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ENDPOINT STRICHARTZ ESTIMATES

By Markus KeeL and TEReNCE TAO

Abstract. We prove an abstract Strichartz estimate, which implies previously unknown endpoint
Strichartz estimates for the wave equation (in dimension n > 4) and the Schrodinger equation (in
dimension n > 3). Three other applications are discussed: local existence for a nonlinear wave
equation; and Strichartz-type estimates for more general dispersive equations and for the kinetic
transport equation.

1. Introduction. In this paper we shall prove a Strichartz estimate in the
following abstract setting (see below for the concrete examples of the wave and

Schrodinger equation): let (X,dx) be a measure space and H a Hilbert space.
We'll write the Lebesgue norm of a function f: X — C by

1
P
Il = oo = ( [ 16O )"

Suppose that for each time t € R we have an operator U(t): H — L2(X) which
obeys the energy estimate:
e For al tand al f € H we have

(D VOl < IFllm

and that for some o > 0, one of the following decay estimates:
e Foralt#sandal ge LY(X)

) UEUM) gl S t—9"7(lglls  (untruncated decay).
e For dl t,sand g € LY(X)
©) UEUM) gl S (@+[t—s) (gl (truncated decay).

We will completely ignore any issues concerning whether (U(t))* are defined on
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al of L} or only on a dense subspace. Our goal is to determine which space-time
norms

1
q
Il = ([ IFOIE, )

are controlled by (1),(2) or (1),(3). Remark that in the PD.E. settings of the wave
and Schrodinger equations we will set o = 251, 5 respectively, X = R", and
H = L2(R").

Definition 1.1. We say that the exponent pair (q,r) isc-admissibleif g,r > 2,
(Q,r,0) #(2,00,1) and

+

(4)

=19

<

ol
N9

If equality holds in (4) we say that (qg,r) is sharp o-admissible, otherwise we
say that (g,r) is nonsharp o-admissible. Note in particular that when o > 1 the

endpoint
20
p= <2, 2 1)

THeoREM 1.2. If U(t) obeys (1) and (2), then the estimates

is sharp o-admissible.

©) ||U(t)f|||_?|_§< S “fHHv
(©) | werFeds| < IFlg.

(7)

< EI & -

/ UM)(U(9)F(9)ds
s<t

hold for all sharp o-admissible exponent pairs (q,r), (§,F). Furthermore, if the
decay hypothesis is strengthened to (3), then (5), (6) and (7) hold for al o-
admissible (g,r) and (G, ).

As a conseguence of Theorem 1.2 we can prove the endpoint Strichartz es-
timates for the wave and Schrodinger equation in higher dimensions. This com-
pletely settles the problem of determining the possible homogeneous Strichartz
estimates for the wave and Schrodinger equations in higher dimensions. (The
problem of determining all the possible retarded Strichartz estimatesis still open.)
For agiven dimension n, we say that a pair (g, r) of exponentsiswave-admissible
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Figure 1. For n > 3, the closed region is wave-admissible.
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Figure 2. For n > 2, the closed line segment is Schrodinger-admissible.

if n>2and (q,r) is r‘El-admissible, and Schrodinger-admissible if n > 1 and
(q,r) is sharp J-admissible. In particular, P = (2, A1) is wave-admissible for
n > 3 (see Figure 1), and P = (2, %) is Schrodinger-admissible for n > 2 (see
Figure 2).

In the following, we use H” = (v=A)~7L%([R") to denote the homogeneous
Sobolev space.

CoroLLARY 1.3. Supposethat n > 2 and (g,r) and (q,T) are wave-admissible
pairswithr,7 < co. If uisa (weak) solution to the problem

@ { (— & +D)u(t,x) =F(t,%), (tx) €[0,T] xR"
U(O, ) = fv 8tU(O, ) =g
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for somedataf,g,F andtime0 < T < oo, then

9) ullLaqo Ly + IUllcqoTy:ivy * 110Ul cqoTy:iv-1)

S Mfllas + 9l + 1Fll oy
under the assumption that the dimensional analysis (or “ gap”) condition

1 n

(10) + - =

KoRl
=13
NI S
Q

holds. Conversely, if (9) holdsfor all f, g, F, T, then (g, r) and (g, ¥) must be wave-
admissible and the gap condition must hold.

Whenr = oo the estimate (9) holds with the L, norm replaced with the Besov
norm BY,, and similarly for ¥ = cc.

CoroLLARY 1.4. Suppose that n > 1 and (q,r) and (,T) are Schrodinger-
admissible pairs. If uisa (weak) solution to the problem

(2 +A)ut,x) =F(t,x), (X €[0T]xR"
{ u(o,-) =f

for somedataf,F andtime0 < T < oo, then

(11) ||U“|_ﬁ([o,T];|_{() + ||U||C([O,T];L2) Sl + ||F“|_f4’([o,'r];|_§(’)-

Conversely, if the above estimate holds for all f,F, T, then (g, r) and (q, ) must be
Schrodinger-admissible.

