Levi subgroup M is compact and that a corresponding
chamber in aj; is just a half line. In general, the problem of computing Fourier transforms
is equivalent to that of writing In/(7, f) explicitly as a distribution on Tiemp(G). The
formula (2) of Corollary 6.2 can be regarded as a step in this direction. For example, it
reduces to the Fourier inversion formula (1) in the case of abelian G. Given its general form,
and its possible extension to the Schwartz space mentioned at the end of §6, the formula
(2) amounts to an asymptotic formula for the invariant Fourier transform of Ip;(7, f).

We have been motivated by a different application. In the sequel [A13] to this paper,
we shall solve a comparison problem for the invariant distributions attached to different
groups. More precisely, we shall establish identities that relate the invariant distributions
Ini (v, f) for a given G with corresponding stable distributions for endoscopic groups G’
of G. The proof of such identities is part of the stabilization of the global trace formula,
and in fact can be regarded as a local archimedean analogue of the global question. There
is considerable common ground between the problem of computing Fourier transforms
and that of comparison. The latter is undoubtedly simpler. It entails the proof of a
given identity rather than the construction of what is likely to be a complicated function.
However, the methods needed to attack either problem seem to be closely related. Be that

as it may, the asymptotic formula (2) will be a key part of the comparison in [A13].



gl. Distributions and multipliers

Let G be a connected, reductive algebraic group over the real field R. Our concern is
the harmonic analysis of functions and distributions on the real Lie group G(R). We begin
with a brief review of the distributions of interest.

Suppose that 7" is a maximal torus in G that is defined over R. We write Treg = TiG-reg
for the open subset of elements in 7" that are strongly G-regular, in the sense that their
centralizer in G equals 7. Harish-Chandra’s invariant orbital integral is defined for any
element v in Tpeq(R) and any function f in the Schwartz space C(G) = C(G(R)) on G(R).

It is given by an absolutely convergent integral

/ f(a"ye)da,
TR)\G(R)

where dz is a G(R)-invariant measure on T'(R)\G(R), and

N[

(1.1) fa(v) = [D()]

D(y) = D(7) = det(1 — Ad(7))

is the Weyl discriminant. (Following a general practice of denoting the Lie algebra of a
given group by the appropriate lower case gothic letter, we have written g and t for the
Lie algebras of G and T respectively.) Invariant orbital integrals play a central role in
Harish-Chandra’s proof of the Plancherel formula for G(R).

Invariant orbital integrals are part of a broader family of distributions, known as
weighted orbital integrals. These objects depend on a Levi subgroup M of G, by which
we mean a Levi subgroup over R of some parabolic subgroup of G over R, and a maximal
compact subgroup K of G. We assume that the maximal torus T' = T is contained in M,
and therefore that Th; contains the split component Ay, of the center of M. We assume
also that the Lie algebras of K and Aj;(R) are orthogonal with respect to the Killing form.
Since we are working over the field R, we can identify the Lie algebra of A;(R) with the
real vector space

Ay = HOIIlZ (X(M)]R, R)
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We recall that there is a canonical homomorphism
HM : M(R) — Q).

The weighted orbital integral attached to M is defined for any v € Tio(R) and

f € C(G) by a noninvariant integral

(12) I £y =IDO)E [ e o)
TRI\G(R)
The weight factor
var (@) = lim vp (¢ 2)0p ()7
PeP(M)

is obtained from the (G, M )-family of functions
vp(, @) = e, P e P(M),

of ¢ € ia},, according to the prescription of [A3, Lemma 6.2], and equals the volume of

the convex hull in aps/ag of the set
{—Hp(z): PeP(M)}.

We are following standard notation and terminology, as for example in [A10, §1]. Thus
P(M) = PY(M) denotes the finite set of parabolic subgroups P = M Np of G with Levi
component M. The function

Hp: G(R) — Op

is the mapping of Harish-Chandra, defined by
Hp(nmk:):HM(m), TLENP(]R), mEM(R), ke K.

The denominator #p(() is a homogeneous function of ¢, of degree equal to the dimension
of aps/ag, which depends on a choice of metric || - || on aps. The integral (1.2) converges

absolutely, and defines a smooth function of v on Tice(R) [A2, §8]. It depends only on the
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conjugacy class of v in M(R), and in fact only on the orbit of the conjugacy class under

the Weyl group
W(M) =WY% (M) = Normg(M)/M = Normgny (M) /K N M

of M.

Weighted orbital integrals have two drawbacks. They are not invariant under conju-
gation of f by G(R), and they depend on the choice of K. However, there is a natural
construction that gives a parallel family of distributions with better properties. It is based
on the dual family of distributions defined by weighted characters.

We write II(G) = II(G(R)) for the set of equivalence classes of irreducible represen-
tations of G(R), and Iliemp(G) = Iliemp(G(R)) for the subset of irreducible tempered
representations. The distributional character

fa(m) =tr(n(f)) = f(x)O(m, x)dx
G(R)
attached to any 7 € Iiemp(G) and f € C(G) may be regarded as a spectral analogue of

the invariant orbital integral (1.1). The resulting space of functions
I(G) = 16(0) = {fa: feC(@))

on Iiemp(G) forms a natural Schwartz space [A11]. The weighted character is defined for

any 7 € Iiemp(M) and f € C(G) by a “noninvariant trace”
(1.3) Ju(m, f) = tr(Mus(m, P)Zp(m, f)).

As usual, Zp(m) denotes the representation of G(R) induced from the pullback of 7 to
P(R), acting on a Hilbert space Hp(m) of operator valued functions on K. The weight

factor

MumP)=Jimy 3, MaltmP)(c)™
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is obtained from a (G, M)-family of operator valued functions
Mq (¢, P), Q € P(M), ¢ € iayy,

on Hp(m). It was defined in terms of unnormalized intertwining operators and Plancherel
densities in [A12]. (We shall recall the construction in §5 in order to modify it slightly.)

The correspondence that sends any f € C(G) to the function

¢M(f) 7T—>¢M(f77r):JM<7T7f)7 7Tel_[temp(]w)u

is then a continuous linear mapping from C(G) to Z(M).

Consider the family of mappings
¢r: C(G) — I(L), L e L(M),

parametrized by the finite set £(M) = L£%(M) of Levi subgroups of G that contain M.
Like the distributions (1.2), these mappings are noninvariant, and depend on the choice of

K. We use them to construct invariant tempered distributions

In (v, f) = I51 (v, f), v € Treg(R),
inductively by setting
(1.4) vy, ) =du( )= > (v en(f)),
LeL(M)
L#G

where T L () denotes the continuous linear form on Z(L) such that
Iy (v, he) = Ik (v, 1), hec(L).

Since
Ic(v, ) =Jc(v, f) = fa(v),

the families (1.2) and (1.4) both include the original invariant orbital integrals (1.1). How-

ever, the distributions /() in the second family have the advantage of being invariant.
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They also turn out to be independent of the choice of K. (See [A12, §3].) For these reasons,
they represent the more natural generalizations of invariant orbital integrals.

If P e P(M), we write Ap as usual for the set of simple roots of (P, Aps). Elements
a € Ap can be regarded either as quasicharacters a — a® on Ay (R), or as linear forms

H — «(H) on apr. Then
o, ={H€ay: a(H) >0, a € Ap}

is the open chamber in ap attached to P. (Given P, we often write ap = ap; and Ap =
Apr.) The closure EJIS of a; is a cone whose boundary components 65 are parametrized
by parabolic subgroups ) of G that contain P. We recall that any such @) has a Levi
decomposition () = MgNg, for a unique Levi component Mg that contains M, and that
the real vector space ag = apy, has a canonical embedding into ap;. We write Ag as usual

for the subset of roots in Ap that vanish on the subspace ag of ap;. We shall also write
(1.5) H=Hg+ H?, Hg € ag, H? €a¥,

for the decomposition of a point H € a,;, in which a% denotes the kernel of the canonical
projection of a;; onto ag.

The space ap; attached to a given M comes with an implicitly chosen Euclidean metric
| - || We assume that this metric is given by the restriction of a fixed W (Mj)-invariant
Euclidean inner product (-,-) on a space apy, (which we also denote by || - ||), for some
minimal Levi subgroup M, contained in M. The decomposition (1.5) is then orthogonal
with respect to the underlying inner product. Actually, for much of the paper it will be
convenient to fix My, as well as a minimal parabolic subgroup Py € P(My). We will then
employ the usual abbreviated notation Ng = Np,, Ag = A, Wo = W(My), ap = an,
Hy=Hp,, Ag = Ap,, ag' = a;SO, Agg = Ago, etc., for objects attached to My and F.

The Levi subgroup M will be fixed from now on. Our goal is to establish asymptotic

formulas for the distributions Jy/ (7, f) and Ip (7, f). The formulas are to depend on a
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point T" € aﬁ that approaches infinity. (We follow several precedents in denoting the point
by T'. It is for this reason that we sometimes fall back on the notation T}, for the maximal

torus in the Levi subgroup M.) For any element ~ as in (1.2), we set
(1.6) yr =~vexpT, T € af.

If T is chosen to be far from the walls of uJIS, ~r will be strongly G-regular, and Jys(yr, f)
will be defined. However, for fixed f € C(G), Ja(yr, f) approaches 0 as T' approaches
infinity. We need to replace f with a function that also varies with T

We shall transform f by a variable object, which is to be a special case of what we can
call a Schwartz multiplier. The construction is quite natural. To put it into perspective,
we pause briefly for a few general remarks about such objects.

We define a Schwartz multiplier for G to be a continuous endomorphism f — f, of
C(G) that commutes with left and right translation. We write M(G) for the algebra of all

Schwartz multipliers for G. Any o € M(G) is determined by its dual function
6?: Htemp(G) e (C,
defined by the property

(1.7) m(fa) = a(m)m(f), T € Iiemp(G), f € C(G).

We write Iiemp,cusp(G) and Ileus,(G) for the subsets of cuspidal representations in
Miemp(G) and II(G) respectively. The dual function @ is characterized in turn by the

family of functions

o~

Qg - Htemp,cusp(L) - Ca
parametrized by (cuspidal) Levi subgroups L of G, such that

(1.8) ar(m) = a(Zo(m)), Q € P(L),
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where m now denotes a representation in Iliemp,cusp(L). Since « is continuous, oy () is
determined by the values it takes at the open dense set of representations 7w for which the
induced representation Zg () is irreducible.
The family of functions {ay,} attached to any o € M(G) has two basic properties.
(i) Foreach L, @y, is a smooth function on Iliemp cusp (L), of which any invariant derivative
is tempered.

(ii) The family is symmetric, in the sense that
gaL - ag[n
for any L and any g € G(R).

In the growth condition (i), an invariant derivative means the transfer of an invariant

differential operator on iaj, relative to the action
T — ma(z) = n(x)erHe @) A €iaj, z € L(R).

A tempered function on Iiemp cusp (L) is understood to be one whose value at 7 is bounded
by a polynomial in the norm of the infinitesimal character of 7, or rather the norm of a
linear form on a Cartan subalgebra that represents the infinitesimal character. In the

symmetry condition (ii), it is understood that gL = Int(g)L, and that

(gaL)(ﬂ'g) =ar (779 oInt g), g € Htemp,CUSp@L)-

Conversely, for any family {ar} of functions that satisfy the conditions (i) and (ii),
there is a unique multiplier & € M(G) such that (1.7) and (1.8) hold. This fact is a
simple consequence of the main theorem of [A1], which describes the image of C(G) under
noninvariant Fourier transform. We thus obtain a simple characterization of the algebra
M(G).

The noninvariant Fourier transform of a function f € C(G) is defined as the operator

valued function

(1.9) fo(m) = Io(m, fY), Q € P(L), 7 € Wyemp cusp(L),
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on Hq(m), where

and L ranges (cuspidal) Levi subgroups of G. The inverse Fourier transform can be defined

for any operator valued function ag that is rapidly decreasing in the natural sense. It equals

(1.10) ag(z) = |VV(L)|_1/H tr(Zo(m, z)ag(m))eq(m)dr,

temp,cusp (L)

where g (m) is the Plancherel density, and dr is the measure on Iliemp cusp(L) induced
from the measure on ia} determined by a fixed Euclidean metric on a;, and the free action

m — 7 of a7 . The noninvariant Fourier inversion formula is the identity

(1.11) fl@)=> (fo)¥(x),
{L}

where L ranges over conjugacy classes of cuspidal Levi subgroups, and () represents a
group in P(L). (See [Al], for example.) The main theorem of [A1] characterizes the image
of C(G) under the noninvariant Fourier transform (1.9) as the appropriate Schwartz space

of operator valued functions on Iliemp(G). If o € M(G) is a multiplier,

(fa)o(m) = ar(x") fo(x), 7 € Themp.cusp(L),

where 7V is the contragredient of . The inversion formula (1.11) therefore gives rise to a
natural expression for f,(z).

Now suppose that M; is a fixed cuspidal Levi subgroup, and that S is a point in
the space apr,. A representation 71 in IHiemp cusp(Mi1) has an infinitesimal character,
represented by a linear form on any Cartan subalgebra of m;(C). We write v, € ia}, for
the restriction of this linear form to a,z, , and call it the imaginary part of the infinitesimal

character of 7. If f is any function in C(G), we set

(1.12) (@) = (J5) (@),
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for the operator valued function

2 (m) = e ) fp (), 71 € temp,cusp(M1),

on Hp,(m). Then f9 is a function in C(G) whose noninvariant Fourier transform is

supported on the conjugacy class of M;. Its transform at M; and P; is given by

(fs)/lé'l(ﬂl) _ ‘W(Ml)‘_l Z e—(wuﬂ)(S)fPI(Wl)
weW (M)

=a%(nmy) fp, (m1),
where

a®(my) = [W(My)|™! Z elvrm)(9),
’wEW(M]_)

In other words,
fS = fas,
where a® € M(G) is the multiplier such that

iy as(m), if (L,m) = (My,m),
OéL(W) =

0, if L is not conjugate to M.

We shall use the multipliers o of f to construct an element in M(G) that varies with

our point T' € a}. This necessitates a brief investigation of a family of linear injections

attached to M and the Levi subgroup M;. We define U (M, M) to be the set of embeddings
u: apr — A,

induced by elements g € G(R) such that gMg~! contains M;. The set could of course be
empty. In general, the Weyl group W (M) acts by left composition on U (M, M), while
W (M) acts freely by right composition. For future reference, we shall describe U (M, M)
in terms of the Weyl sets introduced by Langlands [L.2, §2].

Assume for the moment that M and M; are both standard with respect to My and

Py. In other words, My is a minimal Levi subgroup contained in both M and M, and
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Py € P(My) is contained in parabolic subgroups P € P(M) and P, € P(M;). Let

W (Py; P) be the finite set of isomorphisms
w: ap — apy, PyC P{ CP,

obtained by restriction to ap, = aps, of elements in the Weyl group Wy = W (M) such
that w™la is a root of (P, A1) for every root « in the subset Agl, of Aps. (See [A1, §IL5],
for example.) If P = P;, W(Py; P) is just the group W (Mj). In general, however, the

parabolic subgroup P] varies with w.

Lemma 1.1. For any w € W (Py; P), let w;j denote the restriction of w™! to the subspace

ay of apr. Then the mapping
(1.13) w— u=wy, w e W(Py; P),

is a bijection from W (Py; P) onto U(M, My).

Proof. Suppose that u belong to U(M, My). Let Q = uPu~!, where @ is an element
in G that induces the mapping v on ap;. Then @ is a parabolic subgroup of GG, with Levi
component Mg = uM u~! that contains M;. Let Q1 be the unique parabolic subgroup
in P(M;) that is contained in @), and such that Q1 N Mg = Py N Mg. Of course, (4
need not be standard, but its chamber agl is an open subset of ap;,. A general result
of Langlands [L2, Lemma 2.13] implies that a51 equals wila;{, for a unique standard
parabolic subgroup P| of GG, and a unique linear isomorphism w from ap, to ap; defined
by restriction of some element in Wy. (See [Al, Lemma 1.3.1].) If w is a representative
of w in GG, wu conjugates P to a group that contains the standard parabolic subgroup

P = wQiw~!. Since P is also standard, we conclude that
P = (wu)P(wu)~!

In particular, P contains Pj. If a belongs to AL, w™la is a root of (Q1 N Mg, Ap,),
1

and hence also of (P, Ap,), since Q1 N Mg equals (P; N Mg). Therefore w belongs to
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W (Py; P). The last identity implies also that wu lies in P. It follows that the mapping

wu = wysu is trivial on aps. In other words, u equals w&l.

We have now established that the mapping w — w is surjective. In proving it, we
established also that the element w attached to w is unique. The mapping is therefore

injective, and hence a bijection. O

If u belongs to U(M, M), we shall often write P{* = Pj, where P; is the standard
parabolic subgroup such that the preimage w of w in W(P; P;) maps ap, onto ap;. In
other words, the Levi component M{* of P{* equals the group w(M;) = wMiw~!. This
definition is dependent upon the condition that both M and M; be standard. Without

the condition, M{* is well defined only as an M-orbit of Levi subgroups of M.

Lemma 1.2 The mapping

u—>M}‘, UEU(M,Ml),

is a surjection from U(M, M) onto the set of WM -orbits of Levi subgroups of M in the
Wo-orbit of My. The Weyl group W(M7") acts transitively on the fibre of M{* in U(M, M),
and the stabilizer of u in W (M) equals WM (M.

