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Introduction

Compared to differentiation, integration is much more difficult.
Differentiation rules like the product rule, the quotient rule, the
chain rule, or the Fundamental Theorem of Calculus permit almost
any combination of functions to be easily differentiated in a
mechanical, algorithmic way. Integration is a whole different story.
In Chapter 7 we shall cover the basic techniques of integration, but
even after we have learnt them — and practiced them — there will
still be many functions that will be difficult — or impossible! — to
integrate. Putting it another way, MAT187H is much more difficult
than MAT186H.
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Some Basic Integral Formulas

Every differentiation formula you know, produces an integration
formula. For example,

dX
di:exé/eXdX:exntC.
Ix
And ) )
dx" x"
—_— = 1)x" "dx = .
I (n+1)x :>/X dx n+1+C

Even this is tricky! Obviously, n # —1. What is

1
/—dx?
X
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Integral of 1/x with respect to x

We do know a function that has derivative 1/x, namely In x. But
In x is only defined for x > 0. So

1
/—dx:InxqL C,
X

if x > 0. What about x < 07 Then —x > 0, and
din(—x) 1 1

dx —X X

So in general,
1
/—dx:ln\x\—l—C,
X

for x # 0. Memorize it!

Chapter 7 Lecture Notes MAT187H1F Lec0101 Burbulla

7.1 Basic Approaches

7.2 Integration by Parts

7.3 Trigonometric Integrals

7.4 Trigonometric Substitutions
7.5 Partial Fractions

7.8 Improper Integrals

7.6 Other Integration Strategies
7.7 Numerical Integration

Chapter 7: Integration Techniques

Six Trigonometric Integrals

dsin x )
1. —:cosx:>/cosxdx:smx+C
dx
d cos x . )
2. ———— = —sinx= [ sinxdx=—cosx+ C
dx
dtan x
3. d—:seczxi/seczxdx:tanx—i—(;
X
d sec x
4. d—:secxtanxﬁ secxtanxdx =secx + C
Ix
d cot x
5. —:—csc2X:>/csc2xdx:—cotx+C
dx
dcsc x
0. d—:—cscxcotX:> cscxcotxdx = —cscx + C
Ix
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Integral of tan x

What about the integral of tan x? We can integrate it by using a
simple substitution:

/tanxdx = /smde
COS X
1 :
= /—(—du) if u= cosx
u
1
= —/—du
u
= —Inju/+C

= —lIn|cosx|+ C
= In|secx|+ C

Chapter 7 Lecture Notes MAT187H1F Lec0101 Burbulla

7.1 Basic Approaches

7.2 Integration by Parts

7.3 Trigonometric Integrals

7.4 Trigonometric Substitutions
7.5 Partial Fractions

7.8 Improper Integrals

7.6 Other Integration Strategies
7.7 Numerical Integration

Chapter 7: Integration Techniques

Integral of sec x

This is trickier:

sec X + tan x
secxdx = sec x
sec x + tan x

dx

sec2 X + sec x tan x
tan x + sec x

1
= /—du if u=secx -+ tanx
u

= Injul+ C
= In|secx+tanx|+ C
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Two Other Trig integrals

Similarly, you can prove
/cotxdx = —In|cscx|+ C

and
/cscxdx = —In|cscx + cot x| + C.

Both of these formulas have alternate forms:

/cotde: In|sinx| + C

and
/cscxdx = In|cscx — cot x| + C.
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Three Integral Formulas with Inverse Trig Functions

1 dsin” x . :>/ = dx =sin"tx+ C
. = —————dx =si X
dx V1—x2 V1—x2
dtan—1x 1 1
2. = — = _dx=tan!
dx 1—|—x2:>/1—|—x2 x an"x+C
dsec ! x 1 1
3. = = [ — — _dx=sec x|+ C
dx Ix|vV/x% —1 /X\/X2—1 I

To have these formulas is the main reason we covered the
derivatives of the inverse trig functions in Chapter 3.
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Sixteen Integral Formulas

Every one of the formulas developed above should be memorized.
The rest of Chapter 7 will be all about reducing more complicated
integrals to one of the above basic sixteen formulas. Since you will
often have to make a simple substitution before using one of the
basic sixteen formulas, they are often written in terms of u rather
than x. Here they are:

1. [e!du=e"+C

un+1
2. "du = -1
/u u n+1+C,n7é

1
3. /—du:ln\u|+C
u
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cosudu =sinu+ C
sinudu=—cosu+ C
sec?udu=tanu+ C
secutanudu =secu+ C
csc?udu= —cotu+ C

cscucotudu = —cscu+ C
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tanudu = In|secu| + C

/secudu:ln|secu+tanu|+C
12. /cotudu:—ln|cscu|+C

cscudu = —In|cscu+cotu| + C
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Memorize all of them!

Briggs et al list only 12 formulas on p 503 in Section 7.1. The ones
missing are formulas 10-13 from above. These four are covered in
Section 7.3
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Example 1

X 1 2x
—d = — [ ——————d
/x4+9 x 2/(x2)2+9 X
1 1 _ 5
= 5/—u2+32du, if u=x
1 1ta _1u—|—C by Fo la 15
= —.—tan " — rm
23 3 - Py rormt
1 2
= Etan_l%—FC
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Example 2: Getting Rid of Radicals

/1,0
de = u 6u° du,if x = u® < u = x
1+ J/x

14+ Vub

U3 U8
— — 6P du=6| ——d
/1+u2 v /1+u2 .

= 6/ u6—u4—|—u2—1—|—; du
14 u?

1/6

6u’ 6u°
= %—%+2u3—6u—|—6tan_1u—l—C
7/6 5/6
- 6X7 —6X5 4+ 2xM2 _6x1/6 L gtan~t x1/6 4+ C
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Example 3

1 1 X X X
/—dx = / te © dx:/ 1—e— dx
14 ex 14 ex 14 ex
= /dx—/e—dx

1+ eX
1

= X—/—du, ifu=1+¢&"

u

= x—In|u|+ C, by Formula 3
x—In|l+e&|+C

= x—In(14¢€*)+ C, since 1+ ¢&* >0, for all x
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Example 3; Alternate Approach

1 e X e
—~  dx = dx = | ————d
/ 1+ ex x / (14 ex)e=x x / e X +1 X

1
= /—(—du), ifu=1+e"

u

= —In|u|+ C, by Formula 3

= —Injll+e | +C

= —In(l+e ™)+ C, sincel+e * >0, forall x

e +1
ox

= —In(l+e&)+In(eX)+ C=x—-In(1+e)+C

+C

(optional) = —1In
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Example 4

As the previous examples illustrate, integration can be quite tricky.
Here's another example that requires some algebra you may not
have thought of!

1 1 [
1 —sinx 1 —sin“x
1 :
— /—+52|nxdx
COS* X
= /seczxdx+/tanxsecxdx

= tanx+secx+ C
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Example 5

In integrals involving quadratic expressions, you may have to
complete the square before you make use of one of the basic 16

formulas. For example:

X — X
x2 + 6x + 34 (x +3)2+25
1
(letU:X—|—3) = /mdu

(use Formula 15) =
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Integration by Parts Formula

Recall the product rule:

(fe)'(x) = f(x)g'(x) + f'(x)g(x).