Here we are using the convention that ||u||c(om;x) = co whenu ¢ C([0, T]; X);
thus Corollary 1.3 asserts that u(t) is both bounded and continuous in t in the
space H?, and similarly for Corollary 1.4.

We have not stated the most general form of the estimates (9), (11): fractional
differentiation, Sobolev imbedding, and Holder’s inequality al provide ways to
modify the statements, and the case T = oo can be handled by the usual limiting
argument. The gap condition (10), which was dictated by dimensional analysis,
can be removed if one places an appropriate number of derivatives on the various
termsin (9).

In the case when ¢ > 1 and (q,r) or (q,7) take the endpoint value P, the
content of Corollaries 1.3-1.4 is new. These results extend a long line of inves-
tigation going back to a specific space-time estimate for the linear Klein-Gordon
equation in [18] and the fundamental paper of Strichartz [24] drawing the con-
nection to the restriction theorems of Tomas and Stein. For proofs of previously
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Figure 3. In R31, the wave equation estimate (8) with g = 2,1 = oo is known to be false. The Schrédinger
estimate (11) in R%*1 with the same Lebesgue pair is also false.

known Strichartz-type wave eguation estimates, see [14], [9], [15] and espe-
cially the careful expositions in [7], [21], [5]. For Strichartz-type results for the
Schrodinger equation, see [6], [27].

When o = 1 the endpoint P is inadmissable and the estimate for the wave
equation (n = 3) and Schrodinger equation (n = 2) are known to be false [12],
[16]. The problem of finding a satisfactory substitute for this estimate is till
open.

There are several advantages to formulating Theorem 1.2 in this level of
generality. First, it allows both wave equation and Schrédinger equation estimates
to be treated in a unified manner. Second, it eliminates certain distractions and
unnecessary assumptions (e.g. group structure on the U(t)). Finaly, there is a
natural scaling to these estimates which is only apparent in this setting. More
precisaly, the sharp statement of the theorem is invariant under the scaling

(12) UM < U (5), UE) = (UR)"
dx — A7dx, (f,Q)n < A7(f,Q)n.

In other words, for scaling purposes time behaves like R, X behaves like R?, H
behaves like L2(R?), and U(t) is dimensionless. In practice the scaling dimension
o differs from the Euclidean dimension; for instance, in the wave equation o =
(n—1)/2, and in the Schrodinger equation o = n/2.

Acknowledgments. The authors thank Sergiu Klainerman and Luis Vega for
introducing them to this problem, Chris Sogge and Tom Wolff for sharing a
number of very useful insights about the wave equation, and Elias Stein and
Carlos Kenig for their helpful comments and encouragement.
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2. Outline of paper. Theorem 1.2 will be proved in several stages. In Sec-
tion 3 we prove the homogeneous estimate (5) and its adjoint (6) away from
the endpoint P using the usual techniques of the TT* method and interpolation
between the energy estimate and the decay estimate. The proof of the endpoint
homogeneous estimate in Sections 4—6 requires a refined version of this argu-
ment; ironically, the estimate will be obtained by a bilinear interpolation between
the nonendpoint results, together with the decay and energy estimates. We give
two proofs of the bilinear interpolation step: a concrete one using an explicit
decomposition of the functions involved (Section 5), and an abstract argument
appealing to real interpolation theory (Section 6).

Finally, we have to modify the arguments for the homogeneous case to treat
the retarded estimate (7). The most critical cases of the retarded estimate can be
obtained directly from the corresponding homogeneous estimates, and the rest can
be proved by interpolation and suitable variations of the homogeneous arguments.
Curiously, our methods will be able to show (7) for certain exponents (g, r), (4, T)
which are not both o-admissible.

In the above arguments, we view the results as bilinear form estimates rather
than operator estimates. The symmetry and flexibility of this viewpoint will be
exploited heavily in the proof of the endpoint estimate.

In Section 8 we prove Corollaries 1.3 and 1.4. The argument follows stan-
dard techniques (see [7], [14], [21], [5] for the wave equation, and [6], [27]
for the Schrodinger equation); the main difference is that the usual Strichartz
interpolation method is replaced by Theorem 1.2.

In Section 9 we present an application of this endpoint inequality, obtaining
an endpoint version of the well-posedness results of [10],[14] for the semilinear
wave equation. In the final section we generalize Theorem 1.2 and discuss some
applications to other problems, such as the kinetic transport equation and general
dispersive equations.

3. The nonendpoint homogeneous estimate. In this section we prove the
estimates (5), (6) when (q,r) # P.

By duality, (5) is equivalent to (6). By the TT* method, (6) is in turn equiv-
alent to the bilinear form estimate

@ | [ FO.U0r60) | < IFl g, 1G],
By symmetry it suffices to restrict our attention to the retarded version of (13),

(14) TG S IF g, Gl v,
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where T(F, G) is the bilinear form

(15) TF.0) = [| (UE'FS.U0) ) dsct.