Proof. Suppose that M is a Levi subgroup of M in the Wy-orbit of M;. Replacing
Mj by a WM -conjugate if necessary, we can assume that M is standard relative to the
minimal parabolic subgroup Py N M of M. It follows that M| = M 1’31,, for a parabolic
subgroup P; of G with Py C P; C P. By assumption, M/ equals wy(M7), for an element
wy € Wy. Replacing M/ again by a W4 -conjugate if necessary, we can assume that
w™la is a root of (P, A;) for every a € API,. This implies that the restriction w of
wo to ap, lies in W(P;; P). Tt follows that M| = w(M;) = M}, where u = w,;. The
mapping is therefore surjective. The assertions about the fibre of M} follow easily from the

definitions. 0
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We now introduce a function that varies with 7'. We set
(114) fT - Z Z fUT7 f € C(G)a
{M1} ueU(M,M;)

where M; again ranges over conjugacy classes of cuspidal Levi subgroups. The summand

T of course stands for the function (1.12), for the point S = uT in ayy,. In other words,

fT - faTa

for the multiplier

e S o

{Mi} ueU (M, M)
in M(G). Then fr is a Schwartz function, whose noninvariant Fourier transform at any

M, and P; is given by

fT,Pl (7'(1) == Z e ’m (wT) fP1 (7T1)7 T € Htemp,cusp(M1)~
welU (M, M)
Let r be a positive number that is small relative to the underlying norm || - || on ay,.

We define

ap ={H €ay: a(H)>r|H|, « € Ap},

and we write

T — o0
Pyr

if T becomes large within the open cone a,. The general problem is to obtain explicit

formulas for the limits

(1.15) T (yrs fr)
Pmoo

and

(1.16) i I (yrs fr),
P,r

19



for any function f in C(G). If the maximal torus 7' = T, is not elliptic in M, standard
descent formulas lead to a reduction of the problem from G to a proper Levi subgroup. We
therefore may as well assume that T, is elliptic in M, and in particular, M is a cuspidal
Levi subgroup of GG. With this condition, we shall solve the problem in the special case

that f lies in the Hecke algebra H(G).
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§2.  Spherical functions

We shall begin our proof of the asymptotic formulas in §3. The general argument will
be based on Harish-Chandra’s spectral decomposition of generalized spherical functions.
We use this section to recall a few basic properties of the decomposition. After doing so,
we shall formulate two lemmas from Harish-Chandra’s proof of these properties. Lemma
2.1 will be at heart of the reduction we carry out in §3. Lemma 2.2 and its corollaries will
be an essential part of our estimates of constant terms in §4.

The families of spherical functions that occur in the spectral decomposition are again
parametrized by conjugacy classes of cuspidal Levi subgroups M; of G. For much of our
discussion M; will be fixed, with the assumption that the Lie algebras of K and Ay, (R)
are orthogonal. Then

K, = Ky, = K N M (R)

is a maximal compact subgroup of M;(R). We let P, = M;N; be a parabolic subgroup
in P(M;). Extending notation we have adopted for minimal Levi subgroups My, we shall
frequently replace a subscript M7 or P; simply by 1.

Suppose that V' is a finite dimensional Hilbert space, equipped with a unitary, two-
sided representation 7 of K. In other words, V comes with commuting left and right
K-actions

(E* k) 0 v — 7(kY T (k?), veV, kL k2 e K.

In future discussions, we shall often write
kv — o :/ (k™Yo (k)dk, veV,
K

for the projection of v onto the subspace V¥ of diagonally K-invariant vectors in V.
Harish-Chandra’s results pertain to functions from G(R) to V that are 7-spherical, in the

sense that
f(E'zk?) = 7(EY f(2)7(k?), r € G(R), k', k? € K.
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Let
T =TM, = TP,
denote the restriction of 7 from K to the subgroup K;. Following Harish-Chandra, we
write Acusp (M1, 1) for the finite dimensional space of cuspidal 7q-spherical functions from

the group

M;(R)" = {m € Mi(R) : Hy(m)= Hy,(m) =0}

to V. Harish-Chandra’s Eisenstein integral is defined for any P; € P(M;), z € G(R), and

¥ € Acusp(M1, 1), and for A; in the complex vector space aj - = a}, ¢, by the formula

EPl(Iﬂ/J,M):/ (k™ VYp, (kx)ePar ) (Hilka) g
K

where
Yp, (nmak) = p(m)7(k), n € N1(R), m € M;(R)}, a € A;(R)°, ke K.
As usual p; = pp, denotes the linear form on a; such that
e2e1(Hi(m)) — |det(Ad(m))nl ., m € M;(R),

where n; = np, is the Lie algebra of N;. The Eisenstein integral is a 7-spherical function
of z.

Suppose that f belongs to the space C(G, ) of T-spherical Schwartz functions. For
any P; € P(M;), the spherical transform ]?1 = fpl of f is a function from iaj = iaj, to
Acusp (M1, 7). It is defined by

(2.1) (A, ) :/ (F(2), Bp, (2,1, \1))de. M € ial,

G(R)

for any ¢ € Acusp(Mi, 7). It follows easily from Harish-Chandra’s definition of the

Schwartz space on G(R) that the transform F; = ﬁ belongs to the space
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C(ia}, Acusp(Mi,71)) of Schwartz functions from iaj to Acusp(Mi, 71). Moreover, Fy sat-

isfies the symmetry condition

(22) Fl(w)\l) = Ocl(w,)\l)Fl()\l), w € W(Ml),
where

c1(w, A1) =Yepy p (0, A1) = cpy p, (1, wA1) " ep, p, (0, A1)
is defined in terms of Harish-Chandra’s c-functions
cp (w, A1) = epyp (W, Ay).
We recall that the general c-function
CP1’|P1 (w, )\1) : Acusp(MlaTl) — Acusp(M{aT{)a )\1 € GT,C,

is attached to a second parabolic subgroup P; = M| N7, and an isomorphism

w=Tnt(w) : ap — aj = ayy, we K,

that maps M; to a Levi component M of P;. It is a meromorphic function from aj ¢ to the
finite dimensional space of linear transformations from Acysp (M7, 71) to Acusp (M1, 71), in-
troduced by Harish-Chandra to describe the constant term of Ep, (x,1, A1) in the direction
of P|.

Conversely, suppose that F; = Fp, belongs to C(ia”l‘, Acusp (M, 7-1)). We recall that

there is a decomposition
Acusp MlaTl @Aﬂ'l Ml;Tl T € chsp(M1>17

where Ileusp(M1)! = Hiemp cusp(M1)! denotes the set of square integrable representations
of M;(R)!. Following Harish-Chandra, we identify the group M;(R)! with the quotient

M;(R)/A;(R)?, thereby allowing ourselves to write

Htemp,cusp(Ml) = {7T1,>\1 m € chsp(Ml)17 /\1 € ZCV{}
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and

chsp(Ml) = {7T1,)\1 DM € chsp(Ml)la )\1 S ai(C}-

Recall that the p-function

p1(m10,) = pp (T1a0) = fpypy (T A1 € af ¢,

attached by Harish-Chandra to any 71 € Il.usp(M7)! is a meromorphic function, which is
analytic and slowly increasing on a cylindrical neighbourhood of ¢aj in aj . The direct

sum
p (M) = e, (M) = P ppy py (T10,)s A1 € aj ¢y T € Teusp(M1),

can then be regarded as a meromorphic function from aj  to the space of endomorphisms
of Acusp(M7,71), whose restriction to i¢aj is analytic and tempered. The inverse spherical

transform of Fj is the 7-spherical function

(2.3) FY(2) = yW(M1)|—1/ Ep, (2, pn (A FL (A1), A dAs, r € GR).

iat

One of Harish-Chandra’s basic results is that F}’ is a Schwartz function from G(R) to V.
Furthermore, if F; satisfies the symmetry condition (2.2) and f equals F}, then ]?1 equals
Fy.

The spectral decomposition for spherical functions is now easy to state. It is the
assertion that any function f € C(G,7) can be written as a sum of functions F}’. More
precisely, f satisfies the Fourier inversion formula
(2.4) fx) = (7)"(x),

{My}
where {M;} ranges over conjugacy classes of cuspidal Levi subgroups, and ]?1 = fpl is
defined with respect to any parabolic subgroup P; € P(Mj). (See [Hab].) This is of course
closely related to noninvariant inversion formula (1.11). In particular, the Plancherel

densities and p-functions implicit in (1.11) and (2.4) respectively satisfy the identity

€p; (7T1,>\1) = d7T1 wp, (W17A1 )’
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where d, is the formal degree of 7.
Harish-Chandra’s theory of spherical functions is based on his asymptotic estimates

for the function

¢(l‘) = Epl (l',w, )\1), 1/) c Acusp(Ml,Tl), )\1 € Z'Cq,

in terms of their constant terms. If ) is any parabolic subgroup with Levi component Mg,
the constant term ¢¢ of ¢ along @ is a 7g-spherical, Ag(R)-finite function on M. It has
the property that for any m € Mg(R)?!,

lim (ePQ(log ) p(ma) — $q(ma)) =0,

a—00
Q,r

in the notation at the end of §1. The proof that F}’ is a Schwartz function depends on a
sharper estimate for the difference between ¢ and its constant term, which we shall state
in terms of a fixed minimal parabolic subgroup.

Let Py = MyNy be a minimal parabolic subgroup for which M; is standard. Then
M contains My, and is a Levi component of a unique parabolic subgroup P; € P(M;)
that contains F,. We assume until further notice that Py is fixed, and that ry is a small
positive number. Suppose that () = MgNg is a standard parabolic subgroup relative to

Py. We define a}"%’Q to be the set of points H in the space ag = ap, such that
0 < a(H) <rollHJ
for every o in the subset AY = Ago of Ag = Ap,, and such that

a(H) > rol H|

for every « in the complement of A(? in Ag. The closure aj of the chamber ai = a;SO is

then a disjoint union over O P, of the sets aSDQ. Observe that if Q = P, a?% o is the

analogue afy for /% of the cone a} defined in §1.

25



The following lemma is included in a general estimate [Ha4, Lemma 10.8] of Harish-
Chandra. The reader can find some of Harish-Chandra’s terms defined at the beginning

of Sections 3, 8 and 10 of [Ha4].

Lemma 2.1. Suppose that

¢($) = Ep, (33,1#, )\1)7 (NS Acusp(M1,T1), A € 'I:aT.

Then for any standard parabolic subgroup Q@ O Py, we can find a positive number § and a

polynomial p on iaj, with the property that
2.5 6(h) — =90 Mg ()| < [p(xo)| e~ (H+outex ),

for any point h € Ag(R) such that log h lies in a"];oo’Q. d

We need to establish a second lemma, which depends on the detailed structure of
constant terms. Let us first recall how to express the constant term ¢g of Lemma 2.1 in
terms of c-functions. If

w: ap, — aplf

belongs to the set of transformations W (Py; @) attached in §1 to the standard parabolic

subgroups P; and @ of GG, the subscript
P = P}, u:wél, wQ = W,
represents another standard parabolic subgroup of GG. The intersection
R =P/ N Mg

is then a parabolic subgroup of Mg that is standard relative to the minimal parabolic

subgroup Ry = Py N Mg. The constant term ¢¢ is given by the sum

(2.6) po(ma) = > ¢qu(ma), m € Mg(m)!, a € Ag(R),
weW (P1;Q)
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where
¢Q,w (ma) = ER (ma, CR(L w)‘l)_ICP“Pl (w7 /\1)¢7 U))\1>

= ER(m, cr(l, UJ)\1>_10P1/|131 (w, A1), w)\l)e(w’\l)(log a),
The objects Er and cg are of course defined with respect to the parabolic subgroup R of
Mg. In case M is conjugate to My, (2.6) is Theorem 18.1 of [Ha2]. For general @, the
formula is easily derived from this special case and [Ha2, Lemma 18.3]. (See for example
[A1, §I1.6].)
Suppose that Fj is a function in C(iaf,Acusp(Ml,Tl)), as in (2.3). If S is a point in

ai, the function
(27) Fls()\l) = Fl()\l)e_)‘l(s), A1 € ia’{,

also belongs to C (z'cf{, Acusp (M, 7'1)). We shall need an estimate for the Schwartz function

(FP)Y that is uniform in S.

Lemma 2.2. For any n > 0, there is a positive constant c,, such that the norm of
(2.8) e’ (FP)Y (exp H)
18 bounded by

(2.9) ¢o sup  sup (14 |H = (w'S)erl) ",
Q'DPy w' eW (P1;Q")

for any H € af and S € ay.
Proof. The argument has two stages. The first will be an application of Lemma 2.1

to the integrand in

(Fls)v(exp H) = ’W(M1)|_1 / EP1 (eXp H7 /*Ll()\l)Fls()‘l% Al)d)\l
ia}
For this to provide a useful reduction of the problem, we assume that H belongs to the

interior aj of aj. We are of course free to do so, since (2.8) and (2.9) are both continuous
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in H. We shall also need to write the integral over 7a] as a double integral over the product
of i(af)* with ia,.

If ¢ belongs to iag, p1 (A1 + ¢) equals pi(A1). Moreover,
Ep, (exp H, in(M)FY (M), A1 +¢) = Ep, (exp H, (M) FY (A1), Ar)et?),
where Z = Hg — S¢. It follows that

(F)Y(exp H) :/ Ep, (expn, p1 (A1) FY z(A1), A1) dAq,

i(af)*

where n = H® = H — Hg, 0 = S =S — Sg, and

F7 () = W) / F7 (0 + QS

.k
’LuG

G

By assumption, the point 7 belongs to the projection (ag &

)T of af onto a§. It therefore
lies in a set a?% o» for a unique proper parabolic subgroup @ D F. We use Lemma 2.1 to

approximate the last integrand by its constant term

Ep, o (expn, p1(M)F7 z(A1), A1)

at Q. We see that for any A\; € i(af’)* and n € ap o, the norm of the difference between

e Ep (expm, 1 (A1) FY 7 (A1), A1)

and
(2.10) PP Ep o (expn, p1(M)F7z(M), A1)
is bounded by

PO M) | 7 (M) [|le =07,

for p(A1) and & as in Lemma 2.1. The integral over A\; € i(a{’)* of the last expression
converges. This is because both p(A1) and 1 (A1) are slowly increasing in Ay, while FY 7 (A1)

is rapidly decreasing. In fact, the norm

1Y z(A)[ = [[F1,z(A1) ]
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*

is rapidly decreasing in both \; € i(a{')* and Z € ag. Moreover, the linear form pg(n) =
pp,(n) is bounded below by a positive multiple of ||n||. It follows that for any n, we can

choose ¢,, such that

¢—r0() /( POl ODIFT () < a0+ )+ 1121)7
ACTON

Since

Il + 1121l = In+ Z|| = |H = Scl,

this is bounded by (2.9). To complete the first stage of the argument, we observe that the

integral over \; € i(a{’)* of (2.10) equals the expression

(2.11) e(po_pQ)(H)|W(M1)|_l/ EPl,Q (exp H, [Ll()\l)Fls(Al), )\1)6[)\1

iaf
We have established that the norm of the difference between (2.8) and (2.11) is
bounded by (2.9), for any S € a; and H € af such that n = H belongs to a’;%’Q.
The second stage of the proof will be to show that the norm of (2.11) is bounded by (2.9),
for any S € a; and any H € af at all. We shall argue by induction.

The exponential factor in (2.11) equals

e(Po=PQ)H) — cpro(H)

where Ry is the minimal parabolic subgroup Py N Mg of Mg. The integrand in (2.11) is

given by (2.6). It equals the sum over w € W(P;; Q) of Eisenstein integrals
ER (exp H, CR(l, w)\l)_lell|p1 (w, )\1)#1()\1)F15<)\1), U))\l),

where P{ = P/, u = wc_gl, and R = P{ N Mg. To deal with this last summand, we set
A=w, T =wS, and

Fr(A) = pr(A) " er(1, M)~ epyp, (w,w™ ' M) pp, (w™ A)Fr(w™ ' A),
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for the given element w € W (P;;Q). We claim that as a function of A in ia}, = i(a};l,),
Fr(A) belongs to the space C(ia}, Acusp(Mg, 7r)). Granting this claim for the moment,
we see that the integral over A\; in (2.11) may be taken inside the sum over w, and then
changed to an integral over A. The expression (2.11) becomes
> epRO(H)|W(M1)|_1/ Eg(exp H, ur(A)FE(A), A)dA,
weW (P1;Q) s
with

FE(A) = Fr(A)e ™) = Fr(A)e™1(9),
In other words, (2.11) equals the product of a quotient
(W (Mg)||W (M)| ™
of orders of Weyl groups with the sum
S e (FE)Y (exp H).

weW (P1;Q)

We are assuming that H is any point in aj. Since the chamber aj = aJISO is contained in
a;go, we can estimate the last summands by applying the lemma inductively to the proper
Levi subgroup Mg of G. We obtain a bound

e?mo M ||(FR)Y (exp H)|| < ¢, sup (14 |H = (wrT)qnngll)

Q' wr

where Q' ranges over parabolic subgroups with Py C Q' C ), and wg ranges over elements

in W(R; Q"N Mg). For any such wg, the product w’ = wrw belongs to W(P;;Q’), and
(wrT)q'nng = (W'S)q-

It thus follows that the norm of (2.11) satisfies a bound (2.9). The same is therefore true

of the original function (2.8).
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We have established the lemma, given our claim that Fgr Dbelongs to
C (ia}‘%,Acusp(M R,TR)). To justify the claim, it would be enough to show that the co-

efficient

(2.12) pr(A) " ter(l, A>_1CP1/|p1 (w,w  'A)pp, (wA)

of F1(w™'A) is a smooth function with slowly increasing derivatives. Results of this kind
were part of Harish-Chandra’s theory of spherical functions, and are now well known. For

example, one can write

where
rpr(A) = [[rar(A)

is a product over the reduced roots o’ of (P[], Ap;) of rank one normalizing factors attached

to standard intertwining operators. Both the normalized c-function
rpr (M)~ eprp, (w,w™tA),

and the inverse

(re(A)ter(1,A) 7"

of its analogue for R, are rational functions of A whose singularities do not intersecct
iaj. (See [A6, Theorem 2.1 (Rg), (R7)] and formulas [A5, (2.4)] for c-functions in terms
of intertwining operators.) The remaining component of (2.12) is a product of factors
(ros(A))~1, taken over reduced roots of PJ that are not roots of R. From the explicit
formulas is the appendix of [A6] on sees easily that each of these factors is an analytic,
slowly increasing function on some cylindrical neighbourhood of iaf in aj . It follows
from the Cauchy integral formula that as a function of A € ia}, (2.12) has slowly increasing

derivatives. The claim is therefore valid, and the estimate (2.9) of the lemma holds. O
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Remark. We did not keep track of the dependence of the estimate (2.9) on the function
Fy. Tt would have been easy to do so. An inspection of the argument reveals that we
could set the constant ¢, in (2.9) equal to ||F}]|,, for a continuous seminorm || - ||,, on the
space C (ia’{, Acusp (M, 7'1)) that contains F). Suppose that F; also satisfies the symmetry
condition (2.2). Then Fj is the image of the function f; = F) in C(G,7), under the

continuous mapping (2.1). In this case, we can take

Cn = Hfl”n7

where || - ||,, is now a continuous seminorm on C(G, 7). As constructed, the last seminorm
still depends on M; and (7, V). However, one can actually arrange that it is the seminorm
on C(G, ) attached to a continuous seminorm on C(G) that is independent of M; and
(1,V), and the Hermitian seminorm on V' whose value at (2.8) is part of the statement of
the lemma. This is a straightforward consequence of the proof of the easy half of the main

theorem in [A1].

