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Holomorphic functions

Definition: holomorphic function

Let# cChbeopen, f: % — Candz, e %.
We say that f is holomorphic at z, (or analytic' at z,, or C-differentiable at z,) if

lim f(zog+h) = f(zg)
h—0 h

h) —
Then we set f'(z,) := }lin% f(zg+ 2 f(zo)-
We say that f is holomorphic/analytic/C-differentiable if it is everywhere on % .

exists.

'] don't like the word analytic because it means that f can be locally expressed around z, as a power series. It is true
that C-differentiability is equivalent to analytic but you don’t know that yet and analyticity is also well defined over R.
In MAT334, you can use interchangeably analytic or holomorphic and assume they are synonyms.
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Holomorphic functions

Definition: holomorphic function

Let# cChbeopen, f: % — Candz, e %.
We say that f is holomorphic at z, (or analytic' at z,, or C-differentiable at z,) if

lim f(zog+h) = f(zg)
h—0 h

exists.

Then we set f'(zy) = }lin% f(zo+ h}z - f(zo)-

We say that f is holomorphic/analytic/C-differentiable if it is everywhere on % .

fzo+h) = f(zo) _ lim L ® — /(o)

S0 you can use any of these two limits.
h >z) zZ— 2

Note that lim
h—0

'] don't like the word analytic because it means that f can be locally expressed around z, as a power series. It is true
that C-differentiability is equivalent to analytic but you don’t know that yet and analyticity is also well defined over R.
In MAT334, you can use interchangeably analytic or holomorphic and assume they are synonyms.
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The Cauchy—Riemann equations — 1

Theorem

Let# c Cbeopen, f : % - C,zy=xy+iyy€C. Weset% = {(x,y) ER? : x+iyeU}.
Assume that f(x + iy) = u(x, y) + iv(x, y) and define f : % — R? by f(x,y) = (u(x, y), v(x, y)).
Then the following are equivalent:

e f is holomorphic/analytic/C-differentiable at z

* fis R-differentiable? at (xg, ¥o) @nd its partial derivatives at (x,, y,) satisfy the
Cauchy—Riemann equations

ou ov
a(xo, Yo) d_y(xo’ Yo)

ou ov
a_y(xo,)’o) _a(xo,yO)

. ou el
In this case, f'(z() = a(xo,yo) + ’a("‘)’ Yo)-

2i.e. as a real multivariable function, in the sense of your multivariable course from last year.
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The Cauchy—Riemann equations — 2

Comment

You may already notice that ”f is holomorphic/analytic/C-differentiable at zy = xq + iy,” is
stronger than ”f is R-differentiable at (x,, y,)” since the Cauchy—Riemann equations are required
to be satisfied.

It is due to the fact that the complex multiplication plays a role in the definition of
holomorphic/analytic/C-differentiable (indeed, we divide by 2 which is a complex number, and not
by |a| as in the definition of R-differentiability which relies on the real scalar multiplication).

During this term we will see that holomorphic/analytic/C-differentiable functions are very rigid:
they satisfy strong properties.
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The Cauchy—Riemann equations — 3

The Cauchy—Riemann equations come in various equivalent flavours:

ou ov
d_x(xo’ yO) = —(xo’ J’o) ) .

(1 R av And in this case, f'(zq) = —(xo, Yo) + 1 (xo, Yo)-
d_y(xo’ Yo) = ——(xO, Yo)

O Jac(xy,yy) = a —b for some a,b € R. Then f'(zy) = a + ib.
7 (X0, Yo b a 0

o] 0
(3] —f(zo) = l—f(zo)
0 o) o]
Then f'(zy) = é(zo) = _ia_f(zo) = d_{;(zo)_
of
© E(xo’yo) =0 Remember that %L = 1 <af +i ) and & =1 <g£ gﬁ)
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The Cauchy—Riemann equations — 3

The Cauchy—Riemann equations come in various equivalent flavours:

Xy ye) = 22(xg0)

0:Y0 - 0>Y0

(1) ?,ﬁ d%u And in this case, f’(z0)=g—u(xo,y0)+i%(x0,y0).
_dy(xo’ J’o) = __dx (Xo, )’o) X X

(2] Jac j(xg, yp) = (Z _ab> for some a,b € R. Then f'(zy) = a + ib.

0 o
0 Lizp =iz,
oy ox of of of
5 Then f'(zy) = E(ZO) = _id_y(ZO) = E(ZO)'
o E(xo’yo) =0. Remember that % = % <% +i%> and % = % (% —i%).

