MAT246H1S LECO0101 - Concepts In Abstract Mathematics

Solutions for Term Test 1 - February 6, 2019

Time allotted: 105 minutes. Aids permitted: None.
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down of Results: ? students wrote this test. The marks ranged from ?% to 7%, and the average
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1.(a) [6 marks| Let a,p,m and n be natural numbers. Define the following:

(7) a is a divisor of n @ @
NN N———

Solution: a is a divisor of n if there is a natural number k such that n = k- a.

@ (ii) p is a prime number @

&
(/\ Solution: a natural number p greater than 1 is a prime number i£ the only natural number

QD'(/ divisors of p are 1 and itself. :’ @ / = ——

(#52) m is a composite number

/
Solution: a natural number m greateggan 1 is a composite number if it is not a prime number.
\—____)
(That’s the definition in the book.)

Or: a natural number m greater than 1 is a composite number if there are natural numbers a, b

with 1 <a,b<mand m=a-b.

1.(b) [4 marks] State precisely the following theorems.

(4) Fermat’s Theorem @ ?4) Valla?, //QC/ 4 7/70 % efes

Solution: if p is a prime number and a is any natural number not divisible by p, then

-—

@ @ =1(medn). ) Ay fusrect creclid 04

Q OLL\ (i1) Wilson’s Theorem

Solution: if p is prime then (p — 1)! + 1 = 0 (modp).
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2.(a) [3 marks] State the Well-Ordering Principle.

@ (L 0

Solution: every ﬁon—empty set of rw_mbjes contains a least element.
-~
Or: if S C N and S # 0, then there is an m € S such that m < n for all n € S.

2.(b) [7 marks| Let a and b be positive integers, and assume that a > b. Use the Well-Ordering Principle

to prove there are non-negative integers q and r, with 0 < r < b — 1, such that a = gb + r.

MW&I Proof: if a=kbfor k € N, take g=k and r = O}Vow assume b does not divide a. Let

/ S={a—-g-b|geNanda—gq-b>0}

Since a > b, the number a —b=a—-1-b>0,s0a—bisin S, and S # 0. By the well-ordering (‘33
principle, S has a least element, call it . Then 7 > 0, because it is in S, and there is a number ¢ € N
such that ‘

P a—gb=rsa=qb+r.

We claim r < b. We shall show r > b is impossible:

o If =05, thena=qgb+b=(¢+1)b and b | a, contradicting our assumption.

o Ifr>b,thena=qb+7>qgb+b=(¢g+1)b, and so a — (¢ +1)b > 0, which means a — (¢ +1)b
is in S. Since a — (¢ + 1)b < r, this is a contradiction. That is, r = a — qb and @

a—(g+1b<a—qgb
& —(g+1)b< —gb
& gb<gb+d

< 0 < b, which is true.

M@M’Wdt" Alternate Proof: let S = {a — kb | k € Nand a — kb > 0}. Then S # 0, since for k = 1 the
ﬂ, expression a —1-b=a — b > 0. By the Well Ordering Principle S contains a least element, call it r,
which must be positive because r € S. Then there is a ¢ € N such that, 3

a—gb=rea=qgb+r. v

.

We claim r < b:if r > b, thena—qgb> b a—(¢+1)b>0,s0a— (¢+1)b € S. But then

a—(g+1)b<a— gb, @

which contradicts the fact that a — ¢b is the least element in S. Thus r < b, in which case we're

ﬁnfcj;;r r = b. In this latter case we can writea =gb+r=¢gb+b=(¢+1)b+0. E l ’




3.(a) [3 marks] State the Principle of Mathematical Induction.

Solution: if S is any set of natural numbers such that S @

e lisin S, and

e k+1isin S whenever k is in S, @
then S = N. CD

3.(b) [7 marks] Let ¢ be any real number such that ¢ # 1. Use the Principle of Mathematical Induction
to prove that

_ 1—(n+1)¢" +ng"*™!

1+2g+3¢*+ - +ng"* e (1)

for every natural number n.

Proof: let S =' ;n eNJ|(1)is true}Jl € S, since for n = 1 the left side of () is 1 and the right side
of (f) is |

1-29+¢* _(1-9? _, @
_ N ) R e

Now assume k € S. Then

1429 +3¢° +---+kd" ' + (k+ 1)¢*
1— (k+1)¢* + kg"+!

= a7 +(k+1)¢*

1= (k+1)g* + kg"+ + (k + 1)g*(1 — q)? @
B (1—¢q)?

1— (k+1)¢" + kg™ + (k + 1)g* — 2(k + 1)¢"+! + (k + 1)¢g"+2
(1-¢)?
1 — (k+2)g**! + (k + 1)gk+2
(1-q)?