By (real) interpolation between the bilinear form of (1)
(UEF, (UO) GO) S IFOlIG0]:

and the bilinear form of (2)

18 (U FE.UOICO S -5 IFQIGOl:

we obtain

@) KU FE, OGO S [t = s ORI IGO I,

where 3(r,T) is given by

(18) ﬂ(r,?):a—l—%—

= Q

Using (4), one checks that 8(r,r) < 0.
In the sharp o-admissible case %‘ +2 = 2 we have

= _B(rv r)1

QP
QiR

and (14) follows from (17) and the Hardy-Littlewood-Sobolev inequality ([22],
Section V.1.2) when q > d'; that is, when (q,r) # P.
If we are assuming the truncated decay (3), then (17) can be improved to

(19)  [{(UE)F(S), (U®)*GM)| < X+ |t —s) PO F(S)l]|GO |,
and now Young's inequality gives (14) when
1 1
_ﬁ(nr) + a > av

or in other words when (q,r) is nonsharp admissible. This concludes the proof
of (5), (6) when (q,r) 7 P.
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4. Theendpoint homogeneousestimate: preliminaries. 1t remainsto prove
(5), (6) when

(20) (qr)=P= <2, 02"1> Lol

Since P is sharp o-admissible, we assume only the untruncated decay (2). This
is in fact advantageous because it allows us to use the scaling (12).

It suffices to show (14). By decomposing T(F, G) dyadicaly as 3; Tj(F, G),
where the summation is over the integers Z and

(21) Ti(F.G) = /t - ((U(e)"F(s), (U(1)"G(Y)) dsdt,

A< s<t—2i

we see that it suffices to prove the estimate

(22) 2_TiF.G) S IFllyy Gl -
J

In the previous section, (14) was obtained from a one-parameter family of
estimates, which came from interpolating between the energy estimate and the
decay estimate. This one-parameter family of estimates however is not sufficient
to prove the endpoint result, and we will need the following wider two-parameter
family of estimates to obtain (22).

LemmA 4.1. The estimate
(23) |Tj(|:, G)| S; zijﬁ(a’b)HF“LtZLQ’ ||G“|_t2|_>'g’

holdsfor all j € Z and all (£, £) in a neighbourhood of (3, 1).

Proof. One can check using (18) and (20) that (23) is invariant under the
scaling (12). Thus, it suffices to prove (23) for j = 0. Since Ty is localized in
time, we may assume that F, G are supported on atime interval of duration O(1).

We shall prove (23) for the exponents

(i) a=b=o0
(i) 2<a<r, b=2
@iii) 2<b<r, a=2

the lemma will then follow by interpolation and the fact that 2 < r < oco. (See
Figure 4.) We remark that when o = 1, r becomes infinite and the lemma breaks
down at this point.
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Figure 4. For o > 1, (}, 1) isin the interior of the convex hull of the estimates (i)—iii).

To prove (i), we integrate (16) in t and s to obtain
To(F, G)| S IFlliaglIGllag
and (23) follows by Holder’s inequality.

To prove (ii), we bring the s-integration inside the inner product in (21) and
apply the Cauchy-Schwarz inegquality to obtain

/ | (U(9)F(s)ds
t—2*l<s<t—2i

ITi(F,G)| S (Sup )/II(U(t))*G(t)HH dt.
t H

Using the energy estimate ||(U(1))*G(t)||n < ||G(t)]|2 this becomes

[ werFe dsH ) Gl
t—2+1<s<t—2 H

Define the quantity g(a) by requiring (g(a), a) to be sharp o-admissible. By the
results of the previous section (6) holds for (g(a), a); applying this to (24) we
obtain

(24) ITi(F,G)| < <9th

[ To(F,G)| < ||F||L?(a)’L§’||G“Lt1L§’

which by Holder’'s inequality gives (23). A similar argument gives (iii). |

To finish the proof of the endpoint homogeneous result we have to show
that Lemma 4.1 implies (22). We will give a direct proof of this interpolation
result in the next section, and an abstract proof using real interpolation theory in
Section 6.
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5. Proof of the interpolation step. If one applies Lemma 4.1 directly for
a=r, b=r one obtains

(25) ITi(F, G S [IFll avy Gl apy

which clearly won't sum to give (22). However, the fact that we have a two-
parameter family of estimates with various exponential decay factorsin the neigh-
bourhood of (25) shows that there is room for improvement in (25). To see this
in a model case, assume that F and G have the special form

FO =27 fOxeq. GO =279 )xey

where f, g are scalar functions, k, kezand E(t), E() are sets of measure 2% and
2% respectively for each t,s. Then (23) becomes

Ti(F, G)| 5 27 @Dig=k/ |24 27K/ g | ;24
which simplifies using (18) and (20) to
(26) Ti(F, Q)| 5 247G -2 IDED|f | g,
When a = b =r thisis just (25). However, since (26) is known to hold for all

1.1y in a neighborhood of (4, ), we can optimize (26) in a and b and get the
improved estimate

ITi(F,G)| < 2 <Ukielk=iol |t 1] gl

for some ¢ > 0, which does imply (22).