If you integrate both sides of this equation with respect to x you
obtain

/(fg)’(x) dX:/f(x)g’(x) dx+/f’(x)g(x) dx.

Simplifying the left side, and letting u = f(x), v = g(x), you obtain

uv:/udv+/vdu<:>/udv:uv—/vdu,

which is the integration by parts formula.
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Using [udv =uv — [ vdu

The hope is that if you can't do [ udv, you will be able to do
[ v du. However, to apply integration by parts, you always have to
make a choice — what is u? what is dv? — and you have to be able

to calculate both J
d—i and v = /dv.

You will find that some choices are better than others. You will
also find that although integration by parts is a very useful
method, not all integrals can be solved by this method. Indeed,
there is no single method that can solve all integrals. That is why
you have to learn all the different methods in Chapter 7.
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Example 1

/xexdx = /udv, for u = x,dv = e dx
= uv —/vdu, by the parts formula

= Xex—/exdx, since du:dx,v:/exdx:ex
= xe¥ —e+C

Note that the constant of integration, C, was not added in until
the last step. You could have used v = X + K, but then

uv— [ vdu=x(e*+K)—(e"+ Kx)+ C =xe*— e+ C.
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Example 2

For [ xsinxdx, let u = x, dv =sinx dx. Then

du = dx and v:/sinxdx: — COS X.

/Xsinde:/udv = uv—/vdu

= x(— cosx) —/(— cos x) dx

So

= —Xcosx+/cosxdx

= —xcosx+sinx+ C
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Example 3

Sometimes you have to use parts more than once. For example, for
[ x?eXdx, let u= x> dv = e“dx. Then du = 2x dx, v = €, and

/x2exdx=/udv = uv—/vdu

— x2e* — /2xex dx
—  x%e" —2/xexdx

= x%e* —2[xeX — ]+ C, by Example 1
= x%eX —2xeX +2eX + C
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Example 4

What about [ x”Inx dx? You might think you should let u = x”
and use parts seven times. But then dv = In x dx, and

v = f In x dx, which we don't know. Instead, let v = Inx, and
dv = x” dx. Then

/x7|nxdx:/udv = uv—/vdu

1 1 1
= —X8|nx—/—x8-—dx

3 3 X
1 1

= §X8|nx—§/x7dx
1 1

= gxslnx—6—4x8—|—C
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Example 5

The method of the previous example can be used to find [ Inx dx.
Let
u=Inx, and dv = dx.

/Inde:/udv = uv—/vdu
1
= Xlnx—/x-—dx
X
= Xlnx—/dx

= xlnx—x+C

Then
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Example 6

Use the same approach for [ xtan™! x dx. That is, let
u=tan"!x, let dv = x dx. Then

/xtan_lxdx:/udv = uv—/vdu

1 1 1
= §x2tan_lx—/§X2-—dx

14 x2
1, 4 1 x?
= §X tan X—E/de
1, 4 1 1
= EX tan X—E/ ].—m dx
= 1x2 tan ! x — ! (x — tan~! x) +C
2 2
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Some Generalizations

You can generalize the previous six examples as follows. Let n be a
non-negative integer. To integrate integrals of the form

/x”ex dx, /x” sin x dx, /x” cos x dx,

let u = x" and use parts n times. To integrate integrals of the

form
/X”Inxdx, /x”tan_lxdx, /x”sin_lxdx,

let dv = x"dx, and use parts once.
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Integrating Definite Integrals by Parts

Consider the definite integral, based on Example 4 above:

/x7|nxdx:/ udv = [uv]‘f—/ v du
1 1 1

_e® 1 [ ge € &f—1
= 3 wXh T3 a
B 1+7€8
N 64
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Example 7: A Tricky Example

/eXsinxdx = /udv, with u = e*, dv = sin x dx

= eX(—cosx)—/eX(—cosx) dx

= —eXcosx+/eXcosxdx

= —e“cosx+ [ sdt, with s = &%, dt = cos x dx

= —e*cosx+ <exsinx—/exsinxdx
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Example 7, Continued

So we have:

/exsinxdx = —eXcosx—l—eXsinx—/eXsinxdx

(:)2/exsinxdx = —efcosx+ e sinx+C
X 1 X 1 X
&S [ efsinxdx = —Ee cosx—l—Ee sinx + C
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Example 8; Another Tricky Example: fsec3xdx

/secxseczxdx = /udv, with u = sec x, dv = sec? x dx
= secxtanx—/tanxsecxtanxdx

— secxtanx — [ secxtan?x dx

= secxtanx — /secx sec2x—1) dx

= secxtanx — [ sec xdx+/secxdx
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Example 8, Continued

So we have:

/sec3xdx = secxtanx—/sec3xdx+/secxdx
<:>2/sec3xdx = secxtanx+/secxdx
<:>2/sec3xdx = secxtanx+ In|secx +tanx|+ C

1 1
<:>/sec3xdx = Esecxtanx+5In\secx+tanx|+C
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7.6 Other Integration Strategies
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Reduction Formulas

A reduction formula is an integral formula that gives an integral
with a higher power — of some part of it — in terms of a very
similar integral with a lower — or reduced — power of the same part.
For example,

1. /x”ex dx:x”ex—n/x”_lex dx

1 —1
2. /cos”xdx — “sinxcos" 1 x+ d /cos”_2xdx

n n
are both reduction formulas. Almost all reduction formulas are
proved by using integration by parts. Note: in reduction formulas,
n is almost always a non-negative integer.
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Example 9; Reduction Formula for fx”ex )%

Let u = x",dv = e*dx:
/x”ex dx:/udv:x”ex—n/x”_lex dx

x3eX — 3/x2ex dx, since n =3

wn
o
x
w
[}
X
53
I

= x%e* -3 [xzex — 2/xex dx] , using n =2

= x3e¥ —3x%eX+6 [xex — /ex dx] , using n=1
= x3& — 3x%e* + 6xe* — 6 + C
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Example 10; Reduction Formula for [ cos” x dx

/cosxcos”_lxdx = /udv, with u = cos™ ! x, dv = cos x dx
= sinxcos" tx — (n— 1)/cos”_2 x(— sin x) sin x dx
= sinxcos" tx+ (n— 1)/cos”_2xsin2XdX
= sinxcos" tx+ (n— 1)/cos”_2 x (1 — cos® x) dx

= sinxcos" ' x+ (n— 1)/ (cos" % x — cos" x) dx
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Example 10, Continued

So we have

(n—1+1)/cos”xdx = sinxcos”_lx—l—(n—1)/cos"_2xdx

& n/cos”xdx — sinxcos" ! x+ (n— 1)/cos”_2xdx

1 . B n—1 _
@/cos”xdx — Zsinxcos" lx 4 cos" 2 x dx
n n

For Example, if n =2

1 1 1 1
/coszxdx:isinxcosx—l—if dx:isinxcosx—l—ix—l—C

Chapter 7 Lecture Notes MAT187H1F Lec0101 Burbulla




7.1 Basic Approaches

7.2 Integration by Parts

7.3 Trigonometric Integrals

7.4 Trigonometric Substitutions
7.5 Partial Fractions

7.8 Improper Integrals

Chapter 7: Integration Techniques

7.6 Other Integration Strategies
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Example 11

/ cos® x dx

1
= gsinxc055x+g/cos“xdx7 with n =6

1 . 5(1 . 3 :
= 6smxcos5x—|—6 ZS|nxcos3x—i—Z/coszde , with n=14

1 . 5 . 5
= 65|nxcos5x+ ﬂsmxcos3x+§/coszxdx

1 5

= sin x cos® x + > sinxcos3x7L > Sin X Cos X + 5x+C
6 24 16 16
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A Note About Reduction Formulas

Section 7.3 will include many more reduction formulas. But don’t
memorize any of them; or any from this section.
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Connections Between Sine and Cosine

Recall the following results about sin x and cos x :

2

1. sin?x +cos?x =1

2. sin’(x) = cos x
3. cos’(x) = —sinx

These results can be used to integrate integrals of the form
/ sin™ x cos” x dx,

for m, n both non-negative integers.