Thus the formula (f) is true for n = k + 1 as well, }md by the Principle of Mathematical Induction,

S=N. @




4.(a) [3 marks] State the Principle of Complete Mathematical Induction.

Solution: if S is any set of natural numbers with the properties that @

e A:1isin S, and

——

e B: k41 is in S whenever k is a natural number and all the natural numbers from 1 through f
are in S,

J—
then S = N.

4.(b) [7 marks] Show that the Well-Ordering Principle is a consequence of the Principle of Complete

Mathematical Induction. That is, use the Principle of Complete Mathematical Induction to prove
the Well-Ordering Principle.

Proof: suppose W is a set of natural numbers that has no least eler‘nﬂ;et S={neN:n¢gw}. ’,
Then

4

e A:1e€S5:if 1 € W it would be the least element of W.

e B:suppose natural numbers 1,2, ...,k areallin S. Then none of 1,2, ..., k are in W, by definition
of S. Thus k+ 1 ¢ W, else k + 1 would be the least element of W. Thus k+1 € S.

/
By the Principle of Complete Mathematical Induction, S = N ,le = (). Thus:

If W is any non-empty set of natural numbers, it must have a least element. @

Tire Ww?éf e Wﬂyﬁl" //M”%"/
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5.(a) [3 marks] Let n be a natural number other than 1. Define the canonical factorization of n into a

product of primes.

Solution: if n > 1 then the canonical factorization of n is

n=pi" - py® Py, @

where each p; is a prime, p; < p;+1, and «; is a natural number. O

V\—’—-—’

5.(b) [7 marks| Find the canonical factorization of 1940400.

Solution: 1940400 is even, ends in a zero, and the sum of its digits is divisible by 9; so 2, 9 and 5

all divide it. We have - /
(1) dor euck corroct

e 16 | 1940400 since 1940400 = 16 - 121275 , i
tre et
e 9121275 since 121275 = 9 - 13475 ﬁ .
e 25| 13475 since 13475 = 25 - 539 @ more f all eyﬂa/u/wéj

) . T { a2
Is 539 divisible by 77 Yes: 539 = 7 - 77 = 74 - 11. Thus the canonical factorization of 1940400 is

1940400 = 24 - 32 .52 .72. 11.

Altrante Calculations: obviously, 1940400 = 100 - 19404. Since the sum of the digits of 19404 is
18, which is divisible by 9, 9 divides 19404 as well. In particular

19404 = 9 - 2156.

Now 4 divides 2156:
2156 = 4 - 539.

And 539 = 7- 77. Putting it all together

1940400 =100-9-4-7-77=4-25-9-4-7-77=24.32.52.72.11.
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6.(a) [6 marks| Suppose that a and n are natural numbers and p is a prime number. Assume that p?

2

Proof: let p* be the highest power of p that divides a. Then a = p* m for some natural number m
not divisible by p.ﬁ‘hen a” s pFmn. rIf p* divides a’bglen 4 < nk; I.i’f p° does not divide a™, then
‘nk < 4.lCombining these two inequalities gives nk = 4, which means n is a divisor of 4.
] ——— .
/

6.(b) [4 marks] A natural number is a perfect square if it has the form n?, for some natural number n.

Really t 4o, Ce) picd madkss are af- Y/LM”

divides a™ but p® does not divide a™. Prove that n divides 4.

Find all primes p such that 5p + 1 is a perfect square.
Solution: since 5- 5+ 1 = 26 is not a perfect square, p # 5. Let 5p + 1 = n2. Then n > 3 and

sp=n?—1=(n-1)(n+1). @ OQKM%/L} WA

By the Fundamental Theorem of Arithmetic, there are two possibilities:

l. n—1=5and p=n+1, in which case n =6 and p = T; @ %

2. n+1=5and p=n—1, in which case n =4 and p = 3. @
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7.(a) [5 marks] Prove that there are no integer solutions to the equation z2 + y2 = 4007.

* Solution: consider the equation as a congruenc If x is an integer then

£=0,1,2 0r 3 (mod4) = 22 =0,1,4 or 9=0,1,0 or 1 (mod 4).

Similarly, if y is an integer, then

y=0,1,2 0r 3 (mod4) = 4% =0,1,40r 9=0,1,0 or 1 (mod 4).

P

Therefore, for any integers x and y the possibilities are &

22+ y*=0+0,0+1,1+00r 14+1=0,1,1 or 2 (mod 4).

But
4007 = 3 (mod 4),

so there can be no integer solutions to the equation z2 4 y2 = 4007.
T ————

7.(b) [5 marks| Let a and b be integers, let p and g be distinct primes. Prove that if a = b (mod p) and

A

Proof: a=b (modp) = p|a—b= a—b=p-m, for some integer m)Also,

a = b (mod g), then a = b (mod pq).

