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What Is An Infinite Sequence?
An infinite sequence is a sequence of numbers, a,, for which n is a
non-negative integer:
dg, d1,d2,4d3,...,4dn, -
Such a sequence can be represented by

{an}n2o, or simply {an}.

Warning: sometimes the sequence begins with a; instead of ag. In
either case, we call a, the nth term of the sequence, even if the
sequence begins with ag. Then we call ag the 0th term.
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Examples

Here are some sequences that are defined in terms of explicit
formulas for the nth term:

1. ap = (—1)",n > 0. The terms of this sequence are

1,-1,1,-1,1

9 PRI

2. bp=1/n,n> 1. The terms of this sequence are

1

g oo

ENJIP

11
Y 27 37
3. ¢y =sin(nm),n > 0. The terms of this sequence are

0,0,0,0,...
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The Limit of a Sequence

We say L is the limit of the sequence with nth term a,, or that the
sequence converges to L, if lim a, = L. For the three examples

n—oo
above:
1. lim a, = lim (—1)" doesn't exist; {a,}52, doesn't converge.
n—oo n—oo
: 1
2. lim b,= lim — =0
n—oo n—oo N
3. lim ¢, = lim sin(n7) = lim 0=0
n—:oo n—oo n—oo

NOTE: Suppose f(x) is a function such that f(n) = a,. If
lim f(x) = L, then the limit of the sequence is also L. But the

X—0Q0
converse is not in general true. See Example 3 above.
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Calculating the Limit of a Sequence

Depending on what the formula for the nth term of a sequence is,
it could be very difficult to calculate the limit of the sequence. You
may have to use L'Hopital’s rule, the Squeeze Law, or some other
techniques for limits that you saw in Calculus I. For example,

i T/2—tan"tn im _1+1n2
nmee cos (T1F) v —sin (2813) (32) (5)
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A Sequence You Should be Familiar With

Somewhere in your mathematical past you should have seen the
formula for e in terms of a sequence:

1 n
lim (1 + —) = e.
n—oo n
Starting with n = 1, the first few terms of this sequence are

2,2.25 2.370370370.. . . , 2.44140625, 2.48832

The 100th term in the sequence is 1.01190 ~ 2.704813829 .. .;
the 1000th term in the sequence is 1.00119%° ~ 2.716923932.
Correct to 20 digits, e = 2.7182818284590452354
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Recursive Sequences

Recall the formula from Newton's method for approximating
solutions to the equation f(x) =0

f(Xn
Xn+1:Xn_f/(())<<)), forn:0,1,2737...
n

X0, X1, X2, X3, . .. 1S an infinite sequence, and its limit is equal to an
actual solution of the equation. But it is different from all the
sequences we have looked at so far: we don't have an explicit
formula for x,; only a rule for calculating x,+1 in terms of x,. Such
a sequence is called a recursive sequence. In general, it can be very
difficult to find the limit of a recursive sequence, or even to tell if it
converges.
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The Fibonacci Sequence

The Fibonacci sequence is an example of a recursive sequence:
Fo=1,FfR=1,F,y1=F,+ F,_1, for n> 1.
The first few terms are
1,1,2,3,5,8,13,21,34,55,89,144, ...

The Fibonacci sequence diverges, since F, — 0o as n — 00. lts not
obvious, but it can be proved that

+1 +1
1 ((1+v5\" (1-+5)"
/5 2 2
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The Fibonacci Sequence and The Golden Ratio

The Fibonacci sequence is interesting, and shows up in many
fascinating contexts. In addition it is related to the golden ratio

because
F, 1 _
lim F“ = +2*/§ — ¢ ~ 1.618033989. .., the golden ratio.
n—oo n

To see this, let L be the limit.

Fn+1:Fn‘|‘Fn—1

Fn—l—l Fn—l . Fn-l—l . Fn—l
Fn T Fn :>n|—r>noo Fn +n|—r>noo Fn
1 1++5
- L:1+z;»L2:L+1;»L:—2f
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What Is An Infinite Series?

In six words: the sum of an infinite sequence. To be more precise:
let {a,}72, be an infinite sequence; let

N

SN:Zan:ao—l—al—l—ag—l—---—i—aN.
n=0

Sn is called the Nth partial sum of the sequence {a,}7 . If

lim Sy = S, then we write
N—oo

oo
S:Zan:ao—|—a1—|—32_|—..._|_an_|_...
n=0

and call it the sum of the infinite series. S may or may not exist.
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Convergence and Divergence

If Nlim Sy exists we say the infinite series
— 00

00
Zan:ao+31+32—|—---—|—an+...
n=0

converges; if Nlim Sy doesn’t exist we say the infinite series

—0Q0

0

Y ap=atatat-tant
n=0

diverges. Whether or not an infinite series converges is one of the
central themes of Chapters 9 and 10.
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Example 1: 2 + 1+ L +... 4 L4 ...

n(n+1)
Suppose a, = m What is ; an?
Solution: calculate a few partial sums and look for a pattern.
1 1 1 2
1= a1 5 22 ap + az 2+6 3
S3=a1+a+a3= L + L + L3
3TATRTB =L T TR T

N
It looks like Sy = N1 (It can be proved by induction.) Thus:

> N
;a Ninoo N Ninoo N+1
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Example 2: a series that diverges.

n+1 >
S n= . What i n!
uppose a n( - > a |snz_;a

Solution: calculate a few partial sums and look for a pattern.

3
S1=a; =In2; 52:31—|—32:In2—1—ln§:In3;

3 4
53:al—|—ag—l—a3:|n2—|—|n§—|—|n§:|n4.

It looks like Sy = In(N + 1). (It can be proved by induction.)
Thus:

N—oo N—oo

0.}
Zan: lim Sy = lim In(N+1) = oco.
n=1
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Terminology

Definitions:

1. A sequence {a,}5° is called nondecreasing if
a<a<ay<---<ap<--
2. A sequence {a,}°°, is called nonincreasing if
ag>a>az>-->ap> -

3. A sequence that is either nonincreasing or nondecreasing is
said to be monotonic.

4. A sequence {a,} is bounded if there is a number M such that
lan| < M, for every n.

Chapter 9 and Chapter 10 Lecture Notes MAT187H1F Lec0101 Burbulla

9.1 An Overview

9.2 Sequences
Chapter 9: Sequences and Infinite Series 9.3 Infinite Series
9.
9.
9.

4 The Divergence and Integral Tests
5 The Ratio, Root and Comparison Tests
6 Alternating Series

Testing for Monotonicity

The infinite sequence {a,} is

1. nondecreasing if ap+1 — a, > 0,
or any1/an > 1if a, > 0 for all n.

2. nonincreasing if a,11 —ap, <0,
or apy1/an < 1if a, > 0 for all n.

Additionally, if f(n) = a, then the infinite sequence {a,} is
1. nondecreasing if f'(x) > 0 for x > 0.
2. nonincreasing if f'(x) <0 for x > 0.
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Example 1
12 34 n
Consider th — === ... ... with nth t
onsi e; esequence2,3,4,5, T 1 with nth term
an = . Then
n+1
A 3 n+1 n
n+1 n — n_|_2 I‘l—|—1

n?+2n+1—n*—-2n
(n+1)(n+2)
1

= iDint2) Y

so the sequence {a,} is nondecreasing.
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Example 2

: . _ nm
Consider the sequence with nth term a, = sin ( n 1). From
n

n
Example 1 we know that the terms of the sequence { n } are
n

increasing. In particular,
s nm
2  n+1

Since sin x is decreasing on the second quadrant, the sequence

< TT.

