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PART 1I. No explanation is necessary.

1. (2 marks) Compute the following integral.

(20 Marks)
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2. (2 marks) When calculating the integral

/ zt +2
dx,
x(z — 3)%(1 + 22)

we obtain the sum of the following terms (circle all that apply):
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3. (2 marks) Tea is poured in a mug at a constant rate (constant

volume per unit time). The graph on the right shows the depth

of tea in the mug as a function of time.

Which of the mugs below was used? (circle one option).
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4. (2 marks) Consider the series Z ! How many terms do we need to add to guarantee that

n=1

1
the error of the approximation is smaller than ——7?

2016
p=_20(5

2
5. (2 marks) Approximate () = sin (%) with a 6*-order Taylor polynomial centred at = 0.

o) - B - _@f.,{
? 33 3 .

For questions 6—9, consider the power series:
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6. (2 marks) The radius of convergence is
R=__1
7. (2 marks) The interval of convergence is
T € ( 0.1 -‘
=23
2016 4} L '
8. (2 marks) f(2016)(1) = {01 .
Ju- 106 +5
9. (2 marks) Consider the initial-value problem
u'(z) = f(x)
u(l) = -2

where f(x) is defined above. Then, the Taylor series for the solution is
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u(z) = Z (-,) (Y") -2
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10. (2 marks) (Hard!) Write a power series that converges for x € [7,9.5).
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PART II. Answer the following questions. Justify your answers.

11. Air pressure p(y) at altitude y (in metres) is the force per unit area exerted (20 Marks)

by the weight of the air above, so

30000
o) =g [ fG)d
y
where f(y) = density of air at altitude y, which is related to the atmospheric pressure:
ply) = Rf (y)T(y),
where R is a constant and T'(y) is the temperature (in K) at altitude y.

(a) (5 marks) The temperature is a linear function of the altitude. Assume that the altitude is

measured from sea-level, the temperature at sea-level is 300K and at 5000m is 250K.

Find an expression for T'(y). T

- 170

_ 5 o\ - -y _ 30000-Y
T(y) = 3@ —ﬂg) - —yp 100 100

(b) (5 marks) Show that p(y) satisfies the differential equation

Continued...



(c) (8 marks) Assume that the air pressure at sea level is 10° Pa.

Find a formula for p(y) (it can depend on R and g).
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(d) (2 marks) The speed of sound vy satisfies vy(y) = W)

Show that the speed of sound decreases with the altitude.
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12. Consider the polar curves (20 Marks)

r = f(6) = cos(f) and r = g(6) = V3sin(0).
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(b) (5 marks) These two polar curves intersect at two points P and ). What are the two points

of intersection? =L (",
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(c) (10 marks) Calculate the area of the region inside both r = f(0) and r = ¢(0).
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13. Consider a particle moving with position (20 Marks)
7(t) = (2 cos(t) , —cos(t)+V3sin(t) , —cos(t)— ﬁsin(t)) for all ¢ > 0.

(a) (5 marks) Show that this particle is always at the same distance from the origin.
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(b) (5 marks) Show that the acceleration vector is perpendicular to the velocity vector.
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(c) (5 marks) Calculate the curvature of the path of the particle.
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(d) (5 marks) Find the binormal vector B(t). Does this particle moves on a plane?
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(bonus) (2 marks) Based on (a) and (d), what is the curve described by this particle?

(You don’t need to have solved (a) or (d) to be able to answe
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14. After the MAT187 test, the good luck engineering panda arrived home and (20 Marks)

had a sore arm. It was hard-work giving all that candy and waving good
luck to all the students. So he decided to use a spring mechanism for
next time!

The panda knows that a spring satisfies the differential equation
u”(t) + ku(t) = 0,

where u(t) is the displacement from equilibrium (in cm) at time ¢ (in

seconds) and k is a constant.

(a) (5 marks) The panda initially compresses the spring 4 cm and then lets it go (without initial
speed). Find a formula for u(t).
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(b) (5 marks) The spring oscillates back and forth. What is the period?
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(c) (5 marks) The panda needs to deliver candy once every 10 seconds. For that he needs a spring

with a specific constant k. Find k.
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(d) (5 marks) The panda could only find an old spring, which satisfies

(1) + 20 (1) + gu(t) 0.

Find the general solution u(¢) that starts with no displacement from equilibrium, but with initial

velocity vg.
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(bonus) (2 marks) Estimate how long it takes for the amplitude of the oscillation u(t) to decay to
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