Chapter 7 Lecture Notes MAT187H1F Lec0101 Burbulla

7.1 Basic Approaches

7.2 Integration by Parts

7.3 Trigonometric Integrals

7.4 Trigonometric Substitutions
7.5 Partial Fractions

7.8 Improper Integrals

7.6 Other Integration Strategies
7.7 Numerical Integration

Chapter 7: Integration Techniques

How to Integrate Integrals of the form [ sin” x cos” x dx

If mis odd, let u = cos x.
If nis odd, let u = sin x.

If m and n are both even, use the double angle formulas

1— 2 1 2
sin? x = C;S( X) and cos? x = +CZS( X),

or some other method.

4. Note: if both m and n are odd, let u = sinx, or let u = cos x.
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Example 1

sin® x cosZ x cos x dx

/sin4xcos3 xdx =

u*(1 — u?) du, with u = sinx

—~
<
~
I
c
(o))
~
Q.
c

I
—— —

1
7u7—|—C

c
(&

sin® x — ?sin7x7L C

Cl|l = Ol =
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Example 2

/sin3 X dx

sin x5|nxdx—/(1—c052x) sin x dx
(1-— u? ) (—du), with u = cosx

du

—~
c
N

I
\\\

B —u+C

cos>x — cosx + C

ooll—looln—\
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Example 3

4

sinZ x cos* x cos x dx

/sin2 Xcos’ xdx =

sin? x(cos® x)? cos x dx

u?(1 —2u® + u*) du

(u2 —2ut + u6) du

/
/
— /u2(1 — %) du, with u =sinx
/
/
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Example 3, Continued

So

/sin2xcossxdx = /(u2 —2u4—|—u6) du

1 2 1
§U3—EU5+?U7+C

— 1sin?’x—gsi Sx+ Zsin"x+ C
3 5 7
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Example 4

1(1 + cos(2x)) dx

/coszxdx =
1 1

= §X+§‘§S|n(2X)+C
- +1 in(2x) + C
= 2X 4-Sln X

If you substitute sin(2x) = 2sin x cos x, then this answer becomes

=S~

1 1 1 1
/cos2xdx = §X—|— Z(Zsinxcosx) +C= 5X—|— Esinxcosx—e— C,

which is the result we got using integration by parts.
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Example 5

/sin2 xcos’ xdx = (1 — cos(2x)) - %(1 + cos(2x)) dx
(1 — cos®(2x)) dx

sin?(2x) dx

e Y -l>||—\\
— T N

4

- % (X _ %sin(4x)> L C
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Connections Between Tangent and Secant

Recall the following results about tan x and secx :
1. tan®x + 1 = sec® x
2. tan’(x) = sec® x
3. sec’(x) = sec xtan x

These results can be used to integrate integrals of the form
/tanm x sec” x dx,

for m, n both non-negative integers.
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How to Integrate Integrals of the form [ tan™ x sec” x dx

If nis even, let u = tan x.
If mis odd, let u = sec x.

If mis even and n is odd, use integration by parts, or some
other method.

4. Note: if mis odd and nis even, let u = tanx, or let u = secx.
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Example 6

2

tan? x sec® x sec? x dx

/tan2 xsect xdx =

(v + u*) du

= /u2(1—|—u2) du, with u = tanx
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Example 7

/tan3xsec3xdx = /tan2xsec2xtanxsecxdx

- /(u2 — 1)u? du, with u = secx

= /(u4— u?) du

1 1
gU5—§U3+C

1

= gsec5x—§sec3x+C
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Example 8

/tanxsec8xdx = /sec7xtanxsecxdx

= /u7 du, with u = secx

1
= §U8—|—C

1
= gsecsx—l—C

You could use the substitution, v = tan x, but that'd be messier:
3
/tanxsech dx = /tanx (sec2 x) sec® x dx = / u(1+ v?)? du.
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Example 9

We have already seen how fsec3xdx can be done by parts.

Similarly,
/tan2 x sec> x dx
can also be done by parts, or by using a reduction formula. First:
/’can2 xsec> xdx = /(sec2 x — 1) sec® x dx

= /sec5xdx—/sec3xdx

Now look up the reduction formula for

/ sec” x dx.
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Example 10

/tan4xdx =

tan? x tan? x dx

tan? x(sec® x — 1) dx

I
— — —

tanzxsec2xdx—/tan2xdx
tan> x — /(seczx — 1) dx

tan3x —tanx 4+ x+ C
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Integrals of the Form [ cot” x csc” x dx

These are handled similarly to integrals of the form
[ tan™ x sec” x dx, using

1. 1+ cot?x = csc? x

2. cot’(x) = —csc? x
3. csc’(x) = — cot x csc x
In particular,

If nis even, let u = cot x.
If mis odd, let u = csc x.

If nis odd, and m is even, use integration by parts,
or some other method.
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Example 11: A Very Tricky Example

/ sin x dX:/sinx(cosx+s2inx) dx

COS X — sin x cos? x — sin® x

Sin X COS X + sin? x
dx

cos2 x — sin? x

1 [sin(2x) + 1 — cos(2x)
5/ cos(2x) o

1 1 1
= 5/tan(2x) dx+§/sec(2x) dx—i/ dx

1 1 1
= In | sec(2x)| + 2 In|sec(2x) + tan(2x)| — =x + C

2
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Example 11; An Alternate Approach

sin x %sinx+%cosx+%sinx—%cosx
. dx = _ dx
COS X — sin x COS X — sin X
1 sin X + cos x 1 Sin X — COS X
= — : dx + — : dx
2 COS X — SIn X 2 COS X — sSIin X
1 1 1 . )
= —— | —du— = | dx, with u = cosx — sinx
2 u 2

1 1
= —§|n|u\—§x—|—C

1 1
= ——In|cosx—sinx]—ix+C

This gives a different answer; but both are correct.
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Trigonometric Substitutions; aka Inverse Trig Substitutions

Integrand Contains | Trig Substitution | Inverse Trig Substitution

: L1 (X
a2 — x? try x = asinf or 6 = sin 1(—)
a

Vva® + x? try x = atand or  =tan~! (i>

1 (X
x2 — a2 try x = asecf or = sec 1(—)
a
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Example 1; x = tan§; dx = sec® 6 df

1 1 5
/de = /(1_|_tan29)3/2 secC 90’9
1 2
— /W sec” 0doO
sec? 0
= do
/sec30
1
= do
/sec9
= /c050d9

= sinf0+C
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Example 1, Continued

So far we have

1 .
/mdx:smHJrC.
At this point two comments are in order:

1. In simplifying (sec? #)3/2 = sec3 6, we assumed sec > 0.
Unless we have information otherwise, this will be our usual
approach in simplifying trig integrals after making a trig
substitution.