{an} is nonincreasing. Or: if f(x) = sin (;—fl) , then
iy — T X 0
(x) EEY Ccos (—X+ 1) <0
since 7/2 < xm/(x + 1) < .
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Bounded Monotonic Sequences

Theorem: Every bounded, monotonic sequence converges. That is

lim a,
n—oo

exists. (The proof of this result is beyond the scope of this course.)

X S —— But the picture to the left
g @ illustrates why the result is
0.6—

i true, for a bounded, nonde-
021 creasing sequence. We are
227 T \llul T Izlnl |x| |3|u| T \4|U| T |5|U plottlng (n’ an) and assum-
04 ing

-n.s: ‘an’ S 17

v for all n.
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Example 3: Iim \/2+\/2+V2+---=2

n—:o0

Consider the recursively defined sequence

a; = \/5, ant1 = V2+ an, forn> 1.

This sequence is bounded (by 2) and strictly increasing:
l.ag=vV2<2a,<2=ap1=vV2+a,<V2+2=2.

2. a,,<an+1<:)a,,<\/2—|—an(:)a%<2—|—a,,<:>a,2,—an—2<0
< (ap — 2)(an + 1) < 0, which is true since 0 < a, < 2.

So the sequence has a limit, say L. We can find L as we did with

the Fibonacci sequence: lim ap11 = ,/2+ lim a,
n—oo n—oo

=L=V2+L=12—[—-2=0= L=2,since a, > 0.
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Example 1: 14+1/24+1/4+1/8+1/16+--- =2

1 n
leta, = (= | .
et 2 (2)

1 3 3 1 7
p— :1 _ = =" — — — = -
Si=a+ a1 +2 2,52 S1+ a 2+4 2
7 1 15 15 1 31
3 2+ az 4+8 3 4 3 + ag 8—|—16 16

You can prove (by induction) that

N+ 1 1
Sy = 2—,\,; and so Nli_r)nOOSN = Nlinoo (2 — 2—N> = 2.
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9.
9.

Sum of an Infinite Geometric Series

Example 1 is an example of the general infinite geometric series:
O
S rm=l4r+r 4+
n=0

What is the sum of this series? Basic factoring implies

PNFL g

r’V+1—1:(r—l)(rN+rN_1+---+r+1)=>5N=?

Now lim rN™ =0« |r| < 1; Thus

N—oo

N—oo — r

0.8}

1
E FM=14r4+rP+. 4+r"+... = lim SNzl—, if |r] < 1.
n=0
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Example 2
1.
— (1" 1 2
23) =it 2
n=0 /
2.
(2] = g2
“\"3) " 1+2/3 3+2 5
3. Z (—1)" diverges, since | — 1| = 1; even though you might be
n=0
tempted tosay » (—1)"=1-1+1-14+1—-1+---=0.

n=0
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More About the Series 1 —1+1—-1+1—-1+...

9.
9.

1. Writing the seriesas (1 —-1)+(1—-1)+ (1 —1)+---
suggests its sum should be 0.

2. Writing the seriesas 1 —(1-1)—(1—-1)—(1—-1) —---
suggests its sum should be 1.

3. From our definition, the partial sums S,, are 1 or 0. In 1713

Leibniz suggested the sum of the series should be the average
of 0 and 1, namely 1/2.

4. If you use the formula for the sum of an infinite series with

common ratio r = —1 you get
> 1 1
1-14+1-141-1+4+---= 1) =—==
+ + + ;)() () " 2
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Playing Around Some More

1

= 142r+3r+4r3 5 +6r°+ .-

(1—r)?
r=-1 = %:1—2+3—4+5—6+---
= 3=(0-2+E-4)+(6E-6)+
= %z(—l)—i—(—l)—l—(—l)—i—--'=—oo??

The moral is: results about series only make sense if they converge!
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Example 3: A Telescoping Series

This is another kind of series in which you can calculate Sy :

> 1 _ 1 1 1
Z—,forwhlchan:—:—— )
pt n(n+1) n(n+1) n n+1
Sy = ajt+a+---+an
B 1 1_|_1 1+1 1+ +1 1
1 2 2 3 3 4 N N+1
B 1
- N +1
> 1 1
— = | = | 1——| =1
:Zn(n—kl) NanOSN Nlnoo< N+1>
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nth Term Test For Divergence

n—oo

0
If E a, converges, then lim a, =0. Proof: a, =5, —S5,_1; so
n=0

lim a, = lim (S, —Sp-1) = lim S5, — lim §,_.1=5§-S5=0.

n—oo n—oo n—oo

n—oo

(0.0}
This result can be restated as follows: If lim a, % 0 then Z an
n=0

o0

diverges. Hence its name! But not as: If lim a, = 0 then g an
n—oo 0

n=

converges.
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Example 1

. n 1 2 3 4 . .
1.;3’7—“:Z+?+1—0+1—3+---d|verges,smce

n 1
lim — = = £0.
A 3,137 0

(0.¢}
2.3 (-1)"=1-1+1-1+1—1+"--- diverges, since
n=0

lim (—1)"

n—oo

does not exist.
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Example 2: The Harmonic Series Diverges

The harmonic series is

1 1 1 1 1
Z;:1+—+—+—+—+---

pt 2 3 4 5
It diverges, even though
1
lim a, = lim — =0.
n—oo n—oo n

This shows that the converse of the nth term test for divergence is
not true. In other words, the condition that the nth term of a
series goes to zero, is only a necessary condition for its
convergence, not a sufficient condition.
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Proof that The Harmonic Series Diverges

Let f(x) = 1/x; the Riemann sum of f on the interval [1, N + 1]
determined by N subintervals, with x;* chosen to be the left
endpoint of each subinterval, is 1 +1/2+1/3+---+1/N = Sp.

From the diagram,

::E N+1 1
1

ﬂEj X

3 = [Inx]y™

= lim Sy > lim In(N+1)
01+ N—}OO N—>OO

T B ST LT D g G = X
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Termwise Addition and Multiplication of Infinite Series

A:ian and B:ibn
n=0 n=0

are both convergent series; then both

i(an + b,) and i can
n=0 n=0

are also convergent, with

Z(an—l—bn):A—i—B and ann:cA.
n=0 n=0
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Example 3

M]3
VRN
Bl w
|
N
N—————
[
M]3
Bl w
|
M]3
o1
?lv

S
I
[y
o]
I
[t

5n—1

n=1

3ex 1 1
= ZZ4n—1_2Z5n—l
n=1 n=1
3 1 > 1
(let k=n—1) = 124—1(_225_/(
k=0 k=0
_ 3 1 YO _ 3
- 4\1-1/4 1-1/5) 2
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Statement of the Integral Test

Let {a,}72; be a decreasing, positive term sequence. That is,
an > apy1 and a, > 0.

Let f(x) be a decreasing (f'(x) < 0) positive function (f(x) > 0)
such that
f(n) = ap.

Then
> 00
Zan converges @/ f(x) dx converges.
n=1 1
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Example 4

=1
1. E — converges, because
n
n=1

% 1 11° 1
/ —2dx: [im [——] = |im <———|—1) = 1.
1 X b—o0 X 1 b—oo b
o0

1
2. Z N diverges, because
n=1

T L= tim [2vx)° = lim (2\/5—2> = .

