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THE FOURIER TRANSFORM OF WEIGHTED ORBITAL
INTEGRALS ON SL(2,R)

1 .
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1, INTRODUCTION, A study of the adelic version of the Selberg trace for-

mula leads naturally to the analysis of certain tempered distributions on re-
ductive groups over local fields [la], [4], [8]. The invariant distributions
which arise in this context appear mainly as ordinary orbital integrals and
their limits, The Fourijer analysis of ordinary orbital integrals has been
studied extensively over the past decade, and, in the case of real reductive
groups, this analysis may now be regarded as essentiélly complete [2], [7b],
[10].

The situation for p-adic groups is much less satisfactory, and consid-
erable work remains to be done in that case (see [9] for more details).

Along with the ordinary orbital integrals, certain non-invariant dis-
tributions called weighted orbital integrals arise as additional terms in the
trace formula, The Fourier analysis of weighted orbital integrals is more
complicated than that of the ordinary orbital integrals, However, it is likely
that, to fully apply the general trace formula, one will have to understand
these distributions and their Fourier transforms,

Let G be an acceptable, real semisimple Lie group. Let A be the
split component of a parabolic subgroup of G, and suppose that T = TITIR is
a Cartan subgroup of G suchthat AC T, , If v(x), x € G, is the weight
factor associated to the class P(A) of parabolic subgroups of G [lc], then

the weighted orbital integral associated to A is defined as
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) -1 i ,
(1.1) T, (h) = e () A(h) [G/T flehx )vix)dk, h€ T .
R

Here, f € C(G), the Schwartz space of G, A{h) is the usual discriminant,

th) =1, and dx is an invariant measure on G/T[R .

The properties of the distributions f + Tf(h) have been studied ex-

‘R

tensively by Arthur [lb,c]. In particular, Arthur computes the Fourier
transform of Tf when f € CO(G), the space of cusp forms on G, In another
direction, under the as sumption that A # TIR , Herb [7a] has determined the

Fouyrier transform of T, on a subspace of C(G) which is strictly larger than

f

CO(G). In the cases considered by Arthur and Herb, the distribution Tf is

actually an invariant distribution when restricted to the appropriate subspace

of C(G). Thus, the Fourier transform may be written as a ''linear combina-

i

tion'' of tempered characters of G,

The distribution  T_ is decidedly non-invariant on C(G), There is, at

f
present, no general theory concerning the Fourier transforms of tempered,

non-invariant distributions, We approach the problem as follows,
L i € G

et (T, }CTT) temp

ible, tempered representations of G, We set

, the space of (equivalence classes of) irreduc-

(1.2) T = [ £ T)dx, £€CG) .
G

Then T (f) is of trace class,

Now, if A 1is a non-invariant, tempered distribution on G, we seek a

"distribytion” FA on G such that
temp

1.3) BEA)(Ef) = AD), f€C(G),

where F(M) =T(f) for T € G . More specifically, for each T € G ,

temp temp

we expect that there is an operator AA(TT) on }Cn and a measure d[ () such
A

that
(1.4) MO = [, A M T@)a, (M, £ECG) .
temp

We note that the operator AA (1) and the measure d/\ {1T) are not well-

defined independently of each other,
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The goal of this paper is to derive the full Fourier transform of the

distribution T, for the group G = SLZ(R)‘ As noted above, Arthur [1b,c]

has computed the Fourier transform of this distribution when f € CO(G). We
therefore restrict our attention to functions in the orthogonal complementvof

the space of cusp forms, In particular, we compute the Fourier transform of
T, when f is a wave packet corresponding to a principal series representa-

f
tion of G,

The representation theory of G is well-known. In order to state our
results, we first define the following subgroups of G, Let

cos 8 sin ©

: 0< 8 < ;
-8in 8 cos e) 0<9 Zn} ’

K = SO(2,R) = {te = (
e 1) s

(1.5) N={ﬁ=(l (1)):yElR§;