2. To finish the problem, we must put our answer back in terms
of x. To do this, we need to find sinf in terms of x, given
that x = tan#. This is most commonly done with the help of
a triangle.
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Example 1, Concluded

» In the triangle to the left,
— tané.

» The length of the hypotenuse
is v1+ x2.
» So

X V1 + x2 X
sinf = ——.
V1 + x?
» Thus

1 X
L de:—+c
(1+x2)% V14 x2
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/ x3 J 8sin3 0
—— ax —
Va4 — x? V4 — 4sin? 6

.3
= 8/S|n 0 cosf do
cos

2cosf db

= 8/sin30d9:8/sin295in9d0
_ 8/(1—u2)(—du), if U = cosd

8

3

= 8u+-u+C
3
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Example 2, Continued

3 8 8
/ﬁdx:—8u—|—§u3—|—C:—8c059—i—§cos39—|— C.
» In the triangle to the left,

x:2sin9(:>sin9:§.
X 2 2

» So

4 — x2
2

0 cosf =

4 — x2
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Example 2, Concluded

Thus

x3 3
— = dx = —8cosf+ ~cosPh+C
/\/4—X2 3
3
4 — x2 8 4 — x2

= 8| |+3 (5 +¢

1
= —4 4—x2+§(4—x2)3/2+c

(optionally) = /4 —x? (—4 + 1(4 - x2)> + C

3

N (x*+8)+C
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Example 3: x = 5secf; dx = 5secftan6df

HsecHtan O dob

/\/X2—25d V25sec2 6 — 25
— AaxX =
X 5secH

= 5/\/sec20—1tan9d9

= 5/tan29d9

x2 — 25 X
= 5/(sec29— 1) d6
= 5btan0 —-50+C )
= x2 — 25 —Hhsec ! <5> + C 5

5
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Example 4; Example 1 Revisited, x = tan

In a definite integral, you should change the limits as you make the
substitution. This will make it unnecessary to change back to x :

1—1 d "/ 1 20do
/0 (14 x2)3/2 = /0 (14 tan2 9)3/2 >eC

/4
= / cos O do
0

= [sin6]3/*
1

V2

It will not always be as easy to change the limits as in this example.
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Example 5: An Integral That Can De Done Four Ways

Consider the integral
X3
IR =
V1—x2
In keeping with the methods of this section, we could let x = sinf :
= >N cos 6 db

3
X
—— dx
/\/1—><2 V1 —sin%0

= /sin39d9

1
= —c059+§cos3«9—l—C

= — 1—X2—|—%(1—X2)3/2—|—C
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Example 5, Using Integration by Parts

/X_3dx _ /Xz.LdX
V1—x2 V1—x2
X

= udv, with u=x?,dv=—"—-—" dx
/ V1 —x2

— X2 (—\/1—X2)—/(—\/1—X2)°2de
= —x? 1—X2—|—/\/1—X2°2XdX
— —x2\/ 1—x2— 2 (1 —X2)3/2 + C
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Example 5, Using a Simple Substitution

/ x3 J 1/2 2
——dx = —= [ x* —=dx
V1—x2 2 V1 — x2
1 [1-
= udu with u =1 — x?

NG

= —%/(u_lp—ul/z) du

= —\/_+ B2y C

= — 1—x2+%(1—x2)3/2—|—(:
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Example 5, Using Another Substitution

/X_3dx _ _/Xz.—_xdx
V1—x2 V1 — x2
1 — 2
= _/_u - udu, with 1? =1 — x?

u
= /(u2—1)du
= %u3—u—|—C

1
= —(1-x»)¥2-V1-x2+C
3
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Example 6: x = tand; dx = sec? 6d6

1
| e : Vi

1 2
= /(1—|—tan20)2 -sec” 0 do
1
— /c0529d9: 5/(1+cos(29)) db 1

1 1 1 2
— §9+Zsin(20)+C:§0+Zsin0c059+C
Lot 1 % 1
= —tan " x4+ = .
2 2vVx2+1 Vx2+1
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Example 7

In integrals involving quadratic expressions, you may have to
complete the square before you make a trig substitution.

1 1
dx = d
/x2+6x—16 x /(x+3)2—25 X
1
I = = .
(let x + 3 = 5sech) /255ec29—25 5secftanf do
1 [ secftanf
= - | ————db
5/ tan2 0

= 1/csc0d0
5

1
= —gln\csc0—|—cot0| +C
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Example 7, Continued

» In the triangle to the left,
X + 3 = b5sech.

» The length of the third side is

y =vx2 + 6x — 16.
» So
y x+3 x+3
cscl = .
Vx2 +6x — 16
» And
d 5
5 cot = )
Vx2 4+ 6x — 16
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Example 7, Concluded

1 1
/x2—|—6x—16dx 5n|csc9—|—cot9|—|—C, so far

1 x4+ 3 5

n +
5 |Vx24+6x—16 +x2+6x—16

1 2 —1
_ 1 Vx2 + 6x 6 L C
5 X+ 8
X —2 1 X —2
ti [l = —| C=—I C
(optionally) n o + 10 n o +
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Example 8

1 1
de = d, let x +1=tan0
/x2+2x+2 ) /(X+1)2+1 o e =

1
= /m-sec29d9

= / df, since tan®f 4 1 = sec?

= 0+C
= tan }(x+1)+C

Chapter 7 Lecture Notes MAT187H1F Lec0101 Burbulla




7.1 Basic Approaches

7.2 Integration by Parts

7.3 Trigonometric Integrals

7.4 Trigonometric Substitutions
7.5 Partial Fractions

7.8 Improper Integrals

7.6 Other Integration Strategies
7.7 Numerical Integration

Chapter 7: Integration Techniques

Example 9

/ 1 dx / dx
V9 + 16x — 4x2 \/ 4X—Z)

/\/ —4x+4 -2 )dX

dx
/\/ 4x—2)2+25

dx

/\/52 — (2x — 4)2
So let 2x —4 =5sinf < x = 2sin6 + 2.
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Example 9, Concluded

We have 5
2x—4:55in0<:>x:§sin0+2.

Then

-§c050d0

| o = |
X _=
V52— (2x — 4)? V25 — 25sin2g 2

1

_ 5/de
1

= S0+ C

1 2x — 4
= Esin_l XT -I—C
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Example 10

x—3

((x +2)2 +32)*?