1 \/; b—o0 b—oo

Chapter 9 and Chapter 10 Lecture Notes MAT187H1F Lec0101 Burbulla




9.1 An Overview

9.2 Sequences

9.3 Infinite Series

9.4 The Divergence and Integral Tests
9

9

Chapter 9: Sequences and Infinite Series

.5 The Ratio, Root and Comparison Tests
.6 Alternating Series

Proof of Integral Test: Suppose f1 x) dx Diverges

Consider a regular partition of [1, n 4 1] into n subintervals; take
x;" to be the left endpoint of each subinterval. The Riemann sum
isf(L)+f2)+---+f(n)=a1+a+---+a,=S5,.

n+1
Sn > / f(x)dx
1

= lim S, > / f(x)dx =00
1

n—oo

(0. @)
So E a, diverges.

n=1
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Proof of Integral Test: Suppose fl x) dx Converges

Consider a regular partition of [1, n] into n — 1 subintervals; take
x; to be the right endpoint of each subinterval. The Riemann sum
isf(2Q)+f(3)+---+f(n)=a+a3+---+a,=5,— ar.

Sp—a1 < /f(x)dx
1

=5, < al-l-/ f(x)dx
1

So the sequence {S,}°°, is bounded,
and increasing. (Why?) So the sequence
of partial sums converges.
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p-Series

The two series in Example 1 are both examples of what are called
p-series. A p-series is
=1

nP’
n=1

It converges if and only if p > 1. Why? If p > 1, then

© 1 1-p b 1
/ " dx = lim |2 =0+ ——.
1 XP b—oo |1 —p|y p—1

The harmonic series, which diverges, is the special case when
p = 1. If p <1 then the p-series diverges as well, by the integral
test, as you can check.
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Examples of p-Series

ii_i T
2 120 22 32 6
i1—1+1+1+ I
Lt 140 2% 3 90
Lot 1,
£—pd 16 20 36 945

—~1 1 1 1 .
Zﬁ_ﬁ+§+§—|—---lsnotknown
n=1
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Integral Test Remainder Form

0
Suppose the series S = Z an converges by the integral test. Let

n=1
Rn:S_Sn:an+1+an+2+"‘.

R, is called the remainder term, or error term. It can be shown
(see book) that

/noo f(x)dx < Rng/noo f(x) dx.

+1
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Example 5

o0
: : 1
Consider the p-series E — . How many terms must be added up
n
n=1
to approximate the sum correctly to within 10=%? Solution:

1
n X

. [ 1]” 1
= |lim |[—— = —
b—oo X n n

< 107%=n>10*

So you have to add up 10,000 terms.
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Approximating

Let's use the formula from above:

i‘@:1_1+1+1+ _o®
n6 16 = 26 © 36 045

n=1

Let f(x) = 1/x°, and take n = 10. We know

© 1 7.‘_6 > 1
—dx < — =519 < — dXx.
[1 X6 X_945 10_/];0 X6 x

On the next slide | will fill in the values of all these expressions,
and then use them to approximate .
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_ x—571P 6 _ x—57°
= lim |——— < — — 510 S lim —T

b—o00 5 |41 945 b—o0 10
- 1 ™ 510 < 1

805255 — 945 — 500000
= #+510<7T6< L + S0

805 255 — 945 — 500000
& —809542555 4945 . S < 7 < —50%4500 4945 - Sy

& 3.141592496 - - - < 7 < 3.141592886. ..
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The Ratio Test, for Positive Term Series

The ratio test is one of the most useful convergence tests.

. a
Let p= lim il

n—oo an
1. If p <1, then ) a, converges.
2. If p> 1, then > a, diverges.
3. If p =1, then the ratio test is inconclusive.

Sketch of Proof: Since a1 >~ p a,, the series > a, is basically a
geometric series with constant ratio p.
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Example 1
3”
Does the series Z 5 converge or diverge? Solution: Let
n“Inn
n
an = —5——. Iry the ratio test:
nInn
. ant1 , 31 n2 Inn
lim = l|im
n—oo  an, n—oo 3N (n + 1)2 In(n + 1)
30 2 In n
= im ——— |lim ———
n—oo (n 4+ 1)2 n—oo In(n 4 1)
= 3.-1-1=3>1

So the original series diverges, by the ratio test.
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Example 2

Does the series

n
n=1 n
: : n! :
converge or diverge? Solution: Let a, = —. Try the ratio test:
n

T S n"(n+1)1 i n" (n+ 1) n!
n—oo a,  n—oo(n4+ 1)) pl nsoo (n+1)"(n+1)n!

1\ " N1
— lim <”+ ) T <1+—> _ 1
n—o00 n n—o0 n e

So the original series converges, by the ratio test.
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The Root Test, for Positive Term Series

The root test is very similar to the ratio test.
Let p = lim /ap.

n— 00

1. If p <1, then ) a, converges.

2. If p>1, then > a, diverges.

3. If p =1, then the root test is inconclusive.

Sketch of Proof: Since a, ~ p", the series > a, is basically a
geometric series with constant ratio p.
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Example 3

Does the series

> (a"1)

n=1

n
: ) n
converge or diverge? Solution: Let a, = (ﬁ) . Try the root
n —_
test:
I I n
Im «/ap, = Im
n—oo n n—oo 2[‘] — ]_
1
= —-<1
2

So the original series converges, by the root test.
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Example 4

Does the series

> ()

n=1
1 n
converge or diverge? Solution: Let a, = (tT) . Try the
an—in
root test:
i i 1
im /a, = lim ———
n—o0 " n—oo tan~1n
2
= —<1
s

So the original series converges, by the root test.
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The Comparison Test

Let {a,}5°; and {b,}°°; be positive term sequences. That is
an > 0and b, > 0, Then:

0 (0. @)
1. If a, < b, for “all n" and Z b, converges, then Z an

n=1 n=1
converges too.

o o
2. If a, > b, for “all n” and Z b, diverges, then Z an diverges

n=1 n=1
too.

Note: for “all n” means that there can be finitely many exceptions.
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Proof of Part 1

Let Sy = a1 + a2 + - - - + an be the N-th partial sum of > a,,.
Then {Sy}3_; is a bounded, increasing sequence. Why?

1. It is increasing since ap+1 > 0 = Syi1 = Sy + an+1 > Sw-

2. It is bounded by Z by, since

n=1

5N<b1—|—b2-|-°"-|—b/\/<2bn.
n=1

o0
im Sy exists; that is, Z an converges.

— 00

Thus |
N

n=1
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Example 5

o
1
Does the series E o] converge or diverge? Let
n
n=1
1 1
an = ——-;bp= —.

n2+1""" n2
We have

. 1 1
an < by, S|ncenz—+1<?<:>n < n®+1.

1
Since Y b, converges, (why?) and a, < by, Z 2] converges
n

n=1
too, by the comparison test.

Chapter 9 and Chapter 10 Lecture Notes MAT187H1F Lec0101 Burbulla

.1 An Overview
.2 Sequences

Chapter 9: Sequences and Infinite Series Infinite Series

.5 The Ratio, Root and Comparison Tests

9.1
9.2
9.3
9.4 The Divergence and Integral Tests
9.5
9.6 Alternating Series

Example 6

1
Does the series Z converge or diverge? Let
\/7

1 1
dn = n2_11bn:;-
We have
1 1
an > by, since ——— > - < n’>n—1.
n2—1 n

Since Y b, diverges, (why?) and a, > by, diverges

1
>
too, by the comparison test.
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Comments About the Comparison Test

1. We almost always take > b, to be a p-series, since it is easy
to tell if a p-series converges or diverges.

2. The problem with the comparison test is to find an inequality
such that a, < b,, or a, > b,. Things won't always be as easy
as in Examples 1 and 2.