P = AIAN .
If x €G is decomposed as x =kia, k € K, A€ N, a € A, then we define

=n .
y

Bt

(1,6) vix) = v({@) =%Iog (1+y2),

The function v(x) is the weight factor used to define the weighted orbital
integral associjated to the Cartan subgroup H = AIA of G (see [1b]),
For f € C(G), the weighted orbital integral of f is given by
ot -t -1
(1.7 Tf(Yht) = e -e I[ f(xyhtx )

vix)az, vE€ AL, t#0
G/A

where d% is a suitably normalized, G-invariant measure on G/A, This
integral converges, and the map f Tf(yht) defines a tempered distribution

on G (see [1b]).
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The Schwartz space C(G) decomposes naturally into a direct sum of
subspaces determined by the various series of irreducible tempered repre-
sentations of G. These series are:

(1) Gy,

ters of K, which, in this case, is also a compact Cartan subgroup of G;

the discrete series of G, parameterized by the non-trivial charac-

(2) Gc' the principal series of G, parameterized by a character ¥ € AI

and a real number M which determines a character of A by the formula

ht 23 el)"t . We denote the corresponding representation of G by TTX’ A .

X’x X:‘

For fixed ¥, the representations T and T

¥ is non-trivial, the representation nke 0

A are equivalent, and, if

splits into two irreducible compo-
X,0_ +,0

X

nents. If X is the trivial character on A_, we write T

I
The representation mXe A may be induced from P, T

i =%,A

® 1), and T\’X’}‘ is equivalent to T XA
iA

Indcl-i (X ® e where T

Ind% (x ®e " ®1), P= AIAN-. We denote by MX()\) a suitably normal-
ized intertwining operator for X A and X )‘, and by M)'< (A} the deriva-
tive of MX()\) with respect to A\,

We now state the main theorem of this paper.

THEOREM 1.8. Let f be a K-finjte function in C(G), v EAI , t# 0. Then

T vh) = - lef-et| ZA ®_(vh,) tr (f)
T€G
a
+ Z x(v)/wx(t)tr rrx’x(f) dx
X € AI )

«©

+N°T ZA Y (v) P, V. /e'”‘ltltr M ooM () 1% Mgt aa
X €A X X

- OO

+mer w0

Here ®n’ is the character of the discrete series representation m, the
(scalar-valued) function CD)‘ is the solution of an inhomogeneous second order
differential equation (see (2.19)), and the ""7" preceding the trace in the last

term is the real number T ~ 22/7.
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It is clear from the above formula for T_ that the non-invariance of the

f
distribution is embodied in the third term, (The principal value integral in
this term is made precise in (2. 20).) The expression in the first term repre-

sents the Fourier transform of T, for f € CO(G). We shall derive the last

f
three terms by working with wave packets f determined by a fixed K-type, In

X x(f) are diagonal with respect to an

this case, the resulting operators T
appropriate basis and have exactly one non-zero entry, _This simplifies the
computations considerably.

An announcement of this theorem and a more detailed expository account
of the Fourier transform and weighted orbital integrals appears in[7c] .

In section 2 notation and background information are given, and Theo-
rem 1,8 is restated for wave packets determined by a fixed K-type as Theo-
rem 2.18. This theorem is proved in section 3. Finally, in sectidn_4 we
compute the Fourier transform of a singular distribution associated to the
weighted orbital integral,

Our approach to the determination of the Fourier transform of weighted
orbital integrals was outlined by the first author a number of years ago, More
recently, Warner [11] has extended the results of Theorm 1.8 to semisimple
Lie groups of real rank one, The singular distributions derived in section 4,
which also play a role in the trace formula, seem more difficult to derive in
the general (rank one) case, At this writing, these singular distributions have

been determined only for SL2 .