This phenomenon can be viewed as a statement that (25) is only sharp when
F and G are both concentrated in a set of size 2. For the wave equation this
occurs when F and G resemble the Knapp counterexample

F(s (X %) = (275,272, —9)  G(t, (X, %n)) = (27Tt — 1,271/%%, % — 1),

(see[25]) and for the Schradinger equation when F and G have spatial uncertainty
2/2:

F(s,X) = ¢(2775,271/%)  G(t,x) = (279t — 1,271/2x);

here v is a suitable bump function. Thus these examples are in some sense the
critical examples for the endpoint Strichartz estimate. However, these examples
can only be critical for one scale of j, which is why one expects to obtain (22)
for general F, G from Lemma 4.1.
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To apply the above argument in the general case we need to decompose F
and G into linear combinations of (approximate) L™ -normalized characteristic
functions. The ability to decompose F and G is an advantage of the bilinear
formulation of these estimates. It is difficult to reproduce this argument in the
setting of a linear operator estimate.

Lemma 5.1. (“Atomic decomposition of LP") Let0 < p < oo. Thenanyf € L}
can be written as

(o)

f=3" coe

k=—o0

where each y isa function bounded by O(2~%/P) and supported on a set of measure
O(2"), and the ¢, are non-negative constants such that ||cklip < [[f][p-

Proof. Define the distribution function A\(a) for « > 0 by

Aa) = {[ ()] > a}].

For each k we set

ok = inf «
Ma)<2K
Ck = 2k/pak

1
Xk = C—I(X(akﬂ,ak](l f)f.

The lemma follows easily from the properties of the distribution function (see
e.g. [17]). For instance, we prove the bound ||ci/lip < |[f|p,

(27) Sk =Y 2
= /ap (Z 2k6ak(a)) do

where

(28) F(c)

I
N
2
T
=
Q
~
|
£

ag>a

2)\(«).

IN
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Since f € LP, we may integrate by parts in (28) and use (29) to get

D%

p/aple(a) do

<p / 0P \(a) da

115 - O

By applying Lemma 5.1 with p =’ to F(t) and G(s) we have the decompo-
sition

(29) FO =) fkOxk®, G(8) = g(9Tk(S),
k k

where for each t,k, the function y(t) is bounded by O(2%/"') and is supported
on a set of measure O(2%), and similarly for ¥ (). The functions fi(t) and k(9
are scalar valued and satisfy the inequalities

1/r’
(30) H (Z | fk|f’>
k

1/r
!
< IF g (ngf) < Gl ay-
k

2
L L?

We are now ready to prove (22). By (29) we have

Z ITi(F, Q)| < Z ZZ | T (fioxi Gk |-

J koK

But by the analysis at the start of this section we have

ITi (o Gk < 277 17D 15 gl

Combining these two inequalities and summing in j we obtain

SITEG) S @+ k- k2 M2l gl
j k k

Since the quantity (1+ |k|)2—</l is absolutely summable, we may apply Young's
inequality and obtain

1/2 1/2
Y IT(F.G) S (Z ||fk||§> (Z “9&“%) :
j k i
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Interchanging the L2 and |2 norms and using the inclusion I"’ 12 we obtain

1/r/ 1/I"
(zw) (zw) |
k , [\ % ,

and (22) follows by (30). O

> IT(F.G)| <
j

The use of theinclusion|”’ ¢ 12 shows that thereis a slight amount of “slack”
in this argument. In fact, the L] norm in (5) can be sharpened to a Lorentz space
norm L!2. (See the argument in the next section, and the remarks at the end of

the paper.)

6. Alternate proof of the interpolation step. In this section we rephrase
the above derivation of (22) from Lemma 4.1 using existing results in rea inter-
polation theory. Our notation follows [1] and [26].

Let Ag, A1 be Banach spaces. (We will always assume that any pair of Banach
spaces Ag,A1 can be contained in some larger Banach space A.) We define the
real interpolation spaces (Ao, A1)gq for 0 < 6 < 1, 1 < g < oo via the norm

o _ dt /d
Jalloammne = ([ € KeaT)

where
K(t.a) = inf [laolla, *+tlaslla.

