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When the dimension of the codomain is greater than 1, there is no generalization of the MVT. Nevertheless,
we have the following useful MVT-like inequality.

Theorem 1. Let 𝑈 ⊂ ℝ𝑛 be an open subset and 𝑓 ∶ 𝑈 → ℝ𝑝 be differentiable.
Let 𝑎, 𝑏 ∈ 𝑈 . Assume that ∀𝑡 ∈ [0, 1], (1 − 𝑡)𝑎 + 𝑡𝑏 ∈ 𝑈 . Then

‖𝑓(𝑏) − 𝑓(𝑎)‖ ≤
(

sup
𝑡∈(0,1)

‖𝐷𝑓 ((1 − 𝑡)𝑎 + 𝑡𝑏) ‖
)

‖𝑏 − 𝑎‖

You’ll find below two proofs of this theorem.

Proof 1 (using the MVT).
If 𝑓(𝑎) = 𝑓(𝑏) then there is nothing to do, so we may assume that 𝑓(𝑏) ≠ 𝑓(𝑎).
Define 𝜓 ∶ 𝑈 → ℝ by 𝜓(𝑥) = 𝑓(𝑥) ⋅ (

𝑓(𝑏)−𝑓(𝑎)
‖𝑓(𝑏)−𝑓(𝑎)‖ ) where ⋅ denotes the dot product.

We may apply the MVT to 𝜓 (since its codomain is ℝ), and we obtain that there exists 𝜃 ∈ (0, 1) such that

𝜓(𝑏) − 𝜓(𝑎) = ∇𝜓 ((1 − 𝜃)𝑎 + 𝜃𝑏) ⋅ (𝑏 − 𝑎)
= 𝑑(1−𝜃)𝑎+𝜃𝑏𝜓(𝑏 − 𝑎)

= (𝐷𝑓((1 − 𝜃)𝑎 + 𝜃𝑏)(𝑏 − 𝑎)) ⋅ (
𝑓(𝑏) − 𝑓(𝑎)

‖𝑓(𝑏) − 𝑓(𝑎)‖)

(For the last equality, I used the fact that since 𝑥 ↦ 𝑥 ⋅ 𝑣 is linear then it is differentiable and that its differential is itself,
together with the chain rule).

Then, after replacing 𝜓 by its definition and simplifying, we obtain

‖𝑓(𝑏) − 𝑓(𝑎)‖ ≤ |(𝐷𝑓((1 − 𝜃)𝑎 + 𝜃𝑏)(𝑏 − 𝑎)) ⋅ (
𝑓(𝑏) − 𝑓(𝑎)

‖𝑓(𝑏) − 𝑓(𝑎)‖)|

≤ ‖𝐷𝑓((1 − 𝜃)𝑎 + 𝜃𝑏)(𝑏 − 𝑎)‖ ‖
𝑓(𝑏) − 𝑓(𝑎)

‖𝑓(𝑏) − 𝑓(𝑎)‖‖ by the Cauchy–Schwarz inequality

= ‖𝐷𝑓((1 − 𝜃)𝑎 + 𝜃𝑏)(𝑏 − 𝑎)‖
≤ ‖𝐷𝑓((1 − 𝜃)𝑎 + 𝜃𝑏)‖ ‖𝑏 − 𝑎‖ by sub-multiplicativity of the Frobenius norm

≤
(

sup
𝑡∈(0,1)

‖𝐷𝑓 ((1 − 𝑡)𝑎 + 𝑡𝑏) ‖
)

‖𝑏 − 𝑎‖

■

Proof 2 (using the FTC).

Claim 1. 𝑓(𝑏) − 𝑓(𝑎) = ∫
1

0
𝐷𝑓 ((1 − 𝑡)𝑎 + 𝑡𝑏) (𝑏 − 𝑎)d𝑡

where the integral is computed componentwise
i.e. we apply the integral to the components of the vector in 𝑀𝑝,1(ℝ) obtained by multiplying the matrix
𝐷𝑓 ((1 − 𝑡)𝑎 + 𝑡𝑏) ∈ 𝑀𝑝,𝑛(ℝ) with the vector (𝑏 − 𝑎) ∈ 𝑀𝑛,1(ℝ).



2 AMVT-like inequality

Indeed, the 𝑘-th component of the RHS is

∫
1

0

𝑛

∑
𝑖=1

𝜕𝑓𝑘
𝜕𝑥𝑖

((1 − 𝑡)𝑎 + 𝑡𝑏)(𝑏𝑖 − 𝑎𝑖)d𝑡 = ∫
1

0
𝜑′(𝑡)d𝑡

= 𝜑(1) − 𝜑(0) by the Fundamental Theorem of Calculus
= 𝑓𝑘(𝑏) − 𝑓𝑘(𝑎)

where 𝜑(𝑡) = 𝑓𝑘 ((1 − 𝑡)𝑎 + 𝑡𝑏).
Which proves the claim.

Claim 2. ‖(∫
1

0
𝑔1(𝑡)d𝑡, … , ∫

1

0
𝑔𝑝(𝑡)d𝑡)‖ ≤ ∫

1

0
‖(𝑔1(𝑡), … , 𝑔𝑝(𝑡))‖d𝑡

Indeed,

‖(∫
1

0
𝑔1(𝑡)d𝑡, … , ∫

1

0
𝑔𝑝(𝑡)d𝑡)‖

2
=

𝑛

∑
𝑖=1 (∫

1

0
𝑔𝑖(𝑡)d𝑡)

2

=
𝑛

∑
𝑖=1 ∫

1

0
𝑔𝑖(𝑡)d𝑡 ∫

1

0
𝑔𝑖(𝑠)d𝑠 since 𝑡 is a bound variable

= ∫
1

0 ∫
1

0

𝑠

∑
𝑖=1

𝑔𝑖(𝑡)𝑔𝑖(𝑠)d𝑡d𝑠

= ∫
1

0 ∫
1

0
(𝑔1(𝑡), … , 𝑔𝑝(𝑡)) ⋅ (𝑔1(𝑠), … , 𝑔𝑝(𝑠))d𝑡d𝑠

≤ ∫
1

0 ∫
1

0
|(𝑔1(𝑡), … , 𝑔𝑝(𝑡)) ⋅ (𝑔1(𝑠), … , 𝑔𝑝(𝑠))|d𝑡d𝑠

≤ ∫
1

0 ∫
1

0
‖(𝑔1(𝑡), … , 𝑔𝑝(𝑡))‖ ‖(𝑔1(𝑠), … , 𝑔𝑝(𝑠))‖d𝑡d𝑠 by Cauchy–Schwarz

= ∫
1

0
‖(𝑔1(𝑡), … , 𝑔𝑝(𝑡))‖d𝑡 ∫

1

0
‖(𝑔1(𝑠), … , 𝑔𝑝(𝑠))‖d𝑠

= (∫
1

0
‖(𝑔1(𝑡), … , 𝑔𝑝(𝑡))‖d𝑡)

2

And the claim follows.

We go back to the proof of the theorem:

‖𝑓(𝑏) − 𝑓(𝑎)‖ = ‖∫
1

0
𝐷𝑓 ((1 − 𝑡)𝑎 + 𝑡𝑏) (𝑏 − 𝑎)d𝑡‖ by Claim 1

≤ ∫
1

0
‖𝐷𝑓 ((1 − 𝑡)𝑎 + 𝑡𝑏) (𝑏 − 𝑎)‖d𝑡 by Claim 2

≤ ∫
1

0
‖𝐷𝑓 ((1 − 𝑡)𝑎 + 𝑡𝑏)‖ ‖𝑏 − 𝑎‖d𝑡 by sub-multiplicativity of the Frobenius norm

≤ ∫
1

0 (
sup

𝑠∈(0,1)
‖𝐷𝑓 ((1 − 𝑠)𝑎 + 𝑠𝑏) ‖

)
‖𝑏 − 𝑎‖d𝑡

=
(

sup
𝑠∈(0,1)

‖𝐷𝑓 ((1 − 𝑠)𝑎 + 𝑠𝑏) ‖
)

‖𝑏 − 𝑎‖

■