For future reference, we formulate as a separate corollary the conclusion we drew at

the end of the proof of the lemma.
Corollary 2.3. Set
(213) FR(A) = (IUR(A)_lcR(l,A>_1Cp1/|p1 (w,w_lA)upl (w_1A>)Fp1 (w‘lA), Ae ia},

for Q@ D Py, w e W(P;Q), Pl = P, u = wél, and R = P{ N Mg, as in the proof of
the lemma. Then the coefficient of Fy(w™1A) on the right extends to an analytic, slowly
increasing function on a cylindrical neighbourhood of iay, in a} ¢, and the function Fr(A)

itself belongs to C(z’a}, Acusp (MR, TR)). O

The estimates of the lemma will be used primarily in the form taken by the next

corollary.
Corollary 2.4. Set
Qﬁs()\l,ﬂf) = Epl (Z’,Ml()\l)Fls()\l),/\l), S e ap, A1 € Z'Cf{.
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Then for any Q D Py and w € W(P1;Q), and any point h € Ag(R) with log(h) € ag, the
norm of
(2.14) e PRUes MW (M) | 99 (M1, h)dN
iaj
18 bounded by

CnB*PO(IOg h) sup (1 + ||(10g h) - (w/S)Q’”)_n’
Q' w’

where Q' ranges over parabolic subgroups with Py C Q' C Q, w’ ranges over elements in
W (Py; Q") such that w'w™" leaves an pointwise fized, and c, depends only on n.

Proof. The corollary is a consequence of the lemma and its proof. We have seen that

the expression (2.14) equals the product of e=P0(1°8 ) with
(WMe (Mp)[|W (My)|~ errotos W (FEYY (h), T = wS,

in the notation of the second stage of the proof. We have only to apply the lemma to the
function (FA)Y in C(Mg,Tg), as we did inductively near the end of the proof. We see that

(2.14) satisfies a bound of the required kind. O
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3. Reduction to constant terms

We return to the problem posed at the end of §1. Then M is a fixed, cuspidal Levi
subgroup of GG with M-elliptic maximal torus T);. We fix a compact subset C' of a;;. We

shall then let v range over the relatively compact subset

I'= TM,G-reg(R)C - {’7 € TM,G’—reg(R> : HM(V) € C}

of Ty (R). As in §1, T is to range over a cone a} in a;S, for a fixed parabolic subgroup
P = MNp in P(M). Our aim will be to study the limit (1.13) in terms of spherical
functions.

The terms in (1.13) depend only on M and P (in addition of course to f and 7).
However to prove the formula, we shall fix a minimal parabolic subgroup Py = MyNy
with P D Py and M D M,. Having chosen FP,, we take M; to be a standard cuspidal
Levi subgroup as in §2. Then M; contains M,, and comes with a parabolic subgroup
P, = M;N;y in P(M;) that contains Py. With this setting we will be able to apply the
estimates of Harish-Chandra summarized in Lemma 2.1.

We fix a double representation 7 of K on the finite dimensional Hilbert space V. We
then fix a Schwartz function Fy = Fp; on the space ia] = iaj, , with values in the finite
dimensional complex vector space Acusp(M1,71) = Acusp(M1, Tar, ). The inverse spherical
transform f; = F)' is a function in C(G, 7). The transformation f — fr of §1 can be
applied to this (vector-valued) function. It yields another function fi 7 = F\Y; in C(G, T).
The weighted orbital integral Jas(yr, f1,7) is then defined as a function of 7" with values
in V. We assume that Fj satisfies the symmetry condition (2.2). This implies that the
spherical transform fl p, equals F7. Moreover, the spherical transform ( fl,T)gl of fir
equals the function

Fir(A) = Z e MU R (M), A1 € a3,
wEW (M,My)

Our interest is in the limit of Jas(yr, fi,7) as T approaches infinity in a’.
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We shall actually have to consider a slightly more general problem. Let us write
(3.1) =)

for any point S € a;, where we recall that F¥()\;) is defined in (2.7) as F}(\)e M (%),
The function f; 7 above is a sum of functions f;, with S ranging over the W (M, M)-
translates of T'. For reasons of induction, it will eventually be necessary to study integrals
Jar(yr, £7) in which S is a more general linear form in 7. We shall make this precise
later. In the meantime, we allow S to be any variable point in a;. We shall establish some
estimates for Jy/(yr, f) that are uniform in S.

We need to investigate the weighted orbital integral (1.2), with f replaced by the
T-spherical function f. Since the maximal torus 7' = Ty in M is elliptic, its split
component is Aps. We may therefore replace the domain of integration T(R)\G(R) in
(1.2) by Ay (R)\G(R), with the understanding that the quotient Ay (R)\7s(R) has Haar

measure 1. Applying the decomposition G(R) = M (R)Np(R)K to the integral, we obtain

JM(’YvaiS)
— [D(yr)|* / 15 (& Y yp oy (2)de
An (R)\G(R)
:|D(7T)|%/K/A (R)\M(R)/N . 2 (k= *n " tm ™ typmnk)vas (n)dndmdk.

Before attempting any estimates, we shall make two structural changes in the last expres-
sion.

The first change will be in the integral over Np(R). For a given m € M(R), we shall
sometimes write

6t = 0p(m) = m™ypm.
This equals d expT', where
§=6(m) =m tym.

If n belongs to Np(R), we can also write

1

n- m_lvan =n"16n = orv,
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for the point
(3.2) v=20"n"torn

in Np(R). For fixed m and T, the map n — v is an invertible morphism of Np. Taking

the inverse of this map, we consider the point
n =n(v,or) = n(v,m yrm)

as a function of v and é7. In fact, we shall change variables from n to v in the last integral
over Np(R). We can do so as long as we multiply the integrand by the corresponding

Jacobian determinant
G -5 pM L opp(Hu(yr)) | DG - pM 1 pp(Hyp(v)+T)
|D% (y7)|"2[D™ (yr)|Ze |D™ (y7)|2[D™ (7)€ :

The first factor in this product cancels the normalizing factor |D(yr)|2 = |DC(y7)|2 in

the original integral. We find that Jy; (7, f) equals the product of
(3.3) |DM(7)|%€pp(HM(’v)+T)
with

(3.4) // / ff(k_lm_lfmil/k)vM(n(u,m_lva))dydmdk:.
K Jau®@\M®) JNp®)

The second change will be to express the variables of integration in terms of the polar
decomposition of G(R). For any z € G(R), we write 2§ = :IJJISO for the noncompact part of
x in the polar decomposition. In other words, zg is the unique point in Ay(R)? = exp(ag)

+

whose logarithm lies in the closure of the chamber aj = a P, and such that z lies in K g K.

For any m and v in the integral (3.4), we set
hr = hr(m,v) = (m™ yrmv)d = (67v)F.

Thus

m~yrmy = krhrk,
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for points

kyp = kip(m,v), i=1,2,
in K. We shall also write

v =Np(m) = (m~yrm)g, = (0r)F,

for the noncompact part of m~1yrm = 7 in the polar decomposition with respect to the
minimal parabolic subgroup Ry = PyNM of M. Then hl, = h'exp T, where b’ = h'(m) is

the value of h/. at T'= 0, and

—1 1190 11,2
m~ yrm = ki hpk;”,

for points
k;f = k;&’f(m), i=1,2,
in Ky = KN M(R). Moreover,
(3.5) hr = (hpv')g,
where
(3.6) v = (PR,

We return to the discussion of Jys(yr, f¥). The 7-spherical function f{ is the inverse
spherical transform of the function F¥(\;). It is thus the |W (M;)|~!-normalized average

in \; of the Eisenstein integral

(3.7) ¢% (A1, ) = Ep, (z, pip, (M) FF (A1), A1)

attached to P;. We can therefore write

/Kfl,T(k—lxk)dk:yW(M1)|—1/ ™ (6% (M, z))dAq,

;o
a4
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for the projection 7% defined at the beginning of §2. Moreover,
¢S(/\17 m_l’mil/) = T(k%“)¢s(>‘l7 hT)T(k:%)?

in the notation above. The expression (3.4) can therefore be written as the integral over
m € Ay (R)\M(R) and v € Np(R) of
(3.8) yW(M1)|—1/ 5 (r(k1)$° (A1, hr)7(k3))dA1 - vas (n(v,m™ yrm)).
ia}
Our intention is to apply Harish-Chandra’s theory of the constant term to the function
#° (A1, hr) in (3.8). We will estimate the contribution of the error term to (3.8) in this
section, and the contribution of the constant term itself in §4. In both cases, we shall need

a bound for the exponential function

e~Polos h1) — |det (Ad(hr)) . | d

no

where ng is the Lie algebra of Ny = Np,. We may as well establish it now, with the defini-
tion of hp still freshly in mind. The bound will be given in terms of familiar coordinates
on G(R), which we will need later in the context of a general standard parabolic subgroup
Q D Py. Recall that Q denotes the parabolic subgroup in P(Mg) opposite to Q. For any

such @, and any = € G(R), we write

(3.9) r = ng(r)mg(z)ag(x)kg(v),

for points ng(z) € Ng(R), mg(z) € Mp(R)', ag(z) € Ag(R)° and kg(z) € K. In the
case () = P, that we will use here, we denote the four points by 7g(x), mo(x), ao(x), and
ko(z) respectively. The point mq(x) actually belongs to K in this case, and can therefore
be ignored.

In estimating the exponential function, we shall derive a geometric property of the

vector log(hr) — T in ag. Define

tag={X €ap: (X,H)>0, Hea]},
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the chamber in aq that is dual to aj relative to our fixed Euclidean inner product (-,-) on

ag. Notice that Tag is a closed cone in the subspace ag; of ag.

Lemma 3.1. (a) We can choose positive constants Cy and ¢y depending only on G such

that

(3.10) ¢—roliog hr) < ¢ o=po(T) g=po(iog h') ,—po(log @o ("))
and

(3-11) po(log hr) 4 co > po(T) + po(log h') + po(log @o(v')).

(b) There is a point TS € a§ that depends only on G such that the vector
(log(hr) = T) — (Hum(7) + TE)

belongs to the chamber Tag.

Proof. The elements hy, h' and v/ in (a) are of course defined as above. The two
inequalities in (a) become equivalent under exponentiation, so it suffices to prove (3.11).
We shall do so in the course of establishing (b).

Let p € af be a highest weight relative to (Py, Ag). Then p/ = (—p) is a lowest weight,
in the sense that there is an irreducible, finite dimensional representation (r/,V”) of G over
R with lowest weight /. We choose a K-invariant Hermitian inner product on V/(C) that

has an orthonormal basis of weight vectors. Then

I ()l = (3Dt )

where || - [|2 is the corresponding Hilbert-Schmidt norm on End(V’(C)), and 7 is summed

over the Ap-weights (with multiplicity) of r’. For any weight n, ;' — 7 lies in the negative

chamber (—*ag). Since (log hr) lies in the closure of the positive chamber a,

(' —n)(log hr) <0
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The inequality

1
||7“/(hT)_1||2 _ e,u(log hr) (1 + Z 62(M’_n)(log hT)> 2
n#EW
< (dim V')%e“(log hr))

follows. To obtain a second inequality, we evaluate the operator 7/(h7)~! at a lowest
weight vector v’ of norm 1. It follows from (3.5) and (3.9) that
17 (hr) ™ |2 = [ (hp') 2
> || (hpr) 1|
= [Ir" (")~ (hp) |
— eu(log h/T)HT’/(l//>_1U/H
_ or(log hlp) Hr/ (EO(V/))_l,r,I (do(u’))_lr’ (ﬁo(l/)_l)UIH

— oh(log hip) pu(log @o(v'))

The two inequalities together become

erlog hr) gu(log a0 (v') < (dim V’)%eu(log hr)

It follows from the definitions that log(h/.) equals log h’ + T. Taking logarithms of the

last inequality, we see that

(3.12) p(log hr) — u(T) + ¢ > p(log h') + p(log @o(v')),

where ¢/ = 1 log(dim V”). The required inequality (3.11) then follows with p = 2py.
To establish (b), we recall that log A’ lies in the closure of the chamber aEO for (R, Ap).

Moreover, the projection of this point onto a; equals the vector

Hy(h') = Hu (7).

The subset of points in aEO that project to 0 in ap; is contained in the dual chamber *ag,,

which is in turn contained in Tay. The difference (log h — Hy (fy)) therefore lies in Tag.
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The second vector (log @o(v’)) on the right hand side of (3.12) is well known also to lie in
Tag. In fact, one sees directly from the argument above that ,u( log ao (v )) is nonnegative

for any p. It thus follows from (3.12) that for any pu, there is a constant ¢’ such that
p(log hy —T — Hy (7)) + ¢ > 0.
Now, it is a consequence of the definitions that the vector
log hy — T — Hpy ()

lies in the subspace a§ of ag. Let {u} be a finite set of highest weights, which all lie in

G

(ag’)* and for which the intersections of the half spaces

{Heaf : p(H) <0}

equals tag. We take TS € a§ to be a vector such that for any of these u, the sum of

w(T§) with the corresponding constant ¢ is negative. The assertion of (b) follows. O

Returning again to the discussion of Jys(yr, f), we shall apply the estimate (2.5) of
Lemma 2.1 to the integrand in (3.8). If A is any subset of the simple roots Ay of (Py, Ag),
let PA D Py be the corresponding subgroup of G. We shall generally replace any subscript

Pa simply by A. For example, A determines the subspace
apn =ap, ={H €ap: a(H)=0, a € A}

of ag, which we have agreed to identify with the Lie algebra of Ax(R). We fix, for once
and for all, a small positive number r with respect to which we will ultimately take the
limits (1.15) and (1.16). Having chosen r, we then fix the positive number g of §2 so that
it is small relative to 7. In particular, we assume that 0 < 79 < r. The closed chamber ag

is then a disjoint union over A of the sets

— ~T0
aO’A o aP07PA,
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defined in §2. Given A and T, we write
P(R)ar = {(m,v) € Ayy(R)\M(R) x Np(R) : log (hr(m,v)) € ag,a}.

We can then apply Lemma 2.1 (with Pa in place of Q) to the points hy = hp(m,v) with

(m,v) in P(R)a . We see that the norm
(3.13) |7 (7 (k)9% (A, hr)T(KE)) — e PaUo8 M n (2 (k1) @R (Ar, hr)7 (k7)) |

has a bound
1 (A1) - [l (A1) F (M) e (Hompolion hr)

for a polynomial p; and a positive number 1, which is valid for any T € a; and any

(ma V) € P(R>A,T-

Consider the contribution of P(R)a 7 to the formula for Jys(yr, f) if the integrand
in (3.8) is replaced by the absolute value (3.13). The contribution is bounded by the
product of (3.3) with the two integrals

|W(M1)|_1/ [pr A (i1 M) FF (W)
ia}

and
(3.14) / e~ (1+d1)po(log hT)|vM (n(v,m™ yrm))|dvdm.
PR)a,T

Since u1 (1) is slowly increasing and ¥ (1) is rapidly decreasing, the first integral is finite,
and is bounded independently of S. To treat the second integral, we require a couple of
simple lemmas.