3tanf —2 —3
. 3sec’ 0 do
(9tan2f 1 9)3/2 7

3tanf — 5d0

/ x—3 d
X =
(x2 + 4x + 13)*/2
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Example 10, Continued

>
3
cosf = >
X4+ 2 Vx2 4+ 4x + 13 VX2 +4x+13
>
2
sinf = X+
) Vx2 4+ 4x + 13
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Example 10, Concluded

So / X3 375 dx
(X2—|—4X—|—13)/

1 5

= —§c059—§sin9—|—C

B _1 3 _5 X+ 2 n
3 VxX2+4x+13 9 Vx2+4x+13
1 5x + 19

9 Vx2 +4x + 13
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The Substitution u = tan(x/2)

This is sometimes referred to as the world’s sneakiest substitution.

Check that:
sin 2sin <X> CoS (X> 2u
inx = 2sin | = — ) = —
2 2 1+ u?
U V14 u?
COS X = COS? (i)—sin2 (i) = 1_—u2
a 2 2) 14+ u?
2d
x/2 ><:2tan_1uidx:—u2
1 1+u

It can be used to transform integrands which are rational functions
of sin x and cos x.
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Example 11

/ dx
1 — sin x + cos x

2du

= Lhee , with u = tan(x/2)

2 1—u?
1—(1+LLII2>+<1+Z2>
du
- — _In|1-
/l—u n|ll—ul+C
= —In|l —tan(x/2)|+ C
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Example 12: Alternate Approach to Example 11, Sec.

2u
/ sin x / (1—|—u2) 2du
- dx =
COS X — Sin x (1—u2)_< 2u ) 1+ u?

1+u? 1+u?

4u
- _/(u2—i—2u—1)(1—|—u2) du

1 1
(partial fractions) = 5 In(u? +1) — 3 In|u?4+2u—1] —tantu+ C
1 1
<u:tan§) = In‘secg’—iln‘tan2g—|—2tang—1 —§x+C
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Rational Functions

This section is about how to integrate a rational function.
» If p(x) and g(x) are polynomials, then

p(x)
q(x)
is called a rational function.
> If the degree of p(x) is greater than or equal to the degree of
q(x), then long division will result in a polynomial plus a
rational expression in which the highest degree is in the
denominator.
» The method of partial fractions applies to rational functions in
which the highest degree is in the denominator.
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Example 1

2 —~ 2
/X J;:SLX7 5 dx = / (x -1+ o 7) dx, by long division
2

x“—=x+2In|x+7+C

For all remaining examples in this section, the rational function to
be integrated will have the highest power in the denominator, so
that no long division will be necessary. But the rational functions
to be integrated will be much more complicated than this example,
so that some new techniques will have to be developed.
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Example 2; The Idea Behind Method of Partial Fractions

Since

2 3 ox—-1_ 3x3 4+ x =2
x+1 (x+1)2 x24+1  (x+1)2(x24+1)’

as you can check,

3x3 4 x -2 2 3 x—1
dx = [ —dx— [ —2 et [ X
/(x+1)2(x2+1) X /x+1 X /(X+1)2 X*/x2+1 X

To integrate the left side, we will integrate the right side term by
term.
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Example 2: Commentary

2 3 +X—l
x+1 (x+1)2 x?>+1

are called the partial fractions of

3x3 +x—2
(x +1)2(x2+1)

To integrate
3x3 4+ x—2
(+ 1202+ 1)
we integrate the partial fractions, each of which is easier than the
original expression.
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Example 2; Concluded

/ 3x3+x—2 J
Ix
(x +1)2(x2+1)

2 3 x—1
= dx — | ———=d d.
/X—l—]. X /(erl)2 X+/X2—|—1 x
2 3 X 1
— /X+1dx—/—(x+1)2dx—|—/X2+1dx—/X2+1dx

3 1
= 2In|x+1+——=+4=1In
x+1 2
This example also exhibits all possible terms in the answer for the
integral of a rational function: rational expressions, logarithms, and

inverse tangents.

Chapter 7 Lecture Notes MAT187H1F Lec0101 Burbulla

(x> +1)—tan"tx+ C

7.1 Basic Approaches

7.2 Integration by Parts

7.3 Trigonometric Integrals

7.4 Trigonometric Substitutions
7.5 Partial Fractions

7.8 Improper Integrals

7.6 Other Integration Strategies
7.7 Numerical Integration

Chapter 7: Integration Techniques

How to Find Partial Fractions of p(x)/q(x)

First you must factor the denominator, g(x).
1. For every linear factor ax + b which is repeated m times, the
partial fraction decomposition includes

A1 n Ao T Am
ax+b  (ax+ b)? (ax + b)™’
for constants A1, A, ..., Amn, which need to be determined.

2. For every irreducible quadratic factor ax? + bx + ¢ which is
repeated m times, the partial fraction decomposition includes

Ai1x + B Aox + B> n n Amx + Bm
ax?+bx+c  (ax?+ bx + c)? (ax? + bx + ¢c)™’
for constants A1, B1, A, By, ..., Am, By, to be determined.
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7.6 Other Integration Strategies
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Example 2 Revisited: Finding The Partial Fractions

The factors of the denominator were given: x + 1 is a linear factor,
repeated twice; x? + 1 is an irreducible factor. Thus we need to
find constants A, B, C and D such that

3x34 x—2
(x+1)2(x* +1)
A B Cx+D
x—|—1+(x—|—1)2+ x2+1
Ax +1)(x®* +1) + B(x® +1) + (Cx + D)(x + 1)?
(x +1)2(x* +1)

(A+C)x3+(A+B+2C+D)x*+(A+C+2D)x+A+B+D
G202+
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An Application of Linear Algebra

Since the denominators of two equal fractions are the same, the
numerators must be equal. Comparing coefficients, we obtain the
system of 4 equations in 4 unknowns:

A + C = 3
A+ B + 2C + D = 0
A + C + 2D = 1
A + B + D = =2

Solve this system any way you like! By subtracting the third from
the first equation, you obtain —2D = 2 < D = —1. By subtracting
the fourth from the second equation, you obtain 2C =2 < C = 1.
Then A =2, and B = —3 quickly follow.
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Example 2; the Last Word

We have A=2 B=-3,C=1,D = —1, so that

3x3 +x -2 A N B +Cx—|—D
(x+1)2(x2+1)  x+1 (x+1)2  x2+1
2 3 x—1

x—|—1_(x—i—1)2+x2—|—1’

which are precisely the partial fractions we started with, in
Example 2. Other examples follow. Note: needless to say, the
method of partial fractions involves lots and lots of algebra. That
may be why it is not very popular!
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2x + 1
Examp|e 3: /m dx

x?4+3x+2=(x+2)(x +1). So let

211 _ A B _Ax+1)+B(x+2)
x24+3x+2  x+2 x+1  (x+2)(x+1)

s2x+1 = (A+B)x+A+2B

{A + B = < A=3and B=—1, and so

2
A+ 2B =1
3

2x +1 1
dx = dx— dx = 31 2|—I 1
/x2+3x+2 x /x+2 X /x+1 x = 3In [x+2|—In|x+1]+C
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7.7 Numerical Integration

6x° +5x — 3
Example 4: X TIX T2 Jgr X 1)¢
X3 — X

x3 —x =x(x?>-1) = x(x — 1)(x + 1). So let
6x° + 5x — 3 A B C

x3 — x x x—1 x+1
A(x? — 1)+ Bx(x + 1) + Cx(x — 1)
x(x = 1)(x+1)