We will need the interpolation space identities
(L2LRo, L2LP)y 5 = L2LR2
whenever po # p; and rl) = 1p— pﬁ (see [26] Sections 1.18.2 and 1.18.6), and

(1213201 = 11

[ ek ile o]

whenever 9 # 5 and s = (1 — 0)sp + 051 (see [1] Section 5.6), where IS =
L9(Z, 2is dj) are weighted sequence spaces and dj is counting measure.
The bilinear interpolation we will use is the following:

Lemma 6.1. ([1], Section 3.13.5(b)) If Ag,A1,Bp,B1,Cp,C1 are Banach spaces,
and the bilinear operator T is bounded from
T: Ao x Bg — Cy
T: Aox B —C
T: A]_ X Bo — Cl,
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then whenever 0 < 6g,61 < 0 < 1,1 < p,q,r < oo aresuch that 1 < r—1)+éand
0 = 6y + 01, one has

T: (Ao, A1)aopr X (Bo, B1)syar — (Co, Cr)oyr-

The estimate (23) can be rewritten as
(31) T: LAY x LAY — 15@D),
where T = {T;} is the vector-valued bilinear operator corresponding to the T;.

We apply Lemma 6.1 to (31) withr =1, p =g = 2 and arbitrary exponents
ag, a1, bp, by such that

(a0, b1) = B(a1, bo) # A(a0, bo).-
Using the real interpolation space identities mentioned above we obtain
T: LAY 2 % 122 — (@b

for al (a,b) in a neighbourhood of (r,r). Applying thisto a=b =r and using
the fact that L™ < L"2 we obtain

T: LAY x L2 — 19,
which is (22), as desired. m|
7. The retarded estimate. Having completed the proof of the homoge-
neous estimate (5), we turn to the retarded estimate (7). By duality and (15) the
estimate is equivalent to
(32) |T(F7G)| 5 ||F|||_?'|_)r(’ ||G“L?’L'I;("

By repeating the argument used to prove (24), we have

@ TC.6) < (s

| werFe dSHH) Gz,

and when (§,7) = (o0, 2) the estimate (32) follows from (6). Similarly one has
(32) when (g,r) = (00, 2). From (14) we see that (32) holds when (q,r) = (§,T).

By interpolating between these three special cases one can obtain the result
whenever (%, 1), (%, 3), and (£, 1) are collinear. In particular, we get (32) when-
ever (g,r) and (§,7) are both sharp o-admissible. This concludes the proof of (7)
under the untruncated decay hypothesis.
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It remains to consider the case when we have the truncated decay hypothesis
(3) and at least one of (q,r), (4,T) is nonsharp o-admissible. (In the concrete
context of the wave equation one can obtain this case from the previous ones
by simply using Sobolev imbedding.) Since every o-admissible pair (q,r) is an
interpolant between (g, o) and a sharp o-admissible pair it suffices to consider
the case when r = co or T = co. Without loss of generality we may assume that
r =oo.

We first dispose of the case § = co. From (19) for s=1t and F(s) = G(t), we
obtain the estimate ||[(U(t))*G(t)||ln < ||G(t)||r - Inserting this as a substitute for
the energy estimate in the derivation of (33), we obtain

.0 < (s [ WEIFOE )Gl

and (32) follows from (6). Thus we may assume that § < oc. Note that this
impliest > 2, by (4).

To deal with the remaining cases it suffices to prove the following crude
variant of Lemma 4.1; the estimate (32) will follow by optimizing (34) below in
« and using the triangle inequality.

Lemma 7.1. The estimate

(34) Ti(F,G)I < 27|IF | o |Gl o

L
holdsfor a =T and all « in a neighbourhood of 0.

Proof. By localization we may assume that F and G are supported in a time
interval of duration O(2). We first prove (34) for the pairs:

() a=2a=}

TN R
(i) a=o0,a= o5ty
Py _ _l l
(iii) a=oo,a =gtz

To prove (i), we apply (6) for (g, o) to (24) to obtain
HIGROIBSY L YIS I

and (34) for (i) follows by Holder’'s inequality.
Next, we integrate (16) in s and t to obtain

ITi(F,G) < 27 |IFlluwl Gl
and (34) for (ii) follows by Holder's inequality. To handle (iii) we note that (3)

implies (16) with o replaced by 0, and so we can repeat the argument in (ii). By
interpolating between (i) and (iii) we obtain (34) for a =T and some positive a.
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By interpolating between (i) and (ii) we obtain (34) for a=Tt and

(1-7) (3 s
(-9 G-5-0)-G-5-3)

which is negative by (4), the assumption ¥ > 2, and the fact that at least one of
(q, 00), (§,F) is nonsharp admissible. By interpolating between both values of «
we obtain our result. |

(35) e

Note that the admissibility of (4,7) was only used in the above lemma to
ensure that the quantity (36) was negative. However, (36) can be negative even
for inadmissible (§,7). Thus, for example, the estimate (7) holds for o = 1, the
admissible indices g = 4, r = oo, and the inadmissible indices =4, 3< T < 4.
Hence the inhomogeneous estimates have a wider range of admissibility than the
homogeneous estimates.