2, PRELIMINARIES, Let G =SL{(Z,R), the group of two-by-two matrices

with real entries and determinant one, We will use the notation of (1, 5) for
subgroups and elements of G. Each x € G can be decomposed uniquely

according to the Iwasawa decompositions G = KNA or G = KNA as
(2.1) x = K(x) n(x) h(x) = (x) fx) h(x)

where K(x), K(x) € K, n{x) € N, #(x) € ﬁ, and h(x), I_l(x) € A, If hix) = ht as
in (1.5), write H{x) = t. Similarly, if 1_1(x) = ht , write ﬁ(x) =t,
Haar measures dk and dd on K and N respectively are normalized

-2H(n
() dn =1, Let dx denote

so that K has total volume one and so that fﬁe
the G-invariant measure on the quotient G/A which corresponds to the product
measure dkdfi on KN, This makes precise the formula for Tf(yht) given

in (1.7).
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Using the left-invariance under K of the weighting function v of (1.6),

we can also write

(2.2) T,(vh,) = lef-e7f f_ﬁ f(r’whtﬁ-l)v(ﬁ) 48
where

v - -1
(2.3) ) =f flkxk ) dk

- K

is the average of f over K, Thus, we see that it is sufficient to evaluate Tf
for functions invariant under conjugation by K.
We will also use the familiar (unweighted) orbital integral defined for

£ € C(G) by

t -t -1, ..
(2.4) F(yh)=le -e \[ flxyhx )dx, v €A_, t 20,
f t t I
G/A
The following properties of the weighted orbital integral are among
those proved in[1b]. For fixed f € C(G), vy € AI’
tion which is smooth for t #0, (The behavior of Tf(yht) at t=0 will be dis—.

th Tf(yht) is an even func-

cussed in section 4.) Further, let z denote the left and right invariant dif-

ferential operator on G givenby z = XY +YX + H'2 + 1 where

{1 o _{o 1 {0 o
H = (o -1) ’ X‘(o o)’andY‘(l 0) .
Then for all £ € C(G), YGAI, t #0 ,

2
d . -2
(2.5) e T(vh) = T_(yh) + (sinh t)" “Fyh) .

We now review some definitions and formulas of Harish-Chandra from

[6a, c] regarding induced representations and wave packets, Let P= AIAﬁ,
P = AIAN. For ¥ € AI, let XX = {g GLZ(K): glky) = X(vy) g(k) for all y€ AI’
X s A

k € K} . Thenfor A € R, the unitary principal series representation T =

Indg(x @ el)\ ® 1) can be realized on KX by

o~ (irH YH(x~ lk) ¢

(2.6) % Mo g (k) = (=" 'K), x €G, K€K,

Form € Z, let u)m be the character of K given by wm(te) = eu-ne ,0<0< 2m,
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Let ZX = {m € Z: wm('y) = ¥(y) for all v€ AI} . Then {u)m:_m € ZX} is a

basis for ’}CX and for m € ZX we define the Eisenstein integral

(2.7) E(m: A x) ;(ﬁx’)‘(x)wm, w )

The matrix coefficient E(m: \) is not Schwartz class. In order to getan ele-
ment of C(G) we take a € C(R), the Schwartz space on R, and form the wave

+

packet

(2.8) £(x) = £( o ms x) = [ oM Efm: kx)u, (M) dh

where u (M) is the Plancherel measure corresponding to the representation
e A .
Since E(m: ) is an eigenfunction of the differential operator z of (2.5)

with eigenvalue p(}\) = -KZ , £ satisfies the equation
(2.9) zf( a:m) = f(pa:m) .

Further, for kl,k2 €K, x€G,
(2.10) f(klxkz) = wm(klkz) f(x)

In particular, f is invariant under conjugation by K, which would not have
been the case if we had started with an off-diagonal matrix coefficient. These
wave packets span the space of K-central functions orthogonal to the space of
cusp forms,

A further comwsequence of the transformation property of f under K

together with the fact that A_ is central in G is that for f as in (2.8),

I

(2.11) Tyh) = X(y) Teth), v € AL, t#0 .

Thus it is enough to evaluate Tf(ht)' t £0.
For f = f(a:m) as in (2, 8), the operators T(f) defined in (1. 2) are
g+ )= 0. Also, for x'€ AI, ' # X,

?
we have % ° )\(f) =0 for all A€ R, Finally, for m’€ ZX .

particularly simple, First, for 7€ G

¢} if m"#m
(2.12) X Moy , =
(a(r) +a(-7»))wm if m‘=m

so that mX? )‘(f) has only one non-zero entry and it is on the diagonal,
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A PR N .
Recall that for all X € A, 2 €R, X is unitarily equivalent to the

-X’A i

representation T = Indg (X ® e " ® 1) defined on X by

= -1
-(ir-1)H
(ir-1)H(x k)g

(2.13) A% gl = e (R 'K), x €G, KEK.