S6x°+5x—3 = (A+B+O)x*+(B-CO)x—A
A+ B + C = 6
B - C 5 < (AB,C)=(3,4,-1)
—A = -3
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Example 4, Continued

Thus

2 — 4 1
/6X TOX =3 e = /§dx+/ dx—/ dx
x3 — x X x—1 x+1

= 3In|x|+4In|x =1 —In|x+ 1|+ C

As this example shows, the integration is usually the easiest part!
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Example 5:

x3 —x? = x%(x —1). So let

2x2 — 4x + 3 A B C

x3 — x? x x> x—1

Ax(x — 1) + B(x — 1) + Cx?
x?(x — 1)

&2x* —4x+3 = (A+O)x*+(-A+B)x—B

A + C = 2
A + B = 4 = (AB,C)=(1,-31).
-~ B = 3
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Example 5, Continued

Thus
2x> —4x+3 1 3 1

x3 — x2 X X

and so

2x2 — 4x + 3 1 3 1
/ Ry dx = /;dx—/;der/X_ldx
3

= |n|x|—|—;—|—|n|x—1|—|—C
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6x°> + 29x + 36
Example 0: /m dx

x3 4+ 6x2 4+ 9x = x(x? 4+ 6x +9) = x(x + 3)%. So let
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6x% + 29x + 36 A B C
X3+ 6x2+0x ;+X+3+(X—{—3)2
A(x +3)? + Bx(x + 3) + Cx
x(x + 3)2
& 6x2+29x+36 = (A+B)x*+(6A+3B+ C)x+9A

By inspection, you can see that

A=4B=2,and C = —1.
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Example 6, Continued

Thus
6X2+29X—|—36_4+ 2 1 _
x34+6x24+9x  x x+3  (x+3)?
and so
6x2 + 29x + 36 4 2 1
d = —d. dx — | ——=d
/X3—|—6X2+9X X /X X+/X+3 * /(X+3)2 )
1
= 4In|x|+2In|x+3|+ ——=+C
x+ 3
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7.7 Numerical Integration

6x* —x +5
EI e X3—X+ dx
X7+ X

x3 + x = x(x?> +1). x> + 1 is an irreducible quadratic; so let

6x%> — x + 5 A Bx+C
3 = YT T
x> 4 x x  xc41
AP +1)+ (Bx+ C)x
B x(x?2+1)
S6xP—x+5 = (A+B)x°+Cx+ A

By inspection, you can see that

A=5B=1, and C = —1.
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Example 7, Continued

Thus

5 X 1
_ [ 24 X - [ ———d
/X X+/x2—|—1 X /x2—|—1 x

1
= 5|n|x|—|—§|n(x2—|—1)—tan_1x—|— C
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3 .
Example 8: /X+6—X+de

x4 —1
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x*—1=(x>=-1)(x*+1)=(x—1)(x+ 1)(x> +1).
Then
x3 4+ 6x% + x A B Cx+ D

x4 —1 x—1+x—|—1+x2—|—1
Ax + 1) (x> + 1)+ B(x — 1)(x2 + 1) + (Cx + D)(x* — 1)
(x —1)(x+1)(x2+1)

= x34+6x%2+x
= A+B+O)P+(A-B+D)x*+(A+B-C)x+A-B-D
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Example 8, Continued

We must solve the system of 4 equations in 4 unknowns:

A+ B + C = 1
A — B + D =6 _
A+ B - C _ 1 ©(ABCD)=(2-103),
A — B — D =0
as you may check. Thus
X3—|—6X2—|—X_ 2 B 1 n 3
x4—-1  x—1 x+1 x241
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Example 8, Conclusion

Finallly,

x3 4+ 6x° + x 2 1 3
dx = dx — d —d.
/ x*—1 X /X—]. X /X-|—1 X+/X2-|—1 x

= 2In|x—1/—In|x+1|+3tan"tx+ C
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2x3 + 7x°* — 13
e @ || e K XY o
x* +5x2 +4

x* 4+ 5x2 4+ 4 = (x? + 4)(x? + 1), which are both irreducible
quadratic factors. So let

2x3 +7x% — x4+ 13 Ax+B (x+D
x* 4+ 5x2 + 4 X2—|—4+X2—|—1
(Ax + B)(x* + 1) + (Cx + D)(x* + 4)
(T A+ 1)

& 23+ 7x?—x+13 = (A+ CO)x> +(B+D)x*+(A+4C)x+B+4D
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Example 9, Continued

We must solve the system of 4 equations in 4 unknowns:

A + C = 2
B + D = 7 B

A + 4C = -1 <:>(A7 B? C7 D)_(3757_172)7
B + 4D = 13

as you may check. Thus

2x3 +7x%2 — x + 13 B 3X+5+ 2 —x
x* +5x2+4 X244 x241°
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Example 9, Concluded

Finally,

2x3 + 7x2 X—|—13

B / X—|—5 +/2—Xd
a x2+1 x
3,
2

3X 5 2 X
d —d —— dx — —d
X2 + 4 X+/x2—|—4 X+/X2-|—1 x /x2—|—1 x

5 1
In(x*> +4) + = tan~! (5) + 2tan™ 1x—§|n(x2—|—1)—|—C
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7.7 Numerical Integration

3x4 4+ x3 + 4x2 + 1
Example 10: /wdx
x(x? 4+ 1)?

Since the denominator has already been factored, let

3x*+x3+4x*+1 A Bx+C Dx + E
x(x2 4 1)2 - X7 x2+1 i (x2 +1)2
O AGR+ 12+ (Bx+ O)(x® + x) + Dx® + Ex
B x(x% 4+ 1)2

& 3341 = (A+B)X* + O+ (2A+B+D)x* +-(CHE)x+A,
from whichwesee A=1,C=1,B=2,D=0, and E = —1.
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Example 10, Continued (using Example 6, from Sec 7.4)

Thus

dx

/3X4—|—X +4x2 +1
(x?+1)?

/1d +/2x—|—1 /
= — dx
X (x? +
1 2x 1
— /;dx+/x2+1dx+/—X2+1dx—/—(x2+1)2dx

1 1
= In|x| +In(x* +1) +tan  x — Etan_lx— §x2: 1 + C
1 1
= In|X|—|—|n(X2—i—1)+§tan_1X—EXZLH—FC
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Definitions of Improper Integrals: fab f(x) dx

An improper integral is a definite integral in which one of two
things occurs:

1. the integrand, f(x), has an infinite discontinuity at some
point in the interval [a, b].

2. one, or both, of the limits of integration, a or b, are infinite.

In either case, an improper integral is evaluated by calculating a
limit of a proper definite integral. If the limit exists, the improper
integral exists, or converges, or is finite. If the limit doesn't exist,
then the improper integral doesn't exist, or diverges, or is infinite.
Some examples follow.
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Example 1: fol % dx: Vertical Asymptote at x = 0

4.0: 1 1
36| —dX
i /o VX
sl 11

i = |im — dx

24 a—0+ 3 \/)_(
= lim_[2Vx]]

16+ a—0+t

1.2 = lim (2 —2+v/a
Jim (2-2V3)
o4 = 2-0
ﬂ-ﬂ_.|||||.|||||||||.||| = 2

oo o1 02 03 04 05 06K 07 08 09 10
x
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Example 2: fol L dx; Vertical Asymptote at x = 0

4.l.'|i 1 1
3.5j — dX
3.2 0 X

ol 1 1
2.6 .