It seems of interest to determine all pairs of exponents (q,r), (§,T) for which
(7) holds; the range of exponents given by the above arguments are certainly
not optimal. The problem is likely to be very difficult; in the case of the wave
equation the estimate (7) for general pairs of exponents is related to unsolved
conjectures such as the local smoothing conjecture of [19] and the Bochner-Riesz
problem for cone multipliers (see [2]).

8. Strichartz estimates for the wave and Schrodinger equations. We
start with showing the necessity of the various conditions in Corollary 1.3. The
gap condition follows from dimensional analysis (scaling considerations). The
admissibility conditions

1,0-0/2_(-12 1 (-1/2_(0-1)2

q r 2 o § 2
follow from the Knapp counterexample for the cone and its adjoint, whereas the

inadmissibility of (qg,r,n) = (2,00,3) or (§,7,n) = (2, 00,3) was shown in [12].
The remaining admissibility conditions

a>q, 9>¢

follow from the following trandation invariance argument. The (homogeneous
part of the) estimate can be viewed as an operator boundedness result from H®
to L{L!, and by the TT* method this is equivalent to an operator boundedness
result from LY LY to LILL. However, in the limiting case T = oo, this operator
is time-trandation invariant, and so cannot map a higher-exponent space to a
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lower-exponent space (see [8]). Thus g > ¢, and a dual version of the same
argument gives § > .

Now suppose that «, g, r satisfy the conditions of the theorem, and that u is
a solution to (8). We use Duhamel’s principle to write u as

(36) u(t) = O(f,g) + GF(),
where

_ sin(ty/=A)
(37) St)(f,g) = cos(tvV—A)f + —/ = ¢

g _ _
GE(t) = /O S'”((t\/_i)A\/_A)F(s)ds

are the homogenous and inhomogenous components of u.

By the usua reduction using Littlewood-Paley theory we may assume that
the spatial Fourier transform of f, g, F (and consequently u) are all localized in
the annulus {|¢| ~ 2} for some j. (See Lemma 5.1 of [21] and the subsequent
discussion. The casesr = oo or f = oo can also be treated by this argument, but
the Lebesgue spaces L}, Lf(' must be replaced by their Besov space counterparts.)
By the gap condition, the estimate is scale invariant, and so we may assume
j = 0. Now that frequency is localized, v/—A becomes an invertible smoothing
operator, and we may replace the Sobolev norms H?, H?~1 with the L2 norm.
Combining these reductions with (36) and (37), we see that (9) will follow from
the estimates

[[SERGLAIFTES
U+ (OF [l o
U+(®)9llciz
U0l oy

IF1l2
IF]]2
l9ll2
912

AN YA

AN N

H/t>sui(‘)(Ui(S))*F(s) ds

A

F -
s & [Pl

H/t>sui(t)(ui(8))*F(s)ds q

L

~ “FHL?IL;”
where the truncated wave evolution operators U (t) are given by

U ®F(€) = xom (OB (¢)

for some Littlewood-Paley cutoff function 3 supported on [£| ~ 1.
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L et us temporarily replace the C(L2) norm in the above by the L°L2 norm. All
of the above estimates will follow from Theorem 1.2 with H = L2(R"), X = R",
o = (n—1)/2, once we show that U, obeys the energy estimate (1) and the
truncated decay estimate (3). The former estimate isimmediate from Plancherel’s
theorem, and the latter follows from standard stationary phase estimates on the
kernel of UL (t)(UL(9)*. (See [20], pp. 223-224.)

We now address the question of continuity in L2. The continuity of U (t)f
and U (t)g follow from Plancherel’s theorem. To show that the quantity

G:F()= [ U9 F(9ds
>s
is continuous in L2, one can use the identity
GLF(t+e) = €7V AGLR(t) + Gu (xies F)(O),
the continuity of €V~ as an operator on L2, and the fact that
||X[t,t+e]F||L(q’Lf/ —0Qase — 0.
t bx
The proof of Corollary 1.4 proceeds similarly, but without the additional
technicalities involving Littlewood-Paley theory. From the scaling X < AX, t «
M\t and the same trangdlation invariance argument as before, together with the

negative result in [16] for q = 2,r = 0o, n = 2 we see that the conditions on q, r
are necessary. For sufficiency, we writeu asu= — iGF, where

SH(f) = xom(He™f
gF() = |__SO(S9)Fds
and apply Theorem 1.2 with H = L?(R"), X =R", o = n/2. The energy estimate
1€ ]2 < IFl2
follows from Plancherel’s theorem as before, and the untruncated decay estimate
1€495F e S [t —872If |2

follows from the explicit representation of the Schrodinger evolution operator

eimf(x):(Zwilt)”/Z/Rn 540y o,

The proof of continuity in L? proceeds in analogy with the wave equation.
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/& y =n/2-2/(k- 1) (Sharp by scaling.)

y =12+
conf

Q y=(n+1)/4-U(k-1)  (Sharp by concentration examples)

Figure 5. A sketch of known well-posedness results in n > 4.