Let Mx(’k) denote the intertwining operator on % which satisfies
MX(X)TTX' X(x) = koA (x) MX(X) for all x € G, With respect to the basis

fw :m€Z } , the intertwining operators are also diagonal matrices with
2 X

m s .
(2.14) M\ w c (WMw rnEZX

Here cm(X) is the c-function which is the meromorphic continuation to the
real axis of the analytic function defined for 4 € € with Imu <0 by

We will need to know the poles and residues of d (A} =c’ (M) ¢ ()\)—1
m m m
along the real axis., Using formulas of Cohn [3] , we get
ik ik +1
1 r (T) T ( 2 )

N r(il+;+m) F(il+é-m)

(2.16) cm(‘)\) =

Taking the logarithmic derivative, we find that
_it [iM i+l iN+1l+m iAtl-m
e am e (2] (B8 o (Bm) | (prom)]

where G{u) = f"(u)f‘(u)—l, 1€ €. The properties of § can be found in[5].

It has simple poles only at u=0,-1,-2,... so that dm(m is analytic for
A#0, If m is even, the term (i/2) y[iA/2] contributes a simple pole at
A=0 with residue -1 and all other terms are analytic at A=0. If m is odd,
we find using the identity $(u+1) =¢{(u) + 1/u that all poles at A= 0 cancel.
Combining the above formulas for the operators T{f) and MX(),), it is

easy to see that Theorem 1.8 can be restated as follows for wave packets,

THEOREM 2.18. Let f = f(%:m) where 2 € C(R) and m € Z, Let t#0,
Then
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>

Th) = [ Lo +a-n] o, ¢)dr

-0

-ir|t]

FiP.V. j[am +al-M]e <) cm(x)‘ldx

2Ta(0) m even
L1
0 m odd .

The function @x(t) in the first term is defined for t# 0 by

(2.19a) P, () = -;— f sin Mu - |t])cos M (sinh u)'zdu , A0
|t

2

(2. 19b) ®,t) = Lim @, (t) = [ (e 1t]) (simh w 2w .
A0 |t]
Note that both integrals converge absolutely for t#0, and that there is a con-
stant C so that |wx(t)| < C/|sinht| for all A\ER, t#0.
For m odd, the principal value is not required in the second term since
c;n(l_) cm(X)-1 is analytic at A=0, For m even, we define

-ir|t]

P.V. f [a\) +a(-Me cr'n(x)cm(x_)'ldx

-ik[t[c,

(2. 20) = lim f o) + a(-M] e '

-1
(Me (A “dh
e} o T|r|>e m

= [ a(x_)[e'n‘tlcr'n(x)cm(x)'lJremt] cr’n(-x)cm(-x)'lldx.

-0

Note that the integrand in the last expression extends to an analytic function at

A =0 since the simple poles cancel.

3. PROOF OF THE MAIN THEOREM, Fix o € C(R) and m € Z, let f =

f(a:m) be defined as in (2,8). For t # 0 write
(3. 1a) T(t:a:m) = Tf(ht) H

(3. 1b) Ft:a:m) = F,(h) ;
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-ih|t]

(3.10)  R:arm)=iP.V. [ la() +at-Mle M o dye T ar

2T2(0) m even
0 m odd .

The main step in the proof of Theorem 2,18 is to show that R(t:a:m)
gives the asymptotic behavior of T(t:a:m) as [t| > ® and that the distribu-
tionon R givenby a- T(t:a:m) - R(t: a:m) is given by integration against
a continuous function of A, These results are contained in the following
lemnma which will be proved at the end of this section as Lemmas 3,10 and

3.11.

