GENERATING FUNCTIONS

Solve an infinite number of related problems in one swoop.
* Code the problems, manipul ate the code, then decode the answer!
Redlly an algebraic concept but can be extended to analytic basis for interesting results.

(1) Ordinary Generating Functions

{a, a,% , &, ¥a } sequence where the kth term is the solution of some problem, for every k.

Create the object (“formal power series’)

¥

é a. X“ where x islike a place-holder for a.. Thislooks like an analytic power series but it's NOT (not
k=0

yet, anyway).

Rules of Operation: just do what comes naturaly.
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wherecc= A a by
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Examples
) a=1,0£EkEn
a=0 k>n
g a xK =1+ x+ + x" = 1-x™
k=0 - 1-x
why islast equality true? Because.......
A+x+Y +xX)(A-X)=1+x+% +X"
-X-_- Xn_ Xn+l

1 _ Xn+l

(i) a=1 "k
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x a k— & (98 =2 K o K o}
8(1-x)ax— axaxt—a x-a x = 15

k=0 k30 k30 k30 k31

NOTE: You don't need anything about convergence! At the same time, you shouldn’t think of “x” asa
variable into which you substitute values (not yet, anyway) but soon it will be OK).

(iii) If we have the 0.g.f., we can find the sequence: e.g. Suppose the 0.g.f. is (1 + x)"
then the sequence is found as follows:

1+x)" = § ¢ = x°
( a 8k

a0
Thus, & = 8k5 (note that a, = O for k > n).

Exponentia Generating Function

o &
a W X~
{a:)! ay, Ya ,a(,1/4 } - k30 .

k O o Ck K
B A
ko ™™ where
& g0 &
C = ilo &(E a; b’y Cy = ?}0 a'; by
Ck CI; j bk
k! o b (ke )
Examples
0] a=1 0£EkEn a=0fork>n
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(a=1 "k

(ii)a.=n*  (° number of k-perms of an n-set)

(iv)  If wehavethee.g.f. sinx then

2 ('1)k N
sinx = 202K+ D)

SO axs1=(-1* k30
ax=0 k30

Some Generating Function Manipulations

a a x,Bx=a x*
Suppose A(x) = k

é dk Xk
- Then A(X) B)(x) = & where

g g
G =a a'l=ag

j=0 j=0
é dk Xk
- Similarly, A%(x) = « where
S
de = A aa
j=0
a0 2no _ & o’
eg. ak - 8kﬂ then ng k=0 kg
3
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1 o
—[A(X)-a]=a aw X*
- Also, X k20 . whichis

the 0.g.f. for the sequence { ay,a,% ,&,¥} whichisthe origina sequence shifted one place to the left (and the
first term dropped off).

é a Xk
By contrast, XA(X) = k0 whichis

é A1 XX
0 +ko or the 0.g.f. for the sequence

{0, ay, a,% , &, ¥4}
(k + 1)" place.

ioakxkoé kakxk—l
dx 5o k31

which isthe 0.g.f. for { &, 2&, 3as, ¥4 , k&, Y4

All of those ideas carry over to e.g.f. in an analogous way.

Applications to Counting Problems

Here the coefficients of the powers of x can provide the answers we seek, e.g.

1. Ordinary Generating Functions
How can we enumerate all possible selections from 3 distinct objects a,b,c?

1+ ax© aischosen (ax) or not (1)
1+ bx ° bischosen (bx) or not (1)
1+ cx © cischosen (cx) or not (1)

By product rule,

(1 +ax)(1 + bx)(1+ cx) © al possible selections
1+ (a+b+0)x + (ab + bc+ac)x® + (abo)x’

one object, either 2 objects 3 objects
ab,c

Suppose we only wish the number of selections of 1,2,3 of the objects. Then we can count this number by
weighting each selection with weight 1. Thisis equivalent to setting
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a=1l=b=c.
1+3x+3°+x°=(1+x)°

How many ways to select r balls from 2 green, 3 gold, 4 blue, 8 red?