9. Application to a semi-linear wave equation. Following the notation of
Lindblad-Sogge [14], we consider the initial value problem

(38) (-552 +A> .

u(x,0) = f(x) € H(R"
Au(x, 0) = g(x) € H YR

Fr(u)

where u is scalar or vector valued, k > 1 and the nonlinearity Fy € C! satisfies

(39) IFi(u)] < Jul®
Ul [Fe(W)] ~ R

The question of how much regularity v = ~(k, n) is needed to insure local
well-posedness of (38) was addressed for higher dimensions and nonlinearities
in [10]; and then almost completely answered in [14]. (See[13] forn=3,k=2))
The purpose of this section is to simply show the new endpoint estimate in
Corollary 1.3 above gives a new “endpoint” well-posedness result for (38) in
dimensions n > 4.

The results of [14] in dimensions n > 4 are sketched in Figure 5. (Those
positive results dealing with kg < k < %22 were obtained in [10] as well, using
a different argument.)
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The piecewise smooth curve in the figure represents the smallest known ~
for which (38) is locally well-posed. When

(n+1)?

k>k0 :m

it is shown in [14] that the results are best-possible. For k < ko, the sharpnessiis
not known, but [14] proves local well-posedness for

_n+1_(n+1)(n+5) 1
T4 4 2nk — (n+ 1)’

In this section, we simply extend the well-posedness results to include the case
k = ko.

CoRroLLARY 9.1. Assumen > 4 and

__ n=-3
Y E 07 5
L (e
K=ko= s

Then thereisa T > 0 depending only on |f, + ||9]|;;»—2 and a unique weak
solution u to (38) with

(40) u € LPLP([0, T] x R")
where
_2(n+1) 2 —-1)
"~ n-3 0T n—12+4

In addition, the solution satisfies
(41) u € C([0,T],H") N C}([0, T],H* 1)

and depends continuoudly (in the norms (40)—(41)) on the data.
Proof. The argument will rely on the estimate (9) applied to the exponents

2(nn_—31)> ;

v =0, (1) = (Go.T0), mﬂzpz@,

one may easily check that (q,r), (§,7) are wave-admissible and obey the gap
condition. The only other properties of these exponents we shall use are that
r =¥k and q > g'k. (For the endpoint k = kg, v = o these requirements uniquely
determine (g, r) and (q,7).)
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We apply the standard fixed point argument (seein particular the presentation
in [4]) in the space

@) X=X(T.M) = {u € L{0, TI L) | lull oy < M}

with T and M to be determined. By (36), the problem of finding a solution u of
(38) is equivalent to finding a fixed point of the mapping

(43) Fu(t) = St)(f,9) + GF,(u).

Accordingly, we will find M, T so that F is a contraction on X(T,M). It will
suffice to show that for all M thereisa T > 0 so that

1
(44) |Fu—Fvlx < 5 Ju=vlx-
The fact that 7: X — X follows by picking M large enough so

M
(45) I70llx < =+

note that || 70|y is finite by (9) applied to the homogeneous problem.
By (9) we have

(46) [Fu—Fviix

1G(Fi(W) — F(W))lix

The assumptions (39) give

1
|Fk(U) — Fk(V)| /O %Fk(Au +(1—A\)V) d)\‘

/01 (U=V)- VRO +(1— )\)v)d)\‘

S lu—v| (Jul+ vt
Using this in (47) gives

(47) U= Vil S [[lu=v] (ful + )<

Ly
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However, by the generalized Holder inequality we have

(48 |[lu=v] (ju/+ V)<

Ly

k—1
< fu= Vil [Clu+ WD o s Itom gz

where 1 < p < oo is chosen so that

1 1 1 1 1 1 1 1
=+ -+, =+ +
d q g/k=1) p ¥ r r/k=1) oo

note that p is weII-dezfined sincer =Tt'k, g > §k. (In the endpoint case k = ko,
v =0 we have p = =212
By the assumptions on u, Vv the estimate (48) simplifies to

(49) Jlu=viCiul+ M= o S TPMEE fu— vy

Ly~

Thus if we choose T so that TY/PMK—1 « 1, then (47) and (49) give the desired
contraction (44).
To obtain the regularity (41) for u we apply (49) with v = 0 to obtain

IFWl & g < TYPMKL|ul|x < o0,

and (41) follows from (9).