LEMMA 3.2, For all t#0,

@

T(t:m:a) - R{t:m:a) = 2 jam Ot : ks m) d\

where ©{t:A:m) is a continuous function of at most polynomial growth in the

A variable satisfying lim ®{t:%i:m) = 0, uniformly on compacta of *.
t] > ®

Assuming the lemma, it only remains to show that ®(t: \:m) is the
function CP)\(t) defined in (2.19). To show this we use the differential equation

(2.5) satisfied by T(t: o m) which can be written using (2.9) as

2
d_

dt 2

(3.3) T(t:a:m)=T(t:pa:m)+(sinht)-2F(t:CL:m).
Clearly R(t:oa:m) satisfies the corresponding homogeneous differentjal

equation

2
(3.4) —d—z R(t:a:m) = R(t: pa:m)

dt

The Fourier inversion formula for the orbital integral Ff (see [10]) can be

used to write
(3.5) F(t:a:m) = [ 2a(M) cos At dh .

Thus the function ¢ given by Lemma 3. 2 must be a solution of the equation
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2

-2
(3.6) a ®{:r:im) = -AZCD(t:}\:m) + cos At (sinh t) .

dt2

But Cpk(t) is the unique solution of this equation satisfying lim cPk(t) =0,
|t >
In order to prove Lemma 3, 2 we must derive new formulas for both

T(t:0:m) and R(t:a:m) and then use the asymptotics of the Eigenstein
integral., Since both T and R are even, we may as well assume that t >0,
Since f = f(a:m) is K-central we can write, using (1.6), (2.2), and a

standard change of variables on N,

@X
t -t
L [y L2
= _rr—-ff(nYhtny )Zlog(1+y )dy

I

T(t:a:m) let-e-tl/ £(5h,5 ) v(R) 47
N

for]
t -2
e - 1 -2t 2
?[ f(nyht) >log(l +(1-e ) y)dy .
-0

Now using the definition of f in (2,8), wWe obtain

2t

t =] o
2t -2
(3.72) T(t:ozm) =EW—/ /a(xmx(x)E(m: X:ﬁyht)%log(l+(1-e )y dray .

Using the same argument, but leaving out the weight factor v(n), we obtain

t o o]
(3.7b) F(t:a:m) = e?j / a(X)uX(X)E(m:X:ﬁyht)dkdy .

1 -2t-2 2

Nowas t- +=, 2log(l t{(l-e ) yv)> %log(l +y2) = H(ﬁy). Also,

fh = K(ﬁ)h(ﬁ)hgln(ﬁ)ht—» k(@) h(@h, . Finally, etE(m:X: “(@h(@)h,) is

asymptotic as t > = to wm(K(ﬁ))e-H(n)

Ep(m: A\ H(n) +t) where for any t>0
the constant term EP(m: A:t) is defined by

(3.8) Epmiit)=c_(Me " te (-n)e M
m m

(The c-functions cm(i \) are given by (2, 16).) Thus we would expect that as

to>+e, T{t:a:m)-~ i(t:a:m) where
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(3.9)  Rit:a:m) = /_ / OL(K)\JX(K)wm(K(ﬁ)e-H(ﬁ)EP(mzle(ﬁ)+t)H(ﬁ)d1dﬁ.
N -

LEMMA 3.10, The integral defining i in (3, 9) converges as an iterated
integral, and for t#0,

T(t:m: a) - i(t: m:a) = 2 [ a(r) P(t: hm)dr

where @ is a continuous function of polynomial growth in A, satisfying
lim CB(t:X:m) = 0, uniformly on compacta of 1\,

{tf->=

Proof. Using (3.7) we can write

o«

T(t::m) - Rtroem) == [ [ a@) 1, () Bt mikay) dh dy

where

-2t,-2 2
Y

B(tim:\iy) = etE(m:X:ﬁyht) %log (1+(l-e ) )

-HE) 1 2
e T w (A D ERmiHE ) tt) S log(1+y")

-2t -2 -
Write a, =(l-e ) and write 1 h_ =k h k, accordingto the Cartan
t vyt 1'v?2

decomposition, where kl,kze K, v20, Then

2 1/2
v = v(y,t) = log {(coshzt t+e ty2/4) / + (sinhzt + eZty2/4)1/2}

and klkZ =t, where 6 =08(y,t) satisfies

]

2.2 2.1/2

eie =(1+e'2t-iy)/[(1+e' ) +y ] .