3. The most inconvenient thing about the comparison test is if
1

n+1

n=1

diverges by the integral test, but if you try to compare it with

the inequality goes the “wrong way.” For example,
the p-series, Z 1, the inequality —— < — is useless!
= n+1 n
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The Limit Comparison Test

Let {a,}5°; and {b,}°°; be positive term sequences. Let

; dn
L= |lim —.
n—oo n

If 0 < L < oo, then

oo o0
E an converges < E b, converges.

n=1 n=1

Sketch of proof: For very large values of n

an~ Lby=> a,~ L) by

Thus one series converges if and only if the other one does.
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Example 7

Does the series S~ 241 diverge? L
oes the series converge or diverge? Let
; 5n%/2 — n+ 14 & &
n3/2 4 n
an = ; = —.
"Bpd/2 _pn114""  n
3/2
an . wEEta n°/2 4 n? 1
L= Ilim — = |lim f:hm = —,
n— o0 bn n—oo = n—o0 5n5/2 —n+14 5
00 3/2
n +n
Since ) b, diverges, (why? diverges too, b
3 by diverges, ( y);5n5/2_n+14 g y

the limit comparison test.
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Example 8

1

o
_ tan™" n _
Does the series E ——— converge or diverge? Let
n
n=1
tan~1n b 1
an = by = —.
n n2 n n2
3 tan"ln T
. . 2 . _
L= lim == = lim T— = lim tan =2,
n—oo bn n—oo = n—oo 2
n
(0.} _
, , tan~1n
Since > b, converges, (why?) E — 3 converges too, by the
n=1

limit comparison test.
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What About Sequences With Negative Terms?

The previous convergence tests, the integral test, the comparison
tests, the ratio test, and the root test, all assume that a, > 0.
What if some of the terms a, are negative? One type of series that
includes negative terms, and for which there is a convergence test,
is an alternating series. Let a, > 0; the series

oo

Y (~1)ap=ap—a1+a—azs+ag— -
n=0

is called an alternating series. lts the positive and negative signs
that alternate.
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Alternating Series Test

Let a, > 0. The alternating series

o0

Z(—l)”an:ao—a1+a2—a3—|—a4—---
n=0
converges if
1. the sequence {a,}%2, is nonincreasing; that is, a,+1 < ap.

2. lim a,=0.
n— oo

Proof: see book.
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Example 1

> 1 1 1 1
B I o e e e
;( ) n 2+3 4+

converges by the alternating series test:

an - —
n
and it is pretty obvious that
1. an+1<an®%<%®n<n+1.
1

2. lim a,= lim — =0.
n—oo n—oo N
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Example 2

o0

. ([ n-m
z:(—l)"le sin
n+1
n=1
converges by the alternating series test.
. (n-m . T n-m
an = sin >0sincen>1= =< < T
n+1 2 n+1

and we have

1. ap+1 < ap since sin x is decreasing on [ /2, 7].

2 lim a, = lim sin(”'”l> — sin = 0.

n—oo n—o0 n—+
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Alternating Series Remainder Term

Suppose the alternating series

oo

Y (—D)ap=ap—ar+a—az+ag— -
n=0

converges to S. Let R, = S — S,,. which is called the remainder
term, or the error term. Then

0 < |Rn| < apst1,

which is the simplest approximation for an error term that you'll
ever see.

Chapter 9 and Chapter 10 Lecture Notes MAT187H1F Lec0101 Burbulla

An Overview
Sequences

Chapter 9: Sequences and Infinite Series Infinite Series

9.1

9.2

9.3

9.4 The Divergence and Integral Tests

9.5 The Ratio, Root and Comparison Tests
9.6 Alternating Series

Example 3

Later we'll see that

LD S S i (it
4 ~ 3 5 7 s 2n+1°
How many terms of this alternating series have to be added to
1
approximate % correctly to within 10747 Solution: a, = 1l

1

<107*=2n+3>10"= n> 49985
on+3

|Rn‘ < apy1 =

So you need to add up the first 4,999 terms.

Chapter 9 and Chapter 10 Lecture Notes MAT187H1F Lec0101 Burbulla




9.1 An Overview

9.2 Sequences

9.3 Infinite Series

9.4 The Divergence and Integral Tests

9.5 The Ratio, Root and Comparison Tests
9.6 Alternating Series

Chapter 9: Sequences and Infinite Series

Connection Between ) " a, and ) |a,|

|an| is always positive. So the question arises: what can we say
about the convergence of > a, if we know whether the series
> |an| converges or diverges? The full answer to this question is
very tricky! It's at the heart of what makes infinite series a hard
topic. To begin:

—lap| < ap <lan| = 0<a,+|an <2|a,

This means that the series > (a, + |an|) is a positive term series.
Moreover, if > |a,| converges, then so does > (a, + |an|), by the
comparison test. Then Y a, = > (an + |an|) — D |an| also
converges. So one way to show ) a, converges, is to show ) |a,|
converges.
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Absolute and Conditional Convergence

For any series > a,, one of three possibilities occurs:

1. > |an| and ) a, both converge. In this case the series > aj,
is said to converge absolutely.

2. > |an| diverges but > a, converges. In this case the series
> ap is said to converge conditionally.

3. Y lan| and > a, both diverge. In this case the series > a, is
said to diverge.

Infinite series would be easy if Case 2 didn't exist! but it does.
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Example 4

(_1)n—|—1 .
Let b, = ———. As we saw in Example 1,
n
o0 o0
1 1 1 1
bp=Y (-1)"™Z=1-Z4--=+.
; nz:;( ) n 2 + 3 4 +

converges by the alternating series test. But

= - 1 1 1 1
nl = -1 n+1 -~ -1 - - - .
> lbal =D |(-1) n +ts+3+t7+
n=1 n=1
> -1 n+1
diverges. (Why?) Thus Z (St converges conditionally.
n

n=1
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Example 5

i(—l)”“ 1 1 1

n?2 12 22 + 32
n=1

converges absolutely. To show this all we have to check is that

=, | (-1

LA N |
converges. We have Z L = Z which is a p-series,

n?’
) n=1 n=1
with p =2 > 1, and so converges.
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The Ratio Test for Absolute Convergence

A variation of the ratio test can be applied to an arbitrary series,
as long as a, # 0.

dn+1
dn

Let p= lim

n—aoo

1. If p <1, then ) a, converges absolutely.
2. If p> 1, then > a, diverges.
3. If p =1, then the ratio test is inconclusive.
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The Root Test for Absolute Convergence

Similarly, a variation of the root test can be applied to an arbitrary
series, as long as a, # 0.

Let p = lim m.
n—oo
1. If p <1, then )  a, converges absolutely.
2. If p>1, then ) a, diverges.
3. If p =1, then the root test is inconclusive.
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Example 6

Does the series

, . —2)" L :
converge or diverge? Solution: Let a, = #; which is negative

if nis odd, and positive if n is even. Try the ratio test for absolute

convergence:
. |a _ 2n+l pl _ 2
lim ntll _ lim ——— = |im =0<1.
n—oo | a, n—oo 2N (n—i— 1)' n—oo n-+1

So the original series converges, by the ratio test for absolute
convergence.
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Example 7

o n

_ ncos n : .