- = |im — dx
24 a—0* J, X
e = lim [Inx]i
1.5 a—0t
1.2 = lim (In1—1Ina)

7 a—0t
0.5 -
= 0—(—00)

= o
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Example 3: [/~ % dx; Infinite Limit of Integration

- w 1
.96 —
0.5 —dx
4 1 X
05
il b
.72 . ) 1
3 = |im — dx
.64 — b—oo 1 X
0.56 . b
vai = lim [Inx]{
i b—oo
4 )
- = lim (Inb—1In1)
0.32: b_>oo
0.24: — OO _ O
16|
] —

2
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Example 4: floo é dx; Infinite Limit of Integration

1.0 — dX

| 2
0.9 1 X
0.5 b 1

. = |im — dx
== b—oo J1 X
lJEi 1 b
53 = |lim |[——
04 - b—o0 X 1
' 1 N 1

] _— m PR —
& b—o0 b 1
i = 0+1
0T T T T T T T T T T T T T T T T [T T 1T
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Example 5: [~ L dx; Infinite Limit of Integration

1+x2
> 1

10 — dx

7| 0 1 + X
0.9 b
P _ 1
i = lim — 5 dx
07 b—oo Jo 14+ x
ﬂ.E: L . -1 b
02 = b||_)moo [tan X} 0
i = lim (tan_1 b—tan™! 0)
0.3 b—oo
02] s

_ - — 0
0.1 2
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T
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Example 6: ffoo L

This is the mirror image of the previous integral, that is, the
reflection of the previous one in the y-axis. It is calculated as
follows:

0 1 - 0 1
[ et = am [ e

= lim [tan_1 X}S
a——00

= lim (’can_lo—tan_1 a)

a——00

- 0-()

(0
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f(x) dx
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(0.0)
—00

Improper Integrals of the Type |

This type is evaluated by calculating two improper integrals:

/_Zf(x)dx _ /_Ooof(x)dx+/ooof(x)dx

= lim /aof(x)dx—i— lim /Obf(x)dx

a——0o0 b— oo

Both of the improper integrals

/_OOO f(x) dx and /OOO f(x) dx

must exist independently of each other for [*°_ f(x) dx to exist.
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Example 7: [ ﬁ dx

00 1 0 1 o0 1
—~ _dx = — d —d
/_001+X2 x /_001+X2 X+/0 14 x2 x
T T .
= §+§, by previous examples

= 7

Note: sometimes a change of variable will transform an improper
integral to a proper integral:

00 1 /2 1 /2
[ba [ s [T
0 ].—|—X 0 1—|—tan9 0 2
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Escape Velocity

Suppose an object of mass M, is fired with speed v off a planet
with mass My and radius R. What is the object’s escape velocity?
the speed needed to become free of the planet’s gravity?

T2 = / CMM 4,

2 R r
[ GMiM]® GMM,
B r R N R

;»1\/2 B GM1:>V_ [2GMy
2 R a R

For the earth, this works out to be 11.2 km/sec. (This is also the
speed with which an asteroid would hit the earth.)
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Integral Tables

Inside the back cover of the textbook there is a short table of
integrals that lists 106 integral formulas. Using the methods of
Chapter 7 we could prove all of these 106 formulas. In practice, if
you are a working scientist and you need an integral, you would
probably consult a table of integrals, or some mathematical
software like Maple or Mathematica. If you consult an integral
table to solve an integral, you will often first have to do some
manipulation, or make a substitution, before you can use the
integral formula. An example follows. By the way, there are tables
of integrals that are much longer than the 106 formulas listed in
our book!
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Example 1

Formula 66 inside the back cover of our textbook says

2
Va 2+ C.

a L u
U= —sin_ " — —
a

[ =
Ve—e T2

To apply this formula to

u
2

X2
/ dx,
V25 — 16x2
you have to first make a substitution, namely u = 4x, so that
du = 4dx. Then

du

%
/ dx:—/4—
V25 — 16x2 4 | /25 — u?
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So

1 2
/ LSV O B ¢ 1)
V25 — 16x2 4 25 — 12

1 2
= — : du
64 52 _ 2
L (Bgn 1Y Y5 2) 4
64 \ 2 5 2
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Example 1 with Maple

Maple is a very powerful computer algebra system, which can
basically do all calculus:

> integrate(x? /sqrt(25 — 16 * x?), x);

5

Note: no constant of integration. Other commonly used computer
algebra systems are Matlab and Mathematica. These packages use
the same methods we have covered, plus many other substitutions
that we have not explicitly stated.
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Approximating Definite Integrals

b
We know that if F' = f on [a, b], then / f(x)dx = F(b) — F(a).

However, there are at least two reasons why this approach may be
impractical.

1. For one thing, it may be extremely difficult — it may be
impossible — to find the antiderivative of f(x). For example, it
is known that none of these functions — e, cos(cos x), or
(1 + x2)%/3 — has an elementary antiderivative in terms of x.

2. Secondly, even if you know F, it may not be easy to evaluate

5
1
F(a) or F(b). For example, / — dx = In5; but what is In57
1 X
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The Trapezoid Rule: To Approximate

a Ax b

X0 X1 Xi—1 Xi Xn—1 Xn

Ai = 1(f(x,_l) + f(x;)) Ax; so A= /b f(x) dx
~Y A=Y %(f(x,-_l) + F(xi)) Ax

i=1 i=1

Ax

= S (F(x0) +2f(xa) + -+ 4+ 2f (o) + F(xa) = T,
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1
Example 1: Approximate —dx with n = 4; y; = f(x;).
1 X
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AnApproximation of the Integral of
flxr=1{x
oh the Interval [1, 5]
Using the Trapezoid Rule

Area: 1 683333333

U?S—E 1

T Ty = §(yo+2y1+2y2+2y3+y4)
_ 11,22, 2 1

- 2\1 2 3 4 5

0.0 T T | 3 e o e e e 2 o o | ]_O].
A R A N _ 2~ 1683333...
-0.25-] i 60

Partitions: 4

—_— )
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5
1
Example 2: Approximate — dx with n =8

AnApproximation of the Integral of
flxr=1{x
oh the Interval [1, 5]
Using the Trapezoid Rule

1
Area: 1 626966254 f(X) = —,n= 8; Ax = — = 0.5
X

1_0_; 8

MS_E T8 — l 1_|_i_|_g+i_|_
4\1"15 " 2" 25
2 2 2 2 1
3735717355
5 D ~ 1.628968254 . ..

—_— flx
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1
Example 3: Approximate ———— dx with n =2

An Approximation of the Integral of
) = 1/ (141 16# 420
on the Interval [0, 4]

Using the Trapezoid Rule
1 4 -0
. Area: 3.100000000 f(X) = —F= N = 2; Ax=— =2

T ——_ 1+ (3)° ?