—

a=b(modg)=qla-b=gq|p-m. @

Since ¢ is prime, @
g|porgq|m.

Since p and g are distinct primes, we must have g | m] Thus m = ¢ - n, for some integer n, and

a—b=p-m=p-q-n, @
which means a = b (mod pgq).




8.(a) [7 marks] Find gcd(1292, 14440), the greatest common divisor of 1292 and 14440, and express it as

an integral linear combination of the numbers 1292 and 14440.

Solution: use the Euclidean algorithm.

14440
1292
228
152

Thus

11-1292 + 228
5 - 228 + 152
1-152476
2-76

ged (1292, 14440) = 76.

Is

1)
(2)
(3)
(4)

C

Now use ‘backward substitution’ to express it as an integral combination of 1292 and 14440:

(3) = 76 = 228 — 152;

(2) = 76 = 228 — (1292 — 5 - 228) = 6 - 228 — 1292;

(1) = 76 = 6(14440 — 11 - 1292) — 1292 = 6 - 14440 — 67 - 1292. Thus

76 = 6 - 14440 — 67 - 1292.

L@

Alternate Calculation: you could find the greatest common divisor by using the prime factoriza-

tions of the two numbers:

1292 = 22.17-19 and 14440 = 23 .5 - 192,

Thus

ged (1292, 14440) = 22 - 19 = 76.

But this method doesn’t help you with the second part of the problem.

8.(b) [3 marks] Find an integral solution to the equation 1292z + 14440y = 228.

Solution: observe thaf 228 = 3 - 76~ o@

76 = 614440 — 671292 = 228 = 3(6 - 14440 — 67 - 1292)
= 228 = —201- 1292 + 18 - 14440,

so one integral solution is (z,y) = (—201, 18). @



9.(a) [4 marks] Let m,n be natural numbers. Define the following:

(i) m and n are relatively prime. gﬁ/} gil// ;;

@ Solution: the natural numbers m and n are relatively prime if ged(m,n) = 1. npth [47
‘/\ Or: the natural numbers m and n are relatively prime if their greatest common divisor is 1.

,QDS’ (#) a multiplicative inverse of n modulo m, if m > 1.

Solution: a multiplicative inverse of n modwle ™ is an integer a such that

;

a-n =1 (modm).

®

9.(b) [6 marks] Find a multiplicative inverse of 17 modulo 60 and use it to find a solution to the congruency
17z = 4 (mod 60).

Solution: use the Euclidean algorithm with 17 and 60:

60 = 3-17+4+9 (5)
17 = 1-948 (6)
9 = 1-8+1 (7
8 = 8-1 (8)
Then
(7)=>1=9-38;

6)=>1=9—(17-9)=2-9-17;
(5) =1=12(60—3-17) —17=2-60— 7 17. Thus

—7-17=1 (mod 60),

and —7 is a multiplicative inverse of 17, modulo 60 f So is —7 + 60 = 53 W 7%6/-6 el
ac ﬁuc[/

172 =4 (mod 60) = —7-17z=-7-4 (mod 60) /’lé

A/
@ = z = -28 (mod 60), M1

so one solution is £ = —28; another solution is z = —28 + 60 = 32. Z44 € f U/j




10. [10 marks] Find the remainder when 247829 — 76593 4 191 1 15! is divided by 17.

Solution: make use of Fermat’s Theorem and Wilson’s Theorem. Consider the four terms separately:

1. By Fermat’s Theorem, 2!¢ = 1 (mod 17). And 47829 = 16 - 2989 + 5, so

@ 217829 — (216)2989 . 95 = (1)%%89. 25 = 1. 32 = 15 (mod 17).

=

@ 2. By Fermat’s Theorem, 7'6 = 1 (mod 17). And 6593 = 16 - 412 + 1, so

78993 — (716)412. 7 = (1)"2. 7 = 7 (mod 17).

@ 3. 17| 19!, so
19! = 0 (mod 17).

————

4. By Wilson’s Theorem, 16! = —1 (mod 17). Consequently,

2 16! = -1 (mod 17) =
=

=

16 - 15! = —1 (mod 17)
—15! = -1 (mod 17)
15! =1 (mod 17)

Putting it all together we have

247829 _ 79993 1 1914 15! =

15—-7+0+1 (mod17)

9 (mod 17). @

Thus the remainder when 247829 — 76593 1 191 1 15! is divided by 17 is 9.

745 & copeet frcel - aaswtr, ,w,z s



This page is for rough work or for extra space to finish a previous problem. It will not be marked unless

you have indicated in a previous question to look at this page.
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