Finally, we need to show unigueness. (Continuous dependence on the data is
similarly included in the above arguments.) Suppose that we have two solutions
u,v to (38) for time [0, T*] such that

HUHL?([O,T*];L;)' V”L?([O,T*]:L&) =M

for some M. Choose 0 < T < T* such that TY/PM*1 « 1. By the above
arguments (44) holds, which implies that u=v for time [0, T]. Since T depends
only on M, we may iterate this argument and obtain u = v for al times [0, T*]. O

10. Further remarks. An inspection of the proof of Theorem 1.2, espe-
cialy the abstract interpolation step in Section 6, shows that the L ebesgue spaces
L% in the hypotheses of Theorem 1.2 can be replaced by an interpolation family
of abstract Banach spaces. More precisely, we have:
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THeorRem 10.1. Leto > 0, H beaHilbert space and By, B; be Banach spaces.
Suppose that for each timet we have an operator U(t): H — B such that

AN

U@®)[n-g; S 1

UOUE) |le,—8; < It—9577.

1

Let By denote the real interpolation space (Bo, B1)s 2. Then we have the estimates
1UOF 5, < Il
| werFe | < I,

|| vouerFos

LBy

< .
< IFll e,

whenever 0 < 0 <1,2<q= 0—29 (9,0,0) #(2,1,1), and similarly for (q,é). If
the decay estimate is strengthened to

UOMUE) [[B,—8; S (L +[t—5)77,
then the requirement q = 2, can berelaxed toq > -2, and similarly for (g, 9).

Thus, for instance, one can formulate a version of Theorem 1.2 for Besov
spaces instead of Lebesgue spaces; this allows a slightly shorter proof of Corol-
lary 1.3, using the interpolation theory of Besov spaces to avoid an explicit
mention of Littlewood-Paley theory (cf. the approach in [7]).

Theorems 1.2 and 10.1 can be applied to higher-dimensional problems other
than the wave and Schrodinger equations. (These theorems are aso valid in the
low-dimensiona case o < 1, but their content is not new for this case.) For
example, in [11] there is the following Strichartz (or “global smoothing”) result
(in our notation):

THeorem 10.2. ([11], Theorem 3.1) Let P be a real elliptic polynomial of
degree min R". Then

W5 @F Lo S (IFll2

< F
Ly~ IFll gy

/ W, (OWE(F(S) ds
s<t
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wherey = 2/nq, (q,r) issharp n/2-admissible, q < 2,

W, (O () = / PO et (Pee) /2R (€)ubp(€) d,

and p is a suitable cutoff function.

By Theorem 1.2 we can remove the restriction q < 2 (provided that n > 2) in
the above theorem, and generalize the retarded estimate to two different admis-
sible pairs (q,r), (4,7) of exponents. The proof proceeds along analogous lines
to that of Corollary 1.3 (using either Littlewood-Paley theory or Theorem 10.1
for Sobolev spaces to handle the v parameter). The energy estimate follows from
Plancherel’s theorem, and the decay estimate is proven in Lemma 3.5 of [11].
We omit the details.

As observed in [11], it seems likely that the above results can be par-
tially extended to the case when the symbol P(£) is not liptic, or even polyno-
mial.

We now consider Strichartz estimates for the kinetic transport equation

{ DX+ Vi (t,x) =0 (t,x & €RxR"xR"

f(0,x,&) =19(x, &).
Given (nonnegative) f and fy as above, we seek all estimates of the form
(50) Iflloprr S IF°,
By dimensiona analysis the following conditions are necessary:
2 <1 1> 1 1 (1 1>
—=n({-—-=], =-==(=+=].
q r p a 2\r p

By spatial trandation invariance we must have p > a. By considering the coun-
terexample fo = Y0 X, Where

E={(x¢&): X ~2,|¢+27x ~27},
and noting that the solution f satisfies
f(t,x,€) =1 whenever |x|,|¢| < 1, [t—2| < 1,1<j <N,

we see that we must have g > a.

THeorem 10.3. ([3], Theorem 1(b)) If the above necessary conditionshold and
g > 2 > a, then (50) holds.
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Since the problem is invariant under the transformation
fo —fg, f—1f°, (q,p,r,a)<—<g,E,L,E>
a o a0 o

one can easily replace the restriction g > 2 > ain the above theorem with q > a.
(Thus, for instance, Theorem 1(a) of [3] can be extended to the range p < r?%ll

It seems reasonable to conjecture that the result also holds at the endpoint
g=a a least when n > 1. By the above invariance it sufficesto consider the case
g=a=2, sothat p= 2%, r = 2% Unfortunately the techniques of this paper are
not quite powerful enough to resolve this endpoint; if one applies Theorem 10.1
with Bo = LZLZ and By = LxL.g° one obtains (50) (the required energy and decay
estimates are contained in Theorem 2 of [3]), but with the LQLE norm replaced
by that of the real interpolation space

(LRLE LLE) (3

which is between the spaces L!?’ng'1 and LY™°Ly™ but is neither stronger nor
weaker than LXLE.
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