B = B(tim:\:y) can be written as a sum of the following five terms:

_t - 1 2 1 2 1 }
B1 e E(m.X.nyht) [2 log(1+aty ) - > log(l+y ) - > log a,,C H

=1 t B .
B, = zlog at e Em:x: nyht) ;

(t-v)

=L 2iret . vy 1
B, = S log(l+y e E(m:: nyht) -e w_{tg) Eplmid: 1;
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-H(n )

(t'V)EP(m:‘}\:v) -e ¥ Ep(m:'X:H(ﬁy) +t)];

1 2
B, =5log(l+y )wm(te)[e

1 2 _H(ﬁy)

We will show that there are functions coi(t:X:m), 1 <i <5, corresponding to
these five terms, the sum of which yields the function C?)(t:k:m) required in

the lemma, For t> 0,

o«

2
l+a vy
1 t _ -2t
[ > log 5| dy = -Te

- a +aty

converges absolutely. Further, etE(m: A ﬁyht) is bounded for all t> 0,

v €R. Thus we can exchange limits of integration to write

[+

1 . . - - -
Ff /a(l)uX(K).Bl(t:m.‘A,.y)dldy = 2[ a(r) Cpl(t.l.m) di

- o

where
© 2
1 t 1 1tay
Cpl(t:X_:m) = EUX(M / e E{m:\: nyht)ilog —_— dy
v o a.t + aty

is smooth and of polynomial growth as a function of A. Further, for X in
any compact set, there is a constant C so that l@l(tzl:m)l < Ce"zt for all
t>0.

Using (3.5) and (3.7b), we obtain

=<1 o«
1 1
- A : smehs == s o
n/ /a( )ux('}\)Bz(tm \y)didy 2T_|_log atF(t Q:m)
-0 .

o

= log a, a{\) cos At d),

-0

1
Thus we can take sz(t: Aim) = Elog a, cos At
It folllows from the estimate of Harish-Chandra for the constant term

<0
[6a] that there are a continuous seminorm v an C (G) andan e¢> 0 so that
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) -€
|etE(m:x:ﬁyht) - EP(m:)\:t)l < v(EmM)e ot for all t>0, Writing ﬁyht =
kihk,, tg =

le'E(mmn:d h) -
yt

(mi:n = ¥
klkz’ as above, E(m:\ nyht) wm(te)E(m hv). Thus

t-v) t-v) -ev
e e

wm(te)EP(m:X:hv)l < V(E(m:\))e for all

t>0, y €R, But

- - -€ -1-€
e(lc V)e V- e tg(y,t)
where .
-t 1 -2tz 2.1/2 -2t2, 2.1/2
gly,t)=e’ =E{[(1+e )Tty t[(l-e T)THyT] .
1 2,172
Note that for all t>0, y € R, gly,t) = -2—(1+y } . Thus

[+] @0

l1+e
1 -1-€ 1 2
—10g(1+y2) gly,t) dy < —1log(l +y2) —— dy
2 2 1 +y2)1/2

- OO

which converges absolutely for any € > 0 and is independent of t, Thus we

can exchange the order of integration to obtain

% f f a(\) le()\) B3(t:m:)\)d)\ dy = 2 fma(l)@3(t:)\:m)d)\

-0 a®

-€ )
where lCP3(t:k:m)l < Ce t;.lx(k)\)(E(rn:A)) for some constant C independent

of A€R and t>0,
In the fourth term, we can write

oy -H(ﬁy)
le Ep(mzh:v) -e Ep(m:A:H(ﬁy)+t)l

ik «1+3iA
< cm(k)e1 1:(g(y,t) t -(1+y

¥ cm<-x)e‘i“(g<y,t>‘1'“-<1+y2) 2 )

~-1+4A
< cm(x)(g(y,t)'““‘-(lwz) 2 )