Following Harish-Chandra, we write

o(z) = log|lra(z)[2, z € G(R),

where (rg, V) is a suitably fixed finite dimensional representation of G, and || - ||z is the

Hilbert-Schmidt norm attached to a suitable Hermitian inner product on Vg(C).
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Lemma 3.2. There are positive constants ¢ and p such that
!vM (n(v, m_lva))‘ <c(l+ a(l/))p(l + a(m_lfym))p,

for allv and m, all vy € T', and all T € o'y sufficiently large relative to T'.
Proof. The estimate in a consequence of the proof of [A2, Lemma 7.2]. According to

[Ha2, Lemma 10|, the correspondence
n—v= 5;1n_15Tn, o = m ™ typrm,

is the exponential transfer of an invertible polynomial mapping of np onto itself. The
matrix coefficients of this mapping are linear combinations of monomials, with coefficients

that are in turn polynomials in the matrix coefficients of the map
Asp = (1—Ad(67)"") : np — np.
The same goes for the inverse correspondence
v — n =n(v,or),

except that the monomial coefficients are polynomials in the matrix coefficients of As.,.

divided by the determinant of As,. The determinant equals

det(A(;T) — 1 — e 2p(Hu(7)) — 1 _ o201 (Hu(M+T)
It is bounded away from 0 whenever T' € a'5 is large relative to v € I'. The matrix
coefficients of A5, can be bounded independently of 7', or in other words, in terms of the
matrix coefficients of A5 = A,,-1,,,. The required estimate follows easily from the usual

formula [A2, (4.1)] for vps (n(v, m™'yrm)), and standard properties of the Harish-Chandra
function o(-). (See [A2, (7.2) and Lemma 7.1].) O

We apply Lemma 3.2 and (3.10) to the integral (3.14). We see that (3.14) is bounded

by a constant multiple of the product of two expressions

o~ (146100 (T) / e~ (1F80)p0108 1) (1 4 (" Lym)) dim
A ®\M(R)
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and

/ ¢~ (18000108 @0 ) (1 4 (1)) do.
Np(R)

In dealing with the first expression, we can substitute
po(log h') = pr,(log h') + pp(Hum (7)), Ry = PyN M,

into the exponential part of the integrand, since the projection of log ' onto ap; equals
Hys (). Recall that A’ equals (mflfym)go, so in particular log A’ lies in the closure of the
chamber ajgo, and that v lies in the relatively compact subset I' of Tj;(R). It follows that
the product

e—élpRO(log ") (1 + O'(h/))ner

is bounded for any n. Moreover, an elementary estimate [Hal, Lemma 36] of Harish-
Chandra tells us that

e~ PRy (log h') < Zn(h),

where =)/ is the function used to define the Schwartz space on M (R) [Ha3]. We can thus

find a constant ¢, for any given n such that

e~ (1+61)po(log h')

S Cne—(l+51)pp(HM(’y))EM(h/)(1 +U(h/))_(n+p)

= ¢, e (H0pr(Hu(M)Z, (m~ym) (1 n U(m_lym))_(n""p)?

since the functions =;; and ¢ are both biinvariant under Kp;. It follows that the product

of the first expression above with the earlier factor (3.3) is bounded by the product of

Cne—51PP(T+HM(W))

with

n

|DM(7)|%/A . Ep(m~tym) (1 + o(m™tym)) "dm.
M

We have of course used the fact that po(T) = pp(T). According to a basic estimate

[Ha3, Theorem 5] of Harish-Chandra, the last factor is finite for n sufficiently large, and
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is bounded independently of v. We conclude that the product of the first expression with
(3.3) approaches 0 at T" approaches infinity in a’,, uniformly in vy € I.

The second expression equals
/ e~ (18000008 (@0 () (1 4 (1)) d,
Np(R)

since

o(v) = o(Int(k7*)v) = a(v/),

and dv = dv'. Moreover, for any n, this expression is bounded by a constant multiple of

/N . e—Po(log(ao(v))) (1 + po ( log(ao(v))))_n (1 + a(y))pdu.

The finiteness of this integral for large n is the case that @ = P in the following lemma.

Lemma 3.3. For anyp >0 and Q € P(M), we can choose n so that the integral

(3.15) e~Polos a0 (1 4 po(log Go(v))) " (1 + o(v)) dv

/IVP (R)QNQ (R)

18 finite.

Proof. The lemma is a variant of a classical estimate of Harish-Chandra ([Hal,
Lemma 45] or [Ha3, Lemma 89]). In the case at hand, we shall argue by induction on
d(P,Q), the minimal number of singular hyperplanes in a,; that separate the chambers
a5 and aa This is a familiar technique, so we shall be brief. If p = 0, for example,
the integrand in (3.15) is essentially the function (1.4.7) in [A1], and the finiteness of the
corresponding integral is established in [A1, p. 1.4.22-1.4.24, p. 1.4.7-1.4.9].

One can choose a quasisplit inner twist v: G — G* of GG, and parabolic subgroups
P*, Q" € P(M’') of G*, such that 1 restricts to an R-isomorphism from Np N Ng onto
Np+ N Ng.. Moreover, this isomorphism maps the functions log @o(v) and o(v) on
Np(R) N Ng(R) to corresponding functions on Np«(R) N Ng.(R). We may therefore

assume that G is quasisplit. The intersection Np N Ng equals Np, N Ng , for a minimal
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parabolic subgroup Qo € P(Mj). We can therefore also assume that M = My and P = P,.

In particular, we shall write

in the integrand of (3.15).
Given @, we choose a group P; € P(M), with d(Py;,Q) = 1, such that d(P, P;) is less

than d(P, Q). We then have a decomposition of integrals

/ ¢(1/)d1/:/ / ¢(v1x)dvide,
Np(R)NNg(R) Np; (R)NNg(R) /Np(R)NNp, (R)

for any nonnegative measurable function ¢ on Np(R) N Ng(R). To deal with the two

variables on the right, we write

Hp(niz) = Hp(rinp(a)ap(z)kp(z))

H

(vh vap(@))
= Hp(vi.0) + Hp(a),

where v ,, is the point in Np(R)NNp, (R) such that v1np(x) belongs to Np(R)vg ., and vy,
is the conjugate of { , by ap(2)~'. For any x, the mapping v1 — v1 , is a diffeomorphism
of Np(R) N Np (R), which is easily seen to transform the Haar measure according to the

formula

e PPHp(@) gy — e (Hp (@) gy,
Moreover, it is not difficult to establish a bound
o(nz) < c(o(viz) +o(z))

from the subadditive property [Ha3, Lemma 10] of 0. The integrand in (3.15) is therefore

bounded by a constant multiple of the function

e prWHpr ) HHE@) (1 4 pp(Hp(v12) + Hp(2))) " (14 0(v10) + o ()"

46



Changing the inner variable of integration from v; to v; , (which we then write again as
v1), we see that (3.15) itself is bounded by a constant multiple of the product of the two

integrals

/ e~ PP (Hp(11)) (1 +pp (Hp(yl)))—n’ (1 + a(yl))pdm
Np(R)NNp, (R)

and

/ emPri(He(@) (14 pp (Hp(x)))‘”' (1+ o(x))"dw,
Np, (R)NNg(R)

for the positive multiple n’ = %n of n. The first integral is the analogue of (3.15) with @
and n replaced by P; and n’. It converges for large n, by our induction assumption. The

terms in the second integrand satisfy Hp(z) = Hp (x), and

pp(Hp(x)) = pp(Hp, (x)) = ripp, (Hp, (),

where 71 is a positive number. The second integral is therefore bounded by a constant
multiple of the analogue of (3.15) with P and n replaced by P; and n’.

We have reduced the proof to the case that G is quasisplit, P = Fy, and P and @
are adjacent. Let G’ be the Levi subgroup of G such that ag is the subspace of ay; = ag
spanned by the common wall of the adjacent chambers aJIS and aa The various terms in
(3.15) readily reduce to their analogues for the minimal parabolic subgroups P’ = G’ N P
and Q' = G'NQ = P’ of G. From direct computations on the groups SL(2) and SU(2,1),
one knows that the function

e~ Pollog(@o(¥)) v € Np(R),
is bounded below by a positive definite quadratic form in the coordinates of v, and hence
that
(1+ o)) <c(1+ po(logao(v))),
for some constant c. We may therefore assume that p = 0. The assertion of the lemma

then follows in this case either by direct computation, or an appeal to Harish-Chandra’s

original estimate. O
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We have now dealt with each of the two expressions whose product was used to bound
the integral (3.14). Our conclusion is that the product of (3.14) with (3.3) approaches
0 uniformly for v € I' as T' approaches infinity in a,. It follows that for any A, the
contribution of (3.13) to the formula for Jy/(yr, f) approaches 0 uniformly in v and S
as T approaches infinity in a’». In calculating the required limit, we can thus replace the
integral over m and v of (3.8) with a sum of integrals over the sets P(R)a 7 of expressions
obtained from (3.8) by replacing ¢% (A1, hy) with e~ P28 hT) g3 (X hr). The constant
term ¢ (A1, hr) is given by (2.6). It equals

AN h) = D8R (A, h),
wEW (Pr;Pa)

where if w maps ap, to ap; and Ra = P{ N Mg, ¢i,w()‘17hT) equals
Er, (hT,cRA(l,w)\l)_lclal/‘pl (w, \1)pp, (Al)FIS()\l),w)\l).
We shall write
@3, (m, vy, T), w € W(Py; Pa), (m,v) € Ay (R)\M(R) x Np(R),

for the product of

(3.16) emra (o8 M) | (M )7 / 7 (7 (k)3 0 1, hr)T (k7)) dy
ia}

with

(3.17) DM (y) [z epr Hu O+ Dy (v, m ™ yrm)).

The second factor (3.17) here is just the product of the original normalizing factor (3.3)

for Jas(yr, f) with the weight factor in the integrand of (3.8). We have established

Lemma 3.4. The difference

(3.18) Tu(yr £7) =) / > 9%, (mv;y, T)dvdm
A YPRIAT Lew (P PA)
approaches 0 uniformly in v and S as T approaches infinity in a’p. O
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4. Estimation of the constant terms

We continue with the discussion of the last section. We have reduced the asymptotic
study of Jas (77, f) to that of integrals of constant terms attached to f;. Our task is now
to estimate these integrals. We shall show that if S is a U(M, My )-transform of T, all but
at most one of the integrals converge to 0 at T approaches infinity. We shall then examine
the limit of the remaining integral.

For the reasons of induction mentioned in §3, we shall have to be prepared also to let
S be a more general image of 7. In fact, at the end of the section, we shall establish some
of the estimates for independent parameters 7" and S, subject only to a weak condition
on their relative position. However, our main task is still to carry out a finer analytic
argument under the restrictive conditions on 7" and S. We therefore assume for the time
being that S = uT', for some u € U(M, My).

The integrals are the terms on the right hand side of (3.18). For any indices of summa-
tion A and w in (3.18), we shall estimate the integral over P(R)a 7 of the corresponding
summand @i}w(m, v;,T). Among other things, this will allow us to interchange the in-
tegral in (3.18) with the sum over w. We recall that the two factors (3.16) and (3.17) of
(IDZw(m, v,v,T) both depend on the variables (m,r) of integration, even though this is
explicit in the notation only in the case of (3.17).

The first step is to apply Corollary 2.4, with (Pa, hr) in place of (@, h), to the factor

(3.16). We see that for any n, the norm of (3.16) is bounded by an expression

cpePollos hr) gy (1 + || log hr — (w’S)A/H)_n,
A w!

for a constant ¢, that depends only on n. The supremum is taken over subsets A’ of A
and elements w’ € W (Py; Pas) such that w'w™! leaves aa pointwise fixed, while (w'S)a
denotes the projection of w’S onto aa/. To put this estimate into tractible form, we have

to make use of the various assertions of Lemma 3.1.
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We can certainly decompose the vector
(log hr) — (w'S)ar
in ag into a sum
(log hy =T — Hu(y) = Tg') + (T — (w'S)ar) + (Hu () + T5Y)

of three vectors. According to Lemma 3.1(b), the first of these vectors belongs to the dual
chamber *ag of af. We are assuming that S = uT is a U(M, M) transform of T. It then
follows from standard properties of the convex hull of WyT in ag ([A2, Lemma 3.2(iii)],

[A4, Lemma 3.1]) that the second vector
T—(w'S)a =T — (w'uT)ar

also lies in the dual chamber Tag. Since Tag is the cone spanned by a linearly independent
set of vectors in ap, we can bound the sum of the first two vectors below by a positive

constant multiple of the sum of their norms. We can therefore write
log hr — (w'S)ar|| = 6(||log ke = T|| + T = (w'S)arll = (1 + &) | Har () + T5'|]),

for a constant § > 0. We can therefore write the third vector is the sum of a point 7§
that depends only on G, and a vector Hjs(y) whose norm remains bounded as 7 ranges

over the bounded set I'. It then follows that
(4.1) (1 + ||log hy — (w’S)A/H) > or (1 + ||log hy = T|| + ||T — (w’S)A/H),

for a positive constant dr that depends only on T'.
We now use the inequalities of Lemma 3.1(a) to complete the first step of the argument.

Combining (3.11) with the lower bound (4.1), we obtain inequalities
(1+ [ltog hp — (w'S)ar])

<er(1+ T = @'S)a) ™ (1 + ||log hy — T[) ™"

/
—n

< (14 ||T — (@'S)arll) ™ (1 + polog hy — T)

/ 12 12
—Mn

< s (14|17 — ('S)al) ™" (L4 pollog 1) ™" (1 + po(log @) ",
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for positive constants ¢, ¢2 and c3, and positive multiples n’ = in and n” = 1n of n. We
then apply the other inequality (3.10) of Lemma 3.1(a) to the remaining factor e~ro(1og hr)
in the estimate above for (3.16). We conclude that for any n, the norm of (3.16) is bounded
by the product of

e sup (14T — (w'S)ar]) "
A w!

e=rolos M) (1 4 po(log h')) ",

and

e—ro(log ao(v")) (1 + po(log EO(V/)))_n’

with a constant that depends only on n.
The second step is simply to apply the inequality of Lemma 3.2 to the other factor
(3.17). Using the fact that pp(T) = po(T), we see that (3.17) is bounded by a constant

multiple of the product of

|DM () |2 PP (Ha (1) gpo(T)

with

(14 0@)" (1 +a(m tym))".

We now have an estimate for any summand in (3.18) in terms of a product of five
factors. The element h’ in the second of the three earlier factors was defined in terms of
~ and m. It follows from Harish-Chandra’s inequality [Hal, Lemma 36], as it was applied

in the discussion between Lemmas 3.2 and 3.3, that

e 7B M) (14 po(log 1))~ (1 + o (m™ ym))”
is bounded by a constant multiple

e_pP(HM(V))EM(m_lfym) (1 + J(m_lfym))_nﬂ)l,

for a constant p; that is independent of n. The element v’ in the last of the earlier factors

depends on v and T, as well as v and m. However, it follows immediately from its definition
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that o(v) equals o(v/). Taking into account the cancellation of terms from the product of

the five factors, we see that for any n, the norm
193, (2, 37, T)|

of the summand is bounded by the product of

(4.2) As}lg’ (1 +||T — (w'S)A/H)_n

(4.3) IDar(MEEpr (m ™ ym) (1 + a(m ™ ym)) ™",
and

(4.4) ePollos(@ ) (1 1 po(ao(v')) " (1 + o(v))”,

with a constant that depends only on n. The exponents p and p; are constants that depend
only on G.

We can of course assume that n is as large as we want. It then follows from [Ha3,
Theorem 5] that the integral of (4.3) over m in Ay (R)\M(R) is bounded uniformly for v
in I'. In dealing with the expression (4.4), we recall from the definition of §3 that v — v/
is a measure preserving diffeomorphism of Np(R). It follows from Lemma 3.3 that the
integral of (4.4) over v in Np(R) converges. We conclude that for any A and w, and for

any v € I' and T' € a5, the integral

/ / ||<I>i’w(m, vy, T)||dvdm, S =uT,
Am(R)\M(R) / Np(R)

is bounded by the product of (4.2) with a constant that depends only on n. In particular,
the integral over P(R)a 7 in (3.18) can be taken inside the sum over w. In other words,

the difference

(4.5) w9 =303 [ @8 (mvia, T)dvam, S =,
A P



converges to 0 uniformly in v € I" as T" approaches infinity in a’5.

The bounds (4.2) we have obtained for the summands in (4.5) would be easy to analyze
at this point. However, we may as well first establish that most of the summands can be
eliminated. We shall show that any summand attached to A converges to 0 unless A = AF.

To simplify the notation in the remaining case, we write
PR)r = P(R)A(I;”T = {(m,y) : log (hT(m, V)) € a}ﬂ%yp}.

If Q is any subset of P(R), we shall also write €., for the set of points (m,v) in
Ap(R)\M(R) x Np(R) such that m~'ymv belongs to Q. We then let Q¢ denote the
complement of 2 in Ay (R)\M(R) x Np(R).

Lemma 4.1. (a) For any € > 0, we can choose a compact subset Q0 of P(R) such that

/ ||<I>i’w(m, vy, T)|ldvdm < ¢, S =uT,
Q5
for all A, w and v, and all T in a’p.

(b) For any compact subset Q@ of P(R), we can choose a relatively compact subset Cq of

ap such that €., is contained in P(R)r, for all v and all T in the complement of Cq in

.
ap.

Proof. (a) This is a recapitulation of the remarks above. The integrand is bounded
by a constant multiple of the product of (4.2), (4.3) and (4.4). We want to choose
so that the integral of this product over the complement of €2, is small. Observe that if
Q= Q' x Q" for compact sets Q' C M(R) and Q" C Np(R), then Q. equals ), x Q".
The term (4.2) is bounded independently of T'. The integral of (4.4) over v in Np(R) is
finite if n is sufficiently large, and can be approximated by the integral over a compact
set Q7. The integral of (4.3) over m in Ay (R)\M(R) is bounded independently of 7, so
long as n is sufficiently large. Moreover, the integral over the complement (€2 )¢ of Q2 in

Ap (R)\M (R) is bounded by the product of

swp (14 o(m )"
me ()¢
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and the integral of the corresponding expression with (n — 1) in place of n. Since we
can increase the size of n by 1, the latter integral is bounded independently of v. Given
the nature of the function o, we can make the supremum as small as we wish simply by
choosing the compact set ' C M(R) to be sufficiently large. The assertion (a) follows.
(b) Recall that for any A, P(R)a 7 is the set of (m,v) in Ay (R)\M (R) x Np(R) such

that the point Hr = log h belongs to the subset ag o of ﬁar . Recall also that

hr = (m™'ypmy)§ = (expT - m ™ 'ymv)d.