Here the order of the selection of the balls doesn’t matter. You can select 0, 1, 2 or 3green balls, so 1 + x + x* +
x> enumerates these choices. Buit thisis the same for the gold balls. For theblueitis1 +x + x* + x* + x*, for the
red

1+ x + ¥ +x® Hence solution is coefficient of X" in

A+x+X+x)2L+x+ X+ +x) (L+x+ Y +X°)
In general we have:

Suppose we have p types of objects, with n; indistinguishable objects of typei, i =1, 2, ¥, p. The number of
ways to pick k objectsif we can pick any number of objects of each type is given by the coefficient of x in

(I+x+ +xM(A+x+_+x™) (1+x+_+x™)

Suppose the number of each type of object is“infinite” (think of this as solutions with repetition allowed). Then
the above formula becomes

p

1
gﬁ - = (l- X)_p

Q-0

(A+x+Ys +xX+ )P =

ZP -1 or g i1
The coefficient of x* inthisisgk“ & k o

(non-distinct balls, distinct boxes)

Exercise: Find the number of ways to distribute r identical balls into 5 distinct boxes with an even number of
balls, not exceeding 10, in each of the first two boxes, and between 3 and 5 ballsin the other 3 boxes.

5

a e
Let the number inbox i beg. Theni=t =7
Ofe,e ,£10, 6, & even

3f£e,e,65£5

The generating function for the solution is

(l + XZ + X4 + X6+X8 + XlO)Z (X3 + X4 + X5)3

and the solution is the coefficient of X" in the above generating functions

Exercise: Find number of waysto distribute 25 identical ballsinto 7 distinct boxes if first box has up to 10 balls,
other boxes any number.

[X®] G(X) = [x] (1 +x + ¥ X)L+ x + x>+ ¥4)°
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= [x*]

& +25-15 & +14-1

_& 25 5 & 14 o

815 220
_ &5 &14p

.B. Could have argued this directly, viz., fill the boxes

& +25-16

without constraintin8 2 o

o +14-16

have at least 11 ballsin box 1 is & 14 o

g 29
Evaluate: k0 8kz
ano  ap-15

k = = n -
Recall that (Absorption) 8kﬂ 8k-1ﬂ

- @ oo Loamg
V8RG8

ways, how many of these

, now subtract. So g.f. not aways required.
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0 ' ag-10en O

_ A &\ skt 1
g a-1dee n O
_ A €k En1-ks

The sum is the coefficient of X" * in the product
a2n-1p

L+x)" T (@ +x)"=(1+x)* ! whichisjust g 18 Thus

o kamgz _anl
90 &g " "En1g

Find the number of integer solutions to
X1+ X+ Y4 +Xy=k
withO£ g £x £ b

Generating function for variable x; is

A (2) :Ai(Z) = A+ 7"+ 7

The composite generating function is

A(2) = A1(2) Ax(z) Y2 An(2)

The solution is the coefficient of Z“in A(z), [Z] A(2)

Note: Technically we can extend the above to allow negative values of the x;. Thus, to find the number of
integer solutions of
X1+Xo+Ya +Xpo=n, -2EXXE£2,

the ‘ogf’ is(z?+z'+ 1+ z+ 7)™, and the solution is
g

[2"](z%+ '+ 1+ z+ 22" . Verify by hand that thisworks for n = 4.
‘Making Change’

How many ways to make change for a buck using nickels, dimes, and quarters?

ng nickels = Al(z) =1+ 25 + ZlO + 215 +1
ogf dimes =AN2)=1+°+Z%+ 7+ Y
ogf quarters =As(2) =1+ 2+ 20+ 2" + v

Required ogf = A(2) = A1(2) Ax(2) As(2)
Solution is[2'%] A(2)
100).

Here, to determine coefficient, must multiply out (truncate each series at z
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Exercise: Suppose we aso used pennies. How would the solution then relate to the ogf found above.
Solution: It would be the sum of all the coefficientsin A(z) above for terms with degree £ 100. Prove this.

Partitions of an Integer

* partition of nisunordered collection of positive integers that sum to n. For convenience, often put “parts’ in
decreasing order. (“summands’)

Eg. Partitionsof 4:4, 3+1, 2+2, 2+1+1, 1+1+1

p(n) = number of partitions of n; p(4) =5

As distribution problem, thisis “indistinguishable balls into indistinguishable into indistinguishable boxes”.
Notice how this differs from integer solutions to an equation (where boxes (variables) distinguishable).
To partition a number, we have to know how many of the summandsare 1, 2, 3, ¥4 . The ogf for the 1'sis

1

l+z+Z+2+m=1-2

for the 2'sis 1+2+72+y, = 1-7

and so on. Thus

el oel gel o
1-2081- 72081- 70—

p(2) =

(infinite product)

Exercise: Find the number of partitions of n into summands £ 6.
Solution:

Exercise: Find the ogf for &, the number of ways to partition n into distinct summands.