Using the formula for gly,t), one checks that there is a constant C so that

for all t>0, y,A€R ,
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-1+5 -
gy, ey 2| SliRle ©
14y
Thus
bt -1+14)
f%log(l +y2) g(sr,’c)'1+i7L -(1+y'2) 2 dy

- 0

o ] 2
2t = log(l+y%)

<sCll+ir] e ————dy
l+y

so that the integral converges absolutely, Thus again we can exchange order

of integration to obtain

o

| fma(x)ux(x)B4(t:m:x:y)dxdy =2 fwa(x)cp4(t:x:m)dx

- -

where ‘CQ4(t:>\:m)‘ < Clcm(h)l ux(h)! 1+ir] e-Zt for some constant C,

Finally, we write K(ﬁy) =ty where

RN
- 2.1/2
(1+y7) /
and recall that
eie_ 1 +e- -3
- -2t2, 2.1 .
[1+e 2H2 4 21172

Then for all £>0, y €R,

-2t
Clml e
lo feg) - o k)] < —um .

(1+y7)
Thus

-2t log (1 +y2)

2 s

]Bs(t:m:k:y)l < C|m] lcm(l)le
l1+y

and hence is absolutely integrable with respect to y, so that

7 [ [emu B emimady =2 [ o) oEnima

-0 =D
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with }@S(t:k:m)] < Clm)] ]cm(k) | UX(K)e-Zt for some constant C,
Q.E.D,
In order to complete the proof of Lemma 3.2, and hence of Theorem

2,18, it now suffices to prove the following lemma,

LEMMA 3,11, For all t>0, R@t:a:m) = Rt: aim),

'

Proof, Using the definition (3, 8) of EP we can write

fut:a:m):/ /amu Me_me o @um g, o
_ X m m
N %

+[ /a(x)ux(x)cm(-x)e'i“ wm(K(ﬁ))H(ﬁ)e(—i)\-I)H(i)d)\ i .
T Le

The inside integrals

for]

/q(h)u (Mc (£Ne
¥ m

fod

At +H(ﬁ))cn

are absolutely convergent since HX(A)cm(i 1) is analytic for all 2 € R and

of polynomial growth at infinity [6c]., However, for fixed *,

[o_tcanmme it - DHE o
N m

does not converge, In order to change the order of integration we must think

-1
of A as Rep, L€ €, Then 1_{A)c_ (M) =c_(-2) and M (AM)c (-1) =
- X m m X m
cm(l_) extend to holomorphic functions on a strip about Im u= 0, say on
[Im u| < 2¢ for some € >0, [6c]. Assume that o is the restriction to the
real axis of a holomorphic function which decays rapidly as lRe ul -~ © uni-

formly in |[Imu| < 2e. Then we can shift contours of integration to write

Rt:aim) / [a(me >cm<-x-ie)‘1e‘“‘€’t o_(e@nH@e e HE y o
FLo
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foc]

+/ [a(l-ie)c (h-ié,‘)-le(“i}\_e)lc w_ (K@)H@)e
_ m m
N “=»

(-ik-e-l)H(ﬁ)d>L 4

But, from (2.15), for €> 0,

[ (6 (@) Ha@) o FiA S DEE 4o
ﬁ' m

+

converges absolutely to icr'n(:F A -i€) where the prime denotes the derivative

with respect to A, Thus the order of integration can be reversed to write

[e]

Rit:1:m) = i/a(?\ ti€)e (-Ar-i€)
m

-

-1 (i)‘-E)tdl

¢! (-r-i€)e
m

@«

+i/oc(?\-i€)c (K-ie)-lc' (A-i€)e
m m

<«

—ir-€
(-ix-ekt a

-1 it
For u € € write hl(u) =io{e (1) "¢ (--!J)ewl and h_(W) =
m m 2
-1 -ipt
tae_ (W) ! (e M
poles at U =0, but are otherwise holomorphic on the strip |Im i} < 2¢,

Then both h1 and h2 have at worst simple

Further, h1 + h2 is holomorphic throughout this region. Thus
@

!mhl(Hie)d?\ + _fwhz()\-ie)dk = f(h1+h2)(>\+i€)d7\

+ 2T = +
F2TiRes oh, (1) _fm(hl h,)(A)ax

27T (O) m even
+
0 m odd .