From the second version of the C-R equations, we obtain the following geometric interpretation:

if £ is holomorphic at z, and f’(z,) # 0 then f is conformal at z,, i.e. f preserves angles at z, (and there is a converse result).
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We define f : C—> Cby f(z) =Z.
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We define f : C—> Cby f(z) =Z.
© Direct computation: Let z, € C.

+h) -
We want to compute lim ARt GV
h—0 h h—0 h
. + pe'®) — .
Write h = pe'® where p € (0, ) then lir(r)gr o+ pe i; 1z = ¢%% depends on 6.
p— pe

S (2o +h) = f(20)
h

Hence },ir% doesn’t exist and f is nowhere holomorphic/analytic.

© Cauchy—Riemann equations: f : R* — R? defined by f(x, y) = (x, —y) is differentiable
everywhere and for all (x,, y,) € R?,

1 0
JaCf"(xO, yo) = (O _1>

Hence the Cauchy—Riemann equations are nowhere satisfied and f is nowhere
holomorphic/analytic.
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Example: f(z) = R(z)

We define f : C — C by f(z) = R(2).
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Example: f(z) = R(z)

We define f : C — C by f(z) = R(2).
© Direct computation: Let z, € C.

f(zg+p)— f(z9) _1

P
f(zo+ip) = f(zg) _
ip B
doesn’t exist and f is nowhere holomorphic/analytic.

Pick h = p € (0, ), then lim
p—0t

0.

Pick h = ip, p € (0, ), then lim
p—0*

Hence lim f+ P~ /=)
h—0 h

© Cauchy—Riemann equations: f : R* - R? defined by f(x, y) = (x,0) is differentiable
everywhere and for all (x,, y,) € R?,

1 0
Jacp(xp, yo) = <0 0>

Hence the Cauchy—Riemann equations are nowhere satisfied and f is nowhere
holomorphic/analytic.
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Example: f(z) = |z|* — part 1

We define 7 : C — C by f(z) = |z|%.
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Example: f(z) = |z|* — part 1

We define 7 : C — C by f(z) = |z|%.

© Direct computation:
SO+h) - f(0)
h

P
=lim == =0.

Hence f is holomorphic/analytic at 0 and f’(0) = 0.

° Atz,=0: lhm(}

® Letz, e C\ {0}.

+p) - —
Pick 1 = p € (0. +c0), then lim ARt A N S

P
f(zo +ip) = f(zg) _

= -2z, + z,.
i 0ot Zo

doesn’t exist and f is not holomorphic/analytic at z,.

Pick h = ip, p € (0, +), then lirg
p—

f(z() + h) — f(z())

Hence lim
h—0 h

Therefore f is holomorphic only at 0 and f’(0) = 0.
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Example: f(z) = |z|* — part 2

We define 7 : C — C by f(z) = |z|%.
® Cauchy—Riemann equations:

f : R? - R? defined by f(x,y) = (x> + *,0) is differentiable everywhere and for all
(XO’ yO) € st

2 2
Jac #(xg, yo) = ( 6‘0 (}))0>
Hence the Cauchy—Riemann equations are satisfied only at (x,, y5) = (0, 0).

Therefore f is holomorphic only at 0 and f’(0) = 0.
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Example: f(z) = e*

We define exp : C — C by exp(z) = ¢*.
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Example: f(z) = e*

We define exp : C — C by exp(z) = ¢*.
f 1 R* > R? defined by f(x,y) = (¢* cosy,e* sin y) is differentiable everywhere and for all
(x07 yO) € st

e*0 cos —e*0 sin
Jacf(XO’ yo) = ( Yo y0>

e*0siny, e*0cosy,

The Cauchy—Riemann equations are everywhere satisfied, so exp is everywhere
holomorphic/analytic and

exp’(x +iy) = e* cos y + ie* siny = ¥ = exp(x + iy)

i.e. exp’ = exp.
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Basic properties of holomorphic functions

Let f, g be holomorphic at z, and A € C then
e Af is holomorphic at z, and (A1) (zg) = Af'(z).
® f + gis holomorphic at z, and (f + g)'(zg) = f'(zq) + &' (2¢)-
e fgis holomorphic at z, and (fg)’(zg) = f'(z0)g(z) + f(z0)g’ (zp)-
. 1 : 1Yy _f'e
e |f additionaly f(z,) # 0 then 7is holomorphic at z, and (f) (zg) = TN

o’

Assume that f is holomorphic at z, and that g is holomorphic at f(z,).
Then g o f is holomorphic at z, and (g /) (zg) = f'(z9)g' (f (z¢))

Prove these properties. l
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A polynomial f(z) = ay + a,z + 2,z° + - + a,z" is holomorphic on C and
f'(z) = a; +2a,z + - + na,z"L.