Solution: There can be at most 1 of any type of summand, so ogf is

A2) = 1+2) x (1+2) x @A+2D)x%
Oorl Oorl Oorl
one two three
Notice:
A= ¥p Il - yp® L O
Z) = = =
1-z %1 z*'-10
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r=1 r=1

which is the ogf for partitions with only odd summands.

2. Exponential Generating Function

Suppose we have p types of objects with n; indistinguishable objects of typei, i =1, 2, % , p. The number of
perms of length k with up to n; objects of typei is the coefficient of

k

X
k! in the egf
x? X"0 ae x?
1+x+—+ +—+ 81+X+_+ +xSUP
21 — mg nzﬂ_
X2 npo
1+x+—+ X
- nlg

Notice that if there is an unlimited number of objects of each type, the egf is (€°)° and the number of perms of
length k with an arbitary number of objects of typei isthe

Xk

coefficient of K! ine™ ,i.e

(1st place can befilled in p ways, same for the second, third, etc!!)

Xk

To ‘prove’ this, note that the coefficient of K!' in the product

. k!
-
S Katkz!_kp! where the sum is over al possible

K, Ko, %, ko' ki + ko, +¥4+ kp, =k, ki 3 0. Thisis because the way to find aterm in the product with x* isto
have a product

Ko whereky+ ¥ + kp, = k. Now mult. top and
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bottom by k! and sum over all possible such terms.
Exercise: Find the number of arrangements of r items selected from n distinct items, no repetition allowed.

EGFforitemiisl+x, i=1,2% ,n
EGF for all is (1 + x)",

Exercise: Find the number of ways to place 25 people into 3 different rooms with at |east one person in each
room.

Solution: For the first room, thereisonly 1 way to place any number of personsin that room. Hencetheeg.f. is

2l 3 = . Thus, since the 3 rooms are different, the e.g.f. for the 3 roomsis

(e-1)°%=e*-3e"+3e"- 1.

r

U é x®U o X
q(e-1)° = g5l A (3-8 2437
u 32 U r r

=3%-39%+3
In the terms of the earlier result, p = 3. What we count is the number of perms of length 25 on {1,2,3} in which
al of 1,2,3 appear (no room empty). The reason these are perms (and not merely selections asfor 0.g.f.) is that
the people are distinct - to each assignment of rooms to people we correspond an arrangement of 1's, 2's, 3's.

Find the number of strings of length n that can be constructed using {a,b,c,d,e} if:
a) b occurs an odd number of times

b) both aand b occur an odd number of times.

a) Order isimportant, so use e.g.f.

€-€e
X+ —+—+ =
egf for b: 3 3 2
2 3
1+x+—+—+ = ¢
egf for al others 2l 3 =
(ex)4@)('e-x9 _ E(GSX e3X)
2 g 2
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1
[XTis 2 (5"- 3.

b) By similar reasoning, solution is

el U 3x

[X7] |582 H = [x"

%(5”- 2-3+ 1

Distinguishable Balls, Distinguishable Boxes Revisited: Stirling No. of 2nd Kind

Number of ways to put n distinct balls into k non-distinct boxes® S(n,k) (no box empty)
If the boxes are distinct there are k! S(n,k) distributions.

Suppose ball i goesinto box C(i). Thisgives a sequence C(1), C(2), ¥4 , C(n) using the numbers 1, 2, ¥4 , k
with each number used at least once. The e.g.f. for each number is

x" 0
8X+_+ +— + + = -1
n "o

sofor al k theegf. is (e - 1)*. Thecoefficient of N in
(e*- 1)"isprecisely k! S(n,k); we can compute it as follows:

§oako k
8 ¢ (1 = (1= HY

i=0

o X"

Substitute (k - i)x for x in the usual seriesfor & =m0 ™ to get

& ako
a &ﬂ( 1)’ a*(k-l) xSUPN
H(x) = i=° nso N

Xnk

a— a
— nt0 nl i

.
(1) g <)’
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CI)( i %O -\N
a (-1 8i5(k")
\ k! S(nk)= =0

1 & L oko .
— a1 g (K-
S(nky= =0 e
Exercise Find the number of r-digit quatenary requences (digits 0,1,2,3) with an even number of zeros.
Off number of 1's.
Egf for O's egf for 1's

1
— . 4 = 4"%ifr>0
_ 4

Simpleform b combinatorial argument exists. Can you find one?
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