Does the series E (ﬁ) converge or diverge? Solution:
n J—

ncosn . .
Let a, = (ﬁ) , which is not always positive. Use the
n J—

comparison test and the root test for positive-term series:

3] = ncosn\" ~ cosn|” n "< n \"
"\ 2n—1 - 2n—1) —\2n—-1/ °

By Example 3 in Section 9.5 the series Z (2 1) converges,
n—

so the original series converges absolutely, by comparison.
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Example 7 Is Very Tricky!

Does the series Z converge or diverge?

If you simply started W|th the root test for absolute convergence,
ncos n

2n—1

n|cosn| n 1
/|a,| = < = |lim +/l|a,| < 1.
2l = 5,77 Sop1 7 am Vel =5 <

you would have a problem. Let a, =

0 n
: : ncosn o
This would imply that E —— | converges if lim +/|a,|
— \2n—1 n—o0

exists.
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_ . n|cosn : :
In fact, lim +/|a,| = lim ‘—1‘ does not exist. Here's a plot
n—oo

n—oo 2n —

of the first 100 terms in the sequence {+/|an|}5°; :

0:d I|I|I|I|I|I|I|I|I|I|
o 90 100
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Notation for Higher Order Derivatives

The n-th derivative of f(x) at x = a is denoted by f(")(a). So
fO(a) = f(a), fM(a) = F'(a), FP(a) = £"(a), P (a) = "(a).

For fourth derivatives or higher, we use f(")(a) exclusively.
Besides, would it be

f"(a) or fiv(a)??

It gets tiresome to write all those primes, and switching into
Roman numerals for derivatives would be folly!
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What Are Maclaurin and Taylor Polynomials?

The n-th degree Taylor Polynomial of f(x) at x = a is defined to
be the n-th degree — or possibly lower — polynomial P,(x) such that

Pr(rk)(a) = f(O(a), for k =0,1,2,...,n.
That is, P, must satisfy n + 1 conditions:

Pa(a) = f(a), Pi(a) = £'(a), P/(a) = f"(a), ..., P{")(a) = F(")(a).
If a =0 then P,(x) is called the n-th degree Maclaurin polynomial.
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P1(x) is the Tangent Line Approximation to f(x) at x = a

P1(x) is just the tangent line approximation to f(x) at x = a:
namely

Pi(x) = f(a) + f'(a)(x — a),

because
Pi(a) = f(a) and Pi(a) = f'(a).

Higher degree Taylor polynomials can also be used to approximate
f(x); hopefully the higher the degree, the better the
approximation. First we have to find the formula for P,(x).

Chapter 9 and Chapter 10 Lecture Notes MAT187H1F Lec0101 Burbulla

10.1 Approximating Functions with Polynomials
10.2 Properties of Power Series

Chapter 10: Power Series 10.3 Taylor Series
10.4 Working with Taylor Series

Formula for P,(x)

Let Py(x) = Pi(x) + c(x — a)?, for some constant c. Then
Py(a) = Pi(a)+c(a—a)®="f(a)+0=Ff(a);
Pi(a) = Pi(a)+2c(a—a)="F'(a)+0="F(a).
Finally,

2)
PP (a) = FD(a) & 2¢ = FA () & c = 2(3).

So the formula for Py(x) is

f(2)( a)
2

(x —a)2.

P>(x) = f(a) + f'(a)(x — a) +
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Formula for Ps(x)

Let P3(x) = Py(x) + d (x — a)3. Then automatically,
Py(a) = f(a), Pj(a) = f'(a) and P{(a) = F)(a).

To find d, we use

P (a) = FA(a) = 6d = F3)(a) & d = f(3;(a) - f(33)|(a)
So the formula for P3(x) is
2)(a 3)(a
P3(x) = f(a) + f'(a)(x — a) + f 2( )(x —a)?+ f 3!( )(x —a)®
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Formula for P,(x)

By the now the pattern is pretty clear:

Pn(x)
()(4 (n) (5
= f(a)+f'(a)(x —a) + f 2!( )(x—a)2-|-. 4 f n!( )(x—a)”
" f09)(a)
= o (x—a)k.
k=0

The formula for the n-th degree Maclaurin polynomial is

k=0
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Example 1

To compute Taylor Polynomials you need to compute lots of
derivatives. Let's start with f(x) = e*, at a = 0 for which

F(N(x) = e and F(M(0) = ° = 1.

So
x2 x2 X3
Pi(x) =1+x,P(x)=1+x+ ?,P3(X):]_-|-X_|_7_|_§;
and in general
x2 x3 x4 x"
Pn — 1 —_— —_— JE— —_—
() =lax+Z+g++ o+
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The First Four Maclaurin Polynomials for f(x)

£ g e £
,2/—15 -1.0 -5 o8 05 1o —
; ¢ ERARSSRRARERESwamEsREEEEEEEE]
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Example 2: Maclaurin Polynomials for f(x) = sin x

f'(x) = cosx; FP)(x) = —sinx; F®)(x) = — cos x; F*)(x) = sin x.
(0) = 1; FA(0) = 0; F3(0) = —1; F*(0) = 0.

The pattern is: F#*+1)(0) = 1; F(2K)(0) = 0; F(#+3)(0) = —1. So

3
X
P1(x) = Pa(x) = x; P3(x) = Ps(x) = x — 30
and
X3 x5 K 2n+1
P>, =X — — + — — - 1)
2ni1(x) =X =37+ TV G

Chapter 9 and Chapter 10 Lecture Notes MAT187H1F Lec0101 Burbulla

10.1 Approximating Functions with Polynomials
10.2 Properties of Power Series

Chapter 10: Power Series 10.3 Taylor Series
10.4 Working with Taylor Series

Approximating sin x with Pi(x), P3(x), Ps(x), P13(x)

33
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Approximating sin x with Pi3(x) on Different Intervals.

X3 X2 X! X9 Xll X13

1.0
0.5— .." Y
06— |

04— |

02—/

II|III‘-I|\\F“I\\I\\H‘III\II-

; -50 128 o 25 | so ff

_0.24 a4 0.2 \ {
! | ]

/4| 04
i‘ i 1 l} =
L06-] R

! pa] v gl
/ s

~1.0- g o
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Example 3: Maclaurin Polynomials for f(x) = cos x

f'(x) = —sinx; F)(x) = — cos x; F3)(x) = sin x; F*)(x) = cos x.
/(0) = 0; F?(0) = —1; F®(0) = 0; F¥(0) = 1.

The pattern is: £f(44)(0) = 1; F(2k+1)(0) = 0; F(*4+2)(0) = —1. So

x? 2 A
Py(x) = P3(x)=1— EX Py(x) = Ps(x) =1 — o + o
and , . :
X< X %20
Pn =1—- — - ... -1 n )
2n() o Tar TN
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Example 4: Maclaurin Polynomials for f(x) =

1

F(x) = 5 (140 V% F () =

(14272 FO() = 2(14x)

7(0) = 5 FO0) = — 3 FP(0) = 2 FD(0) = 2 FO(0) =

16’ 32
X x  x2 x x2 X3
Pl(X):1+§;P2(X)_1+§__7 3(X)_1 E_g_‘_ﬁa
X 2 X3 5x* 7x°

X
> "8 16 128 256
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Approximating v/1 + x with Py(x), P2(x), P3(x), Ps(x)
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Determining How Well P,(x) Approximates f(x)

1. Based on Examples 1 and 2, and the graphical evidence, it
seems that for f(x) = e* and f(x) = sin x the Taylor
polynomials Pp(x) at a = 0 can be made to approximate f(x)
as close as you want, for any value of x that you want.