° f(z)= ¢ is holomorphic on C and f'(z) = 2267

iZyemiz . ie'? — e’z ef—e 2 .
* cos(z) = % is holomorphic on C and cos’(z) = > =-——=- sin(z).
1
. et — 7% . sy ielZie™F _ elfqeTiz
® sin(z) = - is holomorphic on C and sin’(z) = = = cos(z).
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Harmonic functions — 1

Definition: Laplacian
Let % c R be openand f : % — R be &>.

. . >*f ’f
The Laplacian of f at (x,, yy) € % is Af(xy, yp) = ﬁ(xo’yo) + ﬁ(xo’ Yo)
X V

Definition: Harmonic functions

Let % c R”> be open and f : % — R be €>. We say that 1 is harmonic if Af =0 on %.

Definition: Harmonic conjugate functions

Let % c R? be open and u,v : % — R be two harmonic functions.

u _ ov
We say that v is harmonic conjugate to u when gﬁ aJéU
oy~ ox

Check that v is harmonic conjugate to u if and only if —u is harmonic conjugate to v: it is not a symmetric.
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Harmonic functions — 2

Let# cCbeopenand f : % - C. Set % = {(x,y) €R? : x+iye %}.
Write f(x +iy) = u(x,y) + iv(x, y).

If £ is holomorphic/analytic on % then v is harmonic conjugate to u on %.
Particularly u and v are harmonic functions on %.
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Harmonic functions — 2

Let# cCbeopenand f : % - C. Set % = {(x,y) €R? : x+iye %}.
Write f(x +iy) = u(x,y) + iv(x, y).

If £ is holomorphic/analytic on % then v is harmonic conjugate to u on %.
Particularly u and v are harmonic functions on %.

Proof. We will see later that if f is holomorphic then u and v are €>. Then

2 2
Ay=%u 0u_ 0 fo _i(@)=0
0x2 9y  ox \ 9y dy \dx
where the second equality comes from the Cauchy—Riemann equations and the last one from
Clairaut’s theorem. [
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Harmonic functions — 2

Let# cCbeopenand f : % - C. Set % = {(x,y) €R? : x+iye %}.
Write f(x +iy) = u(x,y) + iv(x, y).

If £ is holomorphic/analytic on % then v is harmonic conjugate to u on %.
Particularly u and v are harmonic functions on %.

Proof. We will see later that if f is holomorphic then u and v are ©2. Then

2 2
Ay=%u 0u_ 0 fo _i(@)=0
0x2 9y  ox \ 9y dy \dx
where the second equality comes from the Cauchy—Riemann equations and the last one from
Clairaut’s theorem. [

Hence the real and imaginary parts of a holomorphic/analytic/C-differentiable function are harmonic conjugate fun~ctions.
When % is moreover assumed to be simply connected, then we have the following converse: if u is harmonic on % then u
is the real part of a function holomorphic % (see Slide 17).

Actually, harmonic functions on R? and holomorphic functions on C share many similar properties so that we may see
harmonic functions as the real analogs of holomorphic functions.
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Harmonic functions — 3

A natural question is: assuming that f = u + iv is holomorphic/analytic/C-differentiable, up to
what extent does u determine f? Or equivalently, up to what extent does u determine v?

Let % c R? be a domain (i.e. % is open and connected) and u, v;,v, : % — R be harmonic
functions.
If v; and v, are harmonic conjugates to u then v, and v, differ by a constant, i.e. v; —v, = C € R.

Proof. Indeed, 0,(v| — vy) = 0,v; — 0,v, = =0 u+ 0 u =0 and similarly 0,(v; — v,) = 0.
Hence v, — v, is constant since % is connected. [ |
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Harmonic functions — 4

Another natural question is: does a harmonic function always admit a harmonic conjugate?
Or, equivalently, is a harmonic function always the real part of a holomorphic function?

In general, without additional assumptions, the answer is NO:

Example

Letu : R?\ {(0,0)} — R be defined by u(x, y) = log(x> + y*).
Assume by contradiction that u admits a harmonic conjugate v on R? \ {(0,0)}.
And f(x + iy) = u(x, y) + iv(x, y) is holomorphic and f/(x + iy) = =2 — i—2_ =

a2 TR Ty
Then/ f’(z)dz:/ ldz:4ﬂ'i.
Ky sl Z

But by Green’s theorem: / f(z)dz = i// 0=0.
St D,(0)

Contradiction.
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Harmonic functions — 5

Nonetheless, when the assumptions of Poincaré lemma?® are satisfied, it is possible to use it in
order to construct a harmonic conjugate.