We now have

feed

f{(t:u:m) = 3 4/’&()\) [C (')\)-lcl (_)\)ei)\t_*_c ()\)'lcl (l)e-i)‘t} ar
m m m m

-0

{ 2Ta{0) m even
+
0 m odd
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which, using (3,1c) and (2, 20), is equal to R{t:a:m), This proves the lemma
when o is the restriction of a holomorphic function as above, But such a
form a dense subset of C(R) and for each t#0, o+ R(t:a:m) is a tempered

distribution., Using (3,10), we obtain

Re:oem) = Thia:im) + 2 f a(X) Olt:A:m)da

i

also gives a tempered distribution since a + Tft:a :m) is tempered, Thus

Rit:a:m) = Rtz aim) for all a € CR).
Q.E.D.

4, THE SINGULAR WEIGHTED ORBITAL INTEGRAL, We now look at the

behavior of Tf(ht) as t- 0, Recall from (3, 7) that we can write

feed

t
e o1 _ -2t-2 2
(4. 1a) Tf(h’c) = [f(nyht) > log(l+(1-e 7) “yT)dy, t#0
ot d
{4, 1b) Ff<ht) == f(nyht)dy .

-0

1 -
Define Sf(ht) = Tf(ht) +?log(1 -e Zt)ZFf(ht), t #0, as in [I1b]. Using (4.1),
we can write

o«

t
- 1 -
4.2) S.(h) =% /f(nyht);_'log((l-e

-

2 2
2y v ay .

This shows that Sf(ht) has a well-behaved limit as t >0 given by

[od

. . _ L -
(4.3) Lim S (h) == /f(ny)log Iyl ay .
t-> 0

Arthur defines the ''singular'' weighted orbital integral

(4.4) T (1) = lim S_(h) ,
£ ts0 Tt

This term also appears in the Selberg trace formula, (See (9.2) on p. 384 of

[1a].)
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The Fourier transform of Tf(l) can be easily computed from that of
Tf(ht)’ t # 0, As before, suppose f=f(a:m), a € CR), m € Z, is a wave
packet, Write S{t:aim) = Sf(ht) . Recall that Theorem 2, 18 can be written

as

T(t:c.:m)=R(t:on:m)+2f u(x)cp)\(t)dx .

Now

:

-1 2Taf0) m even
lim R(t:a:m):ip.v./[a(x)+a(-x)]c (A) "dr+
m
+t> 0 0 m odd .

-0

Thus to find lim S(t:a:m) it suffices to evaluate lim [S{t:a:m)-R{t:am)]
+t->0 t->0

«©

it

1 -
lim Z/Q(K)@A(t)dl*l' Elog(l—e 2t)Z}?‘('c:a:rn)
t~>0 .

<0

lim 2 [a(x)h {t)axr
A
t->0

-0

where, using (3.5), we have
1 -2t.2
= 4 - -
h, (&) = @, (t) 2log(l e ") cosat ,

Using the differential equation (3,6) and behavior at infinity character-

izing CDA , we see that for t> 0, h)‘ {t) is the unique solution of the equation
a? 2 41 sin At

(4.5) —h, () = -1 h, ) - ————
dt e -1

satisfying lim h}\(t) =0, Thus for t>0 we can write
to> +o

fed

(4.6) By (t) = -4 [ sin (A @ -t)) sin(Au) .

2u
-1
+ e

Thus
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«©0

2

lim h,(t) = h (o)=-4/ Lo
A 2u

t] o o © -1

is well-behaved., We have proved the following proposition,

PROPOSITION 4.7, Let f=f(a:m) where a € CR) and m€ Z, Then

(5]

[62]
[6b]
[6e]

[7a]

o i

T, (1) = f[q(kH al- )]k, (0)dr

-0

#1P,v. [ o)+ a(-x)}cr'n(x)cmm"ldx

2Ta(0) meven

0 modd ,
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