2. However, based on Example 4, the Taylor Polynomials P,(x)
of f(x) =+/1+ x at a =0 can only be made to approximate
f(x) closely, if —1 < x < 1.

What we need is some kind of general result that clarifies how
good an approximation P,(x) actually is to f(x). One such result
is Taylor’'s Theorem.
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Taylor's Theorem

Let f be continuous on an interval containing x and a; suppose all
of f/,f", ... f(M f(r+1) are defined on the same interval. Then

f(x) = Pn(x) + Rn(x),

with
n k)
Po) = 3 2
k=0 '
b o)
Rn(x) = W(X —a)"",

for some z between a and x. R,(x) is called the remainder term.
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Example 5: Approximating e to within 1078

Let f(x) = e*,a=0. Then

1 e’

1 1 1
~P,(1l)=1+1 —, Ry(1) =

for some number z between 0and 1. 0 < z< 1= e < e < 3. So

R.(1) < <107 = (n+1)!1>3-10°

3
(n+1)!

= n > 11, by trial and error.

Thus
e~ Py (1) =14+143+ 3+ 4+ -+ 157 =2.718281826. . ;
compare with the actual value: e = 2.7182818284590452354 . . .
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Example 6: Approximating sin x to Within 10~* with P;(x)

From Example 2, P3(x) = x — — = P4(x); so

|sinx — Pa(x)| = |Ra(x)| = , for some z

x|%/120, since sin®)(z) = cos z
107 < [x]> <120-107* = 0.012

v/0.012 = 0.412892 . ..

Compare: P3(.36) = 0.352224; sin .36 = .352274233.. ..
But P3(.42) = 0.407652; sin .42 = 0.407760453 . ..
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What is a Power Series?

Any infinite series of the form

oo

Z an(x —c)"

n=0

is called a power series in x — c. The infinite series

0
E apx" = ag+ a1x +axx® + -+ apx" + -+
n=0

is called a power series in x.
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The Radius of Convergence of a Power Series

Let u, = an(x — ¢)". Then the power series

o0 o0
Z an(x — )" = Z u, converges, by the ratio test, if
n=0 n=0
—C n+1
im [“7 o1 o gim 2o
n—oo | U n—oo | ap(x—c)"
o dim 27 x -] <1
n—oo an
& x—c| < lim = R.

N—0o0 | dp41

R is called the radius of convergence.
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The Interval of Convergence of a Power Series

The significance of the radius of convergence of a power series is

that the power series
oo

Z an(x —c)"

n=0
converges if |[x — c| < R, but diverges if |x — ¢| > R. The interval

(c—R,c+R)={xeR||x—c| <R}

is called the open interval of convergence of the power series. A
power series may, or may not, converge at the endpoints. The
interval of convergence of a power series is the open interval
together with any endpoints at which the series converges.
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Example 1
Consider the power series i ——x", for which a, = i Then
P “—~ n3" ’ T p3n’
n+1
L R= lim | 2| = fjm 21377 35
n—00 | api1 n—oo n 37
n > 1
2. At i i :
X = Z e which diverges
n=1
3. At x = —3, the series is Z (=3 = i ﬂ, which
n3” ~ n
converges. B

So the interval of convergence is [—3, 3).
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Example 2

Consider the power series

2
Z(_l)nﬂx n
n=0
2
Let z = x2, let a, = (—1)”n— Then
— ) n — 4n'
2 n+1
4
R=lim || = lim — =4
n—oo|apr1|  n—oo (n+1)2 40
is the radius of convergence for Z(—l)”ﬂz”.
n=0
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Example 2, Continued

Thus the original power series converges for
Izl <4 x*<4e|x] <2

At x = £2, the original series is

0o 2 00
(1) (2 = 3 (1)
n=0 n=0

which diverges. So the interval of convergence is (-2, 2).
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Addition of Power Series and Multiplication by Powers of x

0 o
If both Z anx” and Z b,x" converge absolutely for x in the

) n=0 n=0
interval /, then

Z anx" + Z bnx" Z(an + bp)x",

n=0

and
xO o0
d “anx" | =) anx"t
n=0 n=0

also converge absolutely on the interval /.
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Example 3

If f(x Zx and g(x szk then for |x| < 1,
n=0

oo oo 5
5 _ 5 n_ n+5 X 5 6 7
x°f(x) = x nzz;)x —;)X ST =X + X"+ x4

and

F(X)+g(x)=2+x+2x>+x3+2x* + x> +2x0 + .-

N 1 n 1 _2—|—X
1—x 1—x2 1-—x2
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Differentiating and Integrating Power Series

Suppose the radius of convergence of the power series

0.9}

f(x) =) an(x—c)"

n=0

is R. Then for a,x in (c — R,c + R),

1. f!(x) = ;)and%(x — )" = ;an n(x—c)" 1

2. /axf(t)dt—ni:)an/:(f—c)ndt_ia” [%r

n=0 a

and both these power series have radius of convergence R.
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Example 4

Find the exact value of

> (3)-

This is not a power series, but it is a special case of the power

series
oo
n . 3
g nx", namely with x = 7
n=1
oo
Now use properties of power series to get a formula for g nx".
n=1
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Example 4, Continued

n n—1 __
St = Y metoay
n=1 n=1 n=1
= Xd OOX” —Xd 1 1
a x \ = T Tdx \1—x

oo n
3 3 1 3 1
= ) = 2 — == = 12.
2" (4) 4(1—-3/4)2  4(1/4)7
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Example 5; Power Series for In(1 + x)

n(1+x) = /—dt = /(1—t+t2—t3+---)dt, if [x] <1
1+t 0

1, 15 1, X
= |t— =t -t ——t
[ A L A 0
1 1 1
= X—§X2—|—3X3 4X4+---

This series converges at x = 1 by the alternating series test. So:

1 1 1
h2=1-—-4+-_"=
n > T3 74"
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1

Example 6; Power Series for tan™" x

Here is a less formal way, compared to Example 5:

1
tan_lx = /de

= /(1—X2—|—X4—X6—|—---) dx, if [x| <1

3 X X!

X
— L 2 acC
X 3—|-5 7—|- +

To find C, substitute x =0:tan"'0=0+ C < C =0. So

5 7 X2n—|—1
Z (=1 4
* LR e
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Leibniz's Series for 7

The interval of convergence of

. 3 x5 T

X:X———I—————|—---

t
an 3 5 7

is [—1, 1] since at both x = +1 the infinite series converges by the
alternating series test. In particular, at x =1 :

T _q 1 1 1

—=tan "1=1—-+4+—-——

4 3 + 5 7 +
This is known as Leibniz’'s formula, and it can be used to
approximate m. However, today many better formulas for
approximating m are known.
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Maclaurin Series

If the first n derivatives of f exist at x = 0, then

(2) (n)
R0 ., 0,
2 n!