Suppose that (m,v) belongs to the intersection of P(R)a r with €,. We need to show
that if T' € a’ is sufficiently large, A must equal Al

Since (m,v) belongs to (2, the point w = m™'ymv lies in the compact set . Let
(r, V) be an irreducible finite dimensional representation of G over R, with highest weight
p € aj relative to (Pp, Ag). As in the proof of Lemma 3.1, we fix a K-invariant Hermitian
inner product on V(C) that has an orthonormal basis of weight vectors. We immediately

obtain two estimates
7 (he)ll2 = Ir(m™ ypmu)|lz = ||r(exp T - w)||
<|[r(expT)|2 [|r(w)]|2

< Chf|r(expT)|2

and
[r(expT)|l2 = |lr(m™ " yrmrvw™) |2 < [[r(m ™ yrmw) |2 Ir(w™") |2
= |Ir(hp)ll2 (@™ )2
< Cy||r(hr)ll2,
where

Gy = sup {llr @)z, Ir(@™)ll2}-

Taking logarithms, we see that

| log[r(hr)ll2 —log [[r(exp T)|l2| < c1,
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where ¢; = log C. But

1
|r(hy)||z = o8 h) (1 + Z e(2n—2u)(log hT)) 2
nFu

and

1
|r(expT)|2 = e (1 + Z e(2n—2u)(T)> ?
nF#p

where 7 is summed over the Ap-weights (with multiplicity) of r. It follows that
[(1og I ()12 — log [[r(exp T)l2) — u(log hr — T)| < log(dim V),

Therefore

lu(log hy — T')| < ¢1 + log(dim V).

Letting p vary over a basis of afj, we conclude that || log hr — T'|| is bounded independently
of T
The point T belongs to the subset a’» of @j , where we recall that r > 0 was fixed in

§3. This set is in turn contained in the subset
app=a =ap
0,p = Go,AP = 0Qp, p

of H(J{ corresponding to AY and rq. In fact, the distance from T to the complement of ag p
in aaL grows linearly with the norm of 7. This is a consequence of the definitions and the

fact that ro is strictly less than r. The assertion of (b) follows. O

It follows from the lemma that any summand in (4.5) with A # AL converges to 0
uniformly in v € T as T approaches infinity in a’>. To the remaining case that A = A}
we apply the bounds (4.2) for the corresponding summands, which were obtained prior to

the lemma. In this case, we have
1T — (w'S)ar|| = |T — (w'S)al
=T = (wS)al = [IT = (wuT)pl|,
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for any of the elements A’ and w’ that index the supremum (4.2) attached to A and w.

The corresponding function in (4.2) therefore satisfies

(L+ |7 — (W' S)ar]) " < (14T - (wuT)p) "

The restriction w of wu to ap; coincides with that of some element in Wy. It maps aJIS to
a cone in ag that is disjoint from aJIS unless it is actually trivial on aj;. Combining this
with the fact that

[(wuT)pll < [T,

we deduce that (4.2) approaches 0 as T" approaches infinity in a5 unless w is the identity
transformation of aps. The element w is an index of summation in (4.5) that runs over
the set W(Py; Pan) = W(Py; P). The restriction to ap; of its inverse gives the bijection
from W (Py; Pa) to U(M,M;) of Lemma 1.1. We conclude that a summand in (4.5)
corresponding to (A, w) converges to 0 uniformly in v € I" as T" approaches infinity in a’p
unless A equals AY, and u is the image of w under the bijection from W (Py; P) to the
subset U (M, My).

Let us write
% (m,v;7y, T) = ©K', (m, v, T), u € U(M, M),

where A = AJ and w is the preimage of u in W(Py; P). Lemma 4.1 implies that the
integral of this function over (m,v) in the complement of P(R)r converges to 0 uniformly
in v € I' as T approaches infinity is a’>. We have obtained the following refinement of

Lemma 3.4.

Lemma 4.2. The difference

Tat (v, 1) — / / % (m, v; 7, T)dndm
Apy (R)\M(R) J Np(R)

converges to 0 uniformly in v € I' as T approaches infinity in a'p. O
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We have established that the limit of Jys(y7, f*1) equals

(4.6) lim / % (m,v;~, T)dvdm,
Toro° JAn@®\M®) JNp(R)
provided that the latter limit exists. To investigate (4.6), we need to be able to replace
the domain of integration by a compact set. We first choose a positive number ¢ that is
to be fixed until the end of the argument. It then follows from Lemma 4.1(a) that there is
a compact subset Q of P(R) such that
(1.7 [ 1@, vi ) < 5,
Q5
for any v € I' and T' € a’p. It will suffice to consider the limit of the integral
/ % (m, vy, T)dmdy.
Q’Y

Our task will be to calculate the pointwise limit of the integrand.

Recall that ®%(m, v;~,T) is the product of the function (3.17) with the value taken by
(3.16) when A = AF', S = uT, and w is the preimage of u in W (Py; P). The corresponding
value of the constant term ¢i’w (A1, hr) in (3.16) is given by the general formula (2.6). It

equals

Eg(hr, ur(A)FE(A), A), R=P/NM,A=wh,
in the notation of §2. In particular,
FY(A) = Fr(A)e ™) = Fr(A)e M),
where Fr(A) is defined as in the statement of Corollary 2.3. Let us write
Eg(hr, pr(A)FE(A),A) = Eg(hy, pr(A)Fr(A), A) e hr)=T),

where

m!' = mexp(f'{]\/[(m))_1
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denotes the projection of a point m € M(R) onto M(R)!. Changing variables from \; to

A in the integral in (3.16), we can then express ®%(m,v;v,T) as the product of

(4.8) |DM () |2 erP(Hm (),

(4.9) ]W(M1)|_1/ 7K (7 (k) Er(hh, pir(A) Fr(A), A)r(k2)) e =rr) Ha(hr)=T) g5

;o
ZClR

and
(4.10) un (n(v,m™ yrm)),

since pao = pp. As functions of m and v, (4.9) and (4.10) are both quite complicated.
However, we shall see that both functions converge to simpler expressions as 1" approaches
infinity.

We write

m~yrmy =m”™ ypmnp(v)mp((v)ap(v)kp(v),

in the notation of (3.9). This in turn equals
spm b ypmimn p(v)ap(v)kp(v),

where

kp = Int(m™'yrm)np(v) = Int(exp T) (Int(m™'ym)np(v)).

We are assuming that (m,v) lies in the set Q., so that m~!ymuv lies in the compact set
Q. Therefore

Int(m ™~ tym)nps(v)

lies in a compact subset of Np(R) that is independent of v. It follows that kp converges
to 1 uniformly in m, v and « as T approaches infinity in a’5. We have shown that the two
points

m~yrmy = khhpks
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and
m™tyrmmp(v)ap(v)kp(v) = m™ ymmp(v)(exp T)ap(v)kp(v)

differ only up to a left translate by some element that converges uniformly to 1. It is
then easily seen, by [A8, Lemma 5.2] for example, that the respective components of the
polar decompositions of the two points also differ only by translation by elements that
converge to 1. But the polar decomposition of the second point can obviously be expressed
in terms of the polar decomposition in M (R) of the point m~1ymmp(v). This gives us an
asymptotic approximation to the polar decomposition of the first point.
We apply these remarks to the limit of the integrand in (4.9). We see that
lim (7(kp)Er(hy, ¥R, N)7(k7)) = Eg(m™ 'y 'mmp(v),vr, A)7(kp(v)),

T—00
P,r

for any vector Y € Acusp(Mg, Tr), and that

Tligr)noo (Hy(hr) = T) = Hy (vap(v)) = Hp(m™ 'ymy).

The first limit is uniform in A, and both limits are uniform in m, v and v € I". Let us

write
(411) ER,P($7¢R7A) = ER(mP(x)wa,A)T(k‘p(x))e(A_pP)(Hﬁ(x)),
for any x € G(R). The limit

lim (7(k2)Er(hk, o, N7 (k2)) e —re) Har(hr)=T)
P,r

is then equal to
Egp p(m™ ' ymu, g, A),

uniformly in A, m, v and v € I'. We shall apply this limit formula to (4.9) in a moment.

Let us first recall that

1

v=(m yrm) 'n" (m ™ yrm)n = (Int(exp 7)™ 'Int(m ™ 'ym) 'n")n.

59



Since m~1ym and v remain in fixed compact sets, so does n. The point v therefore
converges to n uniformly in v as T" approaches infinity in a’5. Applying this to the inverse
mapping v — n, we see that

lim n(v,m ™ 'ypm) =v.

T—00
P,r

We obtain the limit formula
lim v (n(v,m™'yrm)) = vy (v)

T—00
P,r

for the function (4.10), which is again uniform in m, v and ~.

We have now established that the limit in 7" of the integrand in (4.9) equals
" (Eg,p(m™ ymv, ur(A)Fr(A), A)).

According to Corollary 2.3, the function Fpr(A) belongs to the space
C(ia%y, Acusp(Mp,Tr)). Since the p-function pg(A) is slowly increasing, the product
wr(A)Fr(A) is rapidly decreasing in A. It follows that the limit of the product of the
integrand in (4.9) with any polynomial in A is uniform in A. This implies that the limit in
T of the integral (4.9) itself exists, and can be taken inside the integral over ia},. Combining
this with the limit we have obtained for (4.10), we conclude that

lim ®p(m,v;7,T) = ®p(m,v;y),

T—00
P,r

where ®%(m, v;v) equals the product of (4.8) with
(4.12) W (M)t /a* K (ERyp(m_lfymy, pr(A)Fr(A),A))va (v)dA.
iag
The limit of ®%(m,v;~,T) is uniform in (m,v) € Q, as well as v € I". The limit
lim % (m,v;~y, T)dvdn

T—s00 Q
P,r Y
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therefore exists, and equals

/ O%(m, v;y)dvdm.
Q

~

Moreover, we can use the Weyl discriminant [DM (v)|Z in the factor (4.8) to control the
behaviour of the integrals over €2, as 7 approaches the singular set. It is a consequence
of [Ha3, Theorem 5] and the definition of €2, that the last limit is uniform in 7. This
discussion applies of course to any compact subset Q of P(R). It implies that for any such

2, and € > 0 as above, there is a relatively compact subset Cq . of a» such that

(4.13) ‘/Q Cb}é(m,l/;”y,T)dl/dm—/Q O%(m,v;y)dvdm| < %,

for all v € I" and all T" in the complement of Cq . in a’.

The function (4.12) is actually integrable over (m,v) in the entire set
Ay (R)\M(R) x Np(R). In fact, the product of (4.8) with the integral of the absolute
value of (4.12) is bounded independently of v € T'. This follows from Lemmas 3.2 and 3.3,
Theorem 5 of [Ha3], and the fact that the product pr(A)Fr(A) in the integrand of (4.12)
is a Schwartz function of A € ia},. We may therefore choose the compact set {2 so that

(4.14) / @ (m, ) v < =,
Q

c
~

for all v € I'.

It remains only to combine the estimates (4.7), (4.13) and (4.14) in the obvious way.
Our conclusion is that the limit (4.6) exists, and equals the integral of ®%(m,v;~) over all
m and v, uniformly in 7 € I". Recalling Lemma 4.2, we obtain the following lemma, which

can be regarded as a summary of the work we have done in the last two sections.

Lemma 4.3. The 7-spherical function
v = (FTY, Fy € C(ia}, Acusp(M1,71),u € U(M, My)),
satisfies the uniform limit formula

(4.15) i (n(yr, fi7)) = @B (), veT,

— 00
P,r
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where

(4.16) D% () :/ / O%(m, v;y)dvdm. O
A (R\M(R) JNp(R)

We now pause to see how the early part of the discussion above applies to more general
points S. The restrictive condition that S = uT was used only in deriving the inequality
(4.1). To describe a weaker substitute for this condition, we let co = ¢§ be any open cone

in ag that is contained in aar . The dual cone
+C(): {XG ap : (X,H) > 0, HECQ}

then contains Tag. Recall that M and M; are both standard with respect to Py, so in
particular, the spaces ay; = ap and a; = aps, = ap, are both contained in ag. We assume
that the closure of ¢y intersects a; in a subset with nonempty interior. We shall say that
T e aﬁ is (co, S)-dominant, for a point S € ay, if T'—wS belongs to the closure T¢y of *¢g

for every w € Wy. If this is so, we set

do (T,S) = inf |T —wS]|.
J(T8) = inf T~ wS|

Notice that these definitions do not actually require that M; be standard. They remain
valid if M; is a general Levi subgroup, so long as we replace Wy by the set U(M;, My).
For example, suppose that WN/'O is a Coxeter group for some root system for ag that
contains the roots of (G, Ag). We take ¢y to be the chamber aj defined by a system of
positive roots that contains Ag, such that the closure of EBL intersects a; in a set with

nonempty interior HJIS. Suppose that S = uT', where T is restricted to the subset EJIS of

af, and u belongs to the set U (M, M) of linear injections from ans to aps, induced by
elements in the larger group WO. It then follows from the properties of the convex hull of
/V[70T in ag that T'— wS lies in the closure of Tay for every w € /V[70. Since WO contains
Wy, T is thus (cg, S)-dominant in this case.

The next lemma gives a a general estimate in terms of the chamber ¢y C af and the

relatively compact set I' C Tigreg(R). We formulate it in a way that is independent of
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the choice of two-sided representation (7,V') of K, even though this is stronger than we
need for the present application. As a uniform estimate in 7, it may be regarded as a step
towards generalizing our results from H(G) to C(G), even though it is stronger than will

be needed for present applications.

Lemma 4.4. For any n > 0, there is a continuous seminorm || - ||, on C(G) such that

(4.17) 18z (e, PO < WL fulln (1 + deo (T8)) 7, fP = F)Y,

for any (1,V) and v € T, any Fy € C(ial,Acusp(Ml,Tl)) that satisfies the symmetry
condition (2.2), and any T € a’, and S € a1 such that T is (¢, S)-dominant.

Proof. On the left hand side of (4.17), || - || is the norm attached to any inner product
on the finite-dimensional space V' for which 7 is unitary. On the right hand side, || fi|.
represents the value at the function f; = F}’ of the seminorm on C(G, V') defined by || - ||
and || - ||. It therefore makes sense that the seminorm on C(G) be independent of (7, V).

We shall use the estimates derived prior to Lemma 4.1. We could apply these again
to the summands in (3.18). However, since we are aiming only for an upper bound rather
than an asymptotic formula, we may as well combine them directly with the estimate of
Lemma 2.2.

Recall the discussion at the beginning of §3. It allows us to write Jas (v, f) as the
integral over Ay (R)\M (R) and v € Np(R) of the product of (3.3) and (3.8). This product

is the same as the product of the expression
(4.18) w1 (kp) (FD)Y (hr)7 (k7))

with (3.17). It follows from Lemma 2.2, together with the remark after its proof, that

there is a continuous seminorm || - ||, on C(G) such that the norm of (4.18) is bounded by
[l Potios ) Sup (1+ |llog hr — (w'S)arl)) "

The last expression is similar to the bound with which we began the discussion of this

section, apart from the fact that the supremum is now taken over all subsets A’ of Ag
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and all elements w’ € W(ap,,ap,,), a consequence of our having used Lemma 2.2 in place
of Corollary 2.4. To apply the earlier discussion here, we need to establish the inequality
(4.1) under the weaker condition on 7" and S.

The cone ¢y contains a smaller open cone
G={Heca: aH) >0, aclAg},
defined by a linearly independent subset ﬁo of aj. The corresponding dual cone
too={X€ay: (X,H)>0, Hec}
then contains *¢g. It therefore contains the vector
log hy — T — Hy(y) = TS,

which lies in Tap by Lemma 3.1(b). Since T is assumed to be (cp,S)-dominant, *¢,
contains the set T'— WS, and hence also the convex hull of this set. But any point (w’S)a-
represented in bound above lies in the convex hull of Wj S, since it is the projection of a
vertex onto to subspace aas of ag. It follows that T'— (w’S)as belongs to the closure of
T¢o. On the other hand, ¢; is the open cone generated by a linearly independent subset

of ag. It follows that there is a positive constant ¢ such that
(4.19) X1 + Xl = 6| X || + (I X2,

for any two vectors X; and X in the closure of Tag. We then deduce the inequality (4.1)
for T and S as before.

We can now follow the discussion prior to Lemma 4.1. We see that || Jar (y7, f2)|| is
bounded by the integral over m and v of the product of || f||,., (4.2), (4.3) and (4.4), and
a constant that depends only on n. We can assume that n is large. Then as we noted
earlier, the integral of (4.3) over m is bounded uniformly for ~ in I', and the integral of

(4.4) over v is finite. To deal with the points (w’S)as represented in (4.2), we write

T —(w'S)a = (T = 51) + (81 — (w'S)ar),
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where S; = w; S is the Wy-translate of S that lies in the closure of Tag. The two vectors
on the right both belong to the closure *¢, of Tcg. Moreover, the norm of T' — S; equals

the infimum d., (T, S), since T' and S; both lie in af. It follows from (4.19) that
1T — (W' S)arll = 6(I1T = Sill + |51 — (w'S)a|])
> dd., (T, S).