0.25] 2 1
* 1+ (0.5)? i 1412

UU T LI B B I | =% T T T T 17T rrr LI |
1 1 2 3 4
] % — 3.1

I Partitions: 2

—_— i)
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Example 4: Approximate ——dx;n=4;y; = f(x)

X
4

An Approximation of the Integral of
= 1/{1+1 1 Bwchdn 1 4 - 0

on the Interval [0, 4] f(X) = N = 4, AX = — 1

Using the Trapezoid Rule
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Area: 3131176471

:_=‘==‘=‘='===.__

,_.
=
]

] [ 1
n.?s—: T4 = 5 (.yo + 2y1 + 2)/2 + 2)/3 + .y4)
] 2 1

A TTr7me 11

- Partitions: 4 ~ 3131176471 o ..

—_— i)

l
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Simpson's Rule. Let y; = f(x;). Let n be even.

Let (xj_1,¥i—1), (i, y;) and (xj11, yi+1) be three consecutive data
points; and g;(x) the quadratic function that passes through them.

Xi+1 Xi+1 A x
Let / f(x)dx ~ / gi(x) dx = A; = ?(Yi—l + 4y + Yit1).

i—1 i—1
b n/2
f(x)dx o~ A 1 =A1+A3+---+A,_
f(x) gi(x) /a (x) ; 2i—1 1+ A3 n—1
Ax

= T(YO+4)/1+2Y2+4)/3+'”

+ -+ 2yn—2 +4yp_1+ yn)
Xi—1  Xi  Xi+1 = 5n
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5

1
Example 5: Approximate —dx with n =4;y;, = f(x)
X

AnApproximation of the Integral of
flxr=1{x
oh the Interval [1, 5]

Using Simpson’'s Rule ]_ 5 i ].
fx)=—n=4Ax=——=1
o Area: 1622222223 X 4
u.rs—: 1
: Sy = §(Yo +4y1 +2y2 +4y3 + ya)
_ 114 2 4 1
~ 3\1 2 3 4 5
D.D_....|||||||||||||||| 7
] 2 3 : 5 = —3 ~ 1.6222222...
-0.25 o * 45
— fi
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Example 6: Approximate
1
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1
—dx with n =8
X

AnApproximation of the Integral of
flxr=1{x
oh the Interval [1, 5]
Using Simpson’'s Rule

Area: 1610846561

LI I O A B Y N O O Y I B I |
E 2 3 4 5
x

Partitions: 4

)

12

1.610846561 . ..
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1
———dx;n=4;y; = f(x)

An Approximation of the Integral of
ey = 1/(1+1 6w
on the Interval [0, 4]
Using Simpson's Rule

Area: 3141568627

1-0__\
0.75-] S
i 4
0.5
0.25-]
UU i T LI B B I | =% T T T T 17T rrr LI |
1 1 2 3 4
] ®
-0.25-
E Partitions: 2
—_— i)

Chapter 7 Lecture Notes

(yo+4y1 + 2y> + 4y3 + ya)
4 y)

1
3
Ly +
3 1+4(0.25)2 1+ (0.5)2
4 1
_|_
14 (0.75)2  1+1?

3.141592502. ..

_|_

12

MAT187H1F Lec0101 Burbulla




7.1 Basic Approaches

7.2 Integration by Parts

7.3 Trigonometric Integrals

7.4 Trigonometric Substitutions
7.5 Partial Fractions

7.8 Improper Integrals

7.6 Other Integration Strategies
7.7 Numerical Integration

Chapter 7: Integration Techniques

10
Example 8: Approximate cos(cos x) dx; with n =2

AnApproximation of the Integral of An Approximation of the Integral of
flx1 = coslcosixn flx) = coslcoslxn
oh the Interval [0, 10] oh the Interval [0, 10]
Using the Trapezoid Rule Using Simpson's Rule
1.0 Area: 7821325210 1104 Area: 5414339908
0.75-] 0.75]
0.5-] 0.5
0.25-] 0.25]
D-D_||||||||||||||||||| U-U_||||||||||||||||||||
g 1 2 3 4 3 FA 9 10 A 1 203 4 b FA 9 10
] ® ] %
-0.25- -0.25+
. Partitions: 2 . Partitions: 1
—_— — fi
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10
Example 9: Approximate cos(cos x) dx; with n = 4

AnApproximation of the Integral of An Approximation of the Integral of
flx1 = coslcosixn flx) = coslcoslxn
oh the Interval [0, 10] oh the Interval [0, 10]
Using the Trapezoid Rule Using Simpson's Rule
1.0 Area: 5001680130 1104 Area: 5061793436
0.75-] 0.75]
0.5-] 0.5
0.25] 0.25]
Wg—TrrrrrrrrrrrrrrroTrr T LU o oy I e I |
g 1 2 3 4 5 3 FA 9 10 A 1 203 4 5 b FA 9 10
] ® ] %
-0.25- -0.25+
F Partitions: 4 . Partitions: 2
—_ i —  fl
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Example 10: Approximate cos(cos x) dx; with n = 8

AnApproximation of the Integral of An Approximation of the Integral of

flx) = coslcoskxn
oh the Interval [0, 10]
Using the Trapezoid Rule

Area: 7.B05330664

flx) = coslcosxn
ob the Interval [0, 10]
Using Simpson's Rule

Area: 7473214443

1.0 1.0

0.75-] 0.75]

0.5-] 0.5-]

0.25-] 0.25]

L L L L [ L | L LI L I |
I 1 o2z 3 4 5 B 7 8 9 10 o1z 3 a4 s 10
3 x ] x

-0.254 -0.25-]
. Partitions: & . Partitions: 4

—_— — fi
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Example 11: Approximate cos(cos x) dx; with n = 16

AnApproximation of the Integral of
flx1 = coslcosixn
oh the Interval [0, 10]
Using the Trapezoid Rule

An Approximation of the Integral of
flx) = coslcoslxn
ob the Interval [0, 10]
Using Simpson's Rule

Area: 7561486730 Area: 7 546672014

1.0 P 1.0

0.75-] 0.75]

0.5-] 0.5

0.25] 0.25]

L L e B | L LI B I B |
o1 o2 3 4 5 6 7 & 9 10 01 oz 3 4 s 10
3 x ] x

0,254 _0.25-]
F Partitions: 16 . Partitions: &

—_ i —  fl
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Error Estimates

The accuracy of Trapezoid or Simpson’s Rule approximations can
be calculated with the help of the following error estimates:

1.

b 3
Mg(b— a)
/a f(x)dx — Tp| < —
2. i ;
M4(b— a)
_ < 8\7 4]

/a f(x)dx — S, < 1807

where M, is the maximum of the absolute value of the kth
derivative of f on the interval [a, b].
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5
Example 12: Approximating / f(x)dx;a=1;b=5
1

1. My =2 =

/15 f(x)dx — T,

24(5—1)> 2048
—  180n* = 15n%

5
/ f(x)dx — T, 32
1

< —
~3.82
> 204
/ f(x) dx — Sn 0 84 — 0.03333333....
1

— 15-8

2. My =24 =

/15 F(x) dx — S,

If n =8 then = 0.16666666 . . ., and
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