", (k)
Pn(x) = Z f kl(o)xk = f(0)+f'(0)x+
k=0 )

is called the n-th degree Maclaurin polynomial of f. If f has
derivatives of all orders at x = 0, then

F3(0) ,
> T

r90) 4

S O o)+ o)+

k!
k=0

is called the Maclaurin series of f.
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Taylor Series

If the first n derivatives of f exist at x = a, then

)

(x—a)"

n AR,
Po) = S 70 (b (a4 F(a) (x—a)
k=0

is called the n-th degreeTaylor polynomial of f at x = a. If f has
derivatives of all orders at x = a, then

L) (x—a)*+ -+ ()

2 o )

0 £(K)(
S O apt = @) @) - a) ¢

k=0

is called the Taylor series of f at x = a.
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Example 1

The n-th degree Maclaurin polynomial for f(x) = e~ is
2 3 4 n
X< x® x X
Po(x) =1+ x+ =+ op + p + 4
So the Maclaurin series for f(x) = e is
ix——1+x+x—2+x—3+x—4+ Xy
= k! 2 3 k! '

Chapter 9 and Chapter 10 Lecture Notes MAT187H1F Lec0101 Burbulla

10.1 Approximating Functions with Polynomials
10.2 Properties of Power Series

Chapter 10: Power Series 10.3 Taylor Series
10.4 Working with Taylor Series

Example 2

The 2n + 1-st degree Maclaurin polynomial for f(x) = sinx is
3 5 X2+l

P2n+1(X) X_X_+X__"' ( )n(2n+1)

3l b5l

So the Maclaurin series for f(x) = sinx is

o0 (2k+1) x3 x5 x2k+1
2kl _ X Xk X
kz_% 2k+1 G TR N A o T T
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Example 3

The 2n-th degree Maclaurin polynomial for f(x) = cos x is

X2 X4 X2n

S TR Tk

21 4l

So the Maclaurin series for f(x) = cos x is

o f(2k)(0) ok X2 N . X2k
k=0
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Example 4

It is not always possible to write down a nice simple formula for
the Maclaurin or Taylor series of a function. For example, the 5-th
degree Maclaurin polynomial of f(x) = 1+ x is

x x> x3 B5x* 71X

__|____ N

Pe(x) = 1 .
50) =1+ -5+ 16" 128 " 256

There is no obvious pattern to these coefficients, so we write the
Maclaurin series of f(x) = /14 x as

i F0) 14X x? N x3  5x* N 7x° N
—— X = - _ R e,
2=~ (k)! 2 8 16 128 ' 256
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When Does the Taylor Series of f(x) Converge to f(x)?

Taylor's Theorem states that f(x) = P,(x) + Rn(x). Then: f(x) =

lim f(x) = lim (Pp(x) Zf + lim Ry(x).

n—oo n—oo n—>oo

Hence

(x —a)k & lim Ry(x)=0.

K| n—c0
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It can be quite difficult to show that lim R,(x) = 0. One useful

n—oo

fact in this regard is: for any fixed x,

If |x| <1, this is obvious. If |x| > 1, then there is an integer N
such that |x| € (N, N + 1]. In this case, for n > N + 1,

e O . O i N . -1
n! 1 2 (N+1) (N+2) (N+3) n
n—(N+1
< e (T
- N+ 2
— 0, as n — o0, since x| < 1.
9 9 N+2
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Example 5: Maclaurin Series for e* Converges for all x.

0k K2 53
i =14+ x4+ o1 + 30 + ... is the Maclaurin series for e*. For
k=0
some z between 0 and x
|X|n—|—1 .
. ifx<z<0
Ro()| = | st < {4 1)
n - I n+1
(n+1)! | x| :
—, f0<z<x
(n+1)!

In either case, R,(x) — 0 as n — oo. Thus for all x

2 X3 X4 XN

X
—1+X+§+§+—+ +m+"
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Example 6: Maclaurin Series for sin x and cos x

Similar calculations to the above show that

3 5 2n+1
x> X X
—x— — 4+ ... (=1)"
sinx =x =gty DR
and , . .
X X n X
cosx—1—§_|___..._|_(_1) (2n)|+'
for all x
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Example 7; Infinite Geometric Series Revisited

Not all Taylor series converge for all x. Let f(x) = 1 . Check
— X
the following:
1 2 6
fl(x) = ——5,FO(x) = ———, fFO(x) = ——,...

f(0) =1, (0)=1,f2(0)=2,f30)=6,...,f"(0) = nl

So the Maclaurin series of f(x) is

=, f(M(0
>

n=0

X"=14+x+x24+x3+x "+ X"
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From the previous slide, the Maclaurin series of 1/(1 — x) is
L+ x+x2+x3+x x4

which is the infinite geometric series. We already know that this

series converges to = f(x) if |x| < 1. Try proving it using
— X
Taylor's remainder formula. It's not easy.

|n+1

(n+1)! |X|”+1: |x

RS G e TP -zt

for some z between 0 and x. Now try showing |R,(x)| — 0 as
n — oo, for |x| < 1.
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An Attempt at Showing R,(x) — 0 if |x| < 1

Suppose —1 < x < 0. Then z is some number in (x,0). We have

-1<x<z<0 = 1>-—x>-z>0
= 2>1—x>1—2z>1

= 0< <1
11—z
[x] x|
= = <|x|-1=|x]<1
Thus
|X|n+1 41

- — - < - n — - )
nILn;O |Rn(x)] nll—>n;o TS nI|_>mOO | x| 0,since|x| < 1
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The Case 0 < x < 1

This is the hard case, because z could be close to 1, making ﬁ
very large. The following only shows R,(x) = 0if 0 < x <1/2:

0<z<x<1/2 = —z>-x>-1/2
= 1—-z>1-x>1/2

= 0< <2
1—=z
x| x 1
N _ —.2=1
1—zf 1-=z =2
| e nce X!
Thus ,,'Lr20|R”(X)| — nh_)moom =0, since -2 <1
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Power Series Representations Must Be Taylor Series

Suppose the radius of convergence of the power series

f(X):Zan(X—c)”:ao+a1(x—c)+a2(x_c)2+...
n=0

is R > 0. Then the power series is the Taylor series for f at x = c.
Proof: f(c) = ap.

f'(x) = a1 + 2as(x — ¢) +3a3(x — )’ +--- = f'(c) = a1.

f"(x) = 2ap + 6a3(x —c) + --- = "(c) = 2ap. In general:

B F("(c)

dp =

n!
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Finding The Interval of Convergence of a Taylor Series

By the previous slide, a power series must converge to a Taylor
Series. So instead of using Taylor's remainder formula to determine
for which x a Taylor Series for f(x) converges to f(x), it is much
easier to find the interval of convergence of the Taylor series
considered as a power series. That is, once you have calculated

(n)
. )

Y

n!
you can calculate the radius of convergence of ) ap(x — ¢)” using

) dn
R = Ilim

n—oo

dn+1
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Interval of Convergence for Well-Known Power Series

(ee]
X 1 n .
e’ = g — X" converges for all x, since a, = — and
n! n!
n=0
: . (n+1)! :
R = lim zllmg:hm(nqtl):oo.
n—oo an—i—l n—oo n! n—oo

Similarly, the power series

1 1
. 2 : n 2n+1 E : n 2n
SIN X = 2 0(—1) —(2n 1)|X and COS X = . 0(—1) (2n)|X

converge for all x.
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The Binomial Series

f(x) = (1+x)% = f'(x) = a(14+x)*7L, f(x) = a(a—1)(1+x)>2,
F(x) = ala—=1)(@=2)-- (= (n=1))(1+x)*"", for n>2,
and

f(n)(o) =ala—1)(a—2) - (a—(n—1)), for n > 2.

The Maclaurin series for f, called the binomial series, is

1 1) —2 s
TP Gl B G [ R ES o U
n=0

2! 3!
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Interval of Convergence for Binomial Series

with

AR

. _ale-D(@=2)-(a—(n-1)

n! n!

The radius of convergence is

o i |2 | [0 ale=1) (0= (1= 1)
n—oo | ap1 n—o0 n ala—1)---(a—(n—1))(a—n)
T K

n—oo | — N
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Thus

—1 —1 —2
=t e ol Do

if [x| < 1. Depending on « the binomial series may or may not
converge at x = *1. Aside: if « is a positive whole number then
the binomial series is finite and converges for all x. Indeed, the
binomial series becomes the binomial formula, that you may have
seen in high school.
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Example 8

The infinite geometric series,

1
Zx” = —— for |x| < 1,
1—x

n=0
is a special case of the binomial series. Take o = —1 and replace x
by —x :

(1+ (=)™
—-1)(—2 —1)(—2)(—3
= 14+ (—1)(—X) + ( )( )(—X)2 + ( )( )( )(_X)3 +

2!
= 1+x+x2+x3+ -
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Example 9, From Special Relativity, for v < c.

4

= moc? 1+%(%>2+# (— (%)2>2+---
>m

2 1 2 v
= mocC + —MmgV + 0% + .-
—— 2 3 C
rest enegry ~——

kinetic energy  correction term
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Example 1: Limits with Power Series

3 5 3 5
Csnx—tanlx Xyt Eeo-(o5eso)
[im 3 = |im 3
x—0 X x—0 X
1.3 23 U5
= |im 6% 0%
x—0 X3
i 1 23 2+
_— |m - — —X
x—0 \ 6 120
B 1
6
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Example 2: Power Series for f(x) = 1/(2 + 3x)

This kind of division is just a variation of the infinite geometric

series:
1 11
243x 21+ 3x
1 1
21 (-3
1 27
= 5(1—gx+%x2—8x3 ),|f ‘—gx <1
1 3 9 , 27 ; : 2
- - _= “x2 2o o if z
3 "Xt T T X <3
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Example 3: Prove sin’(x) = cos x
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Example 4: f'(x) = f(x) = f(x) = ae*, for some a

Let f(x) = ag + aix + apx®> + azx3 +agx* 4+ - . f/(x) = f(x) =

a1+2aox+3a3x?+4asx3+- - = aptaix+arx®+azx3+agxt+---
= a1 = aq
2 = L L
a =a ah = —a; = —a
2 1 2= 531 = 540
3 = L L
a3 =a a3 = —a» = —a
3 2 3= 392 = g
4 = L L t
as = a ag — —az = —a etcC.
4 3 4 4 3 24 0
So f(x) = ao+aox+ao’§—? +ao’§—? +302—T + ... = gpe*.

Chapter 9 and Chapter 10 Lecture Notes MAT187H1F Lec0101 Burbulla




10.1 Approximating Functions with Polynomials
10.2 Properties of Power Series

Chapter 10: Power Series 10.3 Taylor Series
10.4 Working with Taylor Series

Example 5

For |x| < 1,
1 2 3 n
d
dx(l-—-x) L= 04+ 142x+3%+ -+ nx"14...
1
adcenr i 14+2x+3x* 4+ -+ (n+ 1)x" 4 -
In series notation:
o0
ZE:Xn:: : 1 _ )2
n=0 (1_X)
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Example 6: Power Series For sin™! x

3 5

2+ —th =t ) dt
MR A )

S ST S

N 6 40 108
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Addition and Multiplication of Power Series

o o
If both Z a,x" and Z b,x" converge absolutely for x in the

n— n=
interval /,then for all x in /

o o0 o0
Z apx" + Z bpx" = Z(an + bp)x",
n=0 n=0 n=0

and

o o o
(Z anx”> (Z b,,x”) = Z cnx",
n=0 n=0 n=0
n
with ¢, = Z ajb,_j = aobp + a1bp—1 + acby—2 + - - - anbo.
j=0
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Example 7: Prove sin(2x) = 2sin x cos x

| 00 X2n—|—1 o X2”
e 2 () (Eors)

2(xr (- r( il )y
= X ———=]x — + =+ = | X
2 6 120 ' 12 ' 24

3

_ 8x 32x°
I TR T
= sin(2x)
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Example 8: Power Series for tan x

tan x = sin x/ cos x < cos x tan x = sin x. Switching to series:

x?  x* 5 x3  x°
(1_§_|_E_...>(30+31X+32X +---):X—§+§—---
= ao+alx+<32—130>X2+<33—131)x3+-- —X—X—3—|—X—5—---

2 2 3l 5l

= a9=0,a1=1,a=0,a3=1/2—-1/6 =1/3, etc.

So
tanx—x—|—1X3—|— 2x5—|— 17X7—|—
N 3 15 315
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Example 9: Euler's Formula, with i = v/—1, so i* = —1.

) o0 \n 2 3 4 5
n! ! ! !
n=0
X2 X3 X4 X5
= 1+IX—§—I§+_+IE+“'

X2 X4 X3 X5
= (1_§+E_>+I<X—§+ﬁ_>

= Ccosx -+ isinx

If x = 7 then '
T=—14+0e™+1=0.
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Example 10

n!
n=0
2 3 4
_ 2 (s X
- (1 SR TR TR )
4 5 6
_ 23 X X
= Xx°—Xx —|—2| TRREDT , for all x
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Example 10, Continued

This may seem trivial, but it is not. For instance the above result
means that the 6th degree Taylor polynomial of f(x) = x?e™* at
c=0is

4 X X6

2,3 X XX
Pl =" = o =g T ar
Try calculating it directly! Moreover, from the polynomial you can

read off that

hardly obvious.
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Numerical Approximations with Power Series

Numerical approximation is one of the most important applications
of infinite series. If you have ever wondered how your calculator
works — where do all those decimals come from? — now you know.
Here are three examples that | will do in the following slides:

1. Approximate v/105 correct to five decimal places.

1
2. Approximate /
0

3. For which values of x is

sin x .
dx correct to seven decimal places.

X

x> x°

sinx =X — — + —

3l 5l

correct to within five decimal places?
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Example 11, Using Binomial Series

v/105 = /100(1.05) = 10v/1.05 = 10(1 + .05)*/2
1 1 5

= 10 (1 + %(.05) —~ é(.05)2 + E('05)3 —~ E8(.05)4 + - )

= 10+ .25 —.003125 4 .000078125 — .0000024414 - - - -
= 10.24695312, correct to within .0000024414

So /105 = 10.24695, correct to five decimal places; as you can
check with your calculator.
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Example 12

1 X3 X5 X7 X9 X11 J
ST T TR TR TR Al

/ 1

o X
1 2 4 6 8 10
0

30 s 71 T ol 11l

3 %5 7 9 511 1

N [X_3-3!+5-5! 7799 _11.11!+"']0
= 1 ot o b o, to within
3.31 ' 5.5 7-71 9.9l 11 11!

— 0.9460830726, to within 2.2774 x 10~°
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Example 13

For which values of x does Ps(x) approximate sin x correct to five
decimals? Solution:

sinx = X——+———+---

LX)
= Ps(x), correct to within =

,
‘% < .000005 < |x7| < .0252 < |x| < .591056
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