The function (4.2) is therefore bounded by a constant multiple of
(1+de, (T,8)) "

Adjusting || - ||, by a multiplicative constant, we obtain the required estimate (4.17). O
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5.  Weighted virtual characters and spherical transforms

It remains for us to apply Lemma 4.3 to the desired limit (1.15). We shall do so in the
next section. More precisely, we shall compute the limit (4.15) of Lemma 4.3 in terms of
distributions that closely resemble the weighted characters (1.3). In this section we shall
collect various results and definitions needed for the application of Lemma 4.3. Among
other things, we shall discuss variants of weighted characters, and some relations of these
objects with spherical functions.

We begin with some remarks on the invariant Schwartz space Z(G). This space (or
rather its analogue for L) is an essential part of the construction of the invariant dis-
tributions (1.4). However, the presence of reducible induced representations complicates
the description of Z(G) as a Schwartz space of functions in Iliemp(G). The set Hiemp(G)
of course parametrizes the irreducible tempered characters {O(7)} on G(R). It is often
preferable to work with a second basis {O(7)} of virtual characters, parametrized by the
set T'(G) defined in [A9, §3]. We shall pause to review the properties of this basis, and the
corresponding modification of the mappings ¢ (f) in (1.4).

In this paper, we shall write Tiemp(G) for the set denoted T'(G) in [A9], since the latter
set indexes tempered virtual characters. We reserve the symbol T'(G) for a larger set that
indexes a basis of general virtual characters, and which may be described as follows. We

first recall that Tiemp(G) is a disjoint union
(51) Ttemp(G) == H (Ttemp,ell(Ml)/W(Ml))-
{M1}

As earlier, {M;} is a set of representatives of G(R)-conjugacy classes of cuspidal Levi
subgroups of G, while Tiemp,en1(M1) denotes the set of elements 7 € Tiemp(M7) that are
elliptic, in the sense that ©(7) does not vanish on the regular elliptic set in M;(R). If ¢

belongs to af;, we write T,(G) for the set {7.} that indexes the (nontempered) characters

O(1e,x) = @(T,x)eE(HG(‘”)), T € Tiemp(G), = € Greg(R).
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We also write

Tell(G) — H Te,ell(G);

-
e€ay,

where T, ;1(G) denotes the set of elliptic elements in 7. (G). Then T'(G) is a disjoint union
(5.2) T(G) = H (Tell(Ml)/W(Ml))-
{M}

Each set Tiemp,en(M7) on the right hand side of (5.1) may be interpreted as a disjoint
union of real affine spaces, the union of whose complexifications is the corresponding set
Ten (M) on the right hand side of (5.2). We can identify Z(G) with a space of functions

fa(r)=0(1,f) = . O(r,z)f(z)dx, feC(Q), T € Tiemp(G),
on Tiemp(G). With this interpretation, Z(G) becomes a direct sum of Schwartz spaces
[A11]. (More precisely, Z(G) = IC(G) is a “rapidly decreasing” direct sum of Schwartz
spaces, with symmetry conditions defined by the action of the finite groups W (Mj).)

We shall presently have reason to consider the Hecke algebra H(G) on G, in addition
to the Schwartz space C(G). We recall that H(G) = H(G, K) is the space of smooth, K-
finite functions of compact support on G(R). Clozel and Delorme [CD] have characterized
the image

IH(G) ={fc: [ €H(G)}

of H(G) in Z(G). As a space of functions on Tiemp(G), IH(G) is a direct sum of Paley-
Wiener spaces, defined by restriction to Tiemp(G) of functions of Paley-Wiener type [A9,
p. 93] on the complexification T(G). (More precisely, IH(G) is an algebraic direct sum of
Paley-Wiener spaces, with symmetry conditions defined by the action of the finite groups
W),

The invariant orbital integral (1.1) can be described as a function on Tiemp(G). From

the results of [He| or [A10], one obtains an expansion

(5.3) fe(y) = /T o fer) (s fec),
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for a smooth tempered function

Oc(v,7), T € Tiemp(G),

on Tiemp(G), and a natural measure dr on Tiemp(G). (In [A10], (5.3) is the special case of

Theorem 4.1 in which M = G. In this case, the function
IG(/% T) = 18(777—)7 T E Tdisc(L)a

in the expansion [A10, (4.1)] is supported on the subset Tu(L), and (5.3) follows from
the decomposition of Tiemp(G) given by (5.1).) The function 6 (v, 7) in (5.3) satisfies the

formula

Oc(v,m2) = e X HSOD g (v, 1), A € iaf,.

It therefore continues analytically to a tempered function on the space T.(G), for any
€ € ag.

If M is our fixed Levi subgroup, and Z(M) is to be regarded as a space of functions
on Tiemp(M), we shall have to formulate the weighted character Jy/(-, f) = ¢m(f,) as a
Schwartz function on Tiemp(M). Let us first review the weighted character Jas(m, f) of
(1.3), defined for a representation 7 € Iiemp(M) as in [A12].

The (G, M)-family M(¢, 7, P) that goes into the construction (1.3) is defined by a

product
(5.4) Jo(C,m, P) =mg((, 7 P)Mqg(¢,m, P), ¢ €iay,, QeP(M).
The left hand side is a (G, M )-family of operator valued functions

Jo(¢,m, P) = Jop(m) ™ Jgp(me)

on Hp(m), in which
Jgp(r) : Hplr) — Ho(m)
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is the standard (unnormalized) intertwining operator, defined for almost all 7. The first

factor on the right hand side of (5.4) represents a (G, M)-family of scalar valued functions

mQ(C,T(,P) = mQ|P<7T)_1mQ|P(7T%C)7

where
mq|p(T) = HQ|P(7T)_1

is the inverse of the partial p-function

(5.5) pqip(T) = (JP\Q(W)JQ|P(7T))_1,

defined again for almost all 7. The elements in both (G, M )-families extend to meromor-
phic functions of m € II(M). The number M (w, P) attached to the quotient (G, M)-
family {Mq(¢,m, P)} is an analytic function of m € Iliemp(M ), any derivative of which
is slowly increasing. It follows that for any f € C(G), Ja(w, f) is a Schwartz function of
T € iemp(M). (See [A12, §2].)

Suppose now that 7 belongs to T'(M). According to the definitions [A9], 7 is an
M (R)-orbit of triplets

(MT7pT7TT)7

where M is a cuspidal Levi subgroup of M, p, belongs to the subset Ilcus,(M;) of rep-
resentations in II(M,) that are square integrable modulo A, = A, , and 7, lies in the
R-group RM(p,) of T relative to M, . For any parabolic subgroup R, € PM (M, ), we form

the induced representation

T =1r, (pr)

of M(R). By normalizing the associated standard intertwining operators, we obtain a

representation

(5.6) w — R(w,pr) = A(pY) Ry R, wir, (pr), w € RM(p,),
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of RM(p,) on Hg.(p,) that commutes with Zr_(p,). The operator

A(pf) : Hw—lR.rw(pT) - Hpr (pT)

here is given by an extension p¥ of p, to the group M (R) generated by M. (R) and (a
representative in K of) w, while R,,-1r_y,|r, (pr) is the product of J,—1g_ygr. (pr) With a
scalar normalizing factor. (See [A9, §2]. In retaining conventions from [A9], we are asking
the reader to tolerate some overlapping notation. In particular, we are using the symbol
R for the finite group R (p,), a parabolic subgroup R, and the operator ITZ(w, pr)-)
Assume now that 7 belongs to the subset Tiemp(M) of T'(M). Setting w = r,, we

define the virtual character

fM(T) = tl‘(é(?‘ﬂ IOT)IP(T‘-v f)>7 f S C(G)a

where R(r;, p;) acts on the space Hp(r) through its action on Hp_(p,). More generally,

the weighted character attached to 7 is defined by

(57) JM(Tv f) :tr(R(TT,pT)MM(ﬂ',P)Ip(T(, f))

We can then use the mappings

¢M(f) 7-_)¢M(f77-):JM(7-7f)

(with L in place of M) in the definition (1.4).
It is actually a variant of (5.7) that will be the main term in our asymptotic formula for
Jr (yr, fr). We modify the right hand side of (5.7) by replacing the operator M (m, P)

with a second operator

obtained from the (G, M)-family (5.4). The corresponding weighted character

(5.8) JE (7, ) = tr(R(rr, pr) Taa (m, P)Ip (7, f))
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is defined for any f € H(G) as a meromorphic function of 7 € T(M). This will be our
variant of (5.7). Unlike its better behaved counterpart Jys (7, f), JI (7, f) depends on the
choice of P, and could also have poles that lie in the tempered subspace Tiemp(M) of
T(M). (See [A12, §2].) However, if € € a%, is in general position, JI (7, f) is analytic for
any 7 in the translate T, (M) of Tiemp(M). In the next section we shall take € = ep to be
any small point in the chamber (a})* of P in a},.

The weighted characters (5.8) are linear forms on the Hecke algebra H(G). Our goal
is to express the limit (1.15) in terms of these objects. However, the formula (4.13) we
have established applies to the spherical function f{7 = (F#T)Y. We have therefore to
introduce spherical analogues of the distributions (5.8), in preparation for the calculations
of the next section. We shall then review the relations between KEisenstein integrals and
induced representations.

Let (7,V) be a unitary, finite dimensional, two-sided representation of K. For any
cuspidal Levi subgroup M; of G, the usual (unnormalized) intertwining operators give rise

to linear operators
Jégl‘pl()\l)ajggﬂpl()\l) b Acusp (M1, 71)— Acusp (M1, 1), Py,Q1 € P(My),

that are meromorphic functions of A\; € aj . (See [A5, p. 13]. The superscripts ¢ and r

stand for “left” and “right”.) These operators have decompositions

Jé?1|P1 ()\1) - @ Jé?l\P1 (71-17/\1)’ L= E, T
71'1el_lcusp(1w-1)1

into operators on the spaces A, (M7, 71). Our interest will be in the case that the super-
script ¢ equals r and that M; is replaced by a subgroup M7 of our fixed Levi subgroup
M. We can then write M{* = Mg, where R is a fixed parabolic subgroup in PM (MY).
We also consider only those parabolic subgroups QY € P(M7) of the form Q(R), for some
Q € P(M). By definition, Q(R) is the unique parabolic subgroup in P(Mpg) that is con-

tained in @), and whose intersection with M equals R. If P € P(M) is fixed and A belongs
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to a} ¢, the product

TG (6N = Tomyam (¢ + DI bmom (D) Q € P(M),

is a (G, M)-family of functions of ¢ € ia},. The limit
r,P T r,P -1
"W =1m (> 5T A0
QeEP(M)

therefore exists, and defines a meromorphic function of A with values in the space of linear
operators on Acusp (Mg, Tr). We shall compose J, &’P(A) with the spherical analogue of an
operator (5.6).

Suppose that 7 € T (M) is represented by a triplet (M., p.,7,), as above. (We are
now using the symbol 7 to denote both a two-sided representation of K and an element in
T(M).) We take the Levi subgroup of M above to be equal to M,. Then M, = My, for

a fixed parabolic subgroup R = R, of PM(M,). We shall write
(5.9) Pr = PA,; pE HCUSP(MR)17 A€ a?%,(@
The spherical analogues of (5.6) require operators

A (p?), v =47, we RM(p,),

on A,(Mgr,Tr). Our chosen extension p¥ of the representation p, to the group
MY(R) = ME(R) determines an extension of any matrix coefficient of p, to a func-
tion on MY (R). This allows us to identify elements in A,(Mg, 7r) with Ag(R)°-invariant

functions from MY (R) to V. We define

(A“(pr)) (m) = 7(@) " (@m)

and
(A" (o)) (m) = (mw)r(w)~,
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for any v € A,(Mg,Tr) and m € Mr(R), where w is a representative of w in K. We then

define the spherical analogues of (5.6) as products

}NzL(wapT) = AL(pg)Riuflme(pT)v v="Lr, we RM(pT)a

where the operators on the right are normalized by the same scalar factor used to define
the corresponding operator in (5.6).

The spherical analogue of (5.8) we shall use requires a preliminary word about the
invariant transform f — fy;. If f belongs to C(G, ), we define fj; to be the Schwartz
function from Tiemp (M) to V obtained from the familiar scalar valued mapping from C(G)
to Z(M). An obvious variant of this transform applies to cuspidal spherical functions on
a Levi subgroup M;. It is a mapping ¢y — 5, that sends ¢ € Acysp(M1,71) to the
function s, of finite support from chsp(M1)1 to V. In general, we shall write 7" for
the contragredient of a given representation m. If 71 belongs to Ieysp(M1)!, ¥ar, (7)) is a
vector in V' that depends only on the image of ¥ in A, (M, 7). If ¢; actually belongs to
A, (My, 1), the orthogonality relations for matrix coefficients of discrete series tell us that
the (V-valued) character ¢y, (my') equals d !¢ (1). We can therefore write the projection

@Dﬁrl (71/) of Yr, (WY) onto VE as

B (m) = dz) /K (kY (1) (k)dk = dzte® (i),

for the Eisenstein integral

eK(w):Epl(lﬂ/}?l)a Pl GP(MI)

If 7 € T(M) is represented by the triplet (M., p-,7,) as above, we write 7" for the

element in T'(M) represented by the triplet (M., pY,r;).

Lemma 5.1. Assume that 7 lies in Tiemp(M ), and that f belongs to C(G, 7). Then

fM(Tv> = d,;leK(EL<T7'7pT)]?P(R)(AT))v L= E: T,

in the notation above.

73



Proof. Results of this kind are quite familiar, so we shall just sketch the proof. In
fact, we shall treat only the special case that M, = M, leaving the reader to check the
general case. The representation 7 = p then belongs to Il.us,(M)!, the point A = A,

belongs to ia},, and r;, is trivial. According to the definition (2.1),

(fP()‘)7w) :/G(]R) (f('T)vEP(x?wa )\))dl‘
=/G(R) /K(f(x),T(k_l)wp(ka:))e(_)‘+pP)(HP(km))dkdx
= /G " /K (r(k) f(k™ ), ¢p(x)) e PP HP ) gy

- / / / (f(mexp Hn),4(m))el =27 dnd Hdm,
M®R)! Jar JNp(R)

for any ¢ € A (M, 1pr). We have used the fact that f is 7-spherical to remove the integral
over K in the third expression, and the implicit integral over K in the last expression. It
then follows from the orthogonality relations for the square integrable representation 7"

that the value of (pr()\))Z at ™ equals

/ / / / f(k™Ymexp Hnk)O(x", m)e = PP) ) gnd Hdmdk,
K M(R)l apr NP(R)

where ©(7",-) is the character of 7V. This is just the value of the function fy; € C(M)QV
at the character of the representation ()" of M(R). The required formula, in the special
case that M, = M, then follows from the remark preceding the lemma (with M; = M).

0

It is clear that the formula of Lemma 5.1 remains valid for nontempered 7 € T'(M),
if f belongs to the Hecke algebra. The spherical weighted characters we shall use in the
argument of the next section apply to this setting. They pertain to an analytic function

Fp(r)(A) from af ¢ to the space

Acusp(MRvTR) - @ Ap<MR77—R)-

pGchsp(MR)l
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The operator J;;" (A) acts on this space, and the product J5;" (A)Fp(g)(A) becomes
a meromorphic function of A. Suppose that 7 € T(M) is represented by the triplet
(M, pr,7r), with M, = Mpg as above. The operator ET(TT,,OT> acts on the space
A, (Mg, Tr), where p is the restriction of p, to Mr(R)'. We extend it to Acusp(Mg, Tr) by
defining it to be zero on the orthogonal complement of A,(Mpg,7r). We assume that the
triplet 7 has the property that the image in a}, of the real part of A, € ap ¢ Is in general
position. By the nature of the (G, M)-family from which 7,37 (A) was constructed, this

function is analytic at A = A,. We define
(5.10) (Tai" Fpr) iy (7V) = ;e (ET(TT,/)T)jz\ZP(AT)FP(R)(AT))~

The notation we have chosen for the left hand side of this definition will be clearer when
we encounter the objects on the right hand side in §6.

The composition of an Eisenstein integral with a linear form on V is a linear com-
bination of matrix coefficients of induced representations. This is implicit in the original
definition. The relations between Eisenstein integrals and induced representations become
especially transparent for a particular choice of the two-sided representation .

Suppose that (o1, V1) and (o2, V2) are irreducible unitary representations of K. Let o

be the two-sided representation of K on the space
Ua’ - HOIIl(C(VQ, ‘/1)

given by
o(ki)uo(ks) = o1(k1) o uo og(ks), ki,ko € K, ue U,.

We take 7 = 7, to be the two-sided representation of K on the space
V =V, = End(U,) = Hom¢ (U,, Uy, ),

defined by
(7(k1)vT(k2)) (u) = o(k1)v(u)o(ks), veV, ueU,.
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Suppose that M is a cuspidal Levi subgroup, and that 71 = 7s, denotes as usual the
restriction of the two-sided representation 7 = 7, to Ky, . Suppose that P; € P(M;), and
that ; is a representation in I.usp(Mi)!. The induced representation Zp, (m1) acts on the
Hilbert space Hp, (1) of vector valued functions on K. For any irreducible representation
o of K, let Hp, (m),, be the finite dimensional subspace of functions in Hp, (71) that
transform under translation according to o,. Frobenius reciprocity can be used to describe
this space in terms of the restriction of m; to Kjs,. By combining the cases that o, equals

o1 and o9, one constructs a canonical isomorphism from the vector space

Endg (le (7'('1)) = HOl’Il(C (HPl (ﬂ-l)01 ) HP1 (71—1)02)

onto the space A, (M1, 71), which we denote by
(5.11) S — (9), S € End, (Hp, (m1)).

(See [A5, §3]. This isomorphism is essentially the one defined by Harish-Chandra in [Hab,
§71.)

The isomorphism satisfies the basic identity
(5.12) tr(Zp, (11,710, 2)S) = tr(Ep, (z,9(5), A1), r € GR), A\ €a]g,

where S is any operator in End,, (Hp, (m1)). (See [A5, p. 21], [Al, Lemma 1.5.2].) This ex-
presses the basic relation between Eisenstein integrals and induced representations. Other
identities apply to the intertwining operators discussed above. It follows from the various

definitions that

TG, 1p (A)U(S) = (S Tpy 0, (T1,m1a,))

and

(513) J51|P1 (/\1)1#(5) = w(JQﬂPl (71—177‘—1:/\1)5)7
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for P,Q1 € P(M;) and A\ € aj ¢. If My and Py are specialized to the groups Mg and

P(R) above, one uses these relations to derive further identities

R (w, pr)b(S) = (S R(w, pr))

and

(5.14) R"(w, p-)¥(S) = ¢ (R(w, p;)S), w € RM(p,),
for the operators in (5.6).

We conclude this section with a corollary of Lemma 4.4, which pertains to the chamber
co C ag of that lemma, and hence also parabolic subgroups Py € P(My) and P € P(M).
We shall use (5.12) to convert the uniform estimate (4.17) in 7 to a pair of uniform estimates
in f € C(G). Formulated in this generality, the corollary can be regarded as a first step

towards extending our results from H(G) to C(G).

Corollary 5.2. For any n > 0, there is a continuous seminorm || - ||, on C(G) such that
(5.15) I (v, £9) < 1 Flln (1 + deo (T,.8)) "

and

(5.16) I (yr, £ < 1 F 1 (1 + deo (T, 5))

for any v € T and f € C(G), and any points T € a}, and S € ay such that T is (co, S)-
dominant.
Proof. We can express f as a convergent sum
f= > I o; € I(K),
o=(o01,02)
where f, transforms under right and left translation by K according to o1 and oy respec-

tively. Since the sum is convergent in C(G), it would be enough to establish (5.15) for each
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of the components f, € C(G). We may therefore assume that f = f,, for a fixed pair
o = (01, 02) of irreducible representations of K. We do so, writing 7 = 7, in the notation
above.

By definition (1.12), the function f° depends only on the Fourier transform

J/"\P1 (mix,) =Zp (m10,, ), 71 € Heusp(M1)Y, A1 € iaj,

of f. Since fpl (71,5, ) lies in the space End, (Hp, (1)), we can define

)= @ dev(fa(mn)

™1 encusp (Ml)l

Then F; is a Schwartz function from <aj to the finite dimensional vector space
Acusp(Mi,71). According to the definition (2.7) and its analogue for fISDI in §1, the func-

tions F¥ and ]/”\%1 depend on S in the same way. It follows from (1.12) and (5.12) that

F@=won [ a(@eman ) ma)en (ma)dh

;o
zal ™1 echsp(Ml)l

= |W(M1)|_1/ tr(Ep, (z, p, (M) FY (A1), A1) dA

ia

= tr((F7)"(2)),
since the restriction of the operator d, pup, (A1) to the space A, (M, 7) equals the scalar
ep,(m1,5,). The first estimate (5.15) then follows from Lemma 4.4.

To derive the second estimate (5.16) from the first, we shall need to be able to express
the function ¢ (f°) in terms of ¢ (f), for any L € L£L(M). We note that any element
in M(G) factors to an endomorphism of Z(G), since it acts through the infinitesimal
character. The multiplier f — f° for C(G) therefore factors to an endomorphism a — a®
of Z(@), with the property that (f%)g = (fg)®. However, it is not generally true that
o1 (f%) equals ¢r(f)° (or even that ¢r(f)” is defined). The Fourier transform of f° is
supported on the G-conjugacy class of M;, while the cuspidal support of the function
ér,(f°) is a finite family (possibly empty) of classes of Levi subgroups of L. To be precise,
let

My ; = w; Myw; ', w; € Wo =W (M), 1<i<k,
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be a set of representatives of L-conjugacy classes of Levi subgroups of L that lie in the
G-conjugacy class of M;. (Keep in mind that the assertions of the corollary are framed in
terms of a minimal Levi subgroup M, that is contained in both M; and M, and hence L

as well. It is perhaps also helpful to observe that
Mz:Mfla uz:w;[1,7

in the notation of Corollary 1.2.) It then follows from the definition of the mappings

f — ¢r(f) and f — f°, and the symmetry condition

fF=won)t Y s

weW (My)
that
k
(5.17) Sr(f9) = (WMDY D on(f) .
w =1

(The sum over w insures that the symmetry condition is reflected in the functions

(bL(f)Si, S; € aMl,i-)

We assume inductively that (5.16) holds if G is replaced by a proper Levi subgroup
L € L(M). It follows from the definitions prior to Lemma 4.4 that if T" is (¢, §)-dominant
(relative to G), it is also (cp, w;wS)-dominant (relative to L), for any elements w and w;

in (5.16). Moreover, the distance function
deo (T, S) = dS (T, 9)
for G satisfies
G L
de (T,S) < dg, (T, ww;S).

The estimate (5.16) for G then follows from the definition (1.4), the first estimate (5.15),

and the fact that the mapping ¢, is continuous. 0]
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§6. The asymptotic formula

We are now ready to solve the problem posed at the end of §1. We shall convert what
we have already established into an asymptotic formula for the weighted orbital integrals
(1.2). This is our main task. Once we have completed it, we shall derive an asymptotic
formula for the invariant distributions (1.4).

The discussion of Sections 3 and 4 culminated in Lemma 4.3. This result applies to
a spherical function fi7 in C(G,7), and gives an integral formula (4.16) for the limit of
Jar (yr, f7). There are three further operations to be performed on the formula. We need
to evaluate the integral (4.16) in more explicit terms, we must sum u over U (M, M) to
obtain the function fr, and we must then convert the resulting expression to a linear form
on C(G). We shall actually carry out the third operation only for functions f in the Hecke
algebra H(G). For any such f, the function fr is a K-finite Schwartz function, which
does not generally lie in H(G). However, its operator valued Fourier transform is entire, a
property that will be more than sufficient for our needs. As a matter of fact, the mapping
f — fr does lift to an endomorphism of the image I'H(G) of H(G) in Z(G), a fact that
follows from the characterization [CD] of IH(G).

We recall again that M, Thy C M, P € P(M), and r > 0 were fixed in §2 and §3. We
shall evaluate the limit (1.15) in terms of the function 0;(,7) in (5.3) (with M in place

of G) and the linear form Ji (7, f) given by (5.8).

Theorem 6.1. Asume that f € H(G), and that ¢ = ep is a small point in the chamber
(a%)". Then

(6.1) lim Jar(yr, fr) = / 01 (7, 7)IL (r, f)dr,

uniformly for ~ in the relatively compact subset T' = Ty G-reg(R)S of Tas(R).
Proof. There are two stages to the proof. The first is to convert the integral ®%(~)

in Lemma 4.3 to an analogue for spherical functions of the right hand side of (6.1). The
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second is to derive (6.1) itself from the relations between Eisenstein integrals and induced
representations.

Lemma 4.3 applies to any two-sided representation (7,V)) of K, and any Schwartz
function f; € C(G, 7) whose spherical transform {F;} is supported on the conjugacy class

of My. We now make the assumption that the Schwartz function
Fl : Zaﬂ{ E— Acusp(MlyTl)

extends to a holomorphic function of rapid decrease on a cylindrical neighbourhood of
ia7 in 707 . Recall that M; is a cuspidal Levi subgroup of G, equipped with a parabolic
subgroup P; € P(M;) such that both P and P; are standard with respect to a minimal
parabolic subgroup Py. The element u in (4.15) belongs to the set U(M, M7), and equals
the image w;/fl of an element w € W (P;; P) under the mapping of Lemma 1.1.

Lemma 4.3 asserts that the limit of Jys(yr, f*7) as T approaches infinity in a’» equals
the integral ®%(y) given by (4.16). Recall that the integrand ®%(m,v;y) in (4.16) is the
product of (4.8) and an integral (4.12) over A € iaj. With our assumptions on Fi,

Corollary 2.3 implies that the mapping
FR : ZGE E— Acusp(MRvTR)7

defined for w as in (2.13), extends to a rapidly decreasing analytic function on a cylindrical
neighbourhood of iaj in iaj . The same is therefore true of the product pr(A)Fr(A) in
(4.12), since pr(A) is analytic and slowly increasing. It follows from the definition (4.11)
that the integrand in (4.12) itself extends to a rapidly decreasing analytic function on a
cylindrical neighbourhood of ¢aj. This circumstance allows us to deform the contour of
integration over A in (4.12) from the space ia}, to its translate (—ep + ia};) by the point
(—ep).

The purpose of this change of contour is to allow an interchange of the integrals over

A and v. Indeed, for any A in (—ep + ia},), the exponential factor in the value of (4.11)
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at * = m~'ymv is bounded by

el=ep—pp)(Hu(M+Hp (V) — Cvg*(EPJFPP)(HP(V)),

where ¢, is independent of v. It follows from the general estimate [Ha3, Lemma 89] of
Harish-Chandra that the integral over v of ®%(m,v;~) can be taken inside the integral
over A in the deformed contour. The factor vy(v) in (4.12) is defined as in §1 by the

simple formula

lim( 3 e—<<HQ<V>>9Q(¢)—1), ¢ € ialy.

0 gér(i
The other factor in (4.12) can obviously be taken inside the limit in ¢ and the finite sum
over ). A second appeal to the estimate [Ha3, Lemma 89] tells us that the integral over v
can also be taken inside these operations. It follows that the limit ®%(v) of Jys(yr, fiT)

can be expressed as the integral over m € Ay (R)\M (R), the integral over A € (—ep+ia},),

the limit in ¢, and the sum over @ of the product of (4.8), |W(M1)]—1, QQ(C)—l, and
(6.2) / Ef p(m ™ ymu, pr(A)Fr(A), A)e~ oDy,
Np(R) ’

We need to express (6.2) in terms of intertwining operators.
We claim that for any elements y € M(R)!, ¢ € Acusp(Mpg, Tr), and A € (—ep +iaf,),

the integral

(6.3 | Bl ety
Np(R)

equals

(6.4) Er(Y, Jp(mya(ry (=€ + M) oy oy (M)Y: A).

According to the definition (4.11), the integral (6.3) is a weighted average of the function
Er under right translation by Np(R). The Eisenstein integral Er is in turn a weighted

average of the function 1 under left translation by Kj,;. These two operations commute.
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We can therefore study (6.3) in terms of the weighted average of 1 under right translation
by Np(R). One sees easily from this that it is enough to justify the claim in the special
case that M = M. We shall do so, noting that Q(R) equals ), and that the point A = A
lies in (—ep +ia},).

The required identity is a simple variant of the usual multiplicative property of inter-

twining operators, stated for example in [A5, (2.2)]. By definition [A5, §2],

(Jop(MY) (y) = Yp.a(yv)dv, Q € P(M),

/N QR)NNp(R)
where

Up (@) = §(mp ()7 (kp()) e Tor) ), € G(R).

The covergence of the integral is assured by the fact that the real part of A equals (—ep).

We can therefore write

(TPie(A = O p(NY) ()

— [ e ) ()i

= / (o p (W) (ymg () 7 (kg (u)) X =CHea) Helw) gy
://¢P,>\(me(U)U)T(kQ(u))e(’\CJFPQ)(HQ(U))dUdu
= / / b (yome(u)) (kg (u)) e =CHPRHR) gydy,

where u and v are integrated over Np(R) N Ng(R) and Ng(R) N Np(R) respectively.
Appealing to the definitions and the appropriate changes of variable in the integrals, we

see that this in turn can be written as
[ [ ralaatwrmotuig(u)ere s vy
_ / / W (yvag(w)me (u) ko () e SH) dudy
= //wva(yvu)e_C(HQ(“))dvdu

L s,
Np(R)
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since Hg(u) = Hg(vu). The last expression equals (6.3), in the special case that Mp = M.
Since the original expression is just (6.4) in this case, we have justified the claim when
Mgr =M.

We thus have a general identity of (6.3) with (6.4). We can therefore calculate the
integral (6.2) by substituting y = m~1ym and ¢ = ur(A)Fr(A) into (6.4), and then taking
the projection onto VX. The point y actually lies in M (R) rather than M (R)!, but this

minor modification of the identity entails simply multiplying (6.4) by the quantity

e PP (Hu(m ™ ym)) _ ,—pp(Hu (7).

The vector v can be written as

ur(M)Fr(A) = cr(1,A) " epry p(r) (L A)pp(ry (M) FY(A),
where
(6.5) FIY(A) = %cpuip, (w,w ' A)Fr(w™A), u=wy.
This follows from the definition (2.13), the formulas
Ocpuip, (w,w ' A) = cpupa(1,A) " epup, (w,w™ ' A)

and
Ocpup, (W, w A pp, (w™HA) = ppu (M) Pepuy p, (w, wHA),

and the fact that P = P(R). The coefficient of F;(w~1A) on the right hand side of (6.5),
as an operator valued function of A, is known to be a rational function, none of whose
singularities intersect iaj,. It follows from our condition on Fj that FJ*(A) is a rapidly
decreasing analytic function on a cylindrical neighbourhood of iaj in af - with values in
Acusp (MR, TR)-

Before we make the substitution into (6.4), let us rewrite the ¢ and p functions in the

formula
Fr(A) = (cr(1, A)ur(N) ™~ (cper) (1, A)p(r) (A)) Fi(A)

84



in terms of intertwining operators. Following Harish-Chandra, we can write

—1

er(1, M pr(A) = Ty p(A) - (T g () Ty (M) " = Ty p(A) 7

(See [A5, §2].) Similarly, we have

CP(R)|P(R) (1, A)HP(R) (A) = J};(R)\ﬁ(é) (A)_l-

We then deduce that

Jria(M)Ipry B(R) ()~

(o (o T -1
= Jb(r) 1 p(y M) (TP ry 2 () W) T By 2y (D)

= Jp(rypay (V)

= o) ey ) T Thmam M) Q € P(M),

from the standard multiplicative and descent properties of unnormalized intertwining op-
erators. The p-function pr(A) for R commutes with the operators J};( RO R)(—C +A) and

g)(R)|P(R)(A) in (6.4). We conclude that the projection onto V¥ of the value of (6.4) at
y =m~'ym and ¢ = pp(A)Fr(A) is

(6.6) Eg (m™'ym, pr(M)Jpmyj0r) (—C + M JIpmyjom (M) T FE(A), A).

It is the product of this expression with e=??(Hm (7)) that is equal to (6.2). We have thus
obtained an expression for (6.2) in terms of intertwining operators. Observe that the factor
e~PPHm () by which (6.6) must be multiplied cancels the second factor in (4.8). This
leaves only the first factor |DM ()| from (4.8).

We have shown that ®%(v) equals the integral over m and A, the limit in ¢, and the
sum over @ of the product of |[DM (5)|z, |W (Mg)|~*, 0o(¢)~! and (6.6). This becomes
the product of |DM()|2 with the integral over m € Ay (R)\M (R) of

WL [ R (n e m ()5 AR (4), A)A
—eptial
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with J. &’P(A) being the operator valued function defined in §5. Let us write

E W = WO [ Erl (5 R ),A)an

— . *
ep—i—wR

for any point y € M (R). The function (7, ]C}PF )Y need not be rapidly decreasing on M (R),
since the function 7. &’P(A) of A in the integrand could have poles that meet ¢aj. However,
its failure to be so is mild. To see this, we write the integral over (—ep +ia};) as a double

integral

(6.7) / (/ ER(y,ILLR(A)j]C‘;P(A{-)\)Flu(A-F)\),A)@A(HM(y))d)\>dA.
iaj?/ia}‘w —ep+ia},

We then note that the integral over (iaj,/ia},) can be identified with an obvious variant of
the integral in (2.3) (with (G, P1, x) replaced by (M, R,y)). It follows that for any function

a € C®(ayr), the product

a(Hu () (T 1) (), y € M(R),

belongs to C(M,Tps). Since any conjugacy class in M(R) projects to a point in aps, we

can form the invariant orbital integral

(6.8) (Tai FiNP () =DM ()2 / (Tai F1) 5 (m ™ ym)dm
Am (R)\M (R)

of the function

(Taim FYVE = o5 (TP FY).