Let % c R? be open and star-shaped®*. Letu :  — R be a harmonic function.
Then there exists v : % — R a harmonic conjugate to u.

Proof. Note that the vector field F = (—Z—z, —) satisfies an = al:‘ since u is harmonic.
Hence, by Poincaré lemma, there exists v : % — R C? such that F = Vo,
ou Ju ov du
e.(—-——,— )= . Hence v is harmonic conjugate to u. [ |
dy Ox ox’ d

3See for instance Theorem 5 of http: //www.math.toronto.edu/campesat/ens/1920/poincare.pdf
“4Actually, we may weaken this assumption and assume that % is open and simply-connected, i.e. that % has no hole.
A hole of S c C is a bounded connected component of C \ S.
Jean-Baptiste Campesato MAT334H1-F — LEC0101 — Oct 2, 2020 and Oct 5, 2020 17/18


http://www.math.toronto.edu/campesat/ens/1920/poincare.pdf

Harmonic functions — 5

Nonetheless, when the assumptions of Poincaré lemma?® are satisfied, it is possible to use it in
order to construct a harmonic conjugate.

Let % c R? be open and star-shaped®*. Letu :  — R be a harmonic function.
Then there exists v : % — R a harmonic conjugate to u.

Proof. Note that the vector field F = (—Z—z, —) satisfies an = al:‘ since u is harmonic.
Hence, by Poincaré lemma, there exists v : % — R C? such that F = Vo,
ou Ju ov du
e.(—-——,— )= . Hence v is harmonic conjugate to u. [ |
dy Ox ox’ d

A harmonic function on % c R? open and star-shaped* is the real part of a holomorphic function.

3See for instance Theorem 5 of http: //www.math.toronto.edu/campesat/ens/1920/poincare.pdf
“4Actually, we may weaken this assumption and assume that % is open and simply-connected, i.e. that % has no hole.
A hole of S c C is a bounded connected component of C \ S.
Jean-Baptiste Campesato MAT334H1-F — LEC0101 — Oct 2, 2020 and Oct 5, 2020 17/18


http://www.math.toronto.edu/campesat/ens/1920/poincare.pdf

A first example of the rigidity of holomorphic functions

Let  c C be a domain (i.e. open and path-connected) and f = u + iv be holomorphic on % .
If either u, or v, or u? + v* is constant on % then f is also constant on %.

This theorem tells us that if the range of a holomorphic function defined on a domain lies on a
horizontal line, or on a vertical line, or on a circle, then this function is actually constant.
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A first example of the rigidity of holomorphic functions

Let  c C be a domain (i.e. open and path-connected) and f = u + iv be holomorphic on % .

If either u, or v, or u? + v* is constant on % then f is also constant on %.

Proof.
* Assume that u is constant (similar proof for v).
Then Z_i = g—; = 0. By the Cauchy—Riemann equations we also have that % = g—‘y’ =0.

Since % is connected, we get that v is constant. Therefore f = u + iv is constant.
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A first example of the rigidity of holomorphic functions

Let  c C be a domain (i.e. open and path-connected) and f = u + iv be holomorphic on % .
If either u, or v, or u? + v* is constant on % then f is also constant on %.

Proof.
* Assume that u is constant (similar proof for v).
Then Z_i = g—; = 0. By the Cauchy—Riemann equations we also have that % = g—’; =0.

Since % is connected, we get that v is constant. Therefore f = u + iv is constant.

* Assume that | f|* = u* + v* = c is constant. If ¢ = 0 then f = 0 so we may assume that ¢ > 0.
Fromc = |f|> = ff we get that f = % is holomorphic since f doesn’t vanish.

Hence R(f) = % is holomorphic with constant imaginary part equal to 0.
Then, by the previous point, R(f) is constant.
Finally, since the real part of f is constant, so is f (still by the previous point).
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A few words about simple connectedness

Definition: hole
A hole of S c C is a bounded connected component of C \ S.

Definition: simple connectedness
We say that .S c C is simply connected if it is path-connected and has no hole.

Figure: A simply connected set Figure: A set NOT simply connected

&

Figure: A set NOT simply connected Figure: A set NOT simply connected
C\ {0}