We conclude that
D% () = WM (Mg)||W (Mg)| " (T5" F) 35 ()

Finally, we apply the expansion (5.3) to the V-valued orbital integral (6.8). More
precisely, we apply the relevant variant of (5.3), in which G is replaced by M and Tiemp(G)

is replaced by the set Tiemp(M)/ia}, of ia},-orbits in Tiemp (M), to the orbital integral of
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the function defined by the outer integral in (6.7). This gives rise to a double integral of

a function on the set
{7‘)\ T TE Ttemp(M)/iu?\/[, AE (—SP + Zﬂ?w)}

Notice that the symbol (7 ;\}PFF)V’K at this point represents two different objects, the
function on Mg(R) above and the function on the right hand side of (5.10). However, an
appeal to Lemma 5.1 tells us that the two objects are in fact compatible. Let us write
T*(M) for the set of elements 7 € T.(M) that can be represented by a triplet (M., p-,7,)
with M, = M. We set ¢ = ¢p, as in the statement of the theorem. The orbital integral

(6.8) then has an expansion
(6.9) / On (v, 7)d, e (BT (rey pr) Thf (A7) FY(As))dr,
™ (M)
in the notation of (5.10). It follows that ®%(v) equals the product of
(W (Mg)||W (Mg)| ™!

with (6.9). This completes the first stage of the proof.
The second stage of the proof applies to the given function f € H(G). We have an

expansion

f= > fo o; € I(K),

o=(01,02)
as in the proof of Corollary 5.2, which is finite in this case since f itself is K-finite. We
need only establish Theorem 6.1 for each of the components f, € H(G). We can therefore
assume that f = f,, for a fixed pair 0 = (01, 02) of irreducible representations of K.
As a Schwartz function, f satisfies the Fourier inversion formula (1.11). It is thus a

finite sum of functions (fpl)v, where

fr, (i) =Zp (T2, f), m € Hewsp(M1)Y, A € iaf,

87



for a Levi subgroup M; and a parabolic subgroup P; € P(Mj). The fact that f lies in

H(G) implies that each Schwartz function

Al — fpl (71.7,)

extends to an entire function on aj ¢ of Paley-Wiener type. This is actually more than we
require. We need only assume that f € C(G) is such that for each M; and 7, fpl (T1,0,)
extends to an analytic function of rapid decrease on a cylindrical neighbourhood of iaj.
In particular, the right hand side of the putative limit (6.1) remains well defined under
this condition. The weaker condition on f remains in force if f is replaced by any of the
components (fpl)v. It would therefore be enough to prove the theorem in the special case
that f has a single component (fp,)".

We therefore assume that the function f = f, equals (prl )V, for a fixed Levi subgroup

M. We set 7 = 7, and

(6.10) )= @ dev(fa(mn).

™1 echsp (Ml)l

as in the proof of Corollary 5.2. Then Fj is an analytic function of rapid decrease on a
cylindrical neighbourhood of a7 in aj ¢, with values in the finite dimensional vector space
Acusp (M1, 7). Following the proof of Corollary 5.2, we use (1.12) and (5.12) to deduce
that

fh (@) = tr((F17)Y (2)), z € G(R),

for any element u € U(M, M;). Since the noninvariant Fourier transform of f is supported

on the conjugacy class of M;, we conclude that

(6.11) L (Jar(yrs fr)) = GU(%M | (Tﬁinoo tr(Jas (yr, (F1UT)V))>-

It remains only to apply the limit formula we obtained in the first stage of the proof to

the summands on the right.
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We fix an element u € U(M, M), and adopt the notation of the earlier part of the
proof. The function

Fpry(A) = FT'(A), A€agc,

is defined in terms of F by the relation (6.5). The Fourier transform fof f automatically
satisfies a parallel symmetry condition, which can be related to that of (6.5) by (5.13) and
[A5, (2.15)]. It follows from (6.10) that

FP(R) (A) = @ dp¢(fP(R) (:0/\))
pEMcusp(MR)?!

Suppose that p lies in Heusp(Mg)!'. We shall write
S : -Ap(MR; TR) = Endo' (HP(R)(/)))

for the inverse of the mapping ¢ in (5.11). If ¢, is any vector in A,(Mg, Tr) and @Zp = dy,,

we have
tr(d;leK(@Zp)) = tr(eK(zpp)) = tr(Ep(R)(l,wp, 1)) = tr(S(wp)),

by (5.12). We will substitute this formula, with

1/1;) = Er(Tra pT)j]T\‘j’P(AT)FP(R) (AT)7 TE TEE(M)a
into the expansion (6.9).

As usual, the given element 7 € T"_(M) is represented by the triplet (M;, p,,7;),
while p and A, are as in (5.9). The corresponding function 1Zp depends only on the
projection of Fp(ry(A;) onto A,(Mg,Tr). Since this projection equals the product of d,

with the function

b (Fer)(pr) = ¥ (Zpcry(ors £V)),

we see that

wp = Rr(r‘m pr)jj\r/}P<A7')¢<IP(R) (pT7 fv))
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In order to describe S(1,), we write 7 for the induced representation Zr_(p,) = Zr, (pa. )

as in (5.8). It then follows from (5.13), [A10, (R.5)], and the various definitions that
jﬁP(AT)w(IP(R) (pT7 fv))

= lim, Y Ubmiam (¢ +A)Tbmiam M) 00O (Ze(r, V)
QEP(M)

= lim Y U(Ipio(m-)Tpio(m) " Ze(m, fY))00(¢) !
Q

=lim > v(Jgip(r)" (Joip() 1) "Zp(r", )Y)00 ()
Q

= ljén Z’Lﬁ((IP(T(V’f)JQ|P(7Tv)_1JQ|P(7T2/))V)9Q(C)_l
Q

= o((Zp(x, ) Tu (" P))").
We have identified the representation Zp(7") here with the contragredient of Zp(r), so
that Zp(m, fV) equals the transpose Zp(m", f)¥ of the operator Zp(x", f). It follows from

(5.14) that N
Vo = B (rr, pr) (e (7Y, £)Tu(7, P))Y)

= ¢(E(TTvPT)(IP(7TVa f)jM(ﬂv7P))v)
— ((Zp(", T, PYR(rr, p)) ),

since R(r-, p;) is the transpose of the operator R(r., pY). We conclude that

S(,) = (Te(Y, ))Tu(x", PYR(rs, p)))".
We have now established that
tr(d, ™ (¢,)) = tr(S(1))

= tr(Zp(r". )T (" P)R(r-. p})).

The last expression in turn can be written as

tr(R(rr, pY)Ip(n", f)Tar(x", P))

=tr(Zp(r", f)R(rs, p)) Tas (7, P))

=tr(R(rr, p))Tn (7, P)Zp(x", f))
= Ju (", f),
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by definition (5.8). This gives us a formula for the trace of the integrand in (6.9). Making

the substitution into (6.9), we see that the trace of (6.9) itself equals

[ R VAR
T (M)

But 7 — 7V is a measure preserving bijection from T%_(M) to T*(M). We conclude from

the first part of the proof that

(@50) = W IV [ o) I i

We remind ourselves again that the vectors ®% () and e (-) in (6.9) are now endomor-
phisms, by virtue of our choice 7 = 7,, and therefore do have traces.

Our aim in calculating the trace of ®%(v) has of course been to be able to apply
Lemma 4.3. Combining Lemma 4.3 with (6.11) and our formula for the trace of ®%(y),
we find that for our given function f, the limit

Tli_I)nOO In(yr, fr)

P,r

equals

ST WM (M)W (Mg)| / Ot (v, 7) 75y (7, F)dr,
weU (M, M) Ty (M)

uniformly for v € I'. The set T (M) depends only on the Levi subgroup Mj* = Mg of M.
We can therefore apply the fibration u — M{* of Lemma 1.2 to the sum over uw. The limit

can thus be written as

> [ ot
{apy O

where { M} varies over W -orbits of Levi subgroups of M. Finally, our choice of f is

such that the function

JJ\]}(TMf)? TETE(M),

vanishes unless 7 belongs to one of the subsets T (M) of T.(M). It follows that the limit
equals the right hand side of (6.1). The limit formula (6.1) thus holds, and is uniform for

~ in the relatively compact set I'. O
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We have established our asymptotic formula for weighted orbital integrals. Our ul-
timate aim, to be addressed in the paper [A13], is to compare distributions on different
groups. For this, we require a parallel asymptotic formula for the associated invariant
distributions.

In §5, we introduced a (G, M )-family

mQ(C,TF,P) = MQ'P(F)MQ|P<W%C)_17 Q € P<M)7 C € ia}kwa

of meromorphic functions of m € II(M). The functions in this family are analytic at any

representation in the set
. (M) = {7'('5 0 € Iemp (M), € = ep}.

Suppose that 7 € T.(M) is represented by a triplet (M,,p,,7,;). The induced repre-
sentation m = Zg_(p;) of M(R) introduced in §5 is a finite direct sum of irreducible

representations m, € II.(M). The functions

mQ(Q,T,P) = mQ(C,ﬂ,P) = mQ(C,ﬂ'a,P)

then depend only on 7, and hence 7, rather than the constituent 7, of 7. They give rise

to a slowly increasing function
mp (7, P) = lim Z mqo (¢, 7, P)g(¢)*

¢—0
QeP(M)

of 7. Let us write

(612) []\12(7—; f) = 131‘(777’M(7-7 P)IP(T7 f)) = mM(Tv P)fM(T)7
for any function f € H(G).

Corollary 6.2. Suppose that f € H(G) and e = ep are as in the statement of the theorem.
Then

(6.13) i DG fr) = [ ol (r

P,r TE(M)
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uniformly for ~ in the relatively compact subset T' = Ty G-reg(R)C of Tas(R).
Proof. We shall apply the definition (1.4) to the limit formula (6.1) we have just
established. The left hand side of (6.1) equals the sum of the limit on the left hand side

of (6.13) with the sum over L € £L(M), L # G, of the limits

(6.14) Jim Ty (v, o1(fr)).

P,r

We shall apply the formula (6.13) inductively to (6.14).

We first write

(’VT,ch fr)) Z Z sz\4(’YT,¢L(fuT))7

{M1} uweU(M,My)
where {M;} = {M; }¢ as usual denotes a set of representatives of G(R)-conjugacy classes of
Levi subgroups M; of G. The group W (M) acts by left translation on the set U (M, My) =
U%(M, My). It follows from the identity (5.17) obtained in the proof of Corollary 5.2 that

¥ Y= ¥ Y e

{M} {Mi} w i=1
for any L € L(M). We recall that 7 indexes a set of representatives My ; = w;Miw; Lof
the L-conjugacy classes of Levi subgroups of L that lie in the G-conjugacy class of M. For
any i, the mapping u — w;u is a bijection from U (M, M) to US(M, M; ;). Changing

notation, we can therefore write

% v (vrs oL (fr)) Z Z IAJLW(WT,(ZﬁL(f)UT)-

{Ml}L ’LLEUG(M Ml)

Consider a summand in which u lies in the complement of U% (M, M) in U% (M, M;). We

shall estimate it by the inequality (5.16) of Corollary 5.2, with L in place of G, and the

chamber af C aj p, in place of the cone ¢y C ad. The point 7T is certainly (agf,uT)-

dominant (relative to L), while the corresponding distance function satisfies

Thm d (T,uT):().
P,r
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It follows from (5.16) that

Tlinoo % (vr, oL (f)“") =0,

P,r
for any u in the complement of UX(M, M;) of U%(M, My). We see therefore that

olim % (vr, o1 (fr))

P,r

= lim Z Z % (e o (F)"T)

T—00
P,r {Ml}L 'U,EUL(M,Ml)

= lim_ % (vr, é0(f)1).

P,r

A small technical complication arises when we apply (6.13) inductively to the last
formula for (6.14). The point is that the mapping ¢, does not take the space H(G) into
I'H(L). However, ¢, does not map the slightly larger space H,.(G), introduced in [A6], to
its invariant analogue I'H,.(L) for L. An element in I'H,.(L) can be regarded as a smooth

function ¢, on Tiemp(L) % az, that satisfies
o1, X) = 2oy (1, X), A€iat, X €ay,

and which as a function 7, belongs to the iaj -invariant Paley-Wiener space on Tiemp(L).
The distributions Jys(vr, fr) and Ins(yr, fr) each depend only on the restriction of f to

the closed subset

GR)"0) = {z e GR): Ha(x) = Ha(y)}

of G(R). For example, the right hand side of the putative formula (6.13) can be written

/ 01 (v, T)ymas (7, P) fe (7, He (7)) dr.
T.(M) ia%,

where T, (M) /iag, is the space of iag,-orbits in T, (M), and fc (7, Hg(v)) is the integral over
G(R)He() of the product of f with the virtual character induced from 7. This expression

makes sense if f is replaced by a function in Hac(G). The resulting modification of (6.13)
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can be applied inductively to the function ¢, (f) in I'Hac(L), and holds uniformly for v in

I'. This leads to an expression
[ buGnmu(n PO DL (L )
Te(M)/iaj,
for the limit (6.14). But ¢ (f, 7%, H.(7)) is equal to the integral

Ji(t", Hy (7). f) :/* Jo(rf, fe MHEM) gy,

It follows from Fourier inversion on the group a;, that (6.14) equals

/ Gﬁ(v,T)mM(T,PﬂL)JL(TL,f)dT.
T (M)

Let us now add the right hand side of (6.13) to the sum over L # G of (6.14). This
yields an expression
(6.15) 3 / 01 (7. Tymar (7, P A L)y (75, f)dr.

rLec(m) Y T=(M)
Applying the usual formula [A3, Lemma 6.3] to the product (5.4) of (G, M)-families, we
see from the definitions (5.7) and (5.8) that
> mu(r, POL)JL(rh, f) = Jig(r, f).
LeL(M)

It follows that (6.15) equals the right hand side of (6.1). The point of Theorem 6.1 was of
course to establish the equality of the left and right hand sides of (6.1). Given what we
have just proved, this yields the equality of the left and right hand sides of (6.13). The

limit formula (6.13) thus holds, and is uniform for v in the relatively compact set I'. O

We have completed the proof of our two asymptotic formulas. The invariant formula
(6.13) of Corollary 6.2 is the result we shall use in the next paper [A13]. We have established
it in the form most suitable for application, rather than aim for optimal generality. There
are three ways in which it could be extended. We shall discuss these in turn, limiting

ourselves in each case to a few sketchy remarks.
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We have taken the torus Th; in M to be elliptic. This is a superficial constraint,
imposed only to insure that the set I' = Ty g-reg(R)C be relatively compact in Ths(R).
Suppose that T} is an arbitrary maximal torus in M over R, and that I'y is any subset of
T G-reg(R) that is relatively compact in 73 (R). The proof of (6.13) we have established
for elliptic T over the course of the paper works also for 77 and I';, with only occasional
changes in notation. Alternatively, one can apply formulas of descent ([A7, Proposition
7.1], [A7, Theorem 8.1]) to reduce the general form of (6.13) to the elliptic case.

We have taken f to be a function in the Hecke algebra. This constraint is more
substantial. There are two steps to be taken in order to obtain a formula that applies to
f in the Schwartz space. The first would be to show that the limit on the left hand side
of (6.13) exists uniformly for f € C(G). The second would be to transform the right hand
side of (6.13) to a tempered linear form in f. Together, they would yield a version of (6.13)
that applies to any f € C(G).

For the first step, it would be necessary to strengthen Lemma 4.3. One would need a
uniform estimate for the limit (4.15) of this lemma that is similar to the estimate (4.17)
of Lemma 4.4. More precisely, one would want to prove the existence of a continuous
seminorm || - ||; on C(G) and a positive function ¢(7") that approaches 0 as T' approaches

infinity in a’» such that

1 (vr, f17) = @B < (D) fll, fr=F", ueU(M, M),

for any (7,V), v € I, T € a}, and any F € C(ial,.AcuSp(Ml,Tl)) that satisfies the
symmetry condition (2.2). (The seminorms || - || and || - || on each side of this inequality
are meant to follow the conventions of their counterparts in (4.17).) An estimate of this
nature ought to be accessible with a more detailed analysis of the arguments of §2-84. It
would serve as a companion to the uniform estimate of Lemma 4.4. Together with the
consequence Corollary 5.2 of Lemma 4.4, it would likely yield a proof that the limit on the

left hand side of (6.13) exists uniformly for f € C(G).
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For the second step, we would need to transform the contour of integration on the
right hand side of (6.13). The function 7 — my;(7, P) in (6.13) has poles of order 1 at
certain singular hyperplanes in Tiemp(M). A deformation of the contour of integration
from T, (M) to Tiemp(M) would consequently lead to multidimensional residues, thereby
contributing a sum of integrals over subsets of Tiemp (M) of lesser dimension. I have not
analyzed the combinatorics of the process. They are probably simpler than those of the
derivation of the spectral side of the local trace formula, but they also seem to be slightly

different.

The local trace formula incidentally is relevant to the topics of this paper. I was not
able to use it to simplify any of the arguments here. However, a tempered formulation of
(6.13) would have features in common with [A10, (4.1)], a formula obtained directly from
the local trace formula. We recall that [A10, (4.1)] gives qualitative description for the
Fourier transform of Ips(7, f). If for no other reason, it would be worthwhile to carry out
the change of contour in (6.13) in order to be able to compare the structure of the resulting
formula with that of [A10, (4.1)]. Such a comparison might give new interpretations for

the coefficients i(7) [A10, p. 182] that occur in both the local and global trace formulas.

Finally, we have taken the underlying field to be the real numbers. It would have been
quite feasible to work with an arbitrary local field F' of characteristic 0 instead of R. Our
reason for not doing so is twofold. First of all, the application in [A13] uses differential
equations, and therefore works only for real groups. Secondly, the p-adic case seems to
merit closer inspection. Recall that Harish-Chandra’s asymptotic estimates for Eisenstein
integrals are simpler for p-adic groups. For example, a supercuspidal Eisenstein integral is
actually equal to its constant term in some asymptotic region. Do such properties extend
to the asymptotic formulas of this paper? An affirmative answer could conceivably have
implications for the local trace formula. Suppose that one chooses the two test functions
in the local trace formula to be unramified. The spectral side takes its usual simple form,

while the geometric side becomes a sum over Levi subgroups of inner products of unramified
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weighted orbital integrals. Suitable asymptotic formulas might allow one to compute some

of the terms in